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HARDY–LITTLEWOOD MAXIMAL OPERATORS

ON TREES WITH BOUNDED GEOMETRY

MATTEO LEVI, STEFANO MEDA, FEDERICO SANTAGATI,
AND MARIA VALLARINO

Abstract. In this paper we study the Lp boundedness of the cen-
tred and the uncentred Hardy–Littlewood maximal operators on the
class Υa,b, 2 ≤ a ≤ b, of trees with (a, b)-bounded geometry. We find
the sharp range of p, depending on a and b, where the centred maximal
operator is bounded on Lp(T) for all T in Υa,b. Precisely, the lower
endpoint of p is loga b if b ≤ a2 and ∞ otherwise. We also show that
there exists a tree in Υa,b for which the uncentred maximal function is
bounded on Lp if and only if p = ∞. We also extend these results to
graphs which are strictly roughly isometric, in the sense of Kanai, to
trees in the class Υa,b.

This paper is dedicated to the memory of A. M.

1. Introduction

The purpose of this paper is to prove sharp Lp bounds for the centred
and the uncentred Hardy–Littlewood maximal operators on a class of trees
with bounded geometry.

Let T be a locally finite tree, i.e. a connected graph with no loops, in
which every vertex x has a finite number ν(x) of neighbours; ν(x) is called
the valence of x. We endow T with the standard graph distance d and the
set of its vertices with the counting measure µ. We denote by Br(x) the
(closed) ball with centre x and radius r, i.e. Br(x) := {y ∈ T : d(x, y) ≤ r}.
For the sake of notational convenience, we write |E| instead of µ(E) for
every subset E of T.
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2 M. LEVI, S. MEDA, F. SANTAGATI, AND M. VALLARINO

For each function f on T, we consider its centred and its uncentred (HL)
maximal functions, defined by

M f(x) := sup
r∈N

1

|Br(x)|

∫
Br(x)

|f |dµ and N f(x) := sup
B∋x

1

|B|

∫
B

|f | dµ,

respectively.

Sharp Lp bounds for M and N are well known for the homogeneous tree
Tb, b ≥ 2, i.e. the tree such that ν(x) = b+1 for every vertex x. Specifically,
the weak type (1, 1) boundedness of M has been established independently
by A. Naor and T. Tao [NT, Theorem 1.5], and M. Cowling, Meda and
A. Setti [CMS1, Theorem 3.1], and is also a consequence of the analysis of
the Green operator for certain random walks on trees performed in [RT].
Furthermore, the operator N is of restricted weak type (2, 2), hence, by a
simple interpolation argument with the trivial L∞(Tb) bound, it is bounded
on Lp(Tb) for p > 2. The restricted weak type (2, 2) estimate is a direct
consequence of a result of A. Veca [V, Theorem 5.1], who proved that the
modified maximal operator M2 (see (2.2) below for the definition of Mσ,
σ > 1), which dominates N , is of restricted weak type (2, 2). Levi and
Santagati [LS] proved that Veca’s results for the operator M2 is optimal in
the scale of Lorentz spaces and, more generally, investigated the mapping
properties of Mσ between Lorentz spaces. Their couterexamples may be
adapted to prove that N is unbounded on Lp(Tb) for all p in [1, 2].

J. Soria and P. Tradacete [ST, Theorem 4.1] showed that the method of
proof of [NT, Theorem 1.5] is amenable to generalisations to certain nonho-
mogeneous trees, and even graphs, with bounded valence function. Indeed,
they proved that M is of weak type (1, 1) provided a certain “technical”
condition is satisfied. Though this condition is remarkably general and very
interesting, quite a lot of work is needed to check that it is satisfied in con-
crete cases. Further work in this direction was done by S. Ombrosi et al.
[ORS, OR], who proved an analogue on the k-rooted tree of the Fefferman–
Stein inequality and considered the problem of establishing weighted Lp

estimates for the centred maximal operator.

We also mention recent work of D. Kosz [K1, K2, K3], who produced ex-
amples of discrete metric measure spaces, where M and/or N are bounded
on Lp for every p in any preassigned interval of the form (p0,∞], where
p0 ≥ 1. His investigation includes also finer statements involving restricted
weak type estimates, or weak type estimates at the endpoint p0. However, it
is worth observing that such metric measure spaces are not locally doubling.

Notice that there are examples of trees T with unbounded valence func-
tion ν such that M , and a fortiori N , is unbounded on Lp(T) for every
p ∈ [1,∞): see the example at the beginning of Section 3. It may be inter-
esting to mention that in this example the counting measure is not locally
doubling.

The considerations above suggest that it may be interesting to find out
reasonably wide classes of trees or graphs, where sharp Lp bounds for M
and/or N can be proved. Our focus will be on the class Υa,b of all trees T
such that 3 ≤ a+1 ≤ ν(x) ≤ b+1 for every vertex x (we shall always assume
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that a + 1 and b + 1 are attained). Trees in Υa,b are said to be of (a, b)-
bounded geometry : they have exponential volume growth, and the counting
measure µ is locally, but not globally, doubling. Notice that if a < b, then
the group of isometries of T may be very small, and the group theoretic
techniques from abstract Harmonic Analysis not available (see [MZ, FTN],
and the references therein, for more on the group of isometries of homoge-
neous trees). The main question is whether sharp Lp bounds for M and
N hold for all trees in Υa,b, and, in case this fails, which subclasses of Υa,b

share similar Lp boundedness properties for M and N . We set

τ := loga b; (1.1)

note that τ is always ≥ 1, and τ ≤ 2 if and only if b ≤ a2. Since, for a = b,
the class Υa,b only contains the homogeneous tree Tb, where a complete de-
scription of the Lp boundedness properties of M and N is already available,
we shall always assume that a < b, i.e. τ > 1, unless otherwise specified.

We prove that if a < b ≤ a2, equivalently if 1 < τ ≤ 2, then M is
of restricted weak type (τ, τ), and it is bounded on Lp(T) for p > τ (see
Theorem 3.2 (i)). This result is proved by estimating M with an appropriate
convolution operator on the homogeneous tree Tb, to which the sharp form
of the Kunze–Stein phenomenon (see [CMS1, Theorem 1]) applies.

The result is optimal, in the sense that if a < b ≤ a2, then there exists
a tree Sa,b in the class Υa,b such that M is unbounded on Lp(Sa,b) when
1 ≤ p < τ (see Proposition 3.3 (i)). The tree Sa,b is described just above
Proposition 3.3. Furthermore, if q is a number such that 1 < q < τ , then
we can find a number s ≤ q, arbitrarily close to q, and a tree T in Υa,b such
that M is bounded on Lp(T) if and only if p > s (see Proposition 3.4).

In view of these results, it would be reasonable to conjecture that if,
instead, b > a2, i.e. τ > 2, then M is bounded on Lp at least for some
finite, large enough, p. To our surprise, this turns out to be false. Indeed,
we can prove that if τ > 2, then M is bounded on Lp(Sa,b) if and only if
p = ∞ (see Proposition 3.3 (ii)).

Instead of assumptions on the geometry of the tree based on pointwise
bounds on the valence, as in Theorem 3.2 (i), it may be interesting to formu-
late Lp boundedness results in terms of lower bounds on the volume growth
of geodesic balls. In particular, we complement Theorem 3.2 (i), by show-
ing that if T is in Υa,b and there exist positive constants α and C such
that

∣∣Br(x)
∣∣ ≥ C αr for all nonnegative integers r and all points x in T, and

b ≤ α2, then M is bounded on Lp(T) for all p > logα b (see Theorem 3.2 (ii)).
Notice that α must be ≥ a, so that logα b ≤ τ and the additional assumption
on the lower bound on the volume growth of T yields a wider range of p’s
for which M is bounded on Lp(T).

A related problem consists in establishing weak type (1, 1) boundedness
results under assumptions on the volume growth of geodesic balls. In this
paper we shall draw an interesting consequence of [NT, Lemma 5.1] and [ST,
Theorem 4.1], and show that if

∣∣Br(x)
∣∣ is of the same order of magnitute

as αr, uniformly in r and x, then M is of weak type (1, 1) (see Theorem 3.6).
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We point out that the Lp boundedness properties of M on a specific tree
in Υa,b do not solely depend on the ratio b/a. For instance, no matter how
big b/a is, the operator M is of weak type (1, 1) on the semi-homogeneous
tree Va,b with valences a + 1 and b + 1 (see Section 3 for the definition of
Va,b). This result is a straightforward consequence of Theorem 3.6 men-
tioned above.

Rather, the boundedness properties of M are, in a way or another, related
to the fact that for points x, y in T at distance r, the balls Br(x) and Br(y)
may have very different volumes. In fact, for “many” pairs of points x and y,
the ratio |Br(x)|/|Br(y)| can be of the same order of magnitude as (b/a)r,
as r becomes large. This seems also related to the failure of the “equidistant
comparability condition” (ECP for short) considered in [ST, Definition 2.6].
In general, the Lp boundedness of M and N depends in a very subtle way
on the geometry of a given tree, or graph, and, more specifically, on the
location of vertices with different valences within the tree.

As far as the uncentred maximal function is concerned, we prove (see
Theorem 4.1) that as soon as a < b, then there is a tree Fa,b (introduced just
above Theorem 4.1) in the class Υa,b such that N is bounded on Lp(Fa,b) if
and only if p = ∞. This is even more striking, for we prove that the centred
maximal operator M is of weak type (1, 1) on Fa,b (see Theorem 4.1 (ii)).

Finally, we investigate the robustness of the results obtained so far. A
natural issue is whether the Lp boundedness of either M or N on a tree T
is preserved if we modify T, but not too much. In Section 5 we consider
graphs G that are strictly roughly isometric to trees T in the class Υa,b, and
prove that if either M or N is bounded on Lp(T), then the corresponding
maximal operator is bounded on Lp(G) (see Theorem 5.3, which contains a
slightly more general result). A strict rough isometry between T and G is
a (possibly non-surjective) map φ : T → G, which approximately preserve
distances (see Definition 5.1) and such that φ(T) is at controlled distance
from each point of G.

Finally, it is worth recalling that homogeneous trees Tb, b ≥ 2, are discrete
counterparts of symmetric spaces of the noncompact type X. Although Tb

is not roughly isometric in the sense of Kanai to any symmetric space of
the noncompact type, quite often the analysis at infinity of many operators
on X and of related operators on Tb show similar features and can be treated
by similar methods. The relationship between symmetric spaces and homo-
geneous trees appears to be even stronger by looking at Harmonic Analysis
on noncompact semisimple Lie groups on the one hand and on the group of
isometries of homogeneous trees on the other. A deep insight into a specific
problem in one setting often gives hints to treat related problems on the
other. In particular, the aforementioned results for Tb are versions in the
discrete case of homologous results on X. Specifically, the weak type (1, 1)
result for the (analogous of) the maximal operator M is proved in [Str], the
restricted weak type (2, 2) estimates for M2 in the case where X has real
rank one was proved by A. Ionescu [I2]. Since M2 dominates N , the latter
operator is also of restricted weak type (2, 2), and, interpolating with the
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trivial bound on L∞(X), bounded on Lp(X) for p > 2. The Lp boundedness
of N in the higher rank case for p > 2 is proved in [I1].

Interesting related results on a class of cusped manifolds with nonconstant
curvature can be found in [L1, L2, L3]. In these papers, H.-Q. Li exhibits
examples of manifolds M with cusps, where the range of p’s for which M
and N are bounded on Lp can be any interval of the form (p0,∞), or
(2p0,∞), respectively, where p0 is a number in [1,∞), depending on certain
parameters related to the geometry of M . Our results are reminiscent of
his. However, it is worth observing that, except for a few special cases, the
metric measure spaces considered by H.-Q. Li have, in a way or another,
unbounded geometry.

The paper is organised as follows. Section 2 is devoted to background
material and preliminary estimates. The centred and the uncentred max-
imal operators on trees in the class Υa,b are studied in Sections 3 and 4,
respectively. Finally, Section 5 is devoted to the proof that strict rough
isometries between graphs satisfying mild additional assumptions preserve
the Lp boundedness of the centred and the uncentred maximal operators.

We use the “variable constants convention”, and denote by C a constant
whose actual value may vary from place to place and which might depend on
factors quantified before its occurrence, but not on factors quantified after.

2. Preliminaries

Throughout this paper T will denote a tree, i.e., a connected graph with
no loops. We identify a tree with the set of its vertices, and declare that
two points on T are neighbours if and only if they are connected by an edge.
We shall denote by ν(x) the valence of the vertex x, i.e. the number of
neighbours of x. We shall always assume that 2 ≤ ν(x) < ∞.

The tree T carries a natural distance d: for each pair of vertices x and y
we denote by d(x, y) the number of edges between x and y. It will be often
convenient to consider a fixed but arbitrary reference point o in T; then we
shall write |x| for d(x, o). For each x in T and each nonnegative integer r,
the sphere Sr(x) with centre x and radius r is defined as follows

Sr(x) := {y ∈ T : d(x, y) = r}.

Then Br(x) =
r⋃

j=0

Sj(x) is the (closed) ball with centre x and radius r.

Between any two points x and y in T, such that d(x, y) = n, there is a
unique geodesic path of the form x0, x1, . . . , xn, where x0 = x, xn = y, and
d(xi, xj) = |i− j| whenever 0 ≤ i, j ≤ n. A geodesic ray γ in T is a one-
sided sequence {γn : n ∈ N} of points of T such that d(γi, γj) = |i− j| for
all nonnegative integers i and j. We say that x lies on γ, and write x ∈ γ,
if x = γn for some n in N. Geodesic rays {γn : n ∈ N} and {γ′n : n ∈ N} are
identified if there exist integers i and j such that γn = γ′n+i for all n greater
than j. This identification is an equivalence relation. In every equivalence
class, there is a unique geodesic ray starting at o.
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We describe the horocycles in T. Given a geodesic ray ω, we define the
height function hω by the formula

hω(x) = lim
m→∞

(
m− d(x, ωm)

)
;

hω is the discrete analogue of the Busemann function in Riemannian geom-
etry. Then the ω-horocycles are the level sets of the function hω; for h in Z
we set

Hω
h :=

{
x ∈ T : hω(x) = h

}
,

and T decomposes disjointly:

T =
⋃
h∈Z

Hω
h .

If ω and ω′ are equivalent, i.e., for some integers i and j, ωn = ω′
n+i when

n ≥ j, then

hω(x) = lim
m→∞

(
m− d(x, ωm)

)
= lim

m→∞

(
(m+ i)− d(x, ω′

m+i)
)
− i

= hω′(x)− i,

and it follows that Hω
h = Hω′

h+i. In particular, equivalent geodesic rays deter-
mine the same family of horocycles, and the same horocyclical decomposition
of T, even though the indices depend on the choice of the representative in
the equivalence class.

Caveat : given a tree T, we implicitly assume that we have chosen a refer-
ence point o and a geodesic ray ω in T, and consider the associated horocyclic
decomposition of T. For notational convenience we shall denote simply by h
the height function relative to ω and by Hj the corresponding horocycles.

Notice that if x ∈ Hj , then ν(x)−1 neighbours of x, called successors of x,
belong to Hj−1, and one neighbour, called predecessor of x, lies on Hj+1. We
denote by p(x) and s(x) the predecessor of x and the set of successors of x,
respectively. Notice that p(x) and s(x) depend on the choice of ω: in order
to simplify the notation, we do not stress this dependence.

Note that p
(
p(x)

)
, also denoted p2(x), is just a vertex in Hj+2. The kth

ancestor of x is the point pk(x) := p
(
pk−1(x)

)
. Sometimes we shall also

write p0(x) in place of x.

Set s0(x) := {x} and s1(x) := s(x). If k ≥ 2, then we define sk(x)
iteratively:

sk(x) :=
⋃

y∈sk−1(x)

s(y).

We shall frequently need to estimate
∣∣Sr(x)

∣∣ for various x ∈ T.

Lemma 2.1. The following decomposition holds

Sr(x) =

r⋃
k=0

[
Sr(x) ∩ Hh(x)+2k−r

]
.
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Furthermore Sr(x) ∩ Hh(x)−r = sr(x), Sr(x) ∩ Hh(x)+r =
{
pr(x)

}
and, if

1 ≤ k ≤ r − 1, then

Sr(x) ∩ Hh(x)+2k−r = sr−k
(
pk(x)

)
\ sr−k−1

(
pk−1(x)

)
.

Therefore

∣∣Sr(x)
∣∣ = ∣∣sr(x)∣∣+ r−1∑

k=1

∑
y∈s(pk(x))

y ̸=pk−1(x)

∣∣sr−k−1(y)
∣∣+ 1.

Proof. Suppose that y is a point in Sr(x). Then the intersection of the
geodesics [x, y] and [x, ω) is of the form [x, pk(x)] for some integer k between 0
and r. Loosely speaking, we can reach y first moving towards ω by k steps
along the infinite chain [x, ω), arriving at the point pk(x), and then moving
down r − k steps along a geodesic starting at pk(x).

Therefore h(y) = h
(
pk(x)

)
− (r−k) = h(x)+2k− r. This proves the first

decomposition.

Next, observe that the horocycle Hh(x)−r can be reached in r steps from
x only moving down along a geodesic, and all the points in sr(x) can be
reached. Thus, Sr(x)∩Hh(x)−r = sr(x), as required. Note also that the only
point on the horocycle Hh(x)+r at distance r from x is pr(x).

Now suppose that 1 ≤ k ≤ r−1. Notice that Sr(x)∩Hh(x)+2k−r is the set

of all points in sr−k
(
pk(x)

)
that are not (r − k − 1)-successors of pk−1(x).

Therefore if v belongs to Sr(x) ∩ Hh(x)+2k−r, then it must be a successor of

generation r−k−1 of a point in s
(
pk(x)

)
\
{
pk−1(x)

}
. The required formula

follows directly from this. □

In the sequel, a and b will always denote positive integers. Suppose that
2 ≤ a ≤ b. We say that T has (a, b)-bounded geometry if a+1 ≤ ν(x) ≤ b+1
for every x in T, and the valence function attains the values a+1 and b+1.
In the case where a = b, we say that T is a b-homogeneous tree of degree b+1,
and shall denote it by Tb; each vertex in Tb has exactly b+ 1 neighbours.

It is convenient to define the functions Sb, V b : N → [1,∞) by

V b(r) :=

1 if r = 0

br+1 + br − 2

b− 1
if r ≥ 1,

Sb(r) :=

{
1 if r = 0

(b+ 1) br−1 if r ≥ 1.

(2.1)
Denote by Bb

r(x) and Sb
r(x) the ball and the sphere with centre x and radius r

in Tb. Note that
∣∣Bb

r(x)
∣∣ = V b(r) and

∣∣Sb
r(x)

∣∣ = Sb(r) for every nonnegative

integer r and for every x in Tb. Moreover, one has br ≤ V b(r) ≤ 4br.

We say that a tree T possesses the Cheeger isoperimetric property if there
exists a positive constant c such that

∣∣∂E∣∣ ≥ c
∣∣E∣∣ for every subset E of T,

where ∂E denotes the boundary of E, i.e. the set of all points in E with at
least a neighbour in T \ E. The largest constant c for which this inequality
holds for all E is called the Cheeger isoperimetric constant of T, and is
denoted by cT in the sequel.
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Proposition 2.2. Suppose that 2 ≤ a ≤ b and T is a tree in the class Υa,b.
Then T possesses the Cheeger isoperimetric property.

Proof. A direct proof can be found in [RT, Lemma 13]. The result is
also a straightforward consequence of the analysis performed by R.K. Woj-
ciechowski in his thesis [Wo, Theorem 4.2.2 and Example 4.2.3]. □

In this paper themodified centred maximal operator with parameter σ > 0,
defined on a tree T by

Mσf(x) := sup
r∈N

1

|Br(x)|1/σ

∫
Br(x)

|f | dµ, (2.2)

will play an auxiliary, albeit important, role. Notice that M1 = M .

We refer the reader to [SW, Chapter V] for the basic definitions concerning
Lorentz spaces. Given a positive number α and a function f on a simple
graph G (i.e. an undirected graph without self-loops and multi-edges), we
set Ef (α) :=

∣∣{x ∈ G :
∣∣f(x)∣∣ > α}

∣∣. Recall that the Lp,r(G) (quasi-) norm
may be defined as follows∥∥f∥∥

Lp,r(G)
=

(
p

∫∞
0

∣∣Ef (α)
∣∣r/p αr−1 dα

)1/r

if 1 ≤ r < ∞, and
∥∥f∥∥

Lp,∞(G)
= sup

α>0
α
∣∣Ef (α)

∣∣1/p. We shall primarily be

concerned with Lp,1(G) and Lp,∞(G). Recall that an operator is of weak
type (p, p) if it is bounded from Lp(G) to Lp,∞(G), and, in the case where
1 < p < ∞, that an operator is of restricted weak type (p, p) if it is bounded
from Lp,1(G) to Lp,∞(G). When p = 1 the restricted weak type (1, 1)
boundedness coincides with the weak type (1, 1) boundedness.

3. Boundedness of M on trees with bounded geometry

It is straightforward to produce examples of trees with the property
that M is bounded on Lp(T) if and only if p = ∞. Consider, for instance,
the tree T, characterised by the following property: there is a geodesic ray
γ := [x0, x1, x2, . . .] in T such that ν(x) = 3 for every x /∈ γ, and ν(xj) = j+3
for j = 0, 1, 2, . . .. We consider the horocyclic foliation induced by γ. Ob-
serve that

M δxj (x) = sup
r∈N

1

|Br(x)|
∑

y∈Br(x)

δxj (y) =
1

|Bd(x,xj)(x)|
∀x ∈ T.

In particular, if j ≥ 1 and x is a successor of xj different from xj−1, then
M δxj (x) = |B1(x)|−1 = (ν(x) + 1)−1 = 1/4. Thus, if p ∈ [1,∞), then∥∥M δxj

∥∥p
p
≥

∑
x∈s(xj)

x ̸=xj−1

∣∣M δxj (x)
∣∣p = j + 1

4p
,

which diverges as j tends to infinity. Since ∥δxj∥p = 1, the operator M is
unbounded on Lp(T). A fortiori, M is not of weak type (1, 1), for otherwise,
interpolating with the trivial bound on L∞(T), M would be bounded on
Lp(T), p > 1.
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We emphasise that the tree T considered in this example has unbounded
geometry, in the sense that sup

x∈T
ν(x) = ∞, i.e. geodesic balls of radius 1

can have arbitrarily large mass. Therefore the counting measure on T is not
locally doubling.

In the sequel we shall consider only locally doubling trees T with exponen-
tial growth. Notice that there are examples of such trees in the class Υa,b,
for every a ≥ 1. In fact, in this section we shall assume that a ≥ 2.

We need more terminology. Fix a reference point ob in the homogeneous
tree Tb. For each vertex y ̸= ob, consider the set

E(y) := {v ∈ Tb : |v| ≥ |y| and y lies on the geodesic joining ob and v}.

Remark 3.1. Observe that a tree T in the class Υa,b is isometric, although

not canonically, to a subtree T̃ of Tb.

To see this, fix reference points ob in Tb and o in T. Label the neighbours
of ob by yb1, . . . , y

b
b+1, and the neighbours of o in T by y1, . . . , yν(o). If ν(o) =

b + 1, then we do nothing. If, instead, ν(o) ≤ b, then we remove from Tb

the sets E(ybj), j = ν(o) + 1, . . . , b + 1. The map J1 that associates ob to

o, and ybj to yj , j = 1, . . . , ν(o), is an isometry between the ball B1(o) of T

and the finite subtree T̃1
b of Tb consisting of the vertices {ob, yb1, . . . , ybν(o)}.

We iterate this procedure: assume that we have extended J1 to an isom-

etry Jk between the ball Bk(o) in T and a subtree T̃k
b of Tb which contains

only vertices at distance at most k from ob. Suppose that x is one of vertices
in T at distance k from o, and let z1, . . . , zν(x)−1 be its neighbours at distance
k + 1 from o. Consider Jk(x), which is a point in Tb at distance k from
ob, and label its neighbours at distance k+1 from ob by zb1, . . . , z

b
b . Remove

from Tb the branches E(zbj), j = ν(x), . . . , b. Then define Jk+1(zj) = zbj ,

j = 1, . . . , ν(x)− 1.

Repeat this procedure for all points in Sk(o), and denote by T̃k+1
b the

subtree of Tb which contains T̃k
b , and all the points in Jk+1

(
Sk+1(o)

)
. The

map Jk+1, whose restriction to Bk(o) agrees with Jk and is defined on

Sk+1(o) as explained above is an isometry between Bk+1(o) and T̃k+1
b .

Finally, define

T̃ :=

∞⋃
k=1

T̃k
b ,

and J : T → T̃ by J (x) = Jk(x) if x is at distance at most k from o. It

is straightforward to check that J is an isometry between T̃ and T.

Recall the definition of τ (see (1.1)).

Theorem 3.2. Suppose that T is a tree in Υa,b. The following hold:

(i) if a ≤ b ≤ a2, then the operator M is of restricted weak type (τ, τ)
and it is bounded on Lp(T) for every p ∈ (τ,∞];
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(ii) if there exist positive constants α and C such that
∣∣Br(x)

∣∣ ≥ C αr for

all vertices x and nonnegative integers r, and b ≤ α2, then the op-
erator M is of restricted weak type (pα,b, pα,b), where pα,b := logα b,
and it is bounded on Lp(T) for every p in (pα,b,∞].

Proof. Since the result for homogeneous trees is well known (see [NT, The-
orem 1.5] and [CMS1, Theorem 3.1]), we can assume that a < b.

First we prove (i). Clearly M is bounded on L∞(T), so that the full result
follows by interpolating between this and the endpoint result for τ . Since T
is isometric to a subtree of Tb (see above), we can assume that T is actually
a subtree of Tb. Hence any function f on T can be trivially extended to a
function f ♯ on Tb as follows

f ♯(x) := f(x)1T(x) ∀x ∈ Tb.

Notice that
∥∥f∥∥

Lp,q(T)
=

∥∥f ♯
∥∥
Lp,q(Tb)

for all indices p and q such that 1 ≤
p, q ≤ ∞.

Observe that each vertex x in T has, at least, a + 1 neighbours, so that
|Br(x)| ≥ V a(r) (see (2.1), with a in place of b, for the definition of V a).
Also notice that

V a(r) ≥ Ca,b V
b(r)1/τ ∀r ∈ N, (3.1)

where Ca,b =
(b− 1

b+ 1

)1/τ (
1 +

2

a

)
. Indeed, the inequality above holds for

r = 0. Recalling the formulae for V a and V b (see (2.1)), it suffices to
estimate

inf
r≥1

(b− 1)1/τ

a− 1

ar+1 + ar − 2

(br+1 + br − 2)1/τ
. (3.2)

Observe that b1/τ = a and the function r 7→ a+ 1− (2/ar) is increasing on
[1,∞). Therefore

ar+1 + ar − 2

(br+1 + br − 2)1/τ
=

a+ 1− (2/ar)(
b+ 1− (2/br)

)1/τ ≥ a+ 1− (2/a)

(b+ 1)1/τ
.

By combining this and (3.2), we obtain the desired estimate (3.1). Hence

|Br(x)| ≥ Ca,b V
b(r)1/τ ∀r ∈ N. (3.3)

Then

M f(x) = sup
r∈N

1

|Br(x)|

∫
Br(x)

|f(y)| dµ(y)

≤ C−1
a,b sup

r∈N

1

V b(r)1/τ

∫
Bb

r(x)
|f ♯(y)| dµ(y);

the last inequality follows from (3.3) and the trivial fact that

∫
Br(x)

|f(y)| dµ(y) =∫
Bb

r(x)
|f ♯(y)| dµ(y) (for f ♯ vanishes on Tb \T). Denote by M b

σ the modified

centred maximal function (with parameter σ) on Tb. Altogether, we have
proved that

M f(x) ≤ C−1
a,b M b

τ f
♯(x) ∀x ∈ T. (3.4)
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If b = a2, then τ = 2, and

Ca,b

∥∥M f
∥∥
L2,∞(T)

≤
∥∥M b

2 f
♯
∥∥
L2,∞(T)

≤
∥∥M b

2 f
♯
∥∥
L2,∞(Tb)

≤
∣∣∣∣∣∣M b

2

∣∣∣∣∣∣
L2,1(Tb);L2,∞(Tb)

∥∥f ♯
∥∥
L2,1(Tb)

=
∣∣∣∣∣∣M b

2

∣∣∣∣∣∣
L2,1(Tb);L2,∞(Tb)

∥∥f∥∥
L2,1(T)

for every f in L2,1(T), as required. Note that the second and the fourth
inequality above are trivial; the third follows from Veca’s result [V, Theo-
rem 5.1].

Assume now that b < a2, i.e. τ ∈ (1, 2). Denote by ob a fixed, but
otherwise arbitrary, reference point in Tb. For each nonnegative integer r
consider the functions Φr and Φ on Tb, defined by

Φr :=
1Bb

r(ob)

V b(r)1/τ
, Φ := sup

r∈N
Φr.

Clearly Φ(x) = V b(|x|)−1/τ , where |x| denotes the distance from x to ob
in Tb.

Observe that Φ belongs to Lτ,∞(Tb). Indeed, Eλ :=
{
x ∈ Tb : Φ(x) > λ

}
is empty when λ ≥ 1, and it is equal to the ball Bb

m(λ)(ob), where m(λ) is

the largest integer r such that V b(r) < λ−τ . Clearly∣∣Bb
m(λ)(ob)

∣∣ < λ−τ ∀λ > 0,

so that
∥∥Φ∥∥

Lτ,∞(Tb)
≤ 1. Since

M b
τ f

♯(x) = sup
r∈N

∫
Tb

|f ♯(y)|
1Bb

r(x)
(y)

V b(r)1/τ
dµ(y) ≤ |f ♯|∗

(
sup
r∈N

Φr

)
(x) = |f ♯|∗Φ(x),

where ∗ denotes the convolution on Tb (see [CMS2, formula (2.5)]), the sharp
form of the Kunze–Stein theorem on the group of automorphisms of Tb (see
[CMS2, Theorem 1]) implies that∥∥|f ♯| ∗ Φ

∥∥
Lτ,∞(Tb)

≤ Cp

∥∥Φ∥∥
Lτ,∞(Tb)

∥∥f ♯
∥∥
Lτ,1(Tb)

,

where Cp is independent of f ♯. By combining the last two estimates and
(3.4), we obtain ∥∥M f

∥∥
Lτ,∞(T)

≤ C−1
a,b

∥∥M b
τ f

♯
∥∥
Lτ,∞(T)

≤ C−1
a,b

∥∥M b
τ f

♯
∥∥
Lτ,∞(Tb)

≤ CpC
−1
a,b

∥∥f ♯
∥∥
Lτ,1(Tb)

= CpC
−1
a,b

∥∥f∥∥
Lτ,1(T)

,

as required.

Next we indicate the modifications to the proof of (i) needed to prove (ii).
We use the same notation as in (i). The main observation is that the lower
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estimate for |Br(x)| implies the upper estimate

1

|Br(x)|

∫
Br(x)

|f |dµ ≤ C

αr

∫
Br(x)

|f | dµ =
C

br/pα,b

∫
Bb

r(x)
|f ♯|dµ;

the equality above follows from the trivial fact that b1/pα,b = α. Now,

br ≥ 1

3
V b(r), whence the following pointwise bound holds

M f(x) ≤ C M b
pα,b

f ♯(x) ∀x ∈ T,

and we can argue, mutatis mutandis, as in the proof of (i). □

Theorem 3.2 (i) above is sharp, as shown in Proposition 3.3 below.

Preliminarily, we need to introduce the tree Sa,b that will play an impor-
tant role in what follows: Sa,b may be thought of as a discrete counterpart
of the Riemannian manifold considered by Strömberg [Str, Remark 3]. The
main idea is to allow only two possible valences, namely a+1 and b+1, and
to keep the points with valence a + 1 suitably “well separated” from those
with valence b+1. Specifically, we require that ν(x) = b+1 for all points x
belonging to the horocycles Hj , j ≥ 1, and ν(x) = a + 1 for all the other
vertices x. We denote by Sa and Sb the sets of all vertices in Sa,b with
valence a+ 1 and b+ 1, respectively.

Proposition 3.3. The following hold:

(i) if a < b ≤ a2 and p ∈ [1, τ), then M is not of restricted weak type
(p, p) on Sa,b (hence M is unbounded on Lp(Sa,b));

(ii) if b > a2, then M is not of restricted weak type (p, p) on Sa,b for
every p ∈ (1,∞); hence M is bounded on Lp(Sa,b) if and only if
p = ∞.

Proof. Consider the geodesic ray ω = {o, p(o), p2(o), p3(o), . . .}.
First we prove (i). For large even positive integers n, set

En := sn
(
pn(o)

)
.

Observe that En is contained in H0, and that |En| = bn. We estimate
M δpn(o)(x) for all x in En.

Suppose that x belongs to En. Then
∣∣sn(x)∣∣ = an, because x and all its

successors lie in Sa. Furthermore pk(x), k = 1, . . . , n, lies in Sb together
with all of its successors up to the step k− 1, whereas its successors of steps
ranging from k up to n lie in Sa. Therefore if 1 ≤ k ≤ n/2, then∣∣Sn(x) ∩ Hh(x)+2k−n

∣∣ = (b− 1) bk−1 an−2k. (3.5)
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Now we distinguish two cases, according to whether b < a2 or b = a2. In
the first case, by Lemma 2.1,

∣∣Sn(x)
∣∣ = an +

n/2∑
k=1

(b− 1) bk−1 an−2k + (b− 1)
n−1∑

k=n/2+1

bn−k−1 + 1

= an
[
1 + (b− 1)

1− (b/a2)n/2

a2 − b

]
+ bn/2−1

≤ βa,b a
n,

where βa,b :=
1

a2
a4 − b

a2 − b
. Thus

M δpn(o)(x) ≥
1

|Bn(x)|
≥

cSa,b

|Sn(x)|
≥

cSa,b

βa,b
a−n ∀x ∈ En,

where cSa,b
denotes the Cheeger constant of Sa,b. Set λn :=

cSa,b

βa,b
a−n. If

M were bounded from Lp,1(Sa,b) to Lp,∞(Sa,b) for some p ∈ [1, τ), then
there would exist a constant C, independent of n, such that∣∣{y ∈ Sa,b : M δpn(o)(y) ≥ λn}

∣∣ ≤ C λ−p
n .

Since the level set {M δpn(o) ≥ λn} contains En, and
∣∣En

∣∣ = bn, we should

have bn ≤ C λ−p
n , which, however, fails for n large as soon as p < τ .

By arguing similarly, we see that in the second case, i.e. when b = a2,∣∣Sn(x)
∣∣ ≤ nan for all large n. By choosing λ′

n := cSa,b
n−1 a−n, and following

the steps above, we can still conclude that p ≥ τ .

Next we prove (ii). The idea of the proof is similar to that of (i), but
with an important variant. For large positive integers m and n, let En be
as in (i), and set

Fn,m := sn+m(pn(o)).

It is straightforward to check that
∣∣Fn,m

∣∣ = bn am. We shall estimate M1En

on Fn,m, and choose m suitably as a function of n.

We need to estimate
∣∣Sm+2n(x)

∣∣ for every x in Fn,m. For the sake of
simplicity, we write provisionally h in place of m+ 2n. Notice that

|Sh(x)| = ah + (a− 1)
m∑
j=1

ah−j−1 + (b− 1)
m+n−1∑
j=m+1

bj−m−1ah−2j+m

+ (b− 1)
h−1∑

j=m+n

bh−j−1 + 1.

Observe that (b− 1)
m+n−1∑
j=m+1

bj−m−1am+2n−2j+m ≤ Ca,bb
n+1, because b > a2.

Simple estimates yield the bound∣∣Sh(x)
∣∣ ≤ 2ah + (Ca,b + 1)bn+1.

Recall that τ > 2, for b > a2. Set m0 := ⌊n(τ − 2)⌋ and h0 = m0 + 2n, and
note that m0 is the biggest nonnegative integer such that ah0 ≤ bn. Then,
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by the Cheger isoperimetric inequality,∣∣Bh0(x)
∣∣ ≤ c−1

Sa,b

∣∣Sh0(x)
∣∣ ≤ C ′

a,b c
−1
Sa,b

bn.

Therefore, if x ∈ Fn,m, then

M1En(x) ≥
1

|Bh0(x)|

∫
Bh0

(x)
1En dµ =

∣∣En

∣∣∣∣Bh0(x)
∣∣ ≥ cSa,b

C ′
a,b

,

and Fn,m0 ⊆
{
M1En ≥ λa,b

}
, where λa,b := cSa,b

/C ′
a,b. If M were bounded

from Lp,1(Sa,b) to Lp,∞(Sa,b) for some p ∈ [1,∞), then there would exist a
constant C, independent of n, such that

am0 bn =
∣∣Fn,m0

∣∣ ≤ ∣∣{M1En ≥ λa,b

}∣∣ ≤ C

λp
a,b

∣∣En

∣∣ = C

λp
a,b

bn.

This inequality fails for n large, because am0 tends to infinity as n tends to
infinity.

This concludes the proof of (ii), and of the proposition. □

Our next goal is to produce examples of trees T in Υa,b with the property
that M is bounded on Lp(T) if and only if p > q, where q is “any” rational
number in (1, τ). This will be pursued in the next proposition. First, we
need a few preliminaries.

For positive integers m and n, consider the tree Um,n
a,b in Υa,b characterised

by the property that ν(x) = b + 1 if either h(x) ≥ 1, or −k(m + n) − n ≤
h(x) < −k(m+ n), k = 1, 2, . . ., and ν(x) = a+ 1 otherwise. Define

α := (ambn)1/(m+n). (3.6)

We claim that ∣∣Br(x)
∣∣ ≥ αr−m−n ∀r ∈ N ∀x ∈ Um,n

a,b . (3.7)

Clearly, given a nonnegative integer r, the balls of radius r with smallest
volume are contained in {y ∈ Um,n

a,b : h(y) ≤ 0}. Furthermore, if Br(x)

is such a ball, then
∣∣Br(x)

∣∣ ≥ ∣∣sr(x)∣∣. If k is a positive integer such that
k(m+ n) ≤ r < (k + 1) (m+ n), then∣∣sr(x)∣∣ ≥ (ambn)k = (ambn)⌊r/(m+n)⌋ ≥ αr−m−n.

If, instead, 0 ≤ r < m+ n, then

|Br(x)| ≥ 1 ≥ αr−m−n.

The claim follows by combining these estimates.

Suppose now that α ≤ b ≤ α2, or equivalently, adopting the notation
introduced in Theorem 3.2 (ii), pα,b := logα b ≤ 2. Then we can apply
Theorem 3.2 (ii), and conclude that M is of restricted weak type (pα,b, pα,b),
and it is bounded on Lp(Um,n

a,b ) for every p in (pα,b,∞].

Notice that if τ ≤ 2, i.e. if b ≤ a2, then the condition b ≤ α2 is satisfied
for every pair m,n of positive integers.
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Proposition 3.4. Suppose that a and b are integers such that 2 ≤ a < b ≤
a2 and that q is in (1, τ). Then for every ε > 0 there exists s such that
1 < q − ε < s ≤ q and a tree T in Υa,b such that M is bounded on Lp(T) if
and only if p > s.

Proof. For each pair of positive integers m and n, consider the number α
defined in (3.6). The tree Um,n

a,b is in the class Υa,b and its geodesic balls

satisfy the lower estimate (3.7). Notice that a ≤ α, whence logα b ≤ loga b ≤
2; the last inequality follows from the assumption b ≤ a2.

By Theorem 3.2 (ii), the maximal function M is bounded on Lp(Um,n
a,b )

for p > pα,b := logα b and it is of restricted weak type (pα,b, pα,b).

Notice that any rational number in the interval (0, 1) can be written in
the form m/(m+ n), for suitable positive integers m and n. Now,

logα b =
log b

logα
=

log b
m

m+n log a+ n
m+n log b

.

The denominator of the latter ratio is a convex combination of log a and
log b with rational coefficients. As m and n vary, the denominator is dense
in the interval (log a, log b), so that the set of all numbers of the form logα b
is dense in (1, τ). Hence for every ε > 0 we can choose m and n so that
pα,b ∈ (q − ε, q], and define s := pα,b. Observe that s < 2.

It remains to prove that M is unbounded on Lp(Um,n
a,b ) for p < s. We

follow the strategy of the proof of Proposition 3.3 (i).

For large positive integers k, set r := 2k(m+ n). Fix a reference point o
in H0 and consider

Er := sr
(
pr(o)

)
.

Observe that Er is contained in H0, and that |Er| = br. We estimate
M δpr(o)(x) for all x in Er.

By arguing much as in the proof of Proposition 3.3 (i), it is not hard to
prove that there exists a constant Ca,b∣∣Br(x)

∣∣ ≤ Ca,bα
r

Suppose that s < 2. If x belongs to En, then

M δpr(o)(x) ≥
1

|Br(x)|
≥ C α−r.

Set λr := C α−r. If M were bounded from Lp,1(Um,n
a,b ) to Lp,∞(Um,n

a,b ) for

some p ∈ [1, s), then there would exist a constant C, independent of r, such
that ∣∣{y ∈ Um,n

a,b : M δpn(o)(y) > λr}
∣∣ ≤ C λ−p

r .

Since the level set {M δpr(o) > λr} contains Er, and
∣∣Er

∣∣ = br, we should

have br ≤ C λ−p
r , equivalently br ≤ C αpr. This inequality fails for r large

as soon as p < s. □

We now complement Theorem 3.2 (ii), by proving a simple sufficient
condition, concerning the volume growth of geodesic balls of trees in the



16 M. LEVI, S. MEDA, F. SANTAGATI, AND M. VALLARINO

class Υa,b, that guarantee that M is of weak type (1, 1). Our result is, in
fact, a rather direct consequence of the method developed in [NT] (see, in
particular, Lemma 5.1 and the proof of Theorem 1.5, and its generalisation
in [ST, Theorem 4.1]).

For the sake of completeness, we include a complete proof of the next
lemma.

Lemma 3.5. Suppose that T is in Υa,b. Assume that α and c2 are constants
such that

|Sr(x)| ≤ c2 α
r ∀x ∈ T ∀r ∈ N.

Then ∣∣{(x, y) ∈ A×B : d(x, y) = r}
∣∣ ≤ 8c2

√
|A| |B|αr

for all finite subsets A and B of T and every r in N.

Proof. Think of T as a rooted tree at o.

Suppose that |x| = j and denote by z0 := o, . . . , zj := x the points on the
geodesic joining o and x. For each point y in Sr(x)∩ Sk(o), denote by x∧ y
the vertex with biggest distance from o that belongs to both geodesics [o, x]
and [o, y], and set m := d(x, x ∧ y). Then x ∧ y = zj−m, and

r = d(x, y) = d(x, zj−m) + d(zj−m, y) = m+ k − (j −m) = 2m+ k − j.

Thus, given r, j and k, the integer m is uniquely determined, viz. m =
(r + j − k)/2. Consequently if |x| = j, then all the points in Sr(x) ∩ Sk(o)
belong to the sphere with centre zj−m and radius r −m. Hence, if |x| = j,
then ∣∣{y ∈ Sr(x) : |y| = k}

∣∣ ≤ c2 α
r−m. (3.8)

A similar reasoning yields that if |y| = k, then∣∣{x ∈ Sr(y) : |x| = j}
∣∣ ≤ c2 α

m. (3.9)

For every pair (j, k) of nonnegative integers define

Aj := A ∩ Sj(o), Bk := B ∩ Sk(o),

and

Ej,k,r := {(x, y) ∈ Aj ×Bk : d(x, y) = r}.

Furthermore, set Er := {(x, y) ∈ A×B : d(x, y) = r}. Observe that∣∣Ej,k,r

∣∣ = ∑
x∈Aj

∑
y∈Bk

1Sr(x)(y) =
∑
y∈Bk

∑
x∈Aj

1Sr(y)(x).

Now (3.8) and (3.9) imply that∣∣Ej,k,r

∣∣ ≤ c2min
(
|Aj |αr−m, |Bk|αm

)
.
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Clearly ∣∣Er

∣∣ = ∞∑
j,k=0

∣∣Ej,k,r

∣∣
=

r∑
m=0

∑
j,k: k=j+r−2m

∣∣Ej,k,r

∣∣
≤ c2

r∑
m=0

∑
j,k: k=j+r−2m

min
(
|Aj |αr−m, |Bk|αm

)
.

Define ej := |Aj |/αj and dk := |Bk|/αk, and assume that k = j + r − 2m.
Then

min
(
|Aj |αr−m, |Bk|αm

)
= min

(
αr−m+jej , α

m+kdk
)

= α(k+j+r)/2 min
(
ej , dk

)
;

the last equality follows from the fact that r −m+ j = m+ k. Altogether,
we see that

|Er| ≤ c2 α
r/2

∞∑
j,k=0

α(k+j)/2 min(ek, dj).

Henceforth, we proceed exactly as in the last part of the proof of [NT,
p. 759–760]. We include the details for the reader’s convenience.

We claim that

∞∑
j,k=0

α(k+j)/2 min
(
ej , dk) ≤ 8

√
|A| |B|.

Indeed, for some β to be chosen later,

∞∑
j,k=0

α(j+k)/2min(ej , dk) ≤
∑

j,k: j<k+β

α(j+k)/2dk +
∑

j,k: j≥k+β

α(j+k)/2ej

=

∞∑
k=0

dkα
k/2

∑
j<k+β

αj/2 +

∞∑
j=0

αj/2ej
∑

k≤j−β

αk/2

≤ 4
(
αβ/2

∞∑
k=0

dkα
k + α−β/2

∞∑
j=0

αjej

)
= 4

(
αβ/2|B|+ α−β/2|A|

)
.

Optimizing in β, we obtain that β such that αβ/2 =
√
|A|/|B| is the best

constant. This gives the desired conclusion. □

Theorem 3.6. Suppose that T is in Υa,b. Assume that there exist positive
constants α, c1 and c2 such that

c1 α
r ≤ |Sr(x)| ≤ c2 α

r ∀x ∈ T, ∀r ∈ N. (3.10)

Then M is of weak type (1,1).
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Proof. Set

ET(r) := sup
A,B⊂T:0<|A|,|B|<∞

1

|A||B|

(∑
x∈B

|A ∩ Sr(x)|
|Sr(x)|

)2
,

and observe that Lemma 3.5 and (3.10) imply that

ET(r) ≤ 64
(c2
c1

)2
α−r. (3.11)

Then, by [ST, Theorem 4.1], there exists a constant C such that∣∣∣∣∣∣M o
∣∣∣∣∣∣
L1(T);L1,∞(T)

≤ C sup
n∈N

2n/2
∑

r∈N:αr≥2n−1/c2

ET(r) c
1/2
2 αr/2

≤ C sup
n∈N

2n/2
∑

r∈N:αr≥2n−1/c2

α−r/2

≤ C sup
n∈N

2n/2 2−n/2,

which is finite. Here M o is the spherical maximal operator, which is point-
wise comparable to M , because, since every ball can be written as a disjoint
union of spheres we have M ≤ M o; moreover, the fact that balls and spheres
have comparable measures on T implies that M o ≤ CM . □

As a consequence, we show that for every pair (a, b) of integers, with
2 ≤ a < b, there are trees in the class Υa,b, where M is of weak type (1, 1).
The main idea is to arrange matters so that vertices with different valences
are not too neatly separated.

A simple example is the semi-homogeneous tree Va,b with valences a and b,
i.e. a tree in which every vertex has either valence a+ 1 or b+ 1, and such
that adjacent vertices have different valences.

Indeed, it is straightforward to check that there exist positive constants
c1 and c2, depending on a and b, such that

c1 (ab)
r/2 ≤

∣∣Br(x)
∣∣ ≤ c2 (ab)

r/2 ∀x ∈ S ∀r ∈ N. (3.12)

Theorem 3.6 then implies that M can be of weak type (1, 1), no matter how
large the ratio b/a is.

4. The uncentred maximal function

Clearly N dominates M pointwise. However, contrary to what happens
on doubling metric measured spaces, N may be much larger than M . For
instance, M is bounded on Lp(Tb) for all p > 1, whereas N is bounded on
Lp(Tb) only for p > 2.

Furthermore, if T belongs to the class Υa,b, then it is straightforward to
check that there exists a constant C (depending only on a and b) such that

N f(x) ≤ C M2τf(x) ∀x ∈ T :

here τ is as in (1.1). This follows directly from the remark that if r is a
nonnegative integer and B is a ball of radius r containing the point x, then
the ball B2r(x) contains B, and |B| ≥ C |B2r(x)|1/(2τ).
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Thus, Lp bounds for the modified maximal operator M2τ imply similar
bounds for N . In particular, M2 is of restricted weak type (2, 2) [V, The-
orem 5.1] on the homogeneous tree Tb, whence so is N (for in this case
τ = 1). By interpolation N is bounded on Lp(Tb) for all p > 2.

It is natural to wonder what happens in the case where a < b. It would
not be unreasonable to conjecture that for each tree T in the class Υa,b with
b ≤ a2 there exists a threshold q < ∞ such that N is bounded on Lp(T)
for all p > q. However, this fails, as we show in Theorem 4.1 below: there
exist trees in the class Υa,b such that N is bounded on Lp(T) if and only if
p = ∞. Furthermore Theorem 4.1 points out the striking difference that can
occur between the Lp boundedness properties of the centred and uncentred
maximal functions on graphs with exponential volume growth. As already
mentioned, this difference occurs also in the case of homogeneous trees (M
is of weak type (1, 1), N is of restricted weak type (2, 2) and unbounded on
Lp(Tb) for p < 2 cf. [LS]), but it can be much wider for nonhomogeneous
trees.

Suppose that a and b are integers such that 2 ≤ a < b. Preliminarily, we
define a tree Fa,b in the class Υa,b that will play a fundamental role in this
section. The tree Fa,b contains a reference point o with a + 1 neighbours
g0, . . . , ga with the following property: the vertex g0 and all the vertices
of the tree on geodesics starting with [o, g0] have valence b + 1, and all
the vertices g1, . . . , ga together with the vertices on geodesics starting with
[o, gj ] for some j ∈ {1, . . . , a} have valence a+ 1. Denote by Fa and Fb the
set of vertices in Fa,b with valence a + 1 and b + 1, respectively. Clearly
Fa,b = Fa ∪ Fb.

Theorem 4.1. Suppose that 2 ≤ a < b. The following hold:

(i) N is unbounded on Lp(Fa,b) for all p in [1,∞);
(ii) M is bounded on Lp(Fa,b) whenever p ∈ (1,∞), and it is of weak

type (1, 1).

Proof. Recall that τ denotes loga b, and observe that τ > 1.

First we prove (i). For large integers n, consider the sets

En :=
{
x ∈ Fb : |x| = n

}
and Fn :=

{
x ∈ Fa : |x| = ⌊(2τ − 1)n⌋

}
,

where ⌊·⌋ denotes the integer part function. Clearly∣∣En

∣∣ = bn−1 and
∣∣Fn

∣∣ = a⌊(2τ−1)n⌋.

We want to estimate from below the measure of the level set {N 1En >
c}, where c is a suitable positive constant, independent of n, that will be
determined below.

For x in Fn, consider the unique point y on the geodesic joining x and o at
distance ⌊τ n⌋ from x. Of course y depends on x, but this has no consequence
for what follows. Observe that

d(o, y) = ⌊(2τ − 1)n⌋ − ⌊τ n⌋ ≤ (2τ − 1)n− τ n+ 1 = τ n− n+ 1,

so that

d(y,En) = d(y, o) + d(o,En) = ⌊(2τ − 1)n⌋ − ⌊τ n⌋+ n ≤ τ n+ 1.
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Set Rn := ⌊τ n⌋+ 2. The estimates above imply that BRn(y) contains both
x and En. Therefore, given x in Fn, there exists y such that

N 1En(x) ≥
1∣∣BRn(y)

∣∣ ∫
BRn (y)

1En dµ =

∣∣En

∣∣∣∣BRn(y)
∣∣ .

By the Cheeger isoperimetric property (see Proposition 2.2),
∣∣BR(y)

∣∣ ≤
c−1
Fa,b

∣∣SRn(y)
∣∣. Thus, it remains to estimate

∣∣SRn(y)
∣∣ from above. Observe

that, starting from y, we can distinguish the points v in SRn(y) according
to the following:

(i) v is in Fa, and the intersection of the geodesics [y, v] and [o, y] is {y};
(ii) v is in Fa, and the intersection of the geodesics [y, v] and [o, y] is

the geodesic [pk(y), y] for some k in [1, d(y, o)]. Here we use pk(y)
to denote the k-th ancestor of y with respect to the origin, i.e., the
only point of [o, y] at distance k from y;

(iii) v is in Fb.

Therefore ∣∣SRn(y)
∣∣ = aRn +

d(y,o)∑
k=1

(a− 1) aRn−k−1 + bRn−d(y,o)−1

= aRn−1
(
1− a−d(y,o) + a

)
+ bRn−d(y,o)−1.

(4.1)

Since d(o, y) = ⌊(2τ−1)n⌋−⌊τ n⌋, we have Rn−d(y, o)−1 ≤ n+2. Indeed,

Rn−d(y, o)−1 = 2⌊τ n⌋+1−⌊(2τ −1)n⌋ ≤ 2τn+1− (2τ −1)n+1 = n+2.

Furthermore aRn ≤ aτ n+2 = a2 bn. These estimates, together with (4.1),
imply that ∣∣SRn(y)

∣∣ ≤ (
2 a2 + b2

)
bn.

Altogether, we can conclude that

N 1En(x) ≥ cFa,b

∣∣En

∣∣(
2 a2 + b2

)
bn

= cFa,b

bn−1(
2 a2 + b2

)
bn

≥
cFa,b(

2 a2 + b2
)
b

for every x in Fn. Now, set c :=
cFa,b(

2 a2 + b2
)
b
. Since N 1En ≥ c on Fn,∥∥N 1En

∥∥p
p∥∥1En

∥∥p
p

≥ cp
∣∣Fn

∣∣∣∣En

∣∣ .
If N were bounded on Lp(Fa,b) for some p in [1,∞), then there would exist
a constant C, independent of n, such that

∣∣Fn

∣∣ ≤ C
∣∣En

∣∣. By the definition
of τ , ∣∣Fn

∣∣ = a⌊(2τ−1)n⌋ ≥ 1

a

(b2
a

)n
.

Therefore the following should hold

1

a

(b2
a

)n
≤ C bn, equivalently

( b

a

)n
≤ C

for all large n, which is a contradiction, because a < b.
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Next we prove (ii). Recall that Fa,b = Fa ∪ Fb. For x in Fa,b, set ϱb(x) :=
d(x,Fb) and ϱa(x) := d(x,Fa).

For any nonnegative f in L1(Fa,b), write f = fa + fb, where fa := f 1Fa

and fb := f 1Fb
. Since{
M f > λ

}
⊆

{
M fa > λ/2

}
∪
{
M fb > λ/2

}
,

it suffices to prove that there exists a constant C such that∣∣{x ∈ Fa,b : M fa(x) > λ/2
}∣∣ ≤ C

λ

∥∥fa∥∥L1(Fa,b)
∀λ > 0, (4.2)

and that a similar estimate holds for fb.

In order to prove (4.2), we estimate M fa(x) when x ∈ Fa and x ∈ Fb

separately. Suppose first that x ∈ Fa. It is straightforward to check that∣∣BR(x)
∣∣ ≥ V a(R) ∀R ≥ 0,

and
∣∣BR(x)

∣∣ = V a(R) if R ≤ ϱb(x). Therefore

1∣∣BR(x)
∣∣ ∫

BR(x)
fa dµ ≤ 1

V a(R)

∫
BR(x)

fa dµ ∀x ∈ Fa.

Consider the homogeneous tree Ta, a reference point oa in it, and the neigh-
bours w0, . . . , wa of oa in Ta. The subset Ta \ E(w0), where E(w0) is the
branch of Ta of all points y such that the geodesic [oa, y] starts with [oa, w0],
is isometric to Fa via an isometry J that maps o to oa, and the neighbours
g1, . . . , ga of o in Fa,b to the neighbours w1, . . . , wa of oa in Ta.

Consider the function f ♯
a on Ta that vanishes on E(w0) and is equal to

fa(x) at the point J (x). Then the average on the right hand side of the
estimate above agrees with the average over the ball with centre J (x) and

radius R of the function f ♯
a on Ta. Thus, M fa(x) ≤ M f ♯

a(J (x)) for every

x in Fa. Since
∥∥f ♯

a

∥∥
L1(Ta)

=
∥∥fa∥∥L1(Fa)

and the centred maximal function

on Ta is of weak type (1, 1),∣∣{x ∈ Fa : M fa(x) > λ/2}
∣∣ ≤ ∣∣{y ∈ Ta : M f ♯

a(y) > λ/2}
∣∣

≤ C

λ

∥∥f ♯
a

∥∥
L1(Ta)

=
C

λ

∥∥fa∥∥L1(Fa)
.

(4.3)

Suppose now that x ∈ Fb. Observe that if R ≤ ϱa(x), then
∣∣BR(x)

∣∣ =
V b(R). Furthermore, if R > ϱa(x), then BR(x) contains all points in Fb, at
distance R from x. The number of such points is bigger than bR, and notice

that bR ≥ b− 1

b+ 1
V b(R), as a straightforward computation shows (see (2.1)).

Therefore

M fa(x) ≤
b+ 1

b− 1
sup

R≥ϱa(x)

1

V b(R)

∫
Fa∩BR−ϱa(x)(o)

fa dµ

≤ b+ 1

b− 1

1

V b
(
ϱa(x)

) ∥∥fa∥∥L1(Fa)
∀x ∈ Fb,
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because the support of fa is contained in Fa. Hence{
x ∈ Fb : M fa(x) > λ/2

}
⊆

{
x ∈ Fb : V

b
(
ϱa(x)

)
< 2

b+ 1

b− 1

∥∥fa∥∥L1(Fa,b)

λ

}
,

so that, referring to the homogeneity of Tb∣∣{x ∈ Fb : M fa(x) > λ/2
}∣∣ ≤ 2

b+ 1

b− 1

∥∥fa∥∥L1(Fa,b)

λ
.

By combining the estimate above and (4.3), we conclude that∣∣({x ∈ Fa,b : M fa(x) > λ/2
}∣∣ ≤ C

λ

∥∥fa∥∥L1(Fa,b)
,

as required.

Next we consider fb. We proceed much as above for fa, and estimate
M fb(x) when x ∈ Fb, and x ∈ Fa separately.

Suppose first that x ∈ Fb. Clearly
∣∣BR(x)

∣∣ = V b(R) in the case where

R ≤ ϱa(x), and
∣∣BR(x)

∣∣ ≥ bR ≥ b− 1

b+ 1
V b(R) if R > ϱa(x). Therefore∣∣BR(x)

∣∣ ≥ b− 1

b+ 1
V b(R) for every R, whence

1∣∣BR(x)
∣∣ ∫

BR(x)
fb dµ ≤ b+ 1

b− 1

1

V b(R)

∫
Fb∩BR(x)

fb dµ ∀x ∈ Fb.

We can identify Fb isometrically to a subset of the homogeneous tree Tb

by identifying the vertex g0 in Fa,b with the reference point ob in Tb, and
removing from Tb the set E(z0) (here z0, . . . , zb are the neighbours of ob in

Tb). Denote by J this isometry, and by f ♯
b the function on Tb that vanishes

on E(z0) and is equal to fb(x) at the point J (x).

Then the average on the right hand side of the estimate above agrees
with the average over the ball with centre J (x) and radius R of the func-

tion f ♯
b on Tb. Thus, M fb(x) ≤

b+ 1

b− 1
M f ♯

b (J (x)) for every x in Fb. Since∥∥f ♯
b

∥∥
L1(Tb)

=
∥∥fb∥∥L1(Fb)

, and the centred maximal function on Tb is of weak

type (1, 1),∣∣{x ∈ Fb : M fb(x) > λ/2}
∣∣ ≤ ∣∣{y ∈ Tb : M f ♯

b (x) > (b− 1)λ/(b+ 1)2}
∣∣

≤ C

λ

∥∥f ♯
b

∥∥
L1(Tb)

=
C

λ

∥∥fb∥∥L1(Fb)
.

(4.4)

Finally, suppose that x is in Fa. Clearly
∣∣BR(x)

∣∣ = V a(R) in the case

where R ≤ ϱb(x), and
∣∣BR(x)

∣∣ ≥ V a
(
ϱb(x)

)
if R > ϱb(x). Thus,

M fb(x) = sup
R>ϱb(x)

1∣∣Ba
R(x)

∣∣ ∫
Fb∩BR−ϱa(x)(o)

fb dµ

≤ C

V a
(
ϱb(x)

) ∥∥fb∥∥L1(Fb)
∀x ∈ Fa.
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Hence{
x ∈ Fa : M fb(x) > λ/2

}
⊆

{
x ∈ Fa : V a

(
ϱb(x)

)
<

∥∥fb∥∥L1(Fa,b)

λ

}
,

so that, referring to the homogeneity of Ta∣∣{x ∈ Fa : M fb(x) > λ/2
}∣∣ ≤

∥∥fb∥∥L1(Fa,b)

λ
.

By combining the estimate above and (4.4), we conclude that∣∣({x ∈ Fa,b : M fb(x) > λ/2
}∣∣ ≤ C

λ

∥∥fb∥∥L1(Fa,b)
,

as required. □

We end this section with a slight variant of [V, Theorem 5.1].

Theorem 4.2. Suppose that 1 ≤ a ≤ b, that b ≥ 2, and that T is a tree
in the class Υa,b. Assume that there exists a positive constants C such that∣∣Br(x)

∣∣ ≥ C br for all vertices x and nonnegative integers r. Then the
operator N is of restricted weak type (2, 2).

Proof. Suppose that x is in T, and BR is a ball of radius R containing x.
Then

1∣∣BR

∣∣ ∫
BR

∣∣f ∣∣dµ ≤ 1

C bR

∫
BR

∣∣f ∣∣ dµ ≤ 1

C bR

∫
B2R(x)

∣∣f ∣∣dµ. (4.5)

As explained just above Theorem 3.2, T is isometric to a subtree of Tb, so
that we can actually assume that T is contained in Tb. Hence any function
f on T can be trivially extended to a function f ♯ on Tb as follows

f ♯(x) := f(x)1T(x) ∀x ∈ Tb.

Notice that
∥∥f∥∥

Lp,q(T)
=

∥∥f ♯
∥∥
Lp,q(Tb)

for all indices p and q such that 1 ≤
p, q ≤ ∞. Now, observe that bR ≥ c V b(2R)1/2 for some positive constant c.
This and (4.5) imply that

1∣∣BR

∣∣ ∫
BR

∣∣f ∣∣ dµ ≤ C

V b(2R)1/2

∫
Bb

2R(x)

∣∣f ♯
∣∣dµ.

By taking the supremum with respect to R in N, we see that

N f(x) ≤ C M b
2 f

♯(x) ∀x ∈ T.

Therefore

C
∥∥N f

∥∥
L2,∞(T)

≤
∥∥M b

2 f
♯
∥∥
L2,∞(T)

≤
∥∥M b

2 f
♯
∥∥
L2,∞(Tb)

≤
∣∣∣∣∣∣M b

2

∣∣∣∣∣∣
L2,1(Tb);L2,∞(Tb)

∥∥f ♯
∥∥
L2,1(Tb)

≤
∣∣∣∣∣∣M b

2

∣∣∣∣∣∣
L2,1(Tb);L2,∞(Tb)

∥∥f∥∥
L2,1(T)

;

the third inequality above follows from Veca’s result [V, Theorem 5.1].

This concludes the proof of the theorem. □
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Observe that under the hypothesis of Theorem 4.2, M if of weak type
(1, 1) by Theorem 3.6.

5. Robustness of the results

The methods developed so far seem to be nonamenable to a straightfor-
ward extension to graphs. However, simple examples show that there are
graphs, which are not trees, where the analogues of the results so far proved
for trees hold. This raises the question of finding reasonably general classes
of graphs, which share with trees properties similar to those discussed in the
previous sections.

Our analysis in this section is based on the notion of rough isometry, in
the sense of M. Kanai [K] (see Definition 5.1 below).

First, we need more notation and terminology. We consider only simple
graphs G, i.e. undirected graphs without self-loops and multi-edges. There
is a natural distance on simple graphs: d(x, y) denotes the length of the
shortest path joining x and y. Note that, contrary to what happens on
trees, there may be many paths of minimal length joining any two points.
For any x in G, the ball and the sphere with centre x and radius r will be
denoted by Br(x) and Sr(x).

We shall consider only connected graphs with (1, Q)-bounded geometry,
i.e. we assume that

2 ≤ ν(x) ≤ Q+ 1 ∀x ∈ G. (5.1)

We need a few simple geometric properties of G, established below. For the
sake of notational convenience, for every nonnegative integer m, we set

Ωm,Q :=
Qm+1 − 1

Q− 1
.

Since each vertex in G has at most Q+1 neighbours, the volume of balls of
radius r in G is controlled by V Q(r), i.e. the volume of balls with the same
radius in TQ. Thus,

|Br(x)| ≤ V Q(r) ∀x ∈ G ∀r ∈ N. (5.2)

Also note that

|Br+n(x)| ≤ Ωn,Q |Br(x)| ∀n ∈ N. (5.3)

Indeed,

|Br+n(x)| = |Br(x)|+
r+n∑

j=r+1

|Sj(x)| ≤ |Br(x)|+ |Sr(x)|
n∑

j=1

Qj ;

now (5.3) follows directly from this and trivial inequality |Sr(x)| ≤ |Br(x)|.
Notice that if x and y are points of G at distance at most K, then

Ω−1
K,Q |Br(x)| ≤ |Br(y)| ≤ ΩK,Q |Br(x)| ∀r ∈ N. (5.4)

Indeed, Br(y) ⊆ Br+K(x), by the triangle inequality, so that

|Br(y)| ≤ |Br+K(x)| ≤ ΩK,Q |Br(x)|;
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the last inequality follows from (5.3). By reversing the role of x and y, we
obtain

|Br(x)| ≤ ΩK,Q |Br(y)|;
the left inequality in (5.4) follows directly from this.

Definition 5.1. Suppose that G and G′ are two connected simple graphs,
with distances d and d′, respectively. A map φ : G → G′ is a strict rough
isometry if there exist nonnegative numbers K and β such that

K := max
{
d′
(
φ(G), x′

)
: x′ ∈ G′} (5.5)

is finite, and

d(x, y)− β ≤ d′
(
φ(x), φ(y)

)
≤ d(x, y) + β ∀x, y ∈ G. (5.6)

Points in G and in G′ will be customarily denoted by nonprimed and
primed lower case latin letters, respectively. If x′ is a vertex in G′, we
denote by Br(x

′) and Sr(x
′) the ball and the sphere with centre x′ and

radius r. Without loss of generality we shall assume that β is a positive
integer. The next lemma contains a few simple geometric properties of φ.

Lemma 5.2. Suppose that φ is a strict rough isometry between G and G′

with (1, Q) and (1, Q′)-bounded geometry, respectively. The following hold:

(i)
∣∣φ−1(y′)

∣∣ ≤ V Q(β) for every y′ in φ(G);

(ii) {BK

(
φ(x)

)
: x ∈ G} is a covering of G′ with the finite overlapping

property. Furthermore∣∣{x ∈ G : z′ ∈ BK

(
φ(x)

)}∣∣ ≤ V Q(β) V Q′
(K). (5.7)

Proof. To prove (i), observe that if v and w are points in G such that
φ(v) = φ(w), then the left inequality in (5.6) yields d(v, w) ≤ β. Thus,
w belongs to Bβ(v), and (i) follows directly from (5.2).

Next we prove (ii). By (5.5), the sequence {BK

(
φ(x)

)
: x ∈ G} is a

covering of G′.

Now suppose that z′ is a point in G′. If z′ belongs to BK

(
φ(x)

)
, then φ(x)

belongs to BK(z′). Since
∣∣BK(z′)

∣∣ ≤ V Q′
(K), there are at most V Q′

(K)
balls of the given covering containing z′. Then (5.7) follows from this and (i).

□

The next theorem is the main result of this section. Preliminarily, we
need more notation. Suppose that φ : G → G′ is a strict rough isometry, as
in Definition 5.1, and that f is a function on G′. Then πf will denote the
function on φ(G), defined by

(πf)(x′) :=

∫
BK(x′)

|f |dµ ∀x′ ∈ φ(G). (5.8)

Given a function f on G′, and a nonnegative integer R, consider the func-
tions ARf and ARf , defined by

ARf(z
′) :=

1∣∣BR(z′)
∣∣ ∫

BR(z′)
|f | dµ ∀z′ ∈ G′,
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and

ARf(z
′) := sup

B∈BR:B∋z′

1∣∣B∣∣ ∫
B
|f |dµ ∀z′ ∈ G′ :

here BR denotes the collection of all balls of radius R in G′.

Theorem 5.3. Suppose that G and G′ are connected simple graphs with
(2, Q) and (2, Q′)-bounded geometry, respectively, and that φ : G → G′ is a
strict rough isometry. Assume that 1 ≤ p < ∞, and that 1 ≤ r ≤ s ≤ ∞.
The following hold:

(i) if M is bounded from Lp,r(G) to Lp,s(G), then M is bounded from
Lp,r(G′) to Lp,s(G′);

(ii) if N is bounded from Lp,r(G) to Lp,s(G), then N is bounded from
Lp,r(G′) to Lp,s(G′);

Proof. In this proof µ will denote both the counting measure on G and on G′.

First we prove (i). We consider the maximal operators

MKf(z′) := max
R≤K

ARf(z
′) ∀z′ ∈ G′ (5.9)

and

MKf(z′) := sup
R>K

ARf(z
′) ∀z′ ∈ G′,

where K is as in Definition 5.1. Observe that M f ≤ MKf + MKf . The
required boundedness properties of M will follow directly from the corre-
sponding properties of MK and MK , which will be established in Step I
and Step III below, respectively.

Step I: boundedness of MK . Observe that, trivially, MKf ≤
K∑

R=0

ARf ,

so that it suffices to prove that ARf is bounded from Lp,r(G′) to Lp,s(G′)
for R = 0, . . . ,K.

Suppose that α > 0 and ARf(z
′) > α. Then there exists a point w′ in

BR(z
′) such that

∣∣f(w′)
∣∣ > α (for otherwise ARf(z

′) ≤ α). Thus, we have
a map from EARf (α) to Ef (α) that associates to z′ in EARf (α) a point w′

in Ef (α). This map may very well be not injective. However, a point w′

in Ef (α) can be, at most, the image of all the points in the ball BR(w
′).

Therefore ∣∣EARf (α)
∣∣ ≤ V Q′

(R)
∣∣Ef (α)

∣∣. (5.10)

From the definition of the Lorentz (quasi-) norm, and the contractivity of
the injection Lp,r(G′) ⊆ Lp,s(G′) we deduce that∥∥ARf

∥∥
Lp,s(G′)

≤ V Q′
(R)1/p

∥∥f∥∥
Lp,s(G′)

≤ V Q′
(R)1/p

∥∥f∥∥
Lp,r(G′)

.

Hence, there exists a positive constant CK such that∥∥MKf
∥∥
Lp,s(G′)

≤ CK

K∑
R=0

∥∥ARf
∥∥
Lp,s(G′)

≤ CK21/p Ω
1/p
K+2,Q′

∥∥f∥∥
Lp,r(G′)

,

(5.11)
as required.
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Step II. Consider a ball BR(z
′) in G′, with R > K. By Lemma 5.2 (ii),

{BK

(
φ(x)

)
: x ∈ G} is a covering of G′. Therefore there exists z in G such

that d′
(
φ(z), z′

)
≤ K (thus, in particular, φ(z) belongs to BR(z

′)).

We claim that
1∣∣BR(z′)

∣∣ ∫
BR(z′)

|f | dµ ≤ CK,β
1∣∣BR′(z)

∣∣ ∫
BR′ (z)

(
(πf) ◦ φ

)
dµ, (5.12)

where R′ = R+ 2K + β, and CK,β = V Q(β) Ω2K+β,QΩβ,Q′ ΩK,Q′ .

To prove the claim, first observe that{
y ∈ G : BK

(
φ(y)

)
∩BR(z

′) ̸= ∅} ⊆ BR+2K+β(z). (5.13)

Indeed, if BK

(
φ(y)

)
∩BR(z

′) ̸= ∅, then d′
(
φ(y), z′

)
≤ R+K, whence

d(y, z) ≤ d′
(
φ(y), φ(z)

)
+ β ≤ d′

(
φ(y), z′) + d′

(
z′, φ(z)

)
+ β ≤ R+ 2K + β,

as required.

Set
E(z′, R) :=

{
y′ ∈ φ(G) : BK(y′) ∩BR(z

′) ̸= ∅
}
.

By (5.13)

φ−1
(
E(z′, R)

)
⊆ BR+2K+β(z). (5.14)

Since {BK

(
y′
)
: y′ ∈ φ(G)} is a covering of G′, BR(z

′) ⊆
⋃

y′∈E(z′,R)

BK(y′).

Therefore ∫
BR(z′)

|f |dµ ≤
∑

y′∈E(z′,R)

∫
BK(y′)

|f | dµ

=
∑

y′∈E(z′,R)

(πf)(y′)

≤
∑

y∈BR+2K+β(z)

[
(πf) ◦ φ

]
(y);

(5.15)

the last inequality follows from (5.14). We need to estimate the ratio∣∣BR+2K+β(z)
∣∣/∣∣BR(z

′)
∣∣. By (5.3),∣∣BR+2K+β(z)

∣∣ ≤ Ω2K+β,Q

∣∣BR(z)
∣∣.

Since φ is at most V Q(β)-to-one,
∣∣BR(z)

∣∣ ≤ V Q(β)
∣∣φ(BR(z)

)∣∣. Now, if y′

belongs to φ
(
BR(z)

)
, then y′ = φ(y) for some y in BR(z), and

d′
(
φ(y), φ(z)

)
≤ d(y, z) + β ≤ R+ β,

so that φ
(
BR(z)

)
is contained in BR+β

(
φ(z)

)
. Therefore∣∣BR(z)

∣∣ ≤ V Q(β)
∣∣BR+β

(
φ(z)

)∣∣
≤ V Q(β) Ωβ,Q′

∣∣BR

(
φ(z)

)∣∣
≤ V Q(β) Ωβ,Q′ ΩK,Q′

∣∣BR(z
′)
∣∣ :

we have used (5.3) and (5.4) in the last two inequalities. Altogether, we
have proved that ∣∣BR+2K+β(z)

∣∣∣∣BR(z′)
∣∣ ≤ CK,β,
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where CK,β is as in the claim. The claim follows directly from this and
(5.15).

Step III: conclusion of the proof of (i). By (5.12), to each z′ in G′, we can
associate a point z in G such that d′

(
z′, φ(z)

)
≤ K and

MKf(z′) ≤ CK,β M
(
(πf) ◦ φ

)
(z).

Suppose that α > 0 and that z′ is a point in EMKf (α). Since the point z

can be associated to at most V Q′
(K) points z′ in G′,∣∣EMKf (α)

∣∣ ≤ V Q′
(K)

∣∣EM ((πf)◦φ)(α/CK,β)
∣∣.

Consequently∥∥MKf
∥∥
Lp,s(G′)

≤ V Q′
(K)1/p

(
p

∫∞
0

∣∣EM ((πf)◦φ)(α/CK,β)
∣∣s/p αs−1 dα

)1/s
.

Changing variables and using the definition of the (quasi-) norm of Lp,s(G′),
we see that∥∥MKf

∥∥
Lp,s(G′)

≤ CK,β V
Q′
(K)1/p

∥∥M
(
(πf) ◦ φ

)∥∥
Lp,s(G)

.

Since, by assumption, M is bounded from Lp,r(G) to Lp,s(G),∥∥M
(
(πf) ◦ φ

)∥∥
Lp,s(G)

≤
∣∣∣∣∣∣M ∣∣∣∣∣∣

Lp,r(G);Lp,s(G)

∥∥(πf) ◦ φ∥∥
Lp,r(G)

.

Note that
∣∣(πf) ◦ φ(z)∣∣ > α if and only if

∫
BK(φ(z))

∣∣f ∣∣dµ > α, equivalently

if and only if AKf
(
φ(z)

)
> α/

∣∣BK

(
φ(z)

)∣∣. Thus,∣∣E(πf)◦φ(α)
∣∣ = ∣∣{z ∈ G : AKf

(
φ(z)

)
> α/

∣∣BK

(
φ(z)

)∣∣}∣∣
≤

∣∣{z ∈ G : AKf
(
φ(z)

)
> α/V Q′

(K)}
∣∣

≤ V Q(β)
∣∣{z′ ∈ G′ : AKf(z′) > α/V Q′

(K)}
∣∣;

the second inequality above follows from the obvious estimate
∣∣BK

(
φ(z)

)∣∣ ≤
V Q′

(K), and the third from the fact that φ is, at most, V Q(β)-to-one. Now,
(5.10), with K in place of R, yields the estimate∣∣{z′ ∈ G′ : AKf(z′) > α/V Q′

(K)}
∣∣ ≤ V Q′

(K)
∣∣Ef (α/V

Q′
(K))

∣∣.
By combining these estimates, we see that∣∣E(πf)◦φ(α)

∣∣ ≤ V Q(β)V Q′
(K)

∣∣Ef (α/V
Q′
(K))

∣∣,
whence ∥∥(πf) ◦ φ∥∥

Lp,r(G)
≤ V Q′

(K)1+1/p V Q(β)1/p
∥∥f∥∥

Lp,r(G′)
.

Altogether, we obtain the bound∥∥MKf
∥∥
Lp,s(G′)

≤ CK,βV
Q′
(K)1+2/p V Q(β)1/p

∣∣∣∣∣∣M ∣∣∣∣∣∣
Lp,r(G);Lp,s(G)

∥∥f∥∥
Lp,s(G′)

,

which, combined with (5.11), yields (i).

The proof of (ii) copies the strategy of the proof of (i); we shall only
indicate the nontrivial changes needed and leave the other details to the
interested reader. We consider the maximal operators

N Kf(z′) := max
R≤K

ARf(z
′) ∀z′ ∈ G′ (5.16)
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and
NKf(z′) := sup

R>K
ARf(z

′) ∀z′ ∈ G′,

where K is as in Definition 5.1. Observe that N f ≤ N Kf + NKf .

To prove the boundedness of N K we proceed much as in the proof of
Step I above. Given α > 0 and a point z′ such that ARf(z

′) > α, there

exists a ball BR of radius R containing z′ such that
1

BR

∫
BR

|f | dµ > α.

Therefore there exists a point w′ in BR such that
∣∣f(w′)

∣∣ > α (for otherwise
the average above would be ≤ α).

Thus, we have a map from EARf (α) to Ef (α) that associates to z′ in
EARf (α) a point w′ in Ef (α). The point w′ in Ef (α) can be the image of,
at most, all the points in the ball B2R(w

′) (rather than BR(w
′) as in Step

I). Therefore ∣∣EARf (α)
∣∣ ≤ V Q′

(2R)
∣∣Ef (α)

∣∣. (5.17)

Then we proceed, mutatis mutandis, as in the proof of Step I, using (5.17)
instead of (5.10).

Next, let BR be a ball of radius R > K containing z′. By Lemma 5.2 (ii),
there exists z in G such that d′

(
φ(z), z′

)
≤ K (thus, in particular, φ(z)

belongs to BK(z′)). Denote by w′ the centre of BR. Another applica-
tion of Lemma 5.2 (ii) guarantees the existence of a point w in G with
d′
(
φ(w), w′) ≤ K. Thus, φ(z) belongs to BR+2K

(
φ(w)

)
. Set R′ = R +

2K + β. Since φ is a strict rough isometry, d(z, w) ≤ R′.

Thus, we associate to any ball BR of radius R containing z′ a ball BR′

in G, containing z. Then, by arguing as in the proof of (5.12), we can prove
that there exists a constant C ′

K,β such that

1∣∣BR

∣∣ ∫
BR

|f | dµ ≤ C ′
K,β

1∣∣BR′
∣∣ ∫

BR′

(
(πf) ◦ φ

)
dµ.

The conclusion then follows by arguing much as in the proof of Step III
above.

This concludes the proof of (ii), and of the theorem. □

Theorem 5.3 applies, for instance, to all graphs that are compact per-
turbations of Tb, i.e. to graphs G with the following property: there exist
compact sets K ⊂ G and Kb ⊂ Tb so that G \K = Tb \Kb.

To prove this, fix a point w in K, and consider the mapping φ : Tb → G,
defined by

(i) φ(x) = x for every x ∈ Tb \Kb;
(ii) φ(Kb) = w.

Observe that φ is a strict rough isometric between Tb and G. Indeed,
d
(
φ(Tb), x

)
≤ diam(K) for all x in G, and

d(x, y)− η ≤ d
(
φ(x), φ(y)

)
≤ d(x, y) + η,

where η := diam(K)+diam(Kb)+d(k, kb)+2, where k, kb are arbitrary neigh-
bours of K,Kb, lying in G\K = Tb \Kb.
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