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Towards stabilization-free Hybrid High-Order methods for elliptic
problems

Andrea Borio* Karol L. Cascavita * Matteo Cicuttin *f Francesca Marcon*

July 23, 2025

Abstract

We devise and study Hybrid High-Order (HHO) methods in a stabilization-free formulation, i.e.
based on discrete bilinear forms not requiring an additional, explicit stabilization term. The discretization
hinges on newly defined reconstruction operators mapping on polynomial spaces richer than the ones used
in standard HHO literature. Optimal order a priori error estimates are obtained with the expected HHO
convergence rates. The well-posedness of the discrete scheme is currently only conjectured. Extensive
numerical tests are presented, supporting the stability and robustness of the new methods and shedding
a light on future theoretical developments.

Keywords Hybrid High-Order methods; stabilization-free; reconstruction operators

1 Introduction

Hybrid High-Order (HHO) methods were introduced in [30} 3I] as a new method in the class of Discontinuous
Skeletal discretizations. In the last decade HHO methods enjoyed broad acceptance, especially in the field
of computational mechanics. An incomplete list of successful applications includes works in solid mechanics
[1, 23], obstacle problems [16], 22], unfitted interfaces [11], fluid mechanics [I5], O], poromechanics [17, [10],
electromagnetics [I8] 25], acoustics [12] and eigenproblems [I4], 13]. The main features of HHO are the
approximation of the solution with arbitrary order polynomials, support for fully polytopal meshes and easy
hp-refinement. The HHO unknowns are placed both in the cells and on the faces of the mesh, in order to
approximate a pair including the primal variable in the cells and its trace on the skeleton. In particular,
these unknowns are used (i) by a reconstruction operator, which reconstructs a high-order field in the cell
and (ii) by a stabilization operator, which weakly enforces in each mesh cell the matching of the traces of
the cell functions with the face unknowns. These two operators are then combined in a local bilinear form
which, after local static condensation, is assembled into a global problem posed only on the face unknowns.
The mathematical foundations, together with multiple applications, are discussed extensively in [24] [28§],
whereas implementation details are described in [21].

Multiple bridges between HHO and other methods of the Discontinuous Skeletal family have been estab-
lished in the past years. For example, in [31], a connection was made between the lowest-order HHO method,
the Hybrid Finite Volume method from [35] and subsequently the Hybrid Mimetic Mixed methods from [32].
Subsequently, HHO methods were linked to Hybridizable Discontinuous Galerkin (HDG) methods, Virtual
Element Methods (VEM) and Weak Galerkin (WG) methods [26, 27, [39].

In recent years, the study of Galerkin methods suitable for polytopal meshes that avoid the use of a
non-physical stabilization term has attracted the interest of the scientific community. The importance of
stabilization-free polytopal methods is well known, especially in the context of nonlinear problems [37, ]
and eigenproblems [6, [7, 40]. In particular, in the framework of VEM, recent studies proposed polygonal
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numerical schemes based on the definition of bilinear forms that involve only polynomial projections of virtual
functions. The reader can refer to [33] 19, 41l [5, 8] for numerical explorations in computational mechanics
and to [38, B, 4, 2] for more theoretical works. In the context of HHO, stabilization-free variants exist
and are based on the use of spaces from the Raviart-Thomas (RT) family. In particular, local RT-Nédélec
spaces on simplicial submeshes were exploited in [29]. In addition, in [I] RT spaces on simplicial meshes were
employed, though optimal convergence was not attained. In WG context, a “superconvergent stabilizer-free”
method for general meshes has been recently described in [42], also based on RT spaces on local submeshes.

In this work we introduce and study numerically a variant of HHO for elliptic problems, posed on
2D and 3D polytopal domains and free of an explicit stabilization term. The proposed variant preserves
optimal HHO convergence rates and is based on introducing modified reconstruction operators mapping on
polynomial spaces richer than the ones used in standard HHO methods.

In the following let €2 be an open, bounded, connected, Lipschitz subset of R? and f € L2 (). We
consider the problem of finding u € V := H{ () such that

(Vu, Vo) = (f,v)q YoeV, (1)

where () ¢ denotes the L2 (¢)-scalar product for any ¢ = R?. In Section We describe the numerical scheme
and state the discrete problem, discussing its well-posedness. In Section [3] we derive optimal order a priori
error estimates. Finally, in Section [i] we show the results of some numerical tests assessing stability and
convergence of the proposed method.

Throughout the paper, IP’;(C ) denotes the space of polynomials up to degree k defined on ¢, for ¢ = R9,
Inside the proofs C' denotes a generic constant, independent of the mesh size and that can be different at
each occurrence.

2 Discrete setting

The goal of this section is to illustrate briefly the setting to devise HHO and subsequently to introduce the
stabilization-free variant. The domain €2 is assumed to be discretized with a mesh fulfilling the standard
HHO assumptions [31], [30] and in the following, let 7, denote the set of the mesh cells, F}, the set of mesh
faces, and .7-';{ the boundary faces. In addition, for each element T € T, F© denotes the set of all faces
F < 0T. For each T € T, hy denotes the diameter of 7" and let h = maxyper;, hr.

2.1 HHO spaces and standard operators

Given an element T € Ty, the HHO(K', k) method attaches polynomials of degree k¥’ > 0 to the interior of T
and polynomials of degree k = 0 to the faces of T, with the constraint that k¥’ € {k — 1, k, k + 1} (therefore
the HHO(k — 1, k) method requires k > 1). These polynomials are collected to form the element-local space

Us = BR(T) x By (FT), Pi_(FT) = X Pi_i(F).
FeFT

A generic member of Qg’k is denoted as vy := (vp,vor) and further vi := vor|r, VF € FT. For a polygon

T with N% faces, the space Q;l ** has dimension
Ny = dim (P (7)) + dim(Bf_, (F7)), (2)

with dim (P} (7)) = (¥7¢) and dim(P§_, (F7)) = NZ(*541).

The global HHO(k', k) space is obtained by collecting all the element-based unknowns as

[TLSLES { X Pd'(T)} { X P§1<F>},
TeTh FeFy,



where we remark that the face-based unknowns are single-valued polynomials, but discontinuous on the
vertices. Homogeneous Dirichlet boundary conditions are enforced by strongly setting to zero the unknowns
associated to the boundary faces, which results in the space

U = v = (v)rer, (vp)pes,) € U H e =0, ¥R e FBY.

More general boundary conditions can be applied, see for example [24] Section 8.5]. For a given T € Ty, the
space Q?’k is endowed with the following local semi-norm:
2 2 -1 2 k' k
\!T|Q;’Je = ||VVTHL2(T) + by |lve — V6T||L2(0T) ; Yvp = (vp,ver) € Up ™. (3)
Summing up local seminorms we obtain a norm for Qﬁlbk:

2 2 Kk
vgllgers = D5 plgwns Vv, € Uy (4)
~h,0 T, =T

2.1.1 Reduction operator

Generic functions of H! (Q) are reduced to elements of Q];L/’k by using standard L2-projections: let T € Ty, we

define for each v € L? (T') and for each w € L? (0T) the cell-based and face-based L2-orthogonal projections
mh L2(T) — PX(T) and 7k : L2 (0T) — Pk _| (FT) respectively, such that

(kv —v,p)r =0, VpeP(T), (5)

(morw —w,q)or =0, Vg Py (FT). (6)

Using the L2-projectors we define the local reduction operator 1? FLHY(T) > Ql;/ * of a function v € H! (T)
as

Uk () = (ehiv, mhpv) (7)

and the global reduction operator 12% :HY (Q) — Qlfl,’k such that lﬁl’k(v)nﬂ = l];’k(v) € Q];’k for all v € H! (Q)
and for all T' € Ty,

Lemma 1. Let T € T, and v e H (T) be given. Then, there exists C > 0 independent of hy such that

54| e < CIT0Nar) (®)
2

Proof. By the definition of the seminorm in and the triangle inequality,

2 2 2
Kk / —1||_& k
I+ (v = ||Vnjv +h H’]T V — TAPV
‘—T ( )gg”’“ T L2(T) T T oT 12(aT)
k' 2 1 k' 0 0 k 2
= ||Vrftov + h- Hﬂ' V— T + T U—w’v‘
T L2(T) T T T T oT L2(oT)
’ 2 ’ 2 2
-1 k 0 k 0
< |Vadv + 2h Hﬂ' v—wv‘ + |75 (v — T .
= T L2(T) T T( T ) L2(oT) H 6T( T )HLQ((‘)T)

Then, is obtained by discrete trace inequalities, the continuity of orthogonal projection operators and



Poincaré inequalities:

’
HVW%U‘

<C|V ,
12(T) [ U||L2(T)
-2 k' 2

ht Hwéﬁl(v - w%v)‘ Chr H?TT (v— 71'%'0)’

L2(oT) < L2(T)
< Ch;Q HU - W%UHiQ(T) < C ||VU||i2(T) 5
hy' ||mhr (v — W%”)Hizwm < hgt v - 7r%”HiZ(aT) < Chy? |lv— ”%UHEZ’(T)

2
< C||Vv||L2(T) :

2.1.2 Reconstruction operator

Let vy € Q;I *we define the reconstruction operator R? e QI;«/ . P’;H (T) as the solution of the well-posed
Neumann problem
(VR?k(MT), Vq)r = —(vr, Aq)r + (Vor,n - Vq)or, YqePETY(T),
(Ré:“’k(!T% 1)T = (VTa l)T )
where n denotes the unit outward normal to ¢7. In the following, we state some classical results about the
operator R’%’k [24].

(9)

Lemma 2. For all p e PETH(T), R];:’k(lg’k(p)) =p.
Lemma 3. For all ve H! (T), the composed operator E’Frl = R];’k 01’;:’k is the elliptic projection
(VEE L (v), V)7 = (Vo, V)T, Vg e PATY(T),
(Ex' (0), D)z = (v, D)7

Lemma 4. Let T € Ty, be given. Let k' € {k — 1,k,k + 1} and let v, € Q?k. Then, there exists C > 0
independent of hp such that

(10)

| VR ()

oy < Clirlygn (1)

2.2 Stabilization-free HHO methods

Let Hg(T) be the space of d-variate harmonic polynomials of a given degree ¢ defined on T'. For ¢ > 0
BT 1= {p e BYTT)] Ap e BY (D) | = BYF(T) @ (B (1) \HY (D)),

that is an enrichment of IP’Z/”(T) with harmonic polynomials. The methods presented in the following are

based on the definition of suitable reconstruction operators onto the space @Z/’Z(T). For any T € Ty, given a

local integer ¢ > 0, we define the operator Ii];/’Tk: Q?’k — [@ZI’Z(T) such that, given v, € Q?’k,

(VREF (vp), Vi) = —(vrr, A7 + (Vor — Eb" (vp)on - V@)or, Ve BY(T), 12)
(RIZ,'Z,"?(MT% 1)T = (VTa 1)T B
where , )
e,y . ) mErRy (vr) = Ry F(vp), iK€ {k— 1k}, 13
o7 (vp) == k P (13)
TEPNT — VT, ifk=k+1.

In the following, we prove some key properties of ﬁflTk



Lemma 5. Let T € T;, and let ﬁllek be the operator defined by (12)). Then, for any p € ]P’ZH(T),
Bk k 1k k
Rz,T QT (p) =p.

Proof. First, by and Lemma, we get Engk (l’;’k(p)) = 7&.p — p. Looking at the first equation in ,
we get

(VREF U5 (). Va) | = = (0.80)7 + (P Vidor = (V. V@)y, V3 By (D).

Choosing ¢ = ﬁZ'ka (1];’k(p)) — p, we obtain

2

(VREE U5 0) = Vo, Va)r = |9 (REF 0 () - p) |

=0,
L2(T)

which implies ﬁ?:’Tk(lsj’k(p)) p since (Re b (Ik *(p)) = p, 1) = 0. O
Lemma 6. Let T € Ty, and let R * be the operator defined by . Then, for any vy € Uk k
(VR} i (vr), Va)r = (VRE " (vp), Va)r Vg e PETH(T). (14)
Proof. Let g € PA™(T). Since n-Vqe Pk | (FT), we get
0= (5 (vr)m- Vo)
or (vp),m-Vg o7

(R () — REF(vp) m - Vig)or, iR € {k—1,k) (15)
(TFSTVT —vT,n~Vq)aT, lf ki/ = k+ 1

Then, by the definition of Rf (12), using (15), and since Ag e PE~1(T) P (T), Vk' € {k — 1,k k + 1},

(VRY 2 (vr), Vo) = —(vr, Ag)r + (vor, 0 - Va)or = (VRE(v1), Va) .

O
Remark 1. As a straightforward consequence of Lemma@ we have the orthogonality: Vv € H! (T),
(VRS (15 (), Va) = (VES*'(0),Ya), = (Vo,Ya)p, Ve P5H(T), (16)

where Ek+1 = Ri}/’k o 1k/’k is the elliptic projection operator defined by (10| m

Lemma 7. Let T € Ty, be given and let R * be the operator defined by (12| . There ezists C' > 0 independent
of hr such that

Bk k Kk
|vRE <xT>H vy < Ozl Vup e U (17)
Proof. First, we observe that, applying the definition of RIZT in ,

2
Sk
HVRZ’T (MT)‘ L2(T)

_ (VVT,VQZI’F(MT))T
+ (VaT —Vr — 5§%k<¥T)7 n- Vﬁ?,/’Tk (MT))aT
< IVrllpary |[VREF (ur)|
L?(H))

" <|vaT -

< - VR (v

L2(T)

Kk
80T (!T)‘

L2(oT)



To estimate the term depending on Sgélk(yT) we add and subtract suitable integral means in the definition

of 5§;k(yT) and we apply the continuity of orthogonal projections, discrete trace and Poincaré inequalities
and Lemma [4

&5 @), o, = b =10 (RE o) =R )}
<[RS ) = R
< Ch2 va;’vk(MT)HLQ(T) < Chs rlyes R € =1k},
H5k+1 *( )‘ L2y [(we = 1) (vr — 7T%VT)HLZ((?T) <|vr - ﬂ'%VTHL%?T)

1 1
< CH3 9V llary < Ch3 vyl e

Moreover, using a discrete trace inequality we obtain

~ ! _1 Nk/’k
Hn'VRe,'T (MT)’ L2ory S Chr” [VRer (MT)HLz(T) :
Using the above estimates in we get:
2 /
K k Bk k
HVR (vr) L2y S IVvrllea ) HVR” (MT)‘ L2(T)
_1 Nk/,k
+C (hT2 [vor — VT||L2(aT) + |¥T|Q’;’vk) HVR&T (!T)‘ L2(T)
< CWT@}’J@ o1 (V1) L)’
which proves (17)). O

2.3 Discrete scheme

The operator Igi?,’Tk defined by . ) is used to define the bilinear form of the proposed discrete scheme for
(1)). For a given T' € T, let ar: UIC ko Uk ¥ _ R be such that

Sk k Sk k
ar (wr,vr) = (VRE (wr), VREF (vr)) (19)
Then we define ay,: QZ/’k X QZ,’k — R such that, Vw,,,v;, € Qi/’k,

an (W, v,) = Y, ar (Wp,vp) - (20)
TeTh

The discrete scheme reads: chosen k' € {k — 1,k, k + 1}, find u;, € Q’;ﬁbk such that

an (upvy) = > (fve)p, Vv, e Uy (21)

TeTh

The well-posedness of is an open problem and is discussed numerically in Section For the purpose
of proceeding with the error analysis, we assume well-posedness through the following conjecture.

Conjecture 1. Let T € T}, and let vy € Q;l’k, kK e {k— 1,k k + 1} be given. Then, there exists a local
integer £ = 0 depending on T such that there is ar > 0 independent of hr satisfying
, 2
Bk k 2
HVR’Z’T (MT)HLz(T) > arfurlyy e (22)



Remark 2. By the definition of Ifiif’,j’«k, Conjecture|1|is subjected to a necessary condition on the local integer
¢ = 0 given by dim I@’Z/’Z(T) > dimgg’k. We recall from Sections and [2.2] that
dim Py (T) = dim(P4 +2(T)) + dim(H} *2+4(T) \ HE (7)),
dim UXF = dim(P% (T)) + dim(P%_, (FT)).
If we consider d = 2, for t > 0 we have

t+1)(t+2)

dim(Py(T)) = 0

dim(HL(T)) = 2t + 1,
and we get the following necessary condition:

20+ K +3)—1—No(k+1)>0. (23)
On the other hand, if d = 3, for ¢ = 0 we have

t+1D)(E+2)(t+3)
5 )

dim(P4(T)) = dim(H5(T)) = (¢ + 1)%,

and we get the following necessary condition:

k+1)(k + 2)

(£+kz’+3)2—N§2( 5 >0. (24)

We underline that we always choose £ > 0 even if the lower bound provided by or is negative.
Employing Lemma [7] we obtain the following well-posedness result subject to Conjecture [T}

Lemma 8. Let w;,,v;, € Qil’k be given. Then, for any choice of £ there exists w > 0 independent of h such
that

an (Wp, vp) < w 1wy [l gex flvnllge - (25)
~h,0 2h,0

Moreover, if C’onjecture 1s verified, let IiZl’Tk (wp) be built locally on each T € Ty, such that holds true.
Then, there exists o > 0 independent of h such that

2 k' k
o fwa G x < an (wy,wy) Vo, € U (26)

Then, has a unique solution.

Proof. Recall that
an (W, vp,) = 2 (VRIZ%]C(&T%VRZ’T]C(MT))T .

TeTh
Then follows by applying the Cauchy-Schwarz inequality and Lemma Moreover, follows by
applying , with a = minper, ar. O

3 A priori error estimates

The a priori error analysis of the new schemes is conducted following [24] Chapter 2], with the aim of
showing that the presented schemes exhibit the same convergence behaviors as standard HHO schemes. The
approximation results below are used in the error analysis.



Lemma 9. Let v € H' () be such that VT € Ty, v € H'** (T) for some s = 0 and let E5™ be defined
VYT €Ty by . Then, there exists C > 0 independent of hr such that,

2 - 2 2min{s,k+1 2
Vo = VEE ()| gy + b2 |0 = EE (0|2 py < CRE™ D ol - (27)
Moreover, if VT € Tp,, v € H** (T) with s > %, then there exists C' > 0 independent of hp such that,

ChQ min{s,k+1}—1

IV (o = E5"0) [ 207y < CP5 [olfoe(ry - (28)

Proof. The estimate ([27)) is a known result in polynomial approximation theory. To prove , we recall the
following two results from [24, Lemma 2.4 and Lemma 2.5]. For any given polynomial degree t € N, there
exists C' > 0 independent of hr such that VT € T, and Vq € P{(T)

1
H‘JHLZ‘(aT) < Chy? Hq||L2(T) : (29)

Moreover, there exists C' > 0 independent of hr such that, for any v € H! (Q2) satisfying v € H'** (T) VT € Ty,
for some s > %, it holds true that

min{s, -1
IV (v — ”5“”)”1}(%) < Cppth T [0lkrs 7y - (30)

Hence, applying the triangle inequality, the discrete trace inequality , and the bounds and , we
obtain

IV (v — Ex"(v)) HL2(('}T) < ||V (vr - ) ||L2(aT) +IV (m7" o — B3 (v)) ||L2(aT)
< Ch;% (h?in{s,k-i—l} [0lggroe oy + Hv (W§+1v _ Egﬂ(v))Hm(T))
< Ch;% (h?in{&kJrl} |U|H1+S(T) + HV (7T,]1€«+11} —v

+(|V (v~ Bz (v)) HLZ(T))

min{s,k+1}—1
< CpprteRt T,

Mizr)

li+a(r) -

O
Lemma 10. Let u € H' (Q) be the solution to ([1). Assume that VT € T, u € H*** (T) for some s > 3.
Moreover, assume Conjecture |1 holds true and let u; be the unigque solution to , where Iilzl’Tk s built

locally for each T € T, with ¢ satisfying Conjecture[1l Then there exists C' > 0 independent of the mesh size
h such that

2
k' k 2min{s,k+1 2
Hﬂh — 1 (U)‘ Kk <C Z h ookt }|U|H1+S(T) . (31)
Q’L,O T€7—h

Proof. Let ¢}, := uj, — jil’k(u). Since Conjecture |1} is assumed to be true by hypothesis, applying Lemma
and the discrete problem we get

2

Kk _ Kk
o =5 @) < 07Man (w4~ 1 w) 1)
—=h,0

= a_l

> (frer)y —ar (17 (u).er)

TeTh

b




where e, = (er,eor), er = ur — wg/u and epr = upr — 7r§Tu. To estimate the above term, we introduce the
local elliptic projection EA(u), the shorthand notation ep = ujp — EX™(u) and by the triangle inequality,

we obtain

) (rer)r —ar (B4 )er)| < | ) ar (1 (en) er)
TeTh TeTh
/ 32
+ Z (f.er)r —ar (l; (7" (u)) eT) o
TeTh
=!T1+ Ty

The first term is bounded by the continuity of a; and 1’}/ * given by and (8], respectively, and by the
estimate ([27)):

1

K .k 2
<o Y [Een)| . ) lenllys
TeTh T’ ~=h,0
1
2
<C ( > ||VeE||iz(T>) el s

TeTh

|3 (o)

TeTh

1

2
2min{s,k+1} | |2
<C ( Z hTmm{s } |U'H1+S(T)> thHQ:/bk

TeTh

To bound the second term in , we first observe that implies f = —Awu in L? (2). Moreover, since uar
is unique on each edge and vanishes on 9 and n-Vu € L* (0T), it holds true that .. (n - Vu,ear),p = 0.
Then,

Z (f, eT)T = 2 (—Au, eT)T = Z (Vu,VeT)T + (Il -Vu,esr — eT)aT . (33)

TeTh TeTh TeTh

Moreover, if we apply Lemma and Lemma@ the definition of Rg ’k(yT) @ and the definition of E’%H ,
we get
Kk Sk k: k & sk k
ar (55 (). er) = (VRIS ), VR ) )

k+1 K,
VEES (1), VREF (e ))T

(34)
= <VEk+1 VeT) (Il . VEI;«JA(U), €or — eT)aT
= (Vu,Ver)r — (n- VEE ! (), eor — eT)é’T )

The next estimate follows applying and in the first line and the bound is concluded by using the



approximation property of EI%H in :

> (frer)y —ar (5 (EF (). er)

Ty = = Z (n-Veg,eor —er)yp
TeTh TeTh
< Z [n- VeEHL?(aT) lleor — eT||L2(6T)
TeTh

[

3
2 — 2
<C ( Z hr ||V6EL2((;T)> ( Z h' lleor — €T||L2(0T)>
TeTh TeTh
1

2
<C ( Z pmmis ke |u|12{1+S(T)> th”gi/b’f :
TeTh ’

O

Theorem 1. Let u € H' (Q) be the solution to (1). Assume that VT € Ty, u € H'**(T) for some s > 3.

Moreover, assume Conjectureholds true and let u; € Qilbk be the unique solution to , where Iiifl’Tk 18
built locally for each T € Ty, with £ satisfying Conjecture[1l Then there exists C > 0 independent of the mesh
size h such that

D=

1
2 2 .
2min{s,k+1} 2
L2(T)> < C ( Z hT |uH1+s(T)>

TeTh

pra—

TeTh

Proof. Adding and subtracting the operator E]%H = R];: o 11; ’k, using a triangle inequality and Lemma
we get, for any T € Ty,

[ 7R )|

L) S Ve = VEE ()| 2y + HVRl}Ck (ET _lz;',k(u))‘

L2(T)

< ||Vu - VEI;"-H(U)HL?(T) +C ‘!T - ﬁk(u)

Kk
Ur

The thesis is then obtained summing over 7' € Tj,, bounding the first term using Lemma [J] and the second
term using Lemma O

Remark 3. If s > k + 1 the error estimate in Theorem [1]is of the optimal order O(h¥*1).

Remark 4. The regularity assumptions in Lemma [L0]and Theorem [I| have been done for simplicity, following
the approach in [24]. Indeed, this is the minimum regularity that yields n - Vu € L? (T). Recently [34], a
refined functional setting has been defined to extend the analysis to u € H** (Q) with s > 0.

To get an L2-error estimate, let r € (%, 1] denote the real number such that, for any given g € L2 (Q)
there exists ¢ € H*" (Q) n H} () solving the dual problem

(Vo,V)g = (v,9)g, YoeH(Q). (35)

Notice that r depends on the geometry of 2 [36] and if €2 is convex we get r = 1. By elliptic regularity, ¢
satisfies the estimate

Hw”H1+T(Q) <C ||9||L2(Q) : (36)
Lemma 11. Let u € H{ (Q) be the solution to (I)). Assume that VT € Ty, uw e H'™* (T) and f € H' (T) for

some s > 5, t = 0. Moreover, assume Conjecture holds true and let u, € QZ/’Ok be the unique solution to

1
29

10



, where ﬁ?:’Tk 18 built locally for each T € Ty, with £ satisfying Conjecture . Then there exists C' > 0
independent of the mesh size h such that

1 1
2 2 ) 2
< Z HUT — 7TTU ) < Chr < Z h%mm{&k-kl} |u|§11+5(T)>
L2(T)
TeTh TeTh

3
+ ( Z h?ﬂ(mm{t,k +1}+1+min{r,k'}—7r) |f12_1t(T)> (37)

TeTh

where r is the real number such that and hold true.

Proof. Let e;, € L? (Q) be such that ez := ep|p = up—nhu € PX (T) for all T € Ty,. Let 1 € HF" (Q) nH{ (Q)
with r € (%, 1] be such that

(Vo,Vh)g = (v,en)g  YveHy(Q),
hence e, = —Aq in L2 (). Then, VT € T, let ear € L2 (0T) be such that VF € FT, ear|r = uor — 7y (u)|rF €
H2 (F) . Since ZTGTh (ear,n - V),p = 0, and by introducing the elliptic projection E’%H locally, we infer
that

lenllfaiy = — (en, Av)g = > (Ver, Vo), + (ear — er,n - Vi) oy
TeTh

= > (Ver, VES' (@), + (eor — er,n - VEST () o (38)

TeTh
+ (eaT —er,n-V(y — Egﬂ(w)))aT :

Let us call 71 the sum of the two first terms on the right hand side of and 7o the rightmost one. To
bound 71, we first recall that since EXt!(y) € PET(T), then (65;,1’]“ (up fll}/’k(u)),n . VE’%“(LZJ)) = 0.
o

Hence, this identity along with the definition of ﬁlg/Tk leads to

T1 = Z (VeTv VEI’;‘+1(¢))T + (eaT —eér,n:- VEI’]C’+1(1/}))(‘)T

TeTh
= ) (VREwr — B w), VEE (1)

TeTh (39)
= 2 (VRIS (ur — 17 w)  VER () = VRE (155 (0)) )

TeTh

+ ap (gh *lﬁ ’k(u),li ’k(l/f)) =T11+T1,2.

71,1 is bounded exploiting Lemma the Cauchy-Schwarz inequality, the continuity of ngl’Tk and 1?1 o

11



, Lemma |§| and Lemma |10 and the elliptic regularity property :

o= Y (VR (ur — 14 w) VR @) - VR (5 w))
TeTh
= ) (VR (ur 15 @) VREF (54 EF ) - 9)))
TeTh
< X || OREE (ur @) [IVREE (5 E @ - 0) L,
TeTh

1
2

<0 |lun =1 w)

vl D] ||Vz/;—VE§+1(¢)Hi2(T)
gh,O TG’T}L

1

2

2min{s,k+1 2

< Ch” ( Z h okt }|U|H1+s(T)> 19l 1+ ()
TeTh

3
< Chr < Z h%mln{s,k+1} |u|§ll+S(T)> ||€h||L2(Q) .
TeTh
The second term in can be rewritten exploiting the fact that u; solves (21)) and u solves , as follows:
mia = an (w =1 @ F@) = Y (Arfv—v) + (Vu V),

7T, (40)
—ap (li ’k(U)’li ’k(lb)) =Ti21+Ti22+T1,23-

The first term in (40) is bounded by the Cauchy-Schwarz inequality and exploiting the approximation
properties of 74 and (36)):

L2(T)

m21= ), (f_ﬂg/f’ﬁ/w_i/}):r gTEZTh”f_T%fHL%T) Hﬁglpﬂb‘

TeTh

min{t,k’+1 1+min{r,k’
<O T R g B oy
TeTh

2

r 2(min{t,k’+1}+1+min{r,k’} —r 2

< Ch (Z i i >f|Ht<T)> el e -
TeTh

The second and third terms in are rewritten together exploiting and , as follows:

Tio2+ 723 = Y, (Vu, Vi), — (V*':{Z’Tk(l’fr/’k(u))’Vﬁfj’Tk(lg’k(w)))

TeTh T
= >, (Vu V(v -E(),
TeTh

+ (VREE U ), v (B @) - REF W5 w)))
= > (V(u-Ef ).V (¥ -E W),

TeTh

+ (v (RO ) - B () v (B (0) = REF (55 (1))) -

T

12



Hence, we have the following bound owing to the Cauchy-Schwarz inequality, , , Lemma@ and ,

T2+ 723 < Y, [V (= EF @) o IV (@ = EZ @) [y
TeTh

| RER (5 - 5 )|

[VREE (5 @ — B )

L*(T) L2(T)

<c ( SV (um Elfr“(w)Hiz(T)) ( v (- Emw)u;m)

TeTh TeTh

[N

2

r 2min{s,k+1

<Ch (Z hr et }|U|?{1+5(T)> ||ehHL2(Q) :
TeTh

Finally, going back to , T can be bounded by a trace inequality, Lemma E[, Lemma |10| and :
T2 = (eaT —er,n- V() — E?lw)))w
< ||e(9T - eTHLZ(aT) Hl’l : V(w - E]’ch—l(w))HLz(aT)

1
2
<C ( > bt lleor — eT|i2(6T)>

TeTh

» ( 57 96— VEE ) + b E';“(w)uiz(T))

TeTh

< Cluy ~ 1)

O v
~h,0

r 2min{s,k+1 2
<Ch (Z pmind +}|uH1+s(T)> lenllpe g -
TeTh

O

Theorem 2. Let u € H{ () be the solution to (1]). Assume that VT € Ty, uw € H'**(T) and f € H' (T)
for some s > %,
to , where F~3§7/’Tk is built locally for each T € Ty, with ¢ satisfying Conjecture , Then there exists C > 0
independent of the mesh size h such that

t = 0. Moreover, assume Conjecture holds true and let uj, € Qﬁ:’ok be the unique solution

1 1
2 2 . 2
2 : ! r 2min{s,k+1 2
< Hu N RI% k(uT)HL’z(T)> < Ch ( z ] hT ookt 1} |U|H1“(T)>

TeTh TeTh

[N

2(min{t,k’+1}+1+min{r,k’ }—r 2
n (Z hT( {t,k'+1}+14+min{r,k’} )|f|Ht(T)> . (41)
TeTn

where r is the real number such that and hold true.

Proof. In the following, we assume for simplicity that hy < 1 VI € Ty, so that hy < bl VT € Tp,. Adding
and subtracting the operator E’;fl = Rg’k o 1’;«”“, using a triangle inequality we get, for any T € Tp,

= RE(wr)

very S o= B @l + HR?k (v = 1))

L2(T)

13



The first term is bounded using , obtaining since r < 1 when hp < 1. To bound the second term,
we resort to a Poincaré-Friedrichs inequality and exploit , the second condition in @ and the continuity
of the integral mean operator:

)

< o ([VRE* (ur = )|

L2(T)

L3(T)

< (e Jur ~ 54 w)

Uk’,k:
~T
Thus the estimate follows applying the estimates and . O

Remark 5. The estimate in Theorem [2]is of the optimal order O(h**+2) if Q is convex (r = 1), s = k + 1,
min{t, k" + 1} = k and &’ > 1. In particular, when Q is convex, s = k + 1 and k' > 1, the optimal order is
achieved if f € H*=1 (). For the HHO(0,0) scheme, the optimal order O(h?) is achieved when ( is convex,
ue H2(T) and f € HY(T) for all T € T;,. For the HHO(0,1) scheme, the best we can get is a sub-optimal
order of convergence O(h?), obtained assuming a convex €2, u € H3 (T') and f € H? (T). This sub-optimality
is a known result in HHO theory [24].

4 Numerical results

In this section we study numerically the proposed method from two different points of view. First, we evaluate
the local numerical coercivity on different sets of polytopes, to determine the minimum ¢ required for local
coercivity starting from the necessary conditions given in Remark . Afterwards, we verify the rates of
convergence of the proposed methods on a variety of 2D and 3D meshes. The proposed numerical method
was implemented in the open-source DiSk++ numerical library (https://github.com/wareHHOuse/diskpp)
[21], which allows fast prototyping of discontinuous methods for PDEs.

4.1 Numerical coercivity tests

For each polytope T considered in this section, we compute the local stiffness matrices S,,. corresponding to
the bilinear form ar defined by . Elemental matrices are built choosing suitable bases for the polynomial
spaces involved, employing the scaled monomials described in [20]. We also remark, that in order to evaluate
the face-based polynomials, an affine geometric transformation Ty : R?™! — Hp, where Hy is the affine
hyperplane in R? supporting F, is needed. Therefore,

Pi_1(F) = Pg 1 o (T5)jp-

For each matrix S

ar, We compute the (N:’ﬁ/’k — 1>-largest eigenvalue o, quil’k being the number of local

degrees of freedom, see . In 2D, for each o1 we check if it is well detached from zero, ensuring that the

rank of the matrix is equal to quf/’k — 1, which is the desired local rank to obtain a globally positive definite
linear system. In 3D the same check is done on the quantity or/hr, as in this case the stiffness matrix scales
as hr.

The analysis above is performed for k € {0, 1,2} and for the three possible schemes HHO(k — 1, k),
HHO(k, k) and HHO(k + 1, k), looking for the smallest value of ¢ inducing numerical coercivity. In each case,
we first set £ to be equal to the smallest non-negative value satisfying the necessary condition prescribed
by Remark |2 i.e. satisfying in the 2D case and in the 3D case. If numerical coercivity is not
verified using this initial guess, we increase £ until the rank of S,, equals N;/’k — 1. We observe that, even if
the value of ¢ given by the necessary condition is also numerically sufficient to obtain the desired rank, the
dimension of the reconstruction space may be greater than the dimension of the local HHO space.
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Table 1: Values of o computed with HHO(k — 1, k) on regular polygons. In parentheses, the value of .

k NS =3 NS =4 NS =5 NI =6 N =7
1 530e-0l (1) 6.67e-01 (2)  7.10e-01 (3)  6.90e-01 (4)  6.56e-01 (5)
2 3.05e-01 (1)  4.09e-01 (3)  3.65e-01 (4)  3.80e-01 (6)  3.20e-01 (7)
k N7 =38 NZ =9 NI =10 N7 =11 N7 =12
1 6.17e-01 (6) 5.78¢-01 (7)  5.40e-01 (8)  5.06e-01 (9) 4.74e-01 (10)
2 3.36e-01 (9) 2.82e-01 (10) 3.02e-01 (12) 2.61e-01 (13) 2.79e-01 (15)
k- NI=13 Ng =14 NZ =15 N =16 NZ =17
1 4.45e-01 (11) 4.19e-01 (12) 3.95e-01 (13) 3.73e-01 (14) 3.54e-01 (15)
2 2.46e-01 (16) 2.63e-01 (18) 2.36e-01 (19) 2.51e-01 (21) 2.28e-01 (22)

Table 2: Values of or computed with HHO(k, k) on regular polygons. In parentheses, the value of /.

k NS =3 NS =4 NS =5 NS =6 NS =7

0 3.46e+00 (0) 2.00e+00 (0) 1.45e+00 (0) 1.15e+00 (1) 9.63e-01 (1)
1 3.94e-01 (0)  5.23e-01 (1)  5.75e-01 (2)  5.59¢-01 (3)  5.45e-01 (4)
2 2.55e-01 (0)  3.00e-01 (2)  3.40e-01 (3)  3.58¢-01 (5)  3.20e-01 (6)
k NS =38 NS =9 NS =10 NS =11 NG =12

0 8.28e01(2) 7.28¢01(2) 6.50e-01 (3) 5.87e-01 (3)  5.36e-01 (4)
1 5.14e-01 (5)  4.89e-01 (6)  4.60e-01 (7)  4.36e-01 (8)  4.11e-01 (9)
2 3.36e-01 (8)  2.82e-01 (9) 3.02e-01 (11) 2.61e-01 (12) 2.79e-01 (14)
k. NS=13 NI =14 NS =15 NI =16 NS =17

0 4.93e-01 (4) 4.56e-01 (5) 4.25¢-01 (5) 3.98¢-01 (6)  3.74e-01 (6)
1 3.90e-01 (10) 3.69e-01 (11) 3.51e-01 (12) 3.33e-01 (13) 3.18e-01 (14)
2 2.46e-01 (15) 2.63e-01 (17) 2.36e-01 (18) 2.51e-01 (20) 2.28e-01 (21)

4.1.1 Regular polygons

Let us consider a set of regular polygons of n vertices, obtained as the convex hull of the set of points
{(cos (%) ,8in (%)) |0<i< n} In Tables and [3| we report the values of o7 and, in parentheses, the
chosen value of £. We observe that the necessary condition on ¢ given by is numerically sufficient for all
the methods and all the polygons. Moreover, the computed values of o are well detached from zero.

4.1.2 Concave polygons

In Table [] we depict a set of concave polygons and we report in Tables [] [6] and [7] the computed values
of o for each one of the three proposed methods. In parentheses, we report the incremental polynomial
degree ¢, given by , observing that in each case analyzed we obtain the numerical stability applying the
necessary condition on £. Although, some relatively small values of o are reported, we found that a small
increase of ¢ above the necessary condition further detaches op from zero. Let us give more quantitative
results taking as examples the two worst cases, happening for k = 2 and reported in Table[7} In the first case
with qu = 4, we found that choosing ¢ € {2,3,4,5} we get the following increased values of or: 2.10e-04,
1.05e-02, 1.24e-02, 1.39e-02. In the second case with N:,Q = 11, we found that a progressive enrichment of
the basis with ¢ € {11,12,13,14} leads to the following increased values of op: 1.45e-10, 7.74e-06, 2.25e-
05, 6.50e-05. Thus, the choice of £ might result from a reasonable compromise of an improved numerical
stability and computational cost. We observe that each increase of £ requires two more harmonic polynomial
basis functions and an enriched quadrature formula only on the boundary: indeed, an application of Green’s
theorem allows to compute the additional terms of only by quadratures on faces.
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Table 3: Values of o computed with HHO(k + 1, k) on regular polygons. In parentheses, the value of .

k NZ =3 NZ =4 NZ =5 NZ =6 NZ =1

0 1.01e+00 (0) 9.50e-01 (0)  9.07e-01 (0)  7.83e-01 (0)  7.13e-01 (0)
1 3.34e-01 (0)  4.33¢-01 (0)  4.62e-01 (1)  5.17e-01 (2)  5.18e-01 (3)
2 7.33¢-02 (0)  8.94e-02 (1)  2.25e-01 (2)  2.51e-01 (4)  2.52e-01 (5)
k NS =38 N =9 NS =10 NS =11 NG =12
0 6.34e-01 (1) 5.81e-01 (1)  5.29-01 (2)  4.90e-01 (2)  4.53e-01 (3)
1 4.99-01 (4) 4.89e-01 (5)  4.60e-01 (6)  4.36e-01 (7)  4.11e-01 (8)
2 2.46e-01 (7) 2.78e-01 (8)  2.86e-01 (10) 2.61e-01 (11) 2.79e-01 (13)
k. N&=13 NG =14 NS =15 N{ =16 NG =17

0 4.23¢-01 (3)  3.96e-01 (4) 3.73e-01 (4) 3.51e-01 (5)  3.33e-01 (5)
1 3.90e-01 (9) 3.69e-01 (10) 3.51e-01 (11) 3.33e-01 (12) 3.18e-01 (13)
2 2.46e-01 (14) 2.63e-01 (16) 2.36e-01 (17) 2.51e-01 (19)  2.28e-01 (20)

Table 4: Concave polygons.

NS =4 Ng =5 NS =6 NG =7 NS =8
NJ =9 NZ =10 Ng =11 Ng =12 NJ =13
NS =14 N =15 Ng =16 Ng =17 NS =18

Table 5: Values of o computed with HHO(k — 1, k) on concave polygons. In parentheses, the value of .

k Nf =4 NZ =5 NJ =6 NS =7 NZ =38
1 219e-03 (2)  6.88e-07 (3)  2.24e-01 (4) 1.67e-03 (5)  1.16e-01 (6)
2 3.26e-03 (3)  4.90e-04 (4)  8.59e-02 (6)  5.91e-06 (7)  3.48¢-02 (9)
k NS =9 NI =10 NI =11 NI =12 NI =13
1 2.74e-02 (7)  4.27e-02 (8)  6.20e-04 (9) 1.15e-02 (10) 1.58e-04 (11)
2 2.84e-04 (10) 1.25e-02 (12) 2.97e-07 (13) 3.07e-03 (15) 1.79e-07 (16)
k. NS=14 NS =15 NI =16 NI =17 NI =18
1 4.25e-03 (12) 2.50e-05 (13) 1.13e-03 (14) 7.46e-07 (15) 4.46e-04 (16)
2 8.59e-04 (18) 2.36e-08 (19) 1.98e-04 (21) 6.38¢-10 (22)  6.21e-05 (24)
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Table 6: Values of o computed with HHO(k, k) on concave polygons. In parentheses, the value of /.

Table 7: Values of or computed with HHO(k + 1, k) on concave polygons. In parentheses, the value of /.

Table 8: Values of o computed with HHO(k — 1, %) on polygons with aligned edges. In parentheses, the

value of /.

Table 9: Values of o computed with HHO(k, k) on polygons with aligned edges. In parentheses, the value

of /.

k NI =4 N =5 N =6 NZ =7 N7 =38

0 6.25e-01 (0) 3.96e-02 (0) 4.28e-01 (1)  8.92e-03 (1)  1.17e-01 (2)
1 1.62e-03 (1)  6.23e-07 (2)  2.08e-01 (3)  1.63e-03 (4)  1.16e-01 (5)
2 3.27e-03 (2)  4.80e-04 (3)  8.39e-02 (5)  5.87e-06 (6)  3.09e-02 (8)
k NS =9 NS =10 NS =11 NG =12 N§ =13

0 23201 (2) 5.87e02(3) 29502 (3) 1.92e-02(4) 2.52e-02 (4)
1 272002 (6) 4.27e-02 (7)  6.02e-04 (8)  1.15e-02 (9)  1.56e-04 (10)
2 2.84e-04 (9) 6.01e-03 (11) 2.93e-07 (12) 1.82e-03 (14) 1.75e-07 (15)
k. NI =14 NS =15 NS¢ =16 NG =17 NG =18

0 9.53e-03 (5) 4.78¢-03 (5) 2.88¢-03 (6) 1.31e-03 (6) 1.40e-03 (7)
1 4.25e-03 (11) 2.46e-05 (12) 1.13e-03 (13) 7.40e-07 (14) 4.46e-04 (15)
2 7.00e-04 (17) 2.23e-08 (18) 1.98¢-04 (20) 6.37e-10 (21) 6.21e-05 (23)

k NS =4 NS =5 NS =6 NS =7 NS =8

0 3.54e-01 (0) 3.91e-01 (0) 3.36e-01 (0) 3.20e-02 (0)  1.17e-01 (1)
1 29202 (0) 2.21e-03 (1)  1.55e-01 (2)  4.07e-03 (3)  5.07e-02 (4)
2 2.53e-10 (1)  3.56e-03 (2)  2.78e-02 (4)  1.22e-07 (5)  3.13e-03 (7)
k N =9 NS =10 NS =11 NI =12 NS =13

0 2.37e01 (1) 5.87e02(2) 2.66e-02(2) 1.92e-02 (3) 3.13e-02 (3)
1 2.57e-02 (5)  6.34e-03 (6)  8.85e-04 (7)  1.47e-03 (8)  3.66e-04 (9)
2 2.57e-04 (8)  3.76e-03 (10) 1.45e-10 (11) 1.35e-03 (13) 1.38e-06 (14)
k- NI =14 NS =15 NI =16 NG =17 N7 =18

0 9.53e-03 (4) 4.44e-03 (4) 2.88¢-03(5) 3.09¢-03 (5)  1.40e-03 (6)
1 4.49e-04 (10) 1.38¢-04 (11) 1.93e-04 (12) 3.38¢-07 (13) 1.22e-04 (14)
2 2.32e-04 (16) 6.41e-09 (17) 9.60e-05 (19) 1.07e-08 (20)  6.21e-05 (22)

k. Ni=5 N7 =6 N7 =7 N7 =38 N7 =9
1 254e-02 (3) 1.82e-02 (4)  1.74e-01 (5)  4.70e-01 (6)  1.81e-02 (7)
2 8.88e-05(4) 1.57e-04 (6)  9.93e-05 (7)  2.03e-01 (9)  3.80e-05 (10)
k NZ=10 N7 =11 N7 =12 N7 =13 N7 =14
1 1.24e-02 (8) 7.57e-02 (9) 2.99¢-01 (10) 8.15¢-03 (11) 6.31e-03 (12)
2 1.01e-04 (12) 6.43e-05 (13) 6.43e-02 (15) 9.03e-06 (16)  3.62e-05 (18)

1.01e-04 (11)

6.43¢-05 (12)

6.43¢-02 (14)

9.03e-06 (15)

k NS =5 NI =6 N =7 NS =38 NS =9
0 1.83e-01(0) 6.67e-01 (1) 2.75e-01 (1)  6.94e-01 (2)  1.88e-01 (2)
1 254e-02 (2)  1.82e-02 (3)  1.74e-01 (4)  4.13e-01 (5)  1.81e-02 (6)
2 8.88e-05(3) 1.57e-04(5)  9.93e-05 (6) 1.98¢-01 (8)  3.80e-05 (9)
kN =10 NS =11 NG =12 NS =13 NG =14
0 3.97e01 (3) 2.08¢e-01 (3) 4.6le-01 (4) 1.42e-01 (4) 3.05e-01 (5)
1 1.24e-02 (7)  7.57e-02 (8)  2.88e-01 (9) 8.15¢-03 (10) 6.31e-03 (11)
2

3.62¢-05 (17)

17



Table 10: Values of o computed with HHO(k + 1, k) on polygons with aligned edges. In parentheses, the

value of /.
k NZ =5 NI =6 N =7 N7 =38 NS =9
0 6.96e-01 (0) 5.90e-01 (0)  2.89e-01 (0)  5.19e-01 (1)  1.88e-01 (1)
1 254e-02 (1)  1.95e-02 (2)  1.74e-01 (3)  3.68e-01 (4)  1.81e-02 (5)
2 9.09e-05 (2)  1.66e-04 (4)  1.05e-04 (5)  8.75e-02 (7)  3.80e-05 (8)
k- NZ=10 NS =11 N7 =12 N$ =13 N7 =14
0 3.86e-01(2) 2.07e-01(2) 3.76e-01 (3) 1.42e-01 (3)  2.97e-01 (4)
1 121e-02 (6) 7.57e-02 (7)  2.87e-01 (8)  8.15e-03 (9)  6.26e-03 (10)
2 1.01e-04 (10) 6.43e-05 (11) 6.39e-02 (13)  9.02e-06 (14) 3.61e-05 (16)

4.1.3 Polygons with aligned edges

Finally, we consider a sequence of convex polygons with aligned edges obtained starting from a square and
then splitting its edges into equal parts, one edge at each step until we obtain a polygon with 14 edges. In
Tables [8] [9] and [I0] we display the values of o7 of the elemental stiffness matrix obtained applying the three
methods discussed, respectively, and the related value of the polynomial incremental degree ¢, determined
according to . Also in this case, we notice that we have obtained the numerical stability applying the
necessary condition on /.

4.1.4 Polyhedra

In the 3D setting we consider a mesh composed of 48 tetrahedra with different aspect ratios, a mesh of
prisms obtained from the FVCA6 benchmark featuring some heavily distorted elements (Figure [1)), and a

cube. For each mesh, a unique value £* is chosen in such a way that the local reconstruction on I@g £ (T) is
observed to be coercive for all elements T

For each element T of each mesh, we consider the value of or/hy, which is invariant with respect to
rescalings of 7. In Table for all the variants of the proposed HHO method, we report the maximum
and minimum numerical value of or/hy computed on the tetrahedral mesh, together with the minimum
value /¢ satisfying the necessary condition , and the value £* observed to guarantee local coercivity. In
Table the same results are shown for the prismatic mesh, and in Table we report the results on the
cubic element. We remark that in some cases £* > £ is needed. A better investigation of the 3D setting is
left for a future work.

Figure 1: Meshes of the unit cube used to test the stability in 3D. The tetrahedral mesh on the left is
composed of 48 elements and was generated internally by DiSk++4-, whereas the prismatic mesh on the right
is the “DBLS10” mesh from the FVCA6 benchmark.
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Table 11: Minimum and maximum values of o7 /hr on the tetrahedral mesh, with a comparison between
the numerically required and theoretically necessary degrees of enrichment.

HHO(k — 1,k) min op/hr max op/hy € ¢
k=1 1.26E-02 5.03E-02 1 1
k=2 4.28E-04 1.72E-02 1 1

HHO(k, k) min oy /hy max op/hy £/
k=0 1.95E-01 1.06E+00 0 0
k=1 1.13E-02 4.48E-02 0 0
k=2 3.94E-04 1.66E-02 0 0

HHO(]{ +1, k) min O'T/hT max UT/hT A
k=0 4.78E-02 2.90E-01 0 0
k=1 3.49E-03 3.05E-02 0 0
k=2 1.03E-04 1.73E-03 0 0

Table 12: Minimum and maximum values of or/hr on the prismatic mesh, with a comparison between the
numerically required and theoretically necessary degrees of enrichment, chosen to guarantee the stability on
all the mesh elements (see text).

HHO(k — 1,k) min op/hr max op/hr €& ¢
k=1 5.64E-05 1.22E-01 3 2
k=2 3.76E-07 8.19E-02 4 3

HHO(k, k) min op/hr max or/hy & L
k=0 1.11E-01 5.29E-01 1 0
k=1 5.64E-05 1.08E-01 2 1
k=2 3.74E-07 8.06E-02 3 2

HHO(]C +1, ]f) min O'T/hT max O’T/hT A
k=0 7.92E-02 3.83E-01 0 O
k=1 3.38E-02 1.97E-01 2 0
k=2 3.74E-07 7.04E-02 2 1

4.2 Convergence tests

We now consider the model problem in the unit hypercube Q = [0,1]¢, with d = 2,3, choosing the source
term f such that the solution is u(x) = HELI sin(mz;) . We investigate the rates of convergence of the errors
in the discrete energy norm and the L2-norm, estimated in Theorems [1| and [2| for the proposed methods.
The value of /¢ is chosen according to the above discussions. Moreover, we compare the stabilization-free
methods with the standard stabilized HHO methods. In Figures and [4] we show the errors with HHO
methods of order k € {0,1,2} for tesselations of triangles, squares and hexagons, respectively. In addition,
we show in Figures |§| and 7] the errors with HHO methods of order & € {0,1,2} for tetrahedras, cubic
and prismatic meshes (see Fig. , respectively. In all cases, the numerical data are in agreement with the
convergences rates expected from the theory. Let us add two additional observations from these figures.
For the HHO(k — 1, k) method we observe very close profiles, even overlapping with the standard stabilized
results. For HHO(k, k) and HHO(k + 1, k), the stabilization-free scheme shows smaller approximation errors.
The most outstanding differences can be seen in Figure[d] for the 2D-case and in Figures|[6] [7] for the 3D-case.
More precisely, we remark that this gap grows to one order and even two orders of magnitude in the energy
norm (right panel) and in the L2-error (left panel), respectively.

19



k=l SF —— e T k=1 SF —5—

le-02 TTT T T TTT T T T le-01 UL TTT T T
le-03 : 1e-02 - :
le-04 3 ; 103 - s
1e-05 ; ‘ 3 }
; : le-04 - R N LR
1e-06 ; : ; 1
; 1e-05 g—-------------
1le-07 g=-------------- P R :
1e-08 k=1 STD —=®&— : 1e-06 Ek=1STD —®— - "= o po

] k=2STD & S 1e-07 £ k=2STD — & - oo
1609 o oF ‘ k=2 SF 1
19_10 | | | ‘\ L1 | ‘ Ll | le_08 | | | ‘\ I | ‘\ L1 |
0.1 0.01 0.1 0.01
1e+00

T

AR T g 1e+00

1e-01
1e-02
1e-02
le-04 1e-03
1e-04
1e-06
1le-05
1e-08 le-06
1610 1e-07
1e-08
1e+00 : : 1e+00 : :
} le-01 - A
1e-02 - ‘ :
1. ! 1e-02 .
1e-04 } 1e-03 ‘ I
3 ) - ‘ 1e-04 3 .
1e-06 : -
B ) le-05
16-08 ; i =1STD —®— o ‘
= : 1e06 et sE o ;
: " =2STD —&— . S I
1e10 b ke : 1607 o sk :
| | | ‘ | - | ‘ L1 1| | 1e_08 | | | ‘ Ll | ‘ L1 1| |
0.1 0.01 0.1 0.01
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and HHO(k + 1,k). On the left the L?-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.
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HHO; SF: proposed stabilization-free methods.
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HHO; SF: proposed stabilization-free methods.
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Figure 5: Convergence data on tetrahedral meshes. From the top to the bottom: HHO(k — 1, k), HHO(k, k)
and HHO(k + 1,k). On the left the L?-norm error, on the right the discrete energy error. STD: standard
HHO; SF: proposed stabilization-free methods.

23



1le-01 g Bl I 3 1e+00 g —— 5
F [ 3 F 3
- ] - ]
le-02 - = 1€-01 -~ e =
1e-03 - — 1e-02 | =
1004 [ b — 16:08 | --oomemeeee H..
Ck=1STD —® — Fk=1STD —m— ; 7
1e-05 | k=1SF —&5— le-04 | ksISF —— ... SO E
E k=2 STD E k=2 STD ‘ E
I k=2SF I k=2SF b
1e-06 | | | 1e-05 | | | ‘ L1
1e+00 1e+00 g 5
1e-01 joor | o §
1e-02 B E
1e-03 le-02 E
1e-04 1e-03 | .
k=0 STD —a— F k=0 STD 3
le-05 k=0 SF 10-04 L ]
1e-06 k=1STD —=&— E k=1 STD 3
k=1 SF — : I E
k=2 STD 1 €-05 E k=2 sTD =
le-07 Ek=2STD & - £ E
&0 e o sr 1 B E
le-08 L+—1 1 L 1e-06
1e+00 : 1e+00
1e-01
le-01 E j
1e-02 E E
1e-03 le-02 - =
1e-04 1603 - -
| k=0 STD g
le- s E
e05 1e-04 | ?
le-06 E k=1 STD 3
1e-07 1e-05 E k=2 STD 3
1le-08 le-06
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HHO; SF: proposed stabilization-free methods.
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Table 13: Values of op/hr on the cubic element, with a comparison between the numerically required and
theoretically necessary degrees of enrichment.

HHO(k — 1,k)  or/hr  0*
k=1 0.273565 2 2
k=2 01283 3 2

HHO(k, k) or/hr O @
k=0 11547 0 0
k=1 0246236 1 1
k=2 01283 2 1

HHO(k + 1, k) or/hy ¢ ¢
k=0 0752323 0 0
k=1 0.246236 0 0
k=2 0109433 1 0

5 Conclusions

Novel stabilization-free Hybrid High-Order methods were introduced for solving elliptic problems. The
methods were formulated for Poisson’s equation and are based on local reconstruction operators mapping
discrete HHO variables on suitably enriched polynomial spaces. The well-posedness of the discrete schemes
was explored numerically through an extensive campaign of tests on polygons and polyhedra. In 2D, results
suggest that the new reconstruction operators are stable provided that the dimension of the reconstruction
space is greater than the dimension of the local HHO spaces. In 3D, results suggest that it is possible to
choose a value of the polynomial enrichment degree £ providing coercivity, however this may be higher than
the one resulting from simple considerations on space dimensions. Optimal order a priori error estimates
are proved whenever reconstruction operators are locally stable. In some cases, convergence tests display a
significant reduction of the magnitude of the error with respect to the standard, stabilized HHO method.
Future works will address the issue of well-posedness from the theoretical point of view, with the aim of
identifying sufficient conditions on the reconstruction space guaranteeing stability.
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