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Towards stabilization-free Hybrid High-Order methods for elliptic

problems

Andrea Borio˚ Karol L. Cascavita ˚ Matteo Cicuttin ˚,: Francesca Marcon˚

July 23, 2025

Abstract

We devise and study Hybrid High-Order (HHO) methods in a stabilization-free formulation, i.e.
based on discrete bilinear forms not requiring an additional, explicit stabilization term. The discretization
hinges on newly defined reconstruction operators mapping on polynomial spaces richer than the ones used
in standard HHO literature. Optimal order a priori error estimates are obtained with the expected HHO
convergence rates. The well-posedness of the discrete scheme is currently only conjectured. Extensive
numerical tests are presented, supporting the stability and robustness of the new methods and shedding
a light on future theoretical developments.

Keywords Hybrid High-Order methods; stabilization-free; reconstruction operators

1 Introduction

Hybrid High-Order (HHO) methods were introduced in [30, 31] as a new method in the class of Discontinuous
Skeletal discretizations. In the last decade HHO methods enjoyed broad acceptance, especially in the field
of computational mechanics. An incomplete list of successful applications includes works in solid mechanics
[1, 23], obstacle problems [16, 22], unfitted interfaces [11], fluid mechanics [15, 9], poromechanics [17, 10],
electromagnetics [18, 25], acoustics [12] and eigenproblems [14, 13]. The main features of HHO are the
approximation of the solution with arbitrary order polynomials, support for fully polytopal meshes and easy
hp-refinement. The HHO unknowns are placed both in the cells and on the faces of the mesh, in order to
approximate a pair including the primal variable in the cells and its trace on the skeleton. In particular,
these unknowns are used (i) by a reconstruction operator, which reconstructs a high-order field in the cell
and (ii) by a stabilization operator, which weakly enforces in each mesh cell the matching of the traces of
the cell functions with the face unknowns. These two operators are then combined in a local bilinear form
which, after local static condensation, is assembled into a global problem posed only on the face unknowns.
The mathematical foundations, together with multiple applications, are discussed extensively in [24, 28],
whereas implementation details are described in [21].

Multiple bridges between HHO and other methods of the Discontinuous Skeletal family have been estab-
lished in the past years. For example, in [31], a connection was made between the lowest-order HHO method,
the Hybrid Finite Volume method from [35] and subsequently the Hybrid Mimetic Mixed methods from [32].
Subsequently, HHO methods were linked to Hybridizable Discontinuous Galerkin (HDG) methods, Virtual
Element Methods (VEM) and Weak Galerkin (WG) methods [26, 27, 39].

In recent years, the study of Galerkin methods suitable for polytopal meshes that avoid the use of a
non-physical stabilization term has attracted the interest of the scientific community. The importance of
stabilization-free polytopal methods is well known, especially in the context of nonlinear problems [37, 1]
and eigenproblems [6, 7, 40]. In particular, in the framework of VEM, recent studies proposed polygonal
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numerical schemes based on the definition of bilinear forms that involve only polynomial projections of virtual
functions. The reader can refer to [33, 19, 41, 5, 8] for numerical explorations in computational mechanics
and to [38, 3, 4, 2] for more theoretical works. In the context of HHO, stabilization-free variants exist
and are based on the use of spaces from the Raviart-Thomas (RT) family. In particular, local RT-Nédélec
spaces on simplicial submeshes were exploited in [29]. In addition, in [1] RT spaces on simplicial meshes were
employed, though optimal convergence was not attained. In WG context, a “superconvergent stabilizer-free”
method for general meshes has been recently described in [42], also based on RT spaces on local submeshes.

In this work we introduce and study numerically a variant of HHO for elliptic problems, posed on
2D and 3D polytopal domains and free of an explicit stabilization term. The proposed variant preserves
optimal HHO convergence rates and is based on introducing modified reconstruction operators mapping on
polynomial spaces richer than the ones used in standard HHO methods.

In the following let Ω be an open, bounded, connected, Lipschitz subset of Rd and f P L2 pΩq. We
consider the problem of finding u P V :“ H1

0 pΩq such that

p∇u,∇vqΩ “ pf, vqΩ , @v P V , (1)

where p¨, ¨qζ denotes the L2 pζq-scalar product for any ζ Ă Rd. In Section 2 we describe the numerical scheme
and state the discrete problem, discussing its well-posedness. In Section 3 we derive optimal order a priori
error estimates. Finally, in Section 4 we show the results of some numerical tests assessing stability and
convergence of the proposed method.

Throughout the paper, Pk
dpζq denotes the space of polynomials up to degree k defined on ζ, for ζ Ă Rd.

Inside the proofs C denotes a generic constant, independent of the mesh size and that can be different at
each occurrence.

2 Discrete setting

The goal of this section is to illustrate briefly the setting to devise HHO and subsequently to introduce the
stabilization-free variant. The domain Ω is assumed to be discretized with a mesh fulfilling the standard
HHO assumptions [31, 30] and in the following, let Th denote the set of the mesh cells, Fh the set of mesh
faces, and Fb

h the boundary faces. In addition, for each element T P Th, FT denotes the set of all faces
F Ă BT . For each T P Th, hT denotes the diameter of T and let h “ maxTPTh

hT .

2.1 HHO spaces and standard operators

Given an element T P Th, the HHOpk1, kq method attaches polynomials of degree k1 ě 0 to the interior of T
and polynomials of degree k ě 0 to the faces of T , with the constraint that k1 P tk ´ 1, k, k ` 1u (therefore
the HHOpk´ 1, kq method requires k ě 1). These polynomials are collected to form the element-local space

Uk1,k
T :“ Pk1

d pT q ˆ Pk
d´1pFT q, Pk

d´1pFT q :“
ą

FPFT

Pk
d´1pF q.

A generic member of Uk1,k
T is denoted as vT :“ pvT , vBT q and further vF :“ vBT |F , @F P FT . For a polygon

T with NB
T faces, the space Uk1,k

T has dimension

Nk1,k
T :“ dimpPk1

d pT qq ` dimpPk
d´1pFT qq, (2)

with dimpPk1

d pT qq “
`

k1
`d
d

˘

and dimpPk
d´1pFT qq “ NB

T

`

k`d´1
d´1

˘

.
The global HHOpk1, kq space is obtained by collecting all the element-based unknowns as

Uk1,k
h :“

#

ą

TPTh

Pk1

d pT q

+

ˆ

#

ą

FPFh

Pk
d´1pF q

+

,

2



where we remark that the face-based unknowns are single-valued polynomials, but discontinuous on the
vertices. Homogeneous Dirichlet boundary conditions are enforced by strongly setting to zero the unknowns
associated to the boundary faces, which results in the space

Uk1,k
h,0 :“

!

vh “ ppvT qTPTh
, pvF qFPFh

q P Uk1,k
h | vF “ 0, @F P Fb

h

)

.

More general boundary conditions can be applied, see for example [24, Section 8.5]. For a given T P Th, the
space Uk1,k

T is endowed with the following local semi-norm:

|vT |
2

Uk1,k
T

:“ ∥∇vT ∥2L2pT q
` h´1

T ∥vT ´ vBT ∥2L2pBT q
, @vT :“ pvT , vBT q P Uk1,k

T . (3)

Summing up local seminorms we obtain a norm for Uk1,k
h,0 :

∥vh∥
2

Uk1,k
h,0

:“
ÿ

TPTh

|vT |
2

Uk1,k
T

, @vh P Uk1,k
h,0 . (4)

2.1.1 Reduction operator

Generic functions of H1 pΩq are reduced to elements of Uk1,k
h by using standard L2-projections: let T P Th, we

define for each v P L2 pT q and for each w P L2 pBT q the cell-based and face-based L2-orthogonal projections
πk1

T : L2 pT q Ñ Pk1

d pT q and πk
BT : L2 pBT q Ñ Pk

d´1pFT q respectively, such that

pπk1

T v ´ v, pqT “ 0, @p P Pk1

d pT q , (5)

pπk
BTw ´ w, qqBT “ 0, @q P Pk

d´1pFT q . (6)

Using the L2-projectors we define the local reduction operator Ik
1,k

T : H1 pT q Ñ Uk1,k
T of a function v P H1 pT q

as
Ik

1,k
T pvq :“ pπk1

T v, π
k
BT vq , (7)

and the global reduction operator Ik
1,k

h : H1 pΩq Ñ Uk1,k
h such that Ik

1,k
h pvq|T “ Ik

1,k
T pvq P Uk1,k

T for all v P H1 pΩq

and for all T P Th.

Lemma 1. Let T P Th and v P H1 pT q be given. Then, there exists C ą 0 independent of hT such that∣∣∣Ik1,k
T pvq

∣∣∣
Uk1,k

T

ď C ∥∇v∥L2pT q
. (8)

Proof. By the definition of the seminorm in (3) and the triangle inequality,∣∣∣Ik1,k
T pvq

∣∣∣2
Uk1,k

T

“

∥∥∥∇πk1

T v
∥∥∥2
L2pT q

` h´1
T

∥∥∥πk1

T v ´ πk
BT v

∥∥∥2
L2pBT q

“

∥∥∥∇πk1

T v
∥∥∥2
L2pT q

` h´1
T

∥∥∥πk1

T v ´ π0
T v ` π0

T v ´ πk
BT v

∥∥∥2
L2pBT q

ď

∥∥∥∇πk1

T v
∥∥∥2
L2pT q

` 2h´1
T

ˆ∥∥∥πk1

T pv ´ π0
T vq

∥∥∥2
L2pBT q

`
∥∥πk

BT pv ´ π0
T vq

∥∥2
L2pBT q

˙

.

Then, (8) is obtained by discrete trace inequalities, the continuity of orthogonal projection operators and
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Poincaré inequalities: ∥∥∥∇πk1

T v
∥∥∥
L2pT q

ď C ∥∇v∥L2pT q
,

h´1
T

∥∥∥πk1

T pv ´ π0
T vq

∥∥∥2
L2pBT q

ď Ch´2
T

∥∥∥πk1

T pv ´ π0
T vq

∥∥∥2
L2pT q

ď Ch´2
T

∥∥v ´ π0
T v

∥∥2
L2pT q

ď C ∥∇v∥2L2pT q
,

h´1
T

∥∥πk
BT pv ´ π0

T vq
∥∥2
L2pBT q

ď h´1
T

∥∥v ´ π0
T v

∥∥2
L2pBT q

ď Ch´2
T

∥∥v ´ π0
T v

∥∥2
L2pT q

ď C ∥∇v∥2L2pT q
.

2.1.2 Reconstruction operator

Let vT P Uk1,k
T , we define the reconstruction operator Rk1,k

T : Uk1,k
T Ñ Pk`1

d pT q as the solution of the well-posed
Neumann problem

#

p∇Rk1,k
T pvT q,∇qqT “ ´pvT ,∆qqT ` pvBT ,n ¨ ∇qqBT , @q P Pk`1

d pT q,

pRk1,k
T pvT q, 1qT “ pvT , 1qT ,

(9)

where n denotes the unit outward normal to BT . In the following, we state some classical results about the

operator Rk1,k
T [24].

Lemma 2. For all p P Pk`1
d pT q, Rk1,k

T pIk
1,k

T ppqq “ p.

Lemma 3. For all v P H1 pT q, the composed operator Ek`1
T :“ Rk1,k

T ˝ Ik
1,k

T is the elliptic projection
#

p∇Ek`1
T pvq,∇qqT “ p∇v,∇qqT , @q P Pk`1

d pT q,

pEk`1
T pvq, 1qT “ pv, 1qT .

(10)

Lemma 4. Let T P Th be given. Let k1 P tk ´ 1, k, k ` 1u and let vT P Uk1,k
T . Then, there exists C ą 0

independent of hT such that ∥∥∥∇Rk1,k
T pvT q

∥∥∥
L2pT q

ď C |vT |Uk1,k
T

. (11)

2.2 Stabilization-free HHO methods

Let Hℓ
dpT q be the space of d-variate harmonic polynomials of a given degree ℓ defined on T . For ℓ ě 0

P̃k1,ℓ
d pT q :“

!

p P Pk1
`2`ℓ

d pT q| ∆p P Pk1

d pT q

)

“ Pk1
`2

d pT q ‘ pHk1
`2`ℓ

d pT q zHk1
`2

d pT qq ,

that is an enrichment of Pk1
`2

d pT q with harmonic polynomials. The methods presented in the following are

based on the definition of suitable reconstruction operators onto the space P̃k1,ℓ
d pT q. For any T P Th, given a

local integer ℓ ě 0, we define the operator R̃k1,k
ℓ,T : Uk1,k

T Ñ P̃k1,ℓ
d pT q such that, given vT P Uk1,k

T ,
#

p∇R̃k1,k
ℓ,T pvT q,∇q̃qT “ ´pvT ,∆q̃qT ` pvBT ´ Ek1,k

BT pvT q,n ¨ ∇q̃qBT , @q̃ P P̃k1,ℓ
d pT q ,

pR̃k1,k
ℓ,T pvT q, 1qT “ pvT , 1qT ,

(12)

where

Ek1,k
BT pvT q :“

#

πk
BTR

k1,k
T pvT q ´ Rk1,k

T pvT q, if k1 P tk ´ 1, ku ,

πk
BT vT ´ vT , if k1 “ k ` 1 .

(13)

In the following, we prove some key properties of R̃k1,k
ℓ,T .
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Lemma 5. Let T P Th and let R̃k1,k
ℓ,T be the operator defined by (12). Then, for any p P Pk`1

d pT q,

R̃k1,k
ℓ,T pIk

1,k
T ppqq “ p .

Proof. First, by (13) and Lemma 2 , we get Ek1,k
BT pIk

1,k
T ppqq “ πk

BT p´ p. Looking at the first equation in (12),
we get

´

∇R̃k1,k
ℓ,T pIk

1,k
T ppqq,∇q̃

¯

T
“ ´ pp,∆q̃qT ` pp,n ¨ ∇q̃qBT “ p∇p,∇q̃qT , @q̃ P P̃k1,ℓ

d pT q .

Choosing q̃ “ R̃k1,k
ℓ,T pIk

1,k
T ppqq ´ p, we obtain

p∇R̃k1,k
ℓ,T pIk

1,k
T ppqq ´ ∇p,∇q̃qT “

∥∥∥∇´

R̃k1,k
ℓ,T pIk

1,k
T ppqq ´ p

¯
∥∥∥2
L2pT q

“ 0 ,

which implies R̃k1,k
ℓ,T pIk

1,k
T ppqq “ p since pR̃k1,k

ℓ,T pIk
1,k

T ppqq ´ p, 1qT “ 0.

Lemma 6. Let T P Th and let R̃k1,k
ℓ,T be the operator defined by (12). Then, for any vT P Uk1,k

T ,

p∇R̃k1,k
ℓ,T pvT q,∇qqT “ p∇Rk1,k

T pvT q,∇qqT @q P Pk`1
d pT q . (14)

Proof. Let q P Pk`1
d pT q. Since n ¨ ∇q P Pk

d´1pFT q, we get

0 “

´

Ek1,k
BT pvT q,n ¨ ∇q

¯

BT

“

#

pπk
BTR

k1,k
T pvT q ´ Rk1,k

T pvT q,n ¨ ∇qqBT , if k1 P tk ´ 1, ku

pπk
BT vT ´ vT ,n ¨ ∇qqBT , if k1 “ k ` 1

(15)

Then, by the definition of R̃k1,k
ℓ,T (12), using (15), and since ∆q P Pk´1

d pT q Ď Pk1

d pT q, @k1 P tk ´ 1, k, k ` 1u,

p∇R̃k1,k
ℓ,T pvT q,∇qqT “ ´pvT ,∆qqT ` pvBT ,n ¨ ∇qqBT “ p∇Rk1,k

T pvT q,∇qq .

Remark 1. As a straightforward consequence of Lemma 6 we have the orthogonality: @v P H1 pT q,
´

∇R̃k1,k
ℓ,T

´

Ik
1,k

T pvq

¯

,∇q
¯

T
“

`

∇Ek`1
T pvq,∇q

˘

T
“ p∇v,∇qqT , @q P Pk`1

d pT q , (16)

where Ek`1
T “ Rk1,k

T ˝ Ik
1,k

T is the elliptic projection operator defined by (10).

Lemma 7. Let T P Th be given and let R̃k1,k
ℓ,T be the operator defined by (12). There exists C ą 0 independent

of hT such that ∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pT q

ď C |vT |Uk1,k
T

@vT P Uk1,k
T . (17)

Proof. First, we observe that, applying the definition of R̃k1,k
ℓ,T in (12),∥∥∥∇R̃k1,k

ℓ,T pvT q

∥∥∥2
L2pT q

“

´

∇vT ,∇R̃k1,k
ℓ,T pvT q

¯

T

`

´

vBT ´ vT ´ Ek1,k
BT pvT q,n ¨ ∇R̃k1,k

ℓ,T pvT q

¯

BT

ď ∥∇vT ∥L2pT q

∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pT q

`

ˆ

∥vBT ´ vT ∥L2pBT q
`

∥∥∥Ek1,k
BT pvT q

∥∥∥
L2pBT q

˙

ˆ

∥∥∥n ¨ ∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pBT q

.

(18)
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To estimate the term depending on Ek1,k
BT pvT q we add and subtract suitable integral means in the definition

of Ek1,k
BT pvT q and we apply the continuity of orthogonal projections, discrete trace and Poincaré inequalities

and Lemma 4: ∥∥∥Ek1,k
BT pvT q

∥∥∥
L2pBT q

“

∥∥∥pπk
BT ´ Iq

´

Rk1,k
T pvT q ´ π0

TR
k1,k
T pvT q

¯
∥∥∥
L2pBT q

ď

∥∥∥Rk1,k
T pvT q ´ π0

TR
k1,k
T pvT q

∥∥∥
L2pBT q

ď Ch
1
2

T

∥∥∥∇Rk1,k
T pvT q

∥∥∥
L2pT q

ď Ch
1
2

T |vT |Uk1,k
T

if k1 P tk ´ 1, ku ,∥∥∥Ek`1,k
BT pvT q

∥∥∥
L2pBT q

“
∥∥pπk

BT ´ Iq
`

vT ´ π0
T vT

˘
∥∥
L2pBT q

ď
∥∥vT ´ π0

T vT
∥∥
L2pBT q

ď Ch
1
2

T ∥∇vT ∥L2pT q
ď Ch

1
2

T |vT |Uk`1,k
T

.

Moreover, using a discrete trace inequality we obtain∥∥∥n ¨ ∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pBT q

ď Ch
´ 1

2

T

∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pT q

.

Using the above estimates in (18) we get:∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥2
L2pT q

ď ∥∇vT ∥L2pT q

∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pT q

` C
´

h
´ 1

2

T ∥vBT ´ vT ∥L2pBT q
` |vT |Uk1,k

T

¯
∥∥∥∇R̃k1,k

ℓ,T pvT q

∥∥∥
L2pT q

ď C |vT |Uk1,k
T

∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥
L2pT q

,

which proves (17).

2.3 Discrete scheme

The operator R̃k1,k
ℓ,T defined by (12) is used to define the bilinear form of the proposed discrete scheme for

(1). For a given T P Th, let aT : Uk1,k
T ˆ Uk1,k

T Ñ R be such that

aT pwT , vT q “

´

∇R̃k1,k
ℓ,T pwT q,∇R̃k1,k

ℓ,T pvT q

¯

T
. (19)

Then we define ah : U
k1,k
h ˆ Uk1,k

h Ñ R such that, @wh, vh P Uk1,k
h ,

ah pwh, vhq “
ÿ

TPTh

aT pwT , vT q . (20)

The discrete scheme reads: chosen k1 P tk ´ 1, k, k ` 1u, find uh P Uk1,k
h,0 such that

ah puh, vhq “
ÿ

TPTh

pf, vT qT , @vh P Uk1,k
h,0 . (21)

The well-posedness of (21) is an open problem and is discussed numerically in Section 4.1. For the purpose
of proceeding with the error analysis, we assume well-posedness through the following conjecture.

Conjecture 1. Let T P Th and let vT P Uk1,k
T , k1 P tk ´ 1, k, k ` 1u be given. Then, there exists a local

integer ℓ ě 0 depending on T such that there is αT ą 0 independent of hT satisfying∥∥∥∇R̃k1,k
ℓ,T pvT q

∥∥∥2
L2pT q

ě αT |vT |
2

Uk1,k
T

. (22)
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Remark 2. By the definition of R̃k1,k
ℓ,T , Conjecture 1 is subjected to a necessary condition on the local integer

ℓ ě 0 given by dim P̃k1,ℓ
d pT q ě dimUk1,k

T . We recall from Sections 2.1 and 2.2 that

dim P̃k1,ℓ
d pT q “ dimpPk1

`2
d pT qq ` dimpHk1

`2`ℓ
d pT q zHk1

`2
d pT qq ,

dimUk1,k
T “ dimpPk1

d pT qq ` dimpPk
d´1pFT qq .

If we consider d “ 2, for t ě 0 we have

dimpPt
2pT qq “

pt` 1qpt` 2q

2
, dimpHt

2pT qq “ 2t` 1 ,

and we get the following necessary condition:

2pℓ` k1 ` 3q ´ 1 ´NB
T pk ` 1q ě 0 . (23)

On the other hand, if d “ 3, for t ě 0 we have

dimpPt
3pT qq “

pt` 1qpt` 2qpt` 3q

6
, dimpHt

3pT qq “ pt` 1q2 ,

and we get the following necessary condition:

pℓ` k1 ` 3q2 ´NB
T

pk ` 1qpk ` 2q

2
ě 0 . (24)

We underline that we always choose ℓ ě 0 even if the lower bound provided by (23) or (24) is negative.

Employing Lemma 7 we obtain the following well-posedness result subject to Conjecture 1.

Lemma 8. Let wh, vh P Uk1,k
h be given. Then, for any choice of ℓ there exists ω ą 0 independent of h such

that
ah pwh, vhq ď ω ∥wh∥Uk1,k

h,0

∥vh∥Uk1,k
h,0

. (25)

Moreover, if Conjecture 1 is verified, let R̃k1,k
ℓ,T pwT q be built locally on each T P Th such that (22) holds true.

Then, there exists α ą 0 independent of h such that

α ∥wh∥
2

Uk1,k
h,0

ď ah pwh,whq , @wh P Uk1,k
h . (26)

Then, (21) has a unique solution.

Proof. Recall that

ah pwh, vhq “
ÿ

TPTh

´

∇R̃k1,k
ℓ,T pwT q,∇R̃k1,k

ℓ,T pvT q

¯

T
.

Then (25) follows by applying the Cauchy-Schwarz inequality and Lemma 7. Moreover, (26) follows by
applying (22), with α “ minTPTh

αT .

3 A priori error estimates

The a priori error analysis of the new schemes is conducted following [24, Chapter 2], with the aim of
showing that the presented schemes exhibit the same convergence behaviors as standard HHO schemes. The
approximation results below are used in the error analysis.
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Lemma 9. Let v P H1 pΩq be such that @T P Th, v P H1`s pT q for some s ě 0 and let Ek`1
T be defined

@T P Th by (10). Then, there exists C ą 0 independent of hT such that,∥∥∇v ´ ∇Ek`1
T pvq

∥∥2
L2pT q

` h´2
T

∥∥v ´ Ek`1
T pvq

∥∥2
L2pT q

ď Ch
2mints,k`1u

T |v|2H1`spT q
. (27)

Moreover, if @T P Th, v P H1`s pT q with s ą 1
2 , then there exists C ą 0 independent of hT such that,∥∥∇ `

v|T ´ Ek`1
T pvq

˘
∥∥2
L2pBT q

ď Ch
2mints,k`1u´1
T |v|2H1`spT q

. (28)

Proof. The estimate (27) is a known result in polynomial approximation theory. To prove (28), we recall the
following two results from [24, Lemma 2.4 and Lemma 2.5]. For any given polynomial degree t P N, there
exists C ą 0 independent of hT such that @T P Th and @q P Pt

dpT q

∥q∥L2pBT q
ď Ch

´ 1
2

T ∥q∥L2pT q
. (29)

Moreover, there exists C ą 0 independent of hT such that, for any v P H1 pΩq satisfying v P H1`s pT q @T P Th
for some s ą 1

2 , it holds true that∥∥∇ `

v|T ´ πk`1
T v

˘
∥∥
L2pBT q

ď Ch
mints,k`1u´ 1

2

T |v|H1`spT q
. (30)

Hence, applying the triangle inequality, the discrete trace inequality (29), and the bounds (30) and (27), we
obtain ∥∥∇ `

v|T ´ Ek`1
T pvq

˘
∥∥
L2pBT q

ď
∥∥∇ `

v|T ´ πk`1
T v

˘
∥∥
L2pBT q

`
∥∥∇ `

πk`1
T v ´ Ek`1

T pvq
˘
∥∥
L2pBT q

ď Ch
´ 1

2

T

´

h
mints,k`1u

T |v|H1`spT q
`
∥∥∇ `

πk`1
T v ´ Ek`1

T pvq
˘
∥∥
L2pT q

¯

ď Ch
´ 1

2

T

´

h
mints,k`1u

T |v|H1`spT q
`
∥∥∇ `

πk`1
T v ´ v

˘
∥∥
L2pT q

`
∥∥∇ `

v ´ Ek`1
T pvq

˘
∥∥
L2pT q

¯

ď Ch
mints,k`1u´ 1

2

T |v|H1`spT q
.

Lemma 10. Let u P H1 pΩq be the solution to (1). Assume that @T P Th, u P H1`s pT q for some s ą 1
2 .

Moreover, assume Conjecture 1 holds true and let uh be the unique solution to (21), where R̃k1,k
ℓ,T is built

locally for each T P Th with ℓ satisfying Conjecture 1. Then there exists C ą 0 independent of the mesh size
h such that ∥∥∥uh ´ Ik

1,k
h puq

∥∥∥
Uk1,k

h,0

ď C

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

. (31)

Proof. Let eh :“ uh ´ Ik
1,k

h puq. Since Conjecture 1 is assumed to be true by hypothesis, applying Lemma 8
and the discrete problem (21) we get∥∥∥uh ´ Ik

1,k
h puq

∥∥∥2
Uk1,k

h,0

ď α´1ah

´

uh ´ Ik
1,k

h puq, eh

¯

“ α´1

∣∣∣∣∣ ÿ
TPTh

pf, eT qT ´ aT

´

Ik
1,k

T puq, eT

¯

∣∣∣∣∣ ,
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where eT “ peT , eBT q, eT “ uT ´ πk1

T u and eBT “ uBT ´ πk
BTu. To estimate the above term, we introduce the

local elliptic projection Ek`1
T puq, the shorthand notation eE “ u|T ´ Ek`1

T puq and by the triangle inequality,
we obtain ∣∣∣∣∣ ÿ

TPTh

pf, eT qT ´ aT

´

Ik
1,k

T puq, eT

¯

∣∣∣∣∣ ď

∣∣∣∣∣ ÿ
TPTh

aT

´

Ik
1,k

T peEq, eT

¯

∣∣∣∣∣
`

∣∣∣∣∣ ÿ
TPTh

pf, eT qT ´ aT

´

Ik
1,k

T pEk`1
T puqq, eT

¯

∣∣∣∣∣
“: τ1 ` τ2 .

(32)

The first term is bounded by the continuity of ah and Ik
1,k

T , given by (25) and (8), respectively, and by the
estimate (27):

τ1 “

∣∣∣∣∣ ÿ
TPTh

aT

´

Ik
1,k

T peEq, eT

¯

∣∣∣∣∣ ď C

˜

ÿ

TPTh

∣∣∣Ik1,k
T peEq

∣∣∣2
Uk1,k

T

¸
1
2

∥eh∥Uk1,k
h,0

ď C

˜

ÿ

TPTh

∥∇eE∥2L2pT q

¸
1
2

∥eh∥Uk1,k
h,0

ď C

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

∥eh∥Uk1,k
h,0

.

To bound the second term in (32), we first observe that (1) implies f “ ´∆u in L2 pΩq. Moreover, since uBT

is unique on each edge and vanishes on BΩ and n¨∇u P L2 pBT q, it holds true that
ř

TPTh
pn ¨ ∇u, eBT qBT “ 0.

Then,

ÿ

TPTh

pf, eT qT “
ÿ

TPTh

p´∆u, eT qT “
ÿ

TPTh

p∇u,∇eT qT ` pn ¨ ∇u, eBT ´ eT qBT . (33)

Moreover, if we apply Lemma 5 and Lemma 6, the definition of Rk1,k
T pvT q (9) and the definition of Ek`1

T (10),
we get

aT

´

Ik
1,k

T pEk`1
T puqq, eT

¯

“

´

∇R̃k1,k
ℓ,T pIk

1,k
T pEk`1

T puqqq,∇R̃k1,k
ℓ,T peT q

¯

T

“

´

∇Ek`1
T puq,∇Rk1,k

T peT q

¯

T

“
`

∇Ek`1
T puq,∇eT

˘

T
´

`

n ¨ ∇Ek`1
T puq, eBT ´ eT

˘

BT

“ p∇u,∇eT qT ´
`

n ¨ ∇Ek`1
T puq, eBT ´ eT

˘

BT
.

(34)

The next estimate follows applying (33) and (34) in the first line and the bound is concluded by using the
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approximation property of Ek`1
T in (28):

τ2 “

∣∣∣∣∣ ÿ
TPTh

pf, eT qT ´ aT

´

Ik
1,k

T pEk`1
T puqq, eT

¯

∣∣∣∣∣ “

∣∣∣∣∣ ÿ
TPTh

pn ¨ ∇eE , eBT ´ eT qBT

∣∣∣∣∣
ď

ÿ

TPTh

∥n ¨ ∇eE∥L2pBT q
∥eBT ´ eT ∥L2pBT q

ď C

˜

ÿ

TPTh

hT ∥∇eE∥2L2pBT q

¸
1
2
˜

ÿ

TPTh

h´1
T ∥eBT ´ eT ∥2L2pBT q

¸
1
2

ď C

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

∥eh∥Uk1,k
h,0

.

Theorem 1. Let u P H1 pΩq be the solution to (1). Assume that @T P Th, u P H1`s pT q for some s ą 1
2 .

Moreover, assume Conjecture 1 holds true and let uh P Uk1,k
h,0 be the unique solution to (21), where R̃k1,k

ℓ,T is
built locally for each T P Th with ℓ satisfying Conjecture 1. Then there exists C ą 0 independent of the mesh
size h such that

˜

ÿ

TPTh

∥∥∥∇u´ ∇Rk1,k
T puT q

∥∥∥2
L2pT q

¸
1
2

ď C

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

.

Proof. Adding and subtracting the operator Ek`1
T “ Rk1,k

T ˝ Ik
1,k

T , using a triangle inequality and Lemma 4
we get, for any T P Th,∥∥∥∇u´ ∇Rk1,k

T puT q

∥∥∥
L2pT q

ď
∥∥∇u´ ∇Ek`1

T puq
∥∥
L2pT q

`

∥∥∥∇Rk1,k
T

´

uT ´ Ik
1,k

T puq

¯
∥∥∥
L2pT q

ď
∥∥∇u´ ∇Ek`1

T puq
∥∥
L2pT q

` C
∣∣∣uT ´ Ik

1,k
T puq

∣∣∣
Uk1,k

T

.

The thesis is then obtained summing over T P Th, bounding the first term using Lemma 9 and the second
term using Lemma 10.

Remark 3. If s ě k ` 1 the error estimate in Theorem 1 is of the optimal order Ophk`1q.

Remark 4. The regularity assumptions in Lemma 10 and Theorem 1 have been done for simplicity, following
the approach in [24]. Indeed, this is the minimum regularity that yields n ¨ ∇u P L2 pBT q. Recently [34], a
refined functional setting has been defined to extend the analysis to u P H1`s pΩq with s ą 0.

To get an L2-error estimate, let r P
`

1
2 , 1

‰

denote the real number such that, for any given g P L2 pΩq

there exists ψ P H1`r pΩq X H1
0 pΩq solving the dual problem

p∇v,∇ψqΩ “ pv, gqΩ , @v P H1
0 pΩq . (35)

Notice that r depends on the geometry of Ω [36] and if Ω is convex we get r “ 1. By elliptic regularity, ψ
satisfies the estimate

∥ψ∥H1`rpΩq
ď C ∥g∥L2pΩq

. (36)

Lemma 11. Let u P H1
0 pΩq be the solution to (1). Assume that @T P Th, u P H1`s pT q and f P Ht pT q for

some s ą 1
2 , t ě 0. Moreover, assume Conjecture 1 holds true and let uh P Uk1,k

h,0 be the unique solution to
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(21), where R̃k1,k
ℓ,T is built locally for each T P Th with ℓ satisfying Conjecture 1. Then there exists C ą 0

independent of the mesh size h such that

˜

ÿ

TPTh

∥∥∥uT ´ πk1

T u
∥∥∥2
L2pT q

¸
1
2

ď Chr

¨

˝

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

`

˜

ÿ

TPTh

h
2pmintt,k1

`1u`1`mintr,k1
u´rq

T |f |2HtpT q

¸
1
2

˛

‚ (37)

where r is the real number such that (35) and (36) hold true.

Proof. Let eh P L2 pΩq be such that eT :“ eh|T “ uT ´πk1

T u P Pk1

d pT q for all T P Th. Let ψ P H1`r pΩqXH1
0 pΩq

with r P
`

1
2 , 1

‰

be such that

p∇v,∇ψqΩ “ pv, ehqΩ @v P H1
0 pΩq ,

hence eh “ ´∆ψ in L2 pΩq. Then, @T P Th let eBT P L2 pBT q be such that @F P FT , eBT |F “ uBT ´πk
BT puq|F P

H
1
2 pF q . Since

ř

TPTh
peBT ,n ¨ ∇ψqBT “ 0, and by introducing the elliptic projection Ek`1

T locally, we infer
that

∥eh∥2L2pΩq
“ ´ peh,∆ψqΩ “

ÿ

TPTh

p∇eT ,∇ψqT ` peBT ´ eT ,n ¨ ∇ψqBT

“
ÿ

TPTh

`

∇eT ,∇Ek`1
T pψq

˘

T
`

`

eBT ´ eT ,n ¨ ∇Ek`1
T pψq

˘

BT

`
`

eBT ´ eT ,n ¨ ∇pψ ´ Ek`1
T pψqq

˘

BT
.

(38)

Let us call τ1 the sum of the two first terms on the right hand side of (38) and τ2 the rightmost one. To

bound τ1, we first recall that since Ek`1
T pψq P Pk`1

d pT q, then
´

Ek1,k
BT

`

uT ´ Ik
1,k

T puq
˘

,n ¨ ∇Ek`1
T pψq

¯

BT
“ 0.

Hence, this identity along with the definition of R̃k1,k
ℓ,T (12) leads to

τ1 “
ÿ

TPTh

`

∇eT ,∇Ek`1
T pψq

˘

T
`

`

eBT ´ eT ,n ¨ ∇Ek`1
T pψq

˘

BT

“
ÿ

TPTh

´

∇R̃k1,k
ℓ,T puT ´ Ik

1,k
T puqq,∇Ek`1

T pψq

¯

T

“
ÿ

TPTh

´

∇R̃k1,k
ℓ,T

´

uT ´ Ik
1,k

T puq

¯

,∇Ek`1
T pψq ´ ∇R̃k1,k

ℓ,T

´

Ik
1,k

T pψq

¯¯

T

` ah

´

uh ´ Ik
1,k

h puq, Ik
1,k

h pψq

¯

:“ τ1,1 ` τ1,2 .

(39)

τ1,1 is bounded exploiting Lemma 5, the Cauchy-Schwarz inequality, the continuity of R̃k1,k
ℓ,T (17) and Ik

1,k
T
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(8), Lemma 9 and Lemma 10 and the elliptic regularity property (36):

τ1,1 “
ÿ

TPTh

´

∇R̃k1,k
ℓ,T

´

uT ´ Ik
1,k

T puq

¯

,∇Ek`1
T pψq ´ ∇R̃k1,k

ℓ,T

´

Ik
1,k

T pψq

¯¯

T

“
ÿ

TPTh

´

∇R̃k1,k
ℓ,T

´

uT ´ Ik
1,k

T puq

¯

,∇R̃k1,k
ℓ,T

´

Ik
1,k

T pEk`1
T pψq ´ ψq

¯¯

T

ď
ÿ

TPTh

∥∥∥∇R̃k1,k
ℓ,T

´

uT ´ Ik
1,k

T puq

¯
∥∥∥
L2pT q

∥∥∥∇R̃k1,k
ℓ,T

´

Ik
1,k

T pEk`1
T pψq ´ ψq

¯
∥∥∥
L2pT q

ď C
∥∥∥uh ´ Ik

1,k
h puq

∥∥∥
Uk1,k

h,0

˜

ÿ

TPTh

∥∥∇ψ ´ ∇Ek`1
T pψq

∥∥2
L2pT q

¸
1
2

ď Chr

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

∥ψ∥H1`rpΩq

ď Chr

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

∥eh∥L2pΩq
.

The second term in (39) can be rewritten exploiting the fact that uh solves (21) and u solves (1), as follows:

τ1,2 “ ah

´

uh ´ Ik
1,k

h puq, Ik
1,k

h pψq

¯

“
ÿ

TPTh

´

f, πk1

T ψ ´ ψ
¯

T
` p∇u,∇ψqΩ

´ ah

´

Ik
1,k

h puq, Ik
1,k

h pψq

¯

“ τ1,2,1 ` τ1,2,2 ` τ1,2,3 .

(40)

The first term in (40) is bounded by the Cauchy-Schwarz inequality and exploiting the approximation
properties of πk1

T and (36):

τ1,2,1 “
ÿ

TPTh

´

f ´ πk1

T f, π
k1

T ψ ´ ψ
¯

T
ď

ÿ

TPTh

∥∥∥f ´ πk1

T f
∥∥∥
L2pT q

∥∥∥πk1

T ψ ´ ψ
∥∥∥
L2pT q

ď C
ÿ

TPTh

h
mintt,k1

`1u

T |f |HtpT q
h
1`mintr,k1

u

T |ψ|H1`rpT q

ď Chr

˜

ÿ

TPTh

h
2pmintt,k1

`1u`1`mintr,k1
u´rq

T |f |2HtpT q

¸
1
2

∥eh∥L2pΩq
.

The second and third terms in (40) are rewritten together exploiting (16) and (10), as follows:

τ1,2,2 ` τ1,2,3 “
ÿ

TPTh

p∇u,∇ψqT ´

´

∇R̃k1,k
ℓ,T pIk

1,k
T puqq,∇R̃k1,k

ℓ,T pIk
1,k

T pψqq

¯

T

“
ÿ

TPTh

`

∇u,∇
`

ψ ´ Ek`1
T pψq

˘˘

T

`

´

∇R̃k1,k
ℓ,T pIk

1,k
T puqq,∇

´

Ek`1
T pψq ´ R̃k1,k

ℓ,T pIk
1,k

T pψqq

¯¯

T

“
ÿ

TPTh

`

∇
`

u´ Ek`1
T puq

˘

,∇
`

ψ ´ Ek`1
T pψq

˘˘

T

`

´

∇
´

R̃k1,k
ℓ,T pIk

1,k
T puqq ´ Ek`1

T puq

¯

,∇
´

Ek`1
T pψq ´ R̃k1,k

ℓ,T pIk
1,k

T pψqq

¯¯

T
.
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Hence, we have the following bound owing to the Cauchy-Schwarz inequality, (17), (8), Lemma 9 and (36),

τ1,2,2 ` τ1,2,3 ď
ÿ

TPTh

∥∥∇ `

u´ Ek`1
T puq

˘
∥∥
L2pT q

∥∥∇ `

ψ ´ Ek`1
T pψq

˘
∥∥
L2pT q

`

∥∥∥∇R̃k1,k
ℓ,T

´

Ik
1,k

T pu´ Ek`1
T puqq

¯
∥∥∥
L2pT q

∥∥∥∇R̃k1,k
ℓ,T

´

Ik
1,k

T pψ ´ Ek`1
T pψqq

¯
∥∥∥
L2pT q

ď C

˜

ÿ

TPTh

∥∥∇ `

u´ Ek`1
T puq

˘
∥∥2
L2pT q

¸
1
2
˜

ÿ

TPTh

∥∥∇ `

ψ ´ Ek`1
T pψq

˘
∥∥2
L2pT q

¸
1
2

ď Chr

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

∥eh∥L2pΩq
.

Finally, going back to (38), τ2 can be bounded by a trace inequality, Lemma 9, Lemma 10 and (36):

τ2 “
`

eBT ´ eT ,n ¨ ∇pψ ´ Ek`1
T pψqq

˘

BT

ď ∥eBT ´ eT ∥L2pBT q

∥∥n ¨ ∇pψ ´ Ek`1
T pψqq

∥∥
L2pBT q

ď C

˜

ÿ

TPTh

h´1
T ∥eBT ´ eT ∥2L2pBT q

¸
1
2

ˆ

˜

ÿ

TPTh

∥∥∇ψ ´ ∇Ek`1
T pψq

∥∥2
L2pT q

` h´2
T

∥∥ψ ´ Ek`1
T pψq

∥∥2
L2pT q

¸
1
2

ď C
∥∥∥uh ´ Ik

1,k
h puq

∥∥∥
Uk1,k

h,0

hr ∥ψ∥H1`rpΩq

ď Chr

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

∥eh∥L2pΩq
.

Theorem 2. Let u P H1
0 pΩq be the solution to (1). Assume that @T P Th, u P H1`s pT q and f P Ht pT q

for some s ą 1
2 , t ě 0. Moreover, assume Conjecture 1 holds true and let uh P Uk1,k

h,0 be the unique solution

to (21), where R̃k1,k
ℓ,T is built locally for each T P Th with ℓ satisfying Conjecture 1. Then there exists C ą 0

independent of the mesh size h such that

˜

ÿ

TPTh

∥∥∥u´ Rk1,k
T puT q

∥∥∥2
L2pT q

¸
1
2

ď Chr

¨

˝

˜

ÿ

TPTh

h
2mints,k`1u

T |u|2H1`spT q

¸
1
2

`

˜

ÿ

TPTh

h
2pmintt,k1

`1u`1`mintr,k1
u´rq

T |f |2HtpT q

¸
1
2

˛

‚ , (41)

where r is the real number such that (35) and (36) hold true.

Proof. In the following, we assume for simplicity that hT ď 1 @T P Th, so that hT ď hrT @T P Th. Adding

and subtracting the operator Ek`1
T “ Rk1,k

T ˝ Ik
1,k

T , using a triangle inequality we get, for any T P Th,∥∥∥u´ Rk1,k
T puT q

∥∥∥
L2pT q

ď
∥∥u´ Ek`1

T puq
∥∥
L2pT q

`

∥∥∥Rk1,k
T

´

uT ´ Ik
1,k

T puq

¯
∥∥∥
L2pT q

.
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The first term is bounded using (27), obtaining (41) since r ď 1 when hT ď 1. To bound the second term,
we resort to a Poincaré-Friedrichs inequality and exploit (11), the second condition in (9) and the continuity
of the integral mean operator:∥∥∥Rk1,k

T

´

uT ´ Ik
1,k

T puq

¯
∥∥∥
L2pT q

ď ChT

ˆ∥∥∥∇Rk1,k
T

´

uT ´ Ik
1,k

T puq

¯
∥∥∥
L2pT q

`

∣∣∣∣ 1

|T |

ż

T

Rk1,k
T

´

uT ´ Ik
1,k

T puq

¯

∣∣∣∣˙
ď C

ˆ

hT

∣∣∣uT ´ Ik
1,k

T puq

∣∣∣
Uk1,k

T

`

∥∥∥uT ´ πk1

T u
∥∥∥
L2pT q

˙

.

Thus the estimate (41) follows applying the estimates (31) and (37).

Remark 5. The estimate in Theorem 2 is of the optimal order Ophk`2q if Ω is convex (r “ 1), s ě k ` 1,
mintt, k1 ` 1u ě k and k1 ě 1. In particular, when Ω is convex, s ě k ` 1 and k1 ě 1, the optimal order is
achieved if f P Hs´1 pΩq. For the HHO(0,0) scheme, the optimal order Oph2q is achieved when Ω is convex,
u P H2 pT q and f P H1 pT q for all T P Th. For the HHO(0,1) scheme, the best we can get is a sub-optimal
order of convergence Oph2q, obtained assuming a convex Ω, u P H3 pT q and f P H2 pT q. This sub-optimality
is a known result in HHO theory [24].

4 Numerical results

In this section we study numerically the proposed method from two different points of view. First, we evaluate
the local numerical coercivity on different sets of polytopes, to determine the minimum ℓ required for local
coercivity starting from the necessary conditions given in Remark (2). Afterwards, we verify the rates of
convergence of the proposed methods on a variety of 2D and 3D meshes. The proposed numerical method
was implemented in the open-source DiSk++ numerical library (https://github.com/wareHHOuse/diskpp)
[21], which allows fast prototyping of discontinuous methods for PDEs.

4.1 Numerical coercivity tests

For each polytope T considered in this section, we compute the local stiffness matrices SaT
corresponding to

the bilinear form aT defined by (19). Elemental matrices are built choosing suitable bases for the polynomial
spaces involved, employing the scaled monomials described in [20]. We also remark, that in order to evaluate
the face-based polynomials, an affine geometric transformation TF : Rd´1 Ñ HF , where HF is the affine
hyperplane in Rd supporting F , is needed. Therefore,

Pk
d´1pF q :“ Pk

d´1 ˝ pT´1
F q|F .

For each matrix SaT
, we compute the

´

Nk1,k
T ´ 1

¯

-largest eigenvalue σT , N
k1,k
T being the number of local

degrees of freedom, see (2). In 2D, for each σT we check if it is well detached from zero, ensuring that the

rank of the matrix is equal to Nk1,k
T ´ 1, which is the desired local rank to obtain a globally positive definite

linear system. In 3D the same check is done on the quantity σT {hT , as in this case the stiffness matrix scales
as hT .

The analysis above is performed for k P t0, 1, 2u and for the three possible schemes HHOpk ´ 1, kq,
HHOpk, kq and HHOpk`1, kq, looking for the smallest value of ℓ inducing numerical coercivity. In each case,
we first set ℓ to be equal to the smallest non-negative value satisfying the necessary condition prescribed
by Remark 2, i.e. satisfying (23) in the 2D case and (24) in the 3D case. If numerical coercivity is not

verified using this initial guess, we increase ℓ until the rank of SaT
equals Nk1,k

T ´1. We observe that, even if
the value of ℓ given by the necessary condition is also numerically sufficient to obtain the desired rank, the
dimension of the reconstruction space may be greater than the dimension of the local HHO space.
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Table 1: Values of σT computed with HHOpk ´ 1, kq on regular polygons. In parentheses, the value of ℓ.
k NB

T “ 3 NB
T “ 4 NB

T “ 5 NB
T “ 6 NB

T “ 7
1 5.30e-01 (1) 6.67e-01 (2) 7.10e-01 (3) 6.90e-01 (4) 6.56e-01 (5)
2 3.05e-01 (1) 4.09e-01 (3) 3.65e-01 (4) 3.80e-01 (6) 3.20e-01 (7)
k NB

T “ 8 NB
T “ 9 NB

T “ 10 NB
T “ 11 NB

T “ 12
1 6.17e-01 (6) 5.78e-01 (7) 5.40e-01 (8) 5.06e-01 (9) 4.74e-01 (10)
2 3.36e-01 (9) 2.82e-01 (10) 3.02e-01 (12) 2.61e-01 (13) 2.79e-01 (15)
k NB

T “ 13 NB
T “ 14 NB

T “ 15 NB
T “ 16 NB

T “ 17
1 4.45e-01 (11) 4.19e-01 (12) 3.95e-01 (13) 3.73e-01 (14) 3.54e-01 (15)
2 2.46e-01 (16) 2.63e-01 (18) 2.36e-01 (19) 2.51e-01 (21) 2.28e-01 (22)

Table 2: Values of σT computed with HHOpk, kq on regular polygons. In parentheses, the value of ℓ.
k NB

T “ 3 NB
T “ 4 NB

T “ 5 NB
T “ 6 NB

T “ 7
0 3.46e+00 (0) 2.00e+00 (0) 1.45e+00 (0) 1.15e+00 (1) 9.63e-01 (1)
1 3.94e-01 (0) 5.23e-01 (1) 5.75e-01 (2) 5.59e-01 (3) 5.45e-01 (4)
2 2.55e-01 (0) 3.00e-01 (2) 3.40e-01 (3) 3.58e-01 (5) 3.20e-01 (6)
k NB

T “ 8 NB
T “ 9 NB

T “ 10 NB
T “ 11 NB

T “ 12
0 8.28e-01 (2) 7.28e-01 (2) 6.50e-01 (3) 5.87e-01 (3) 5.36e-01 (4)
1 5.14e-01 (5) 4.89e-01 (6) 4.60e-01 (7) 4.36e-01 (8) 4.11e-01 (9)
2 3.36e-01 (8) 2.82e-01 (9) 3.02e-01 (11) 2.61e-01 (12) 2.79e-01 (14)
k NB

T “ 13 NB
T “ 14 NB

T “ 15 NB
T “ 16 NB

T “ 17
0 4.93e-01 (4) 4.56e-01 (5) 4.25e-01 (5) 3.98e-01 (6) 3.74e-01 (6)
1 3.90e-01 (10) 3.69e-01 (11) 3.51e-01 (12) 3.33e-01 (13) 3.18e-01 (14)
2 2.46e-01 (15) 2.63e-01 (17) 2.36e-01 (18) 2.51e-01 (20) 2.28e-01 (21)

4.1.1 Regular polygons

Let us consider a set of regular polygons of n vertices, obtained as the convex hull of the set of points
␣`

cos
`

2πi
n

˘

, sin
`

2πi
n

˘˘

| 0 ď i ă n
(

. In Tables 1, 2 and 3 we report the values of σT and, in parentheses, the
chosen value of ℓ. We observe that the necessary condition on ℓ given by (23) is numerically sufficient for all
the methods and all the polygons. Moreover, the computed values of σT are well detached from zero.

4.1.2 Concave polygons

In Table 4 we depict a set of concave polygons and we report in Tables 5, 6 and 7 the computed values
of σT for each one of the three proposed methods. In parentheses, we report the incremental polynomial
degree ℓ, given by (23), observing that in each case analyzed we obtain the numerical stability applying the
necessary condition on ℓ. Although, some relatively small values of σT are reported, we found that a small
increase of ℓ above the necessary condition further detaches σT from zero. Let us give more quantitative
results taking as examples the two worst cases, happening for k “ 2 and reported in Table 7. In the first case
with NB

T “ 4, we found that choosing ℓ P t2, 3, 4, 5u we get the following increased values of σT : 2.10e-04,
1.05e-02, 1.24e-02, 1.39e-02. In the second case with NB

T “ 11, we found that a progressive enrichment of
the basis with ℓ P t11, 12, 13, 14u leads to the following increased values of σT : 1.45e-10, 7.74e-06, 2.25e-
05, 6.50e-05. Thus, the choice of ℓ might result from a reasonable compromise of an improved numerical
stability and computational cost. We observe that each increase of ℓ requires two more harmonic polynomial
basis functions and an enriched quadrature formula only on the boundary: indeed, an application of Green’s
theorem allows to compute the additional terms of (12) only by quadratures on faces.
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Table 3: Values of σT computed with HHOpk ` 1, kq on regular polygons. In parentheses, the value of ℓ.
k NB

T “ 3 NB
T “ 4 NB

T “ 5 NB
T “ 6 NB

T “ 7
0 1.01e+00 (0) 9.50e-01 (0) 9.07e-01 (0) 7.83e-01 (0) 7.13e-01 (0)
1 3.34e-01 (0) 4.33e-01 (0) 4.62e-01 (1) 5.17e-01 (2) 5.18e-01 (3)
2 7.33e-02 (0) 8.94e-02 (1) 2.25e-01 (2) 2.51e-01 (4) 2.52e-01 (5)
k NB

T “ 8 NB
T “ 9 NB

T “ 10 NB
T “ 11 NB

T “ 12
0 6.34e-01 (1) 5.81e-01 (1) 5.29e-01 (2) 4.90e-01 (2) 4.53e-01 (3)
1 4.99e-01 (4) 4.89e-01 (5) 4.60e-01 (6) 4.36e-01 (7) 4.11e-01 (8)
2 2.46e-01 (7) 2.78e-01 (8) 2.86e-01 (10) 2.61e-01 (11) 2.79e-01 (13)
k NB

T “ 13 NB
T “ 14 NB

T “ 15 NB
T “ 16 NB

T “ 17
0 4.23e-01 (3) 3.96e-01 (4) 3.73e-01 (4) 3.51e-01 (5) 3.33e-01 (5)
1 3.90e-01 (9) 3.69e-01 (10) 3.51e-01 (11) 3.33e-01 (12) 3.18e-01 (13)
2 2.46e-01 (14) 2.63e-01 (16) 2.36e-01 (17) 2.51e-01 (19) 2.28e-01 (20)

Table 4: Concave polygons.

NB
T “ 4 NB

T “ 5 NB
T “ 6 NB

T “ 7 NB
T “ 8

NB
T “ 9 NB

T “ 10 NB
T “ 11 NB

T “ 12 NB
T “ 13

NB
T “ 14 NB

T “ 15 NB
T “ 16 NB

T “ 17 NB
T “ 18

Table 5: Values of σT computed with HHOpk ´ 1, kq on concave polygons. In parentheses, the value of ℓ.
k NB

T “ 4 NB
T “ 5 NB

T “ 6 NB
T “ 7 NB

T “ 8
1 2.19e-03 (2) 6.88e-07 (3) 2.24e-01 (4) 1.67e-03 (5) 1.16e-01 (6)
2 3.26e-03 (3) 4.90e-04 (4) 8.59e-02 (6) 5.91e-06 (7) 3.48e-02 (9)
k NB

T “ 9 NB
T “ 10 NB

T “ 11 NB
T “ 12 NB

T “ 13
1 2.74e-02 (7) 4.27e-02 (8) 6.20e-04 (9) 1.15e-02 (10) 1.58e-04 (11)
2 2.84e-04 (10) 1.25e-02 (12) 2.97e-07 (13) 3.07e-03 (15) 1.79e-07 (16)
k NB

T “ 14 NB
T “ 15 NB

T “ 16 NB
T “ 17 NB

T “ 18
1 4.25e-03 (12) 2.50e-05 (13) 1.13e-03 (14) 7.46e-07 (15) 4.46e-04 (16)
2 8.59e-04 (18) 2.36e-08 (19) 1.98e-04 (21) 6.38e-10 (22) 6.21e-05 (24)
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Table 6: Values of σT computed with HHOpk, kq on concave polygons. In parentheses, the value of ℓ.
k NB

T “ 4 NB
T “ 5 NB

T “ 6 NB
T “ 7 NB

T “ 8
0 6.25e-01 (0) 3.96e-02 (0) 4.28e-01 (1) 8.92e-03 (1) 1.17e-01 (2)
1 1.62e-03 (1) 6.23e-07 (2) 2.08e-01 (3) 1.63e-03 (4) 1.16e-01 (5)
2 3.27e-03 (2) 4.80e-04 (3) 8.39e-02 (5) 5.87e-06 (6) 3.09e-02 (8)
k NB

T “ 9 NB
T “ 10 NB

T “ 11 NB
T “ 12 NB

T “ 13
0 2.32e-01 (2) 5.87e-02 (3) 2.95e-02 (3) 1.92e-02 (4) 2.52e-02 (4)
1 2.72e-02 (6) 4.27e-02 (7) 6.02e-04 (8) 1.15e-02 (9) 1.56e-04 (10)
2 2.84e-04 (9) 6.01e-03 (11) 2.93e-07 (12) 1.82e-03 (14) 1.75e-07 (15)
k NB

T “ 14 NB
T “ 15 NB

T “ 16 NB
T “ 17 NB

T “ 18
0 9.53e-03 (5) 4.78e-03 (5) 2.88e-03 (6) 1.31e-03 (6) 1.40e-03 (7)
1 4.25e-03 (11) 2.46e-05 (12) 1.13e-03 (13) 7.40e-07 (14) 4.46e-04 (15)
2 7.00e-04 (17) 2.23e-08 (18) 1.98e-04 (20) 6.37e-10 (21) 6.21e-05 (23)

Table 7: Values of σT computed with HHOpk ` 1, kq on concave polygons. In parentheses, the value of ℓ.
k NB

T “ 4 NB
T “ 5 NB

T “ 6 NB
T “ 7 NB

T “ 8
0 3.54e-01 (0) 3.91e-01 (0) 3.36e-01 (0) 3.20e-02 (0) 1.17e-01 (1)
1 2.92e-02 (0) 2.21e-03 (1) 1.55e-01 (2) 4.07e-03 (3) 5.07e-02 (4)
2 2.53e-10 (1) 3.56e-03 (2) 2.78e-02 (4) 1.22e-07 (5) 3.13e-03 (7)
k NB

T “ 9 NB
T “ 10 NB

T “ 11 NB
T “ 12 NB

T “ 13
0 2.37e-01 (1) 5.87e-02 (2) 2.66e-02 (2) 1.92e-02 (3) 3.13e-02 (3)
1 2.57e-02 (5) 6.34e-03 (6) 8.85e-04 (7) 1.47e-03 (8) 3.66e-04 (9)
2 2.57e-04 (8) 3.76e-03 (10) 1.45e-10 (11) 1.35e-03 (13) 1.38e-06 (14)
k NB

T “ 14 NB
T “ 15 NB

T “ 16 NB
T “ 17 NB

T “ 18
0 9.53e-03 (4) 4.44e-03 (4) 2.88e-03 (5) 3.09e-03 (5) 1.40e-03 (6)
1 4.49e-04 (10) 1.38e-04 (11) 1.93e-04 (12) 3.38e-07 (13) 1.22e-04 (14)
2 2.32e-04 (16) 6.41e-09 (17) 9.60e-05 (19) 1.07e-08 (20) 6.21e-05 (22)

Table 8: Values of σT computed with HHOpk ´ 1, kq on polygons with aligned edges. In parentheses, the
value of ℓ.

k NB
T “ 5 NB

T “ 6 NB
T “ 7 NB

T “ 8 NB
T “ 9

1 2.54e-02 (3) 1.82e-02 (4) 1.74e-01 (5) 4.70e-01 (6) 1.81e-02 (7)
2 8.88e-05 (4) 1.57e-04 (6) 9.93e-05 (7) 2.03e-01 (9) 3.80e-05 (10)
k NB

T “ 10 NB
T “ 11 NB

T “ 12 NB
T “ 13 NB

T “ 14
1 1.24e-02 (8) 7.57e-02 (9) 2.99e-01 (10) 8.15e-03 (11) 6.31e-03 (12)
2 1.01e-04 (12) 6.43e-05 (13) 6.43e-02 (15) 9.03e-06 (16) 3.62e-05 (18)

Table 9: Values of σT computed with HHOpk, kq on polygons with aligned edges. In parentheses, the value
of ℓ.

k NB
T “ 5 NB

T “ 6 NB
T “ 7 NB

T “ 8 NB
T “ 9

0 1.83e-01 (0) 6.67e-01 (1) 2.75e-01 (1) 6.94e-01 (2) 1.88e-01 (2)
1 2.54e-02 (2) 1.82e-02 (3) 1.74e-01 (4) 4.13e-01 (5) 1.81e-02 (6)
2 8.88e-05 (3) 1.57e-04 (5) 9.93e-05 (6) 1.98e-01 (8) 3.80e-05 (9)
k NB

T “ 10 NB
T “ 11 NB

T “ 12 NB
T “ 13 NB

T “ 14
0 3.97e-01 (3) 2.08e-01 (3) 4.61e-01 (4) 1.42e-01 (4) 3.05e-01 (5)
1 1.24e-02 (7) 7.57e-02 (8) 2.88e-01 (9) 8.15e-03 (10) 6.31e-03 (11)
2 1.01e-04 (11) 6.43e-05 (12) 6.43e-02 (14) 9.03e-06 (15) 3.62e-05 (17)
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Table 10: Values of σT computed with HHOpk ` 1, kq on polygons with aligned edges. In parentheses, the
value of ℓ.

k NB
T “ 5 NB

T “ 6 NB
T “ 7 NB

T “ 8 NB
T “ 9

0 6.96e-01 (0) 5.90e-01 (0) 2.89e-01 (0) 5.19e-01 (1) 1.88e-01 (1)
1 2.54e-02 (1) 1.95e-02 (2) 1.74e-01 (3) 3.68e-01 (4) 1.81e-02 (5)
2 9.09e-05 (2) 1.66e-04 (4) 1.05e-04 (5) 8.75e-02 (7) 3.80e-05 (8)
k NB

T “ 10 NB
T “ 11 NB

T “ 12 NB
T “ 13 NB

T “ 14
0 3.86e-01 (2) 2.07e-01 (2) 3.76e-01 (3) 1.42e-01 (3) 2.97e-01 (4)
1 1.21e-02 (6) 7.57e-02 (7) 2.87e-01 (8) 8.15e-03 (9) 6.26e-03 (10)
2 1.01e-04 (10) 6.43e-05 (11) 6.39e-02 (13) 9.02e-06 (14) 3.61e-05 (16)

4.1.3 Polygons with aligned edges

Finally, we consider a sequence of convex polygons with aligned edges obtained starting from a square and
then splitting its edges into equal parts, one edge at each step until we obtain a polygon with 14 edges. In
Tables 8, 9 and 10 we display the values of σT of the elemental stiffness matrix obtained applying the three
methods discussed, respectively, and the related value of the polynomial incremental degree ℓ, determined
according to (23). Also in this case, we notice that we have obtained the numerical stability applying the
necessary condition on ℓ.

4.1.4 Polyhedra

In the 3D setting we consider a mesh composed of 48 tetrahedra with different aspect ratios, a mesh of
prisms obtained from the FVCA6 benchmark featuring some heavily distorted elements (Figure 1), and a

cube. For each mesh, a unique value ℓ‹ is chosen in such a way that the local reconstruction on P̃k1,ℓ‹

3 pT q is
observed to be coercive for all elements T .

For each element T of each mesh, we consider the value of σT {hT , which is invariant with respect to
rescalings of T . In Table 11, for all the variants of the proposed HHO method, we report the maximum
and minimum numerical value of σT {hT computed on the tetrahedral mesh, together with the minimum
value ℓ satisfying the necessary condition (24), and the value ℓ‹ observed to guarantee local coercivity. In
Table 12 the same results are shown for the prismatic mesh, and in Table 13 we report the results on the
cubic element. We remark that in some cases ℓ‹ ą ℓ is needed. A better investigation of the 3D setting is
left for a future work.

Figure 1: Meshes of the unit cube used to test the stability in 3D. The tetrahedral mesh on the left is
composed of 48 elements and was generated internally by DiSk++, whereas the prismatic mesh on the right
is the “DBLS10” mesh from the FVCA6 benchmark.
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Table 11: Minimum and maximum values of σT {hT on the tetrahedral mesh, with a comparison between
the numerically required and theoretically necessary degrees of enrichment.

HHO(k ´ 1,k) min σT {hT max σT {hT ℓ‹ ℓ
k “ 1 1.26E-02 5.03E-02 1 1
k “ 2 4.28E-04 1.72E-02 1 1

HHO(k, k) min σT {hT max σT {hT ℓ‹ ℓ
k “ 0 1.95E-01 1.06E+00 0 0
k “ 1 1.13E-02 4.48E-02 0 0
k “ 2 3.94E-04 1.66E-02 0 0

HHO(k ` 1, k) min σT {hT max σT {hT ℓ‹ ℓ
k “ 0 4.78E-02 2.90E-01 0 0
k “ 1 3.49E-03 3.05E-02 0 0
k “ 2 1.03E-04 1.73E-03 0 0

Table 12: Minimum and maximum values of σT {hT on the prismatic mesh, with a comparison between the
numerically required and theoretically necessary degrees of enrichment, chosen to guarantee the stability on
all the mesh elements (see text).

HHO(k ´ 1,k) min σT {hT max σT {hT ℓ‹ ℓ
k “ 1 5.64E-05 1.22E-01 3 2
k “ 2 3.76E-07 8.19E-02 4 3

HHO(k, k) min σT {hT max σT {hT ℓ‹ ℓ
k “ 0 1.11E-01 5.29E-01 1 0
k “ 1 5.64E-05 1.08E-01 2 1
k “ 2 3.74E-07 8.06E-02 3 2

HHO(k ` 1, k) min σT {hT max σT {hT ℓ‹ ℓ
k “ 0 7.92E-02 3.83E-01 0 0
k “ 1 3.38E-02 1.97E-01 2 0
k “ 2 3.74E-07 7.04E-02 2 1

4.2 Convergence tests

We now consider the model problem in the unit hypercube Ω “ r0, 1sd, with d “ 2, 3, choosing the source

term f such that the solution is upxq “
śd

i“1 sinpπxiq . We investigate the rates of convergence of the errors
in the discrete energy norm and the L2-norm, estimated in Theorems 1 and 2 for the proposed methods.
The value of ℓ is chosen according to the above discussions. Moreover, we compare the stabilization-free
methods with the standard stabilized HHO methods. In Figures 2, 3 and 4 we show the errors with HHO
methods of order k P t0, 1, 2u for tesselations of triangles, squares and hexagons, respectively. In addition,
we show in Figures 5, 6 and 7 the errors with HHO methods of order k P t0, 1, 2u for tetrahedras, cubic
and prismatic meshes (see Fig. 1), respectively. In all cases, the numerical data are in agreement with the
convergences rates expected from the theory. Let us add two additional observations from these figures.
For the HHOpk ´ 1, kq method we observe very close profiles, even overlapping with the standard stabilized
results. For HHOpk, kq and HHOpk`1, kq, the stabilization-free scheme shows smaller approximation errors.
The most outstanding differences can be seen in Figure 4 for the 2D-case and in Figures 6, 7 for the 3D-case.
More precisely, we remark that this gap grows to one order and even two orders of magnitude in the energy
norm (right panel) and in the L2-error (left panel), respectively.
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Figure 2: Convergence data on triangular meshes. From the top to the bottom: HHOpk ´ 1, kq, HHOpk, kq

and HHOpk ` 1, kq. On the left the L2-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.
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Figure 3: Convergence data on meshes of squares. From the top to the bottom: HHOpk ´ 1, kq, HHOpk, kq

and HHOpk ` 1, kq. On the left the L2-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.
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Figure 4: Convergence data on hex-dominant meshes. From the top to the bottom: HHOpk´1, kq, HHOpk, kq

and HHOpk ` 1, kq. On the left the L2-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.
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Figure 5: Convergence data on tetrahedral meshes. From the top to the bottom: HHOpk´ 1, kq, HHOpk, kq

and HHOpk ` 1, kq. On the left the L2-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.
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Figure 6: Convergence data on meshes of cubes. From the top to the bottom: HHOpk ´ 1, kq, HHOpk, kq

and HHOpk ` 1, kq. On the left the L2-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.
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Figure 7: Convergence data on FVCA6 DBLS meshes. From the top to the bottom: HHOpk ´ 1, kq,
HHOpk, kq and HHOpk ` 1, kq. On the left the L2-norm error, on the right the discrete energy error. STD:
standard HHO; SF: proposed stabilization-free methods.
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Table 13: Values of σT {hT on the cubic element, with a comparison between the numerically required and
theoretically necessary degrees of enrichment.

HHO(k ´ 1,k) σT {hT ℓ‹ ℓ
k “ 1 0.273565 2 2
k “ 2 0.1283 3 2

HHO(k, k) σT {hT ℓ‹ ℓ
k “ 0 1.1547 0 0
k “ 1 0.246236 1 1
k “ 2 0.1283 2 1

HHO(k ` 1, k) σT {hT ℓ‹ ℓ
k “ 0 0.752323 0 0
k “ 1 0.246236 0 0
k “ 2 0.109433 1 0

5 Conclusions

Novel stabilization-free Hybrid High-Order methods were introduced for solving elliptic problems. The
methods were formulated for Poisson’s equation and are based on local reconstruction operators mapping
discrete HHO variables on suitably enriched polynomial spaces. The well-posedness of the discrete schemes
was explored numerically through an extensive campaign of tests on polygons and polyhedra. In 2D, results
suggest that the new reconstruction operators are stable provided that the dimension of the reconstruction
space is greater than the dimension of the local HHO spaces. In 3D, results suggest that it is possible to
choose a value of the polynomial enrichment degree ℓ providing coercivity, however this may be higher than
the one resulting from simple considerations on space dimensions. Optimal order a priori error estimates
are proved whenever reconstruction operators are locally stable. In some cases, convergence tests display a
significant reduction of the magnitude of the error with respect to the standard, stabilized HHO method.
Future works will address the issue of well-posedness from the theoretical point of view, with the aim of
identifying sufficient conditions on the reconstruction space guaranteeing stability.
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