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HARDY-LITTLEWOOD MAXIMAL OPERATORS
ON TREES WITH BOUNDED GEOMETRY

MATTEO LEVI, STEFANO MEDA, FEDERICO SANTAGATI,
AND MARIA VALLARINO

ABSTRACT. In this paper we study the LP boundedness of the cen-
tred and the uncentred Hardy-Littlewood maximal operators on the
class Top, 2 < a < b, of trees with (a,b)-bounded geometry. We find
the sharp range of p, depending on a and b, where the centred maximal
operator is bounded on LP(%) for all ¥ in Y,,. Precisely, the lower
endpoint of p is log, b if b < a? and oo otherwise. We also show that
there exists a tree in Y4 for which the uncentred maximal function is
bounded on L? if and only if p = co. We also extend these results to
graphs which are strictly roughly isometric, in the sense of Kanai, to
trees in the class Yqp.

This paper is dedicated to the memory of A. M.

1. INTRODUCTION

The purpose of this paper is to prove sharp LP bounds for the centred
and the uncentred Hardy—Littlewood maximal operators on a class of trees
with bounded geometry.

Let T be a locally finite tree, i.e. a connected graph with no loops, in
which every vertex x has a finite number v(z) of neighbours; v(z) is called
the valence of x. We endow ¥ with the standard graph distance d and the
set of its vertices with the counting measure p. We denote by B,(x) the
(closed) ball with centre z and radius r, i.e. By(z):={y € T:d(z,y) <r}.
For the sake of notational convenience, we write |E| instead of u(E) for
every subset F of T.
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2 M. LEVI, S. MEDA, F. SANTAGATI, AND M. VALLARINO

For each function f on ¥, we consider its centred and its uncentred (HL)
maximal functions, defined by

1 1
M x::supJ dpu and A x::supJ du,
f(z) SUD T ) BT(I)\f\ 1 f(@) SUp g B\f\ f

respectively.

Sharp LP bounds for .#Z and .4 are well known for the homogeneous tree
b, b > 2, i.e. the tree such that v(z) = b+ 1 for every vertex x. Specifically,
the weak type (1,1) boundedness of .#Z has been established independently
by A. Naor and T. Tao [NT, Theorem 1.5], and M. Cowling, Meda and
A. Setti [CMS1, Theorem 3.1], and is also a consequence of the analysis of
the Green operator for certain random walks on trees performed in [RT].
Furthermore, the operator .4 is of restricted weak type (2,2), hence, by a
simple interpolation argument with the trivial L>°(%}) bound, it is bounded
on LP(T,) for p > 2. The restricted weak type (2,2) estimate is a direct
consequence of a result of A. Veca [V, Theorem 5.1], who proved that the
modified maximal operator .#5 (see (2.2) below for the definition of .Z,,
o > 1), which dominates .4, is of restricted weak type (2,2). Levi and
Santagati [LS] proved that Veca’s results for the operator .#5 is optimal in
the scale of Lorentz spaces and, more generally, investigated the mapping
properties of .#, between Lorentz spaces. Their couterexamples may be
adapted to prove that .4 is unbounded on LP(%;) for all p in [1,2].

J. Soria and P. Tradacete [ST, Theorem 4.1] showed that the method of
proof of [NT, Theorem 1.5] is amenable to generalisations to certain nonho-
mogeneous trees, and even graphs, with bounded valence function. Indeed,
they proved that .# is of weak type (1,1) provided a certain “technical”
condition is satisfied. Though this condition is remarkably general and very
interesting, quite a lot of work is needed to check that it is satisfied in con-
crete cases. Further work in this direction was done by S. Ombrosi et al.
[ORS, ORJ, who proved an analogue on the k-rooted tree of the Fefferman-—
Stein inequality and considered the problem of establishing weighted LP
estimates for the centred maximal operator.

We also mention recent work of D. Kosz [K1, K2, K3], who produced ex-
amples of discrete metric measure spaces, where .# and/or .4 are bounded
on LP for every p in any preassigned interval of the form (pg,oo], where
po > 1. His investigation includes also finer statements involving restricted
weak type estimates, or weak type estimates at the endpoint pg. However, it
is worth observing that such metric measure spaces are not locally doubling.

Notice that there are examples of trees ¥ with unbounded valence func-
tion v such that .Z, and a fortiori ./, is unbounded on LP(¥) for every
p € [1,00): see the example at the beginning of Section 3. It may be inter-
esting to mention that in this example the counting measure is not locally
doubling.

The considerations above suggest that it may be interesting to find out
reasonably wide classes of trees or graphs, where sharp LP bounds for .#
and/or .4 can be proved. Our focus will be on the class T, of all trees T
such that 3 < a+1 < v(z) < b+1 for every vertex = (we shall always assume
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that a + 1 and b + 1 are attained). Trees in T, are said to be of (a,b)-
bounded geometry: they have exponential volume growth, and the counting
measure p is locally, but not globally, doubling. Notice that if a < b, then
the group of isometries of ¥ may be very small, and the group theoretic
techniques from abstract Harmonic Analysis not available (see [MZ, FTN],
and the references therein, for more on the group of isometries of homoge-
neous trees). The main question is whether sharp LP bounds for .# and
4 hold for all trees in T, 5, and, in case this fails, which subclasses of T,
share similar LP boundedness properties for .#Z and .4". We set

7 := log, b; (1.1)

note that 7 is always > 1, and 7 < 2 if and only if b < a?. Since, for a = b,
the class T, only contains the homogeneous tree T3, where a complete de-
scription of the LP boundedness properties of .# and ./ is already available,
we shall always assume that a < b, i.e. 7 > 1, unless otherwise specified.

We prove that if a < b < a2, equivalently if 1 < 7 < 2, then .# is
of restricted weak type (7,7), and it is bounded on LP(T) for p > 7 (see
Theorem 3.2 (i)). This result is proved by estimating .# with an appropriate
convolution operator on the homogeneous tree Ty, to which the sharp form
of the Kunze-Stein phenomenon (see [CMS1, Theorem 1]) applies.

The result is optimal, in the sense that if @ < b < a?, then there exists
a tree G, in the class Y, such that .# is unbounded on LP(S, ;) when
1 < p < 7 (see Proposition 3.3 (i)). The tree S, is described just above
Proposition 3.3. Furthermore, if ¢ is a number such that 1 < ¢ < 7, then
we can find a number s < ¢, arbitrarily close to ¢, and a tree T in T, ; such
that .# is bounded on LP(¥) if and only if p > s (see Proposition 3.4).

In view of these results, it would be reasonable to conjecture that if,
instead, b > a2, i.e. T > 2, then .# is bounded on LP at least for some
finite, large enough, p. To our surprise, this turns out to be false. Indeed,
we can prove that if 7 > 2, then .# is bounded on LP(&,;) if and only if
p = oo (see Proposition 3.3 (ii)).

Instead of assumptions on the geometry of the tree based on pointwise
bounds on the valence, as in Theorem 3.2 (i), it may be interesting to formu-
late LP boundedness results in terms of lower bounds on the volume growth
of geodesic balls. In particular, we complement Theorem 3.2 (i), by show-
ing that if ¥ is in T,; and there exist positive constants o and C such
that }Br(x)‘ > C " for all nonnegative integers r and all points x in ¥, and
b < a?, then . is bounded on LP(T) for all p > log,, b (see Theorem 3.2 (ii)).
Notice that a must be > a, so that log, b < 7 and the additional assumption

on the lower bound on the volume growth of ¥ yields a wider range of p’s
for which . is bounded on LP(¥T).

A related problem consists in establishing weak type (1,1) boundedness
results under assumptions on the volume growth of geodesic balls. In this
paper we shall draw an interesting consequence of [NT, Lemma 5.1] and [ST,
Theorem 4.1], and show that if |B,(z)| is of the same order of magnitute
as o, uniformly in r and z, then .Z is of weak type (1,1) (see Theorem 3.6).
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We point out that the LP boundedness properties of .#Z on a specific tree
in Y44 do not solely depend on the ratio b/a. For instance, no matter how
big b/a is, the operator .# is of weak type (1,1) on the semi-homogeneous
tree Y, with valences a + 1 and b+ 1 (see Section 3 for the definition of
Bop). This result is a straightforward consequence of Theorem 3.6 men-
tioned above.

Rather, the boundedness properties of .Z are, in a way or another, related
to the fact that for points z, y in ¥ at distance r, the balls B, (x) and B (y)
may have very different volumes. In fact, for “many” pairs of points z and y,
the ratio |B,(x)|/|Br(y)| can be of the same order of magnitude as (b/a)",
as r becomes large. This seems also related to the failure of the “equidistant
comparability condition” (ECP for short) considered in [ST, Definition 2.6].
In general, the LP boundedness of .# and .4 depends in a very subtle way
on the geometry of a given tree, or graph, and, more specifically, on the
location of vertices with different valences within the tree.

As far as the uncentred maximal function is concerned, we prove (see
Theorem 4.1) that as soon as a < b, then there is a tree F, 5 (introduced just
above Theorem 4.1) in the class T, such that .4 is bounded on LP(F,) if
and only if p = co. This is even more striking, for we prove that the centred
maximal operator .# is of weak type (1,1) on §4p (see Theorem 4.1 (ii)).

Finally, we investigate the robustness of the results obtained so far. A
natural issue is whether the LP boundedness of either .# or .4 on a tree T
is preserved if we modify ¥, but not too much. In Section 5 we consider
graphs & that are strictly roughly isometric to trees T in the class T, and
prove that if either .# or .4 is bounded on LP(¥), then the corresponding
maximal operator is bounded on LP(®) (see Theorem 5.3, which contains a
slightly more general result). A strict rough isometry between T and & is
a (possibly non-surjective) map ¢ : T — &, which approximately preserve
distances (see Definition 5.1) and such that ¢(%) is at controlled distance
from each point of &.

Finally, it is worth recalling that homogeneous trees Ty, b > 2, are discrete
counterparts of symmetric spaces of the noncompact type X. Although T,
is not roughly isometric in the sense of Kanai to any symmetric space of
the noncompact type, quite often the analysis at infinity of many operators
on X and of related operators on ¥ show similar features and can be treated
by similar methods. The relationship between symmetric spaces and homo-
geneous trees appears to be even stronger by looking at Harmonic Analysis
on noncompact semisimple Lie groups on the one hand and on the group of
isometries of homogeneous trees on the other. A deep insight into a specific
problem in one setting often gives hints to treat related problems on the
other. In particular, the aforementioned results for ¥; are versions in the
discrete case of homologous results on X. Specifically, the weak type (1,1)
result for the (analogous of) the maximal operator .# is proved in [Str], the
restricted weak type (2,2) estimates for .#5 in the case where X has real
rank one was proved by A. Ionescu [I2]. Since .#5 dominates .4, the latter
operator is also of restricted weak type (2,2), and, interpolating with the
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trivial bound on L*°(X), bounded on LP(X) for p > 2. The L? boundedness
of 4 in the higher rank case for p > 2 is proved in [I1].

Interesting related results on a class of cusped manifolds with nonconstant
curvature can be found in [L1, 12, L3]. In these papers, H.-Q. Li exhibits
examples of manifolds M with cusps, where the range of p’s for which .#
and 4 are bounded on LP can be any interval of the form (pg,o0), or
(2po, 00), respectively, where pg is a number in [1, c0), depending on certain
parameters related to the geometry of M. Our results are reminiscent of
his. However, it is worth observing that, except for a few special cases, the
metric measure spaces considered by H.-Q. Li have, in a way or another,
unbounded geometry.

The paper is organised as follows. Section 2 is devoted to background
material and preliminary estimates. The centred and the uncentred max-
imal operators on trees in the class T,; are studied in Sections 3 and 4,
respectively. Finally, Section 5 is devoted to the proof that strict rough
isometries between graphs satisfying mild additional assumptions preserve
the LP boundedness of the centred and the uncentred maximal operators.

We use the “variable constants convention”, and denote by C' a constant
whose actual value may vary from place to place and which might depend on
factors quantified before its occurrence, but not on factors quantified after.

2. PRELIMINARIES

Throughout this paper ¥ will denote a tree, i.e., a connected graph with
no loops. We identify a tree with the set of its vertices, and declare that
two points on T are neighbours if and only if they are connected by an edge.
We shall denote by v(z) the valence of the vertex z, i.e. the number of
neighbours of z. We shall always assume that 2 < v(x) < oo.

The tree T carries a natural distance d: for each pair of vertices x and y
we denote by d(x,y) the number of edges between x and y. It will be often
convenient to consider a fixed but arbitrary reference point o in ¥; then we
shall write |x| for d(x,0). For each z in T and each nonnegative integer r,
the sphere S, (x) with centre x and radius r is defined as follows

Sp(x) :={y e T:d(z,y) =r}.

Then B, (x) = U Sj(x) is the (closed) ball with centre x and radius 7.

§=0
Between any two points x and y in T, such that d(z,y) = n, there is a
unique geodesic path of the form xq,x1,...,z,, where xg = x, x, = y, and
d(zi,xj) = |i — j| whenever 0 < 4,5 < n. A geodesic ray v in T is a one-

sided sequence {7, : n € N} of points of T such that d(~;,v;) = |i — j| for
all nonnegative integers ¢« and j. We say that x lies on v, and write x € 7,
if x = 7, for some n in N. Geodesic rays {7, : n € N} and {7/, : n € N} are
identified if there exist integers i and j such that ~, = =, ; for all n greater
than j. This identification is an equivalence relation. In every equivalence
class, there is a unique geodesic ray starting at o.
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We describe the horocycles in T. Given a geodesic ray w, we define the
height function A, by the formula

ho(z) = lim (m — d(z,wn));

m—00

hy, is the discrete analogue of the Busemann function in Riemannian geom-
etry. Then the w-horocycles are the level sets of the function h,; for h in Z
we set

¥ i={xeT:hy(z)=h},
and T decomposes disjointly:
T= | 9%
heZ

If w and w’ are equivalent, i.e., for some integers i and j, w, = w), +; when
n > j, then
ho(z) = lim (m —d(z,wp))

m—0o0
- . N / ] o
= Tim ((m+ i) — d(z.wp.) i
= hw/ (1‘) — ’i,
and it follows that % = ‘,‘l’lﬂ In particular, equivalent geodesic rays deter-

mine the same family of horocycles, and the same horocyclical decomposition
of T, even though the indices depend on the choice of the representative in
the equivalence class.

Caveat: given a tree ¥, we implicitly assume that we have chosen a refer-
ence point o and a geodesic ray w in ¥, and consider the associated horocyclic
decomposition of T. For notational convenience we shall denote simply by A
the height function relative to w and by §); the corresponding horocycles.

Notice that if x € $);, then v(x) —1 neighbours of z, called successors of z,
belong to $;_1, and one neighbour, called predecessor of x, lies on $;41. We
denote by p(z) and s(z) the predecessor of x and the set of successors of x,
respectively. Notice that p(x) and s(z) depend on the choice of w: in order
to simplify the notation, we do not stress this dependence.

Note that p(p(:v)), also denoted p?(z), is just a vertex in ;2. The k'
ancestor of x is the point p¥(z) := p(p"~'(z)). Sometimes we shall also
write p°(z) in place of z.

Set s°(x) := {z} and s'(x) := s(x). If k > 2, then we define s*(z)
iteratively:

s*(z) = U s(y).
yesh—1(z)

We shall frequently need to estimate !ST (z)| for various z € T.

Lemma 2.1. The following decomposition holds

r

Sp(x) = U [Sr(2) N Op(a) 42k ] -
k=0
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Furthermore Sy(x) N Hp@)—r = " (x), Sp(x) N Dpyer = {P'(@)} and, if
1<k<r-—1, then

Sp(@) N D) 42h—r = sTHPM (@) \ ST (M (@),
Therefore

r—1
Sr@)]=[s"@[+>_ > [ )|+

k=1 yes(pk(x))
y#pk—1(z)

Proof. Suppose that y is a point in S,(x). Then the intersection of the
geodesics [z,y] and [z,w) is of the form [z, p* ()] for some integer k between 0
and r. Loosely speaking, we can reach y first moving towards w by k steps
along the infinite chain [x,w), arriving at the point p¥(x), and then moving
down r — k steps along a geodesic starting at p*(z).

Therefore h(y) = h(p*(x)) — (r —k) = h(z) + 2k — r. This proves the first
decomposition.

Next, observe that the horocycle (), can be reached in r steps from
x only moving down along a geodesic, and all the points in s"(x) can be
reached. Thus, S, (z) N 9yz)—, = s"(7), as required. Note also that the only
point on the horocycle ;)4 at distance r from z is p" (x).

Now suppose that 1 < k < 7—1. Notice that S,(x) N $j(y)+or—r is the set
of all points in s"~*(p¥(z)) that are not (r — k — 1)-successors of p"~!(z).
Therefore if v belongs to S, (z) N Hp(z)42k—r, then it must be a successor of
generation r —k—1 of a point in s(p*(z))\ {p*~'(2)}. The required formula
follows directly from this. O

In the sequel, a and b will always denote positive integers. Suppose that
2 < a < b. We say that T has (a,b)-bounded geometry if a+1 < v(z) < b+1
for every x in ¥, and the valence function attains the values a4+ 1 and b+ 1.
In the case where a = b, we say that T is a b-homogeneous tree of degree b+1,
and shall denote it by %3; each vertex in Ty has exactly b + 1 neighbours.

It is convenient to define the functions S°, V?: N — [1,00) by
1 ifr=20 {1 if r =0

Vb = r+1 T Sb =
(=gt -2 >, (r) (b+1) o ifr> 1.
(2.1)

Denote by BY(x) and S%(z) the ball and the sphere with centre = and radius r
in Ty. Note that |B.(x)| = VP(r) and |SE(x)| = S°(r) for every nonnegative
integer r and for every z in T;,. Moreover, one has b" < Vb(r) < 40".

b—1

We say that a tree T possesses the Cheeger isoperimetric property if there
exists a positive constant ¢ such that ‘8E‘ >c ‘E‘ for every subset E of T,
where OF denotes the boundary of E, i.e. the set of all points in F with at
least a neighbour in ¥\ E. The largest constant ¢ for which this inequality
holds for all E is called the Cheeger isoperimetric constant of ¥, and is
denoted by cg in the sequel.
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Proposition 2.2. Suppose that 2 < a < b and T is a tree in the class Tqy,.
Then ¥ possesses the Cheeger isoperimetric property.

Proof. A direct proof can be found in [RT, Lemma 13]. The result is
also a straightforward consequence of the analysis performed by R.K. Woj-
ciechowski in his thesis [Wo, Theorem 4.2.2 and Example 4.2.3]. O

In this paper the modified centred mazimal operator with parameter o > 0,
defined on a tree ¥ by

1
f(z) = sup ————— du, .
Mo f(3) = b T JBM 7] du (22)

will play an auxiliary, albeit important, role. Notice that .#; = .# .

We refer the reader to [SW, Chapter V] for the basic definitions concerning
Lorentz spaces. Given a positive number « and a function f on a simple
graph & (i.e. an undirected graph without self-loops and multi-edges), we
set Ef(a) := ‘{3} €& ‘f(x)‘ > aH. Recall that the LP"(®) (quasi-) norm
may be defined as follows

— * r/p _p—1 yr
HfHLp,r(@) = (pL ‘Ef(a)‘ o' da)

if 1 <r < oo, and HfHLwo(@) = sup « }Ef(a)‘l/p. We shall primarily be
a>0

concerned with LP'1(®) and LP>°(&). Recall that an operator is of weak
type (p,p) if it is bounded from LP(®) to LP*>°(&), and, in the case where
1 < p < oo, that an operator is of restricted weak type (p,p) if it is bounded
from LP'(®) to LP>°(&). When p = 1 the restricted weak type (1,1)
boundedness coincides with the weak type (1,1) boundedness.

3. BOUNDEDNESS OF .# ON TREES WITH BOUNDED GEOMETRY

It is straightforward to produce examples of trees with the property
that .# is bounded on LP(¥) if and only if p = co. Consider, for instance,
the tree T, characterised by the following property: there is a geodesic ray
v := [xo, x1, X2, . ..] in T such that v(z) = 3 for every x ¢ v, and v(z;) = j+3
for j = 0,1,2,.... We consider the horocyclic foliation induced by ~. Ob-
serve that

1 1
MOy (T) =SUp 5 0. (YY) = = Ve e %.
= B@ 2 Y B @

In particular, if 7 > 1 and x is a successor of z; different from x;_q, then
My, () = |B1(z)|7 = (v(x) + 1)~ = 1/4. Thus, if p € [1,00), then

Jj+1

o> Y ) =,
zEs(wy)
z#zj71

which diverges as j tends to infinity. Since ||d;;[|, = 1, the operator .# is
unbounded on LP(T). A fortiori, # is not of weak type (1, 1), for otherwise,
interpolating with the trivial bound on L*°(¥), .# would be bounded on
LP(%), p > 1.
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We emphasise that the tree ¥ considered in this example has unbounded

geometry, in the sense that sup v(z) = oo, i.e. geodesic balls of radius 1
re¥
can have arbitrarily large mass. Therefore the counting measure on ¥ is not

locally doubling.

In the sequel we shall consider only locally doubling trees ¥ with exponen-
tial growth. Notice that there are examples of such trees in the class T4,
for every a > 1. In fact, in this section we shall assume that a > 2.

We need more terminology. Fix a reference point o, in the homogeneous
tree Tp. For each vertex y # oy, consider the set

E(y) :=={v € %y : |v| > |y| and y lies on the geodesic joining o, and v}.

Remark 3.1. Observe that a tree T in the class T, is isometric, although
not canonically, to a subtree ¥ of .

To see this, fix reference points o5 in T and o in . Label the neighbours
of op by 98, ... ,yé’H, and the neighbours of 0 in T by y1,...,9,(0). If v(0) =
b+ 1, then we do nothing. If, instead, v(0) < b, then we remove from T,
the sets E(yg), j=v(o)+1,...,b+ 1. The map _#; that associates o, to
o, and y? toy;, 7 =1,...,v(0), is an isometry between the ball B;(0) of T
and the finite subtree %ll) of T, consisting of the vertices {op,7?, . .. 73/2(0)}'

We iterate this procedure: assume that we have extended _#; to an isom-
etry 71 between the ball By (0) in ¥ and a subtree ‘E{f of % which contains
only vertices at distance at most k from o,. Suppose that x is one of vertices
in T at distance k from o, and let 21, ..., z,(;)—1 be its neighbours at distance
kE +1 from o. Consider #j(x), which is a point in T}, at distance k from
op, and label its neighbours at distance k + 1 from op by zll’, cen zfj. Remove
from ¥ the branches E(z?), j =v(x),...,b. Then define Zj11(z;) = zé?,
j=1,...,v(z) -1

Repeat this procedure for all points in Sk(0), and denote by %’g“ the

subtree of %, which contains %k, and all the points in _#41 (SkH(o)). The

map _Zky1, whose restriction to By(o) agrees with _#; and is defined on
Si+1(0) as explained above is an isometry between By, (o) and T4

Finally, define
T=J3h
k=1

and 7: T — T by F(x) = Fi(x) if x is at distance at most £k from o. It
is straightforward to check that ¢ is an isometry between T and ¥.

Recall the definition of 7 (see (1.1)).
Theorem 3.2. Suppose that T is a tree in Yoyp. The following hold:

(i) if a < b < a?, then the operator M is of restricted weak type (1,T)
and it is bounded on LP(T) for every p € (1,00]|;
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(ii) if there exist positive constants « and C' such that ‘B )‘ >Ca" for
all vertices x and nonnegative integers r, and b < o?, then the op-
erator A is of restricted weak type (pa,b;pa,b) where pa,b :=log, b,
and it is bounded on LP(T) for every p in (pa,p, o0).

Proof. Since the result for homogeneous trees is well known (see [NT, The-
orem 1.5] and [CMS1, Theorem 3.1]), we can assume that a < b.

First we prove (i). Clearly .# is bounded on L>°(T), so that the full result
follows by interpolating between this and the endpoint result for 7. Since T
is isometric to a subtree of T}, (see above), we can assume that T is actually
a subtree of ¥,. Hence any function f on ¥ can be trivially extended to a
function f* on T, as follows

fia) = fa)1z(z) Vo €T
Notice that HfHLM Hququ for all indices p and ¢ such that 1 <
P, q < 0.

Observe that each vertex x in ¥ has, at least, a + 1 neighbours, so that
|B. ()| > V%r) (see (2.1), with a in place of b, for the definition of V®).
Also notice that

Va(r) > Cop V(Y™ VreN, (3.1)

— 1\l 2
where Cpp = (2%—1) (1 + 7>. Indeed, the inequality above holds for
a

= 0. Recalling the formulae for V¢ and V?® (see (2.1)), it suffices to
estimate

. (b_l)l/T CLT+1—|—CLT—2
B a—1 (b b — )
Observe that b'/™ = a and the function r — a 4+ 1 — (2/a") is increasing on
[1,00). Therefore
att+a"—2  a+1-(2/a") >a+17(2/a)
(br-i—l 4+ — 2)1/7 - (b—|— 1— (Q/bT))l/T - (b_|_ 1)1/7’

(3.2)

By combining this and (3.2), we obtain the desired estimate (3.1). Hence

B, (z)| > Cop VP(r)Y™  WreN. (3.3)
Then )
///fxzsupj F(y)ldu(y
(z) SUD T ) T(m)l (y) du(y)
1
f .
< Cot s gz |, PO duw)
the last inequality follows from (3.3) and the trivial fact that J |f(y)|du(y) =
B (x)

J | /4 ()| dp(y) (for % vanishes on T\ ¥). Denote by .2 the modified
Bb(x

centred maximal function (with parameter o) on ¥;. Altogether, we have
proved that
Mf(x) < Copy MfF ()  VreT. (3.4)
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If b= a?, then 7 = 2, and
Cap H///fHLZW(T) = H//ébfﬁHLmo(z)

| Rz 4 ey

<3N 2 sz iy 15220,

= 10 21y pin2eyy 1622 )

for every f in L?!(%), as required. Note that the second and the fourth
inequality above are trivial; the third follows from Veca’s result [V, Theo-
rem 5.1].

Assume now that b < a2, i.e. 7 € (1,2). Denote by o, a fixed, but

otherwise arbitrary, reference point in ¥,. For each nonnegative integer r
consider the functions ®, and ® on ¥, defined by
]'Bb(o )
O, = —T ® :=sup P,.
" Vb(T)I/T reg ’
Clearly ®(x) = V*(|z|)~"/7, where |z| denotes the distance from z to o
in Tb.
Observe that ® belongs to L™°(T;). Indeed, Ey := {z € T, : ®(z) > A}
is empty when A > 1, and it is equal to the ball Bfn()\) (0p), where m(\) is
the largest integer r such that V*(r) < A=7. Clearly

‘Bfn()\) (Ob)| < AT VA > O,

so that H@HLTW(% < 1. Since

)

(¥)
SWM@QM@gMU |F¥]x (),
where * denotes the convolution on T (see [CMS2, formula (2.5)]), the sharp
form of the Kunze—Stein theorem on the group of automorphisms of ¥} (see
[CMS2, Theorem 1}) implies that

eﬂm@ﬁijm
Ty

reN

175 @]

ooy S Op (@l ey 11l e, -

where C), is independent of ff. By combining the last two estimates and
(3.4), we obtain

|- 1]

<C.y H///ffﬁHLmo(z)
< Oy |2 F¥ e s,
< GCpCoy 1] o

_C Cal} Hf‘

Lm0 (%)

LT 1 T) 9
as required.

Next we indicate the modifications to the proof of (i) needed to prove (ii).
We use the same notation as in (i). The main observation is that the lower
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estimate for |B,(z)| implies the upper estimate

1 J C C
fduSJ fldu = J £ dps
| By (z)| BT(z)’ | ar BT(m)| | b7 /Pect Bf;(m)| |
the equality above follows from the trivial fact that b'/Pat = o. Now,

1
b" > 3 V°(r), whence the following pointwise bound holds

Mf(x) <C.ty  fix) Veedg,

and we can argue, mutatis mutandis, as in the proof of (i). O

Theorem 3.2 (i) above is sharp, as shown in Proposition 3.3 below.

Preliminarily, we need to introduce the tree &, that will play an impor-
tant role in what follows: &,; may be thought of as a discrete counterpart
of the Riemannian manifold considered by Stromberg [Str, Remark 3]. The
main idea is to allow only two possible valences, namely a+1 and b+ 1, and
to keep the points with valence a + 1 suitably “well separated” from those
with valence b+ 1. Specifically, we require that v(x) = b+ 1 for all points z
belonging to the horocycles $;, j > 1, and v(z) = a + 1 for all the other
vertices x. We denote by &, and &, the sets of all vertices in &, with
valence a + 1 and b+ 1, respectively.

Proposition 3.3. The following hold:

(i) if a < b < a? and p € [1,7), then .4 is not of restricted weak type
(p,p) on &, (hence A is unbounded on LP(Ggp));

(ii) if b > a?, then M is not of restricted weak type (p,p) on Sayp for
every p € (1,00); hence A is bounded on LP(G,y) if and only if
p = o0.

Proof. Consider the geodesic ray w = {0, p(0), p*(0),p*(0), ...}

First we prove (i). For large even positive integers n, set
E, :=s"(p"(0)).

Observe that E, is contained in £y, and that |E,| = b". We estimate
M Spn (o) (z) for all z in E,.

Suppose that = belongs to F,,. Then (m)‘ = a", because z and all its
successors lie in &,. Furthermore p*(z), k = 1,...,n, lies in &, together

with all of its successors up to the step k — 1, whereas its successors of steps
ranging from k up to n lie in &,. Therefore if 1 < k < n/2, then

S’Vl

|50 (%) N ey son—n| = (b= 1) b a2, (3.5)
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Now we distinguish two cases, according to whether b < a? or b = a?. In

the first case, by Lemma 2.1,

n/2 1
|Sn(2)] = a™ + Z (b—1)b*ta" 2k 1 (b—1) Z gkl
k=1 k=n/2+1
" L— (b/a?)" n/2—1
= a1+ (-1 — ]+ v
< 5a,b an7
1 a*—0
where 5@,1) = ? m Thus
1 CG b CG b -~
M (o) (z) 2 > _Swb_ > Pwb g Yy e B,
PO Z B ()] T 1Sa@)] T Bap
c
where cg, , denotes the Cheeger constant of &,;. Set A, := ;“”’ a " If
| a,b

A were bounded from LP1(S,p) to LP>°(S,,) for some p € [1,7), then
there would exist a constant C, independent of n, such that

{y € Sup: Mbpno)(y) = M} < CALP.

Since the level set {.#6yn ) > A\n} contains E,, and !En’ = b", we should

have b < C M\, which, however, fails for n large as soon as p < 7.

By arguing similarly, we see that in the second case, i.e. when b = a2,

|Sn(z)| < na” for all large n. By choosing A, := ¢g,,n ' a”", and following
the steps above, we can still conclude that p > 7.

Next we prove (ii). The idea of the proof is similar to that of (i), but
with an important variant. For large positive integers m and n, let E,, be
as in (i), and set

Fn,m = Sn—&—m(pn(o)).
It is straightforward to check that ’an| = b"a™. We shall estimate .#Z1p,
on F,, n,, and choose m suitably as a function of n.

We need to estimate ‘Sm+2n(x)| for every z in F), ,,. For the sake of
simplicity, we write provisionally A in place of m + 2n. Notice that

m m-+n—1
Sp(z)| = a"+ (a=1)) a4 (b—1) > pm gt
j=1 j=m+1
h—1
+b-1) Y 4L
j=m+n
m+n—1
Observe that (b—1) Z pmmolgmtn=2itm < C’avbb”‘*'l, because b > a?.
j=m+1

Simple estimates yield the bound
S ()] < 20" + (Cyp + 1"

Recall that 7 > 2, for b > a®. Set mg := [n(7 — 2)| and hg = mg + 2n, and
note that myg is the biggest nonnegative integer such that a0 < b™. Then,
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by the Cheger isoperimetric inequality,
-1 -1
|Bro(@)| < cg,, [Sho(@)| < Capes, , 0"
Therefore, if x € F), ;,, then

1

E, c
%1En($)2‘|r 1E"dM: ‘ ‘ > Ga,b
Bh0($)

’Bho(x)‘ N Cz/z,b7

| Bho ()]

and Fj, ;m, C {jllEn > )\a,b}, where \yp = cg, ,/Cy ;- If A were bounded
from LPY(&, ) to LP>°(&,) for some p € [1,00), then there would exist a
constant C', independent of n, such that

C C
a™o pn = ’meo‘ < H,/flEn > Aa,b}l < Vo ‘En‘ — )\Tbn
b a,b

a,

This inequality fails for n large, because a™ tends to infinity as n tends to
infinity.

This concludes the proof of (ii), and of the proposition. O

Our next goal is to produce examples of trees T in T, ; with the property
that . is bounded on LP(¥) if and only if p > ¢, where ¢ is “any” rational
number in (1,7). This will be pursued in the next proposition. First, we
need a few preliminaries.

For positive integers m and n, consider the tree 4" in Ty characterised
by the property that v(z) = b+ 1 if either h(x) > 1, or —k(m +n) —n <
h(z) < —k(m+n), k=1,2,..., and v(z) = a + 1 otherwise. Define

o = (a™p™)Y (M), (3.6)
We claim that
|By(z)| > o™  VreN Vazeudl}" (3.7)

Clearly, given a nonnegative integer r, the balls of radius r with smallest
volume are contained in {y € 4’5" : h(y) < 0}. Furthermore, if B,(z)
is such a ball, then |B,(z)| > |s"(z)|. If k is a positive integer such that
E(m+n) <r < (k+1)(m+n), then
{Sr(x)} > (ambn)k — (ambn)Lr/(ern)j > qf M,
If, instead, 0 < r < m 4+ n, then
|Br(x)| >1>a""™ ",

The claim follows by combining these estimates.

Suppose now that o < b < a2, or equivalently, adopting the notation
introduced in Theorem 3.2 (ii), pap = log,b < 2. Then we can apply
Theorem 3.2 (ii), and conclude that .# is of restricted weak type (pa.p, Pab),
and it is bounded on LP(4;%") for every p in (pa,p, o0].

Notice that if 7 < 2, i.e. if b < a?, then the condition b < a? is satisfied
for every pair m,n of positive integers.
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Proposition 3.4. Suppose that a and b are integers such that 2 < a < b <
a? and that q is in (1,7). Then for every ¢ > 0 there evists s such that
1<qg—e<s<qandatree¥ in Yoy such that A is bounded on LP(T) if
and only if p > s.

Proof. For each pair of positive integers m and n, consider the number «
defined in (3.6). The tree £’ is in the class T, and its geodesic balls
satisfy the lower estimate (3.7). Notice that a < a, whence log,, b < log, b <
2; the last inequality follows from the assumption b < a?.

By Theorem 3.2 (ii), the maximal function .# is bounded on LP("")
for p > pap :=log, b and it is of restricted weak type (pa.p, Pap)-

Notice that any rational number in the interval (0,1) can be written in
the form m/(m + n), for suitable positive integers m and n. Now,
logb logb

1 b=
8a loga +

m
m-+n

n
m+n

logae logh’

The denominator of the latter ratio is a convex combination of loga and
log b with rational coefficients. As m and n vary, the denominator is dense
in the interval (loga,logb), so that the set of all numbers of the form log, b
is dense in (1,7). Hence for every ¢ > 0 we can choose m and n so that
Pap € (¢ — €,q], and define s := p, . Observe that s < 2.

It remains to prove that . is unbounded on LP(S(%") for p < s. We
follow the strategy of the proof of Proposition 3.3 (i).

For large positive integers k, set r := 2k(m + n). Fix a reference point o
in Hy and consider
E, :=5"(p"(0)).
Observe that E, is contained in $)9, and that |E.| = b". We estimate
M Oy (o) () for all z in E.

By arguing much as in the proof of Proposition 3.3 (i), it is not hard to
prove that there exists a constant C,

‘Br (l’) | < Ca,bar

Suppose that s < 2. If z belongs to E,, then
1
MOriN(T) > —n >Ca™ .
v @) = [ o)
Set A, := Ca™". If .# were bounded from LP' (L") to LP>(U;") for
some p € [1,s), then there would exist a constant C, independent of r, such
that

‘{y € ﬂZ’Ll;n : .%(%n(o)(y) > )\,«}‘ < CA\P.
Since the level set {.#d,r) > Ar} contains E,, and |Er‘ = b", we should

have b" < C' X\, equivalently 0" < C aP". This inequality fails for r large
as soon as p < s. O

We now complement Theorem 3.2 (ii), by proving a simple sufficient
condition, concerning the volume growth of geodesic balls of trees in the
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class T, p, that guarantee that .# is of weak type (1,1). Our result is, in
fact, a rather direct consequence of the method developed in [NT] (see, in
particular, Lemma 5.1 and the proof of Theorem 1.5, and its generalisation
in [ST, Theorem 4.1]).

For the sake of completeness, we include a complete proof of the next
lemma.

Lemma 3.5. Suppose that T is in Top. Assume that o and co are constants
such that

|Sr(z)] < c2a” Vre¥T VrelN
Then
{(@,9) € Ax B d(z,y) = r}] < 8¢ VA Bl@"

for all finite subsets A and B of T and every r in N.

Proof. Think of ¥ as a rooted tree at o.

Suppose that |z| = j and denote by zp :=o,...,2; := x the points on the
geodesic joining o and x. For each point y in S,(z) N Sk(0), denote by z Ay
the vertex with biggest distance from o that belongs to both geodesics |o, z]
and [o,y], and set m := d(z,z A y). Then x ANy = 2;_,, and

r=d(z,y) =dx, zj—m) + d(Zj—m,y) =m+k—(j—m)=2m+k — j.

Thus, given 7, j and k, the integer m is uniquely determined, viz. m =
(r+j —k)/2. Consequently if |z| = j, then all the points in S,(z) N Sk(o)
belong to the sphere with centre z;_,, and radius r —m. Hence, if |z| = j,
then

{y € Sp(a) : |yl =k} < ca” ™. (3.8)

A similar reasoning yields that if |y| = k, then
{z € S (y) : x| = j}| < cxa™. (3.9)
For every pair (4, k) of nonnegative integers define
Aj 1:AﬂSj(O), By, Z:BﬂSk(O),
and
Ejrr:={(z,y) € Aj x By, : d(z,y) =r}.

Furthermore, set E, := {(z,y) € A x B : d(z,y) = r}. Observe that

Bikel= D D la@® =Y D Ls.w(@)

CEEAj yEBy, yE By Z‘EA]'
Now (3.8) and (3.9) imply that

‘Eﬂw} < comin (]Aj] o™ | By am).
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Clearly

o0
Bl =D |Ejs]

7,k=0

T
= > Bk

m=0 jk: k=j+r—2m

,
< c9 Z Z min (|4;| "™, |Bg| ™).
m=0 jk: k=j+r—2m
Define e; := |A;|/a’ and dj, := |By|/a¥, and assume that k = j +r — 2m.
Then
min (|A4;| "™, |By| ™) = min (""" e;, o™ dy,)
k+j+r)/2

= al min (ej, dk);

the last equality follows from the fact that r — m + j = m + k. Altogether,
we see that
i .
|E.| < cya™? Z alk+7)/2 min(ey, d;).
J,k=0

Henceforth, we proceed exactly as in the last part of the proof of [NT,
p. 759-760]. We include the details for the reader’s convenience.

We claim that

> a2 min (e, di) < 8+/]A[[B].

J,k=0

Indeed, for some /3 to be chosen later,

o0
Z alitk)/2 min(ej,dk) < Z a(j+k)/2dk + Z a(j+k)/2ej
§,k=0 gk j<k+p Jik: j>k+B
o ) o
=S 3 S e 3 o
k=0 j<k+p Jj=0 k<j—p

<4 (aﬁ/g idkak +a P2 iajej)
k=0 §=0
—4 <a5/2]B| + a’ﬁm]A\).

Optimizing in 3, we obtain that § such that o/? = \/|A|/|B] is the best
constant. This gives the desired conclusion. O

Theorem 3.6. Suppose that T is in T,p. Assume that there exist positive
constants o, ¢1 and co such that

cpa” <|Sp(z)] < cxa” Vre¥, VreN. (3.10)
Then A is of weak type (1,1).
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Proof. Set

1 |AN S, (2)]2
Ex(r) = su ,
: y (;; ExET

A, BCT:0<| Al B|<oo |Al| B

and observe that Lemma 3.5 and (3.10) imply that

2\2 _
& (r) < 64(—) a (3.11)
C1
Then, by [ST, Theorem 4.1], there exists a constant C' such that
-1 x¢ <Cswp2® 37 &)

neN reéN:ar>27=1/cy
< C sup on/2 Z a /2

neN reNiar>27—1/cy

T); L1 (T)

< C sup 2M?27"/2,
neN
which is finite. Here .#° is the spherical maximal operator, which is point-
wise comparable to .# , because, since every ball can be written as a disjoint
union of spheres we have .#Z < .#°; moreover, the fact that balls and spheres
have comparable measures on ¥ implies that .#Z° < C.Z . O

As a consequence, we show that for every pair (a,b) of integers, with
2 <a < b, there are trees in the class T, where .# is of weak type (1, 1).
The main idea is to arrange matters so that vertices with different valences
are not too neatly separated.

A simple example is the semi-homogeneous tree U, ; with valences a and b,
i.e. a tree in which every vertex has either valence a + 1 or b + 1, and such
that adjacent vertices have different valences.

Indeed, it is straightforward to check that there exist positive constants
c1 and cg, depending on a and b, such that

e (ab)/? < |Br(z)| < 2 (ab)"/? Vee & VreNlN. (3.12)

Theorem 3.6 then implies that .# can be of weak type (1,1), no matter how
large the ratio b/a is.

4. THE UNCENTRED MAXIMAL FUNCTION

Clearly .4 dominates .# pointwise. However, contrary to what happens
on doubling metric measured spaces, .4~ may be much larger than .#. For
instance, .# is bounded on LP(T}) for all p > 1, whereas .4 is bounded on
LP(%) only for p > 2.

Furthermore, if T belongs to the class T, then it is straightforward to
check that there exists a constant C' (depending only on a and b) such that

N f(x) < C Mo f(x) Ve e T:

here 7 is as in (1.1). This follows directly from the remark that if r is a
nonnegative integer and B is a ball of radius r containing the point x, then
the ball By, (x) contains B, and |B| > C' | By, (z)|}/?7),
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Thus, L? bounds for the modified maximal operator .#5, imply similar
bounds for .#". In particular, .#5 is of restricted weak type (2,2) [V, The-
orem 5.1] on the homogeneous tree ¥p, whence so is .4 (for in this case
7 =1). By interpolation ./ is bounded on LP(%;) for all p > 2.

It is natural to wonder what happens in the case where a < b. It would
not be unreasonable to conjecture that for each tree T in the class Y, ; with
b < a? there exists a threshold ¢ < oo such that .4 is bounded on LP(%)
for all p > q. However, this fails, as we show in Theorem 4.1 below: there
exist trees in the class Y, such that .4 is bounded on LP(%) if and only if
p = 0o. Furthermore Theorem 4.1 points out the striking difference that can
occur between the LP boundedness properties of the centred and uncentred
maximal functions on graphs with exponential volume growth. As already
mentioned, this difference occurs also in the case of homogeneous trees (.#
is of weak type (1,1), 4" is of restricted weak type (2,2) and unbounded on
LP(%,) for p < 2 cf. [LS]), but it can be much wider for nonhomogeneous
trees.

Suppose that a and b are integers such that 2 < a < b. Preliminarily, we
define a tree §, in the class T, that will play a fundamental role in this
section. The tree §,; contains a reference point o with a + 1 neighbours
Jdo, - - -, ga With the following property: the vertex gy and all the vertices
of the tree on geodesics starting with [o, go] have valence b + 1, and all
the vertices g1, ..., g, together with the vertices on geodesics starting with
[0, g;] for some j € {1,...,a} have valence a + 1. Denote by §, and § the
set of vertices in §,p with valence a + 1 and b + 1, respectively. Clearly

Sap = Ta U Sb.
Theorem 4.1. Suppose that 2 < a < b. The following hold:
(i) A is unbounded on LP(Fqp) for all p in [1,00);
(it) A is bounded on LP(F,p) whenever p € (1,00), and it is of weak
type (1,1).
Proof. Recall that 7 denotes log, b, and observe that 7 > 1.
First we prove (i). For large integers n, consider the sets
Ey:={z€F:|z|=n} and F,:={z€F,:|z|=[27-1)n]},
where |-] denotes the integer part function. Clearly
|E,| =b""" and |F,|=al®"Dn)

We want to estimate from below the measure of the level set {#'1g, >
c}, where ¢ is a suitable positive constant, independent of n, that will be
determined below.

For z in F,,, consider the unique point y on the geodesic joining x and o at
distance |7 n| from x. Of course y depends on x, but this has no consequence
for what follows. Observe that

dlo,y) =27 =1)n]—|mn| < 27—1)n—-7mn+1=7mn—-—n+1,
so that
d(y, En) = d(y,0) +d(o, E,) = |21 —1)n] — [tn]+n<7tn+1.
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Set R, := |7n| + 2. The estimates above imply that B, (y) contains both
x and E,. Therefore, given x in F},, there exists y such that
1 | En|
) > J 1p, dy= ——"—.
|Br,, )| JBr, W) |Br, (y)]

By the Cheeger isoperimetric property (see Proposition 2.2),

JVlEn(w

Br(y)| <
cEjJSRn (y)|. Thus, it remains to estimate |Sg, (y)| from above. Observe
that, starting from y, we can distinguish the points v in Sg, (y) according
to the following:

(i) visin §,, and the intersection of the geodesics [y, v] and o, y] is {y};
(ii) v is in §,, and the intersection of the geodesics [y, v] and |[o,y] is
the geodesic [p*(y),y] for some k in [1,d(y,0)]. Here we use p*(y)
to denote the k-th ancestor of y with respect to the origin, i.e., the
only point of [0, y] at distance k from y;
(iii) v is in Fp.
Therefore
d(y0)
‘SRn (y)‘ _ aR" + Z ((I o 1) aRn—k—l + bRn—d(y,o)—l
k=1
= aRnil (1 — aid(yvo) + a) + bRn*d(yzo)fl_

Since d(o,y) = [(27—1)n] — [T n|, we have R,, —d(y,0) —1 < n+2. Indeed,
R,—d(y,0)—1=2[tn|+1—-[(21—1)n] <2n+1-27—1)n+1=n+2.

Furthermore a™* < a7"*2 = a?b". These estimates, together with (4.1),
imply that

(4.1)

1Sk, (y)| < (2a® +b*) b,

Altogether, we can conclude that
& =c bn_l > Cga,b
Qa2 +62) 6" 0t (222 +82) b0 T (262 +62) b

C¥ap
(2a2 +b2) b
RETAATA

e, 1B

‘/V]'En (:’C) 2 C&a,b

for every x in F,. Now, set ¢ := . Since A1, > con F,,

If 4" were bounded on LP(§, ) for some p in [1,00), then there would exist
a constant C, independent of n, such that ‘Fn’ <’ ‘En‘ By the definition
of T,

o =alem > ()"

Therefore the following should hold

1 (bQ)n <Cbh, equivalently (g>n <C

a\a -

for all large n, which is a contradiction, because a < b.
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Next we prove (ii). Recall that §,p = §a UFp. For x in §qp, set op(x) :=
d(x,$p) and g4(x) := d(x, Fa)-
For any nonnegative f in L'(F,p), write f = f, + fp, where f, :== f 15,
and fj, := f1z,. Since
{f >N C{fs> N2} u{fy> N2},

it suffices to prove that there exists a constant C' such that

C
{2 € ap: M falx) > N/2}| < < lfallpg,,) — ¥A>0, (4.2)

and that a similar estimate holds for f3.

In order to prove (4.2), we estimate .# f,(xz) when z € §, and = € §
separately. Suppose first that z € §,. It is straightforward to check that

|Br(z)| > V*(R) VR >0,
and |Bp(z)| = V4(R) if R < gy(x). Therefore

1 J' 1
= Jodp < ———s J fadp Vo € Fo.
|Br()| JBa(@) VA(R) JBu()

Consider the homogeneous tree ¥, a reference point o, in it, and the neigh-
bours wy, ..., w, of o, in T,. The subset T, \ E(wp), where E(wp) is the
branch of ¥, of all points y such that the geodesic |04, y] starts with [o4, wo],
is isometric to §, via an isometry ¢ that maps o to o,, and the neighbours
g1 ---,9q of 0in §yp to the neighbours wy, ..., w, of 0, in T,.

Consider the function fg on ¥, that vanishes on F(wy) and is equal to
fa(z) at the point ¢ (z). Then the average on the right hand side of the
estimate above agrees with the average over the ball with centre #(x) and

radius R of the function ff on T,. Thus, M fo(x) < ///fg(/(x)) for every
z in §,. Since Hfg‘HLl(Ta) = HfaHLl(%'a) and the centred maximal function
on ¥, is of weak type (1, 1),

o € Fat M folz) > N2} < [{y € Tu: A fiy) > N/2}]
<<
D a Ll(‘:{a) (43)
C
-\ HfaHLl(ga) :

Suppose now that z € §,. Observe that if R < g,(x), then |BR(ac)} =
VP(R). Furthermore, if R > g,(x), then Br(z) contains all points in §p, at
distance R from z. The number of such points is bigger than b, and notice

-1
that b > 24_1 VP(R), as a straightforward computation shows (see (2.1)).
Therefore
b+1 1
'//fa(x) > o= Sup oy J fad:u
b =1 R>pu(x) VI(R) JgunBr im0
b+1 1
a v ;
T b—1 Vb(gy(2)) 11 HLl(sa) TESh
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because the support of f, is contained in §,. Hence

b+1 HfaHLl(Sa,b) }

{z€Fp: Mfa(x) > N/2} Q{xe%bzvb(ga(x)) <2b—1 5

so that, referring to the homogeneity of T,

b+1 HfaHLl(sa,b)
b—1 A '
By combining the estimate above and (4.3), we conclude that

C
(e € Fan s A fal@) > N2} < 5 | fall gz, -

{z €Fp: A fa(x) > N/2}] <2

as required.

Next we consider f,. We proceed much as above for f,, and estimate
A fr(x) when x € Fp, and 2 € F, separately.

Suppose first that € §,. Clearly ‘BR(QZ)‘ = V®(R) in the case where

b—1
R < 04(), and |Bg(z)| > bt > me(R) if R > gq(x). Therefore
b—1

|Br(z)| > b1 VP(R) for every R, whence

1 J' b+1 1
BT fodp < —— —— J
|Br(z)| JBr(x) b—1V¥R) J3,nBp)

We can identify §} isometrically to a subset of the homogeneous tree T
by identifying the vertex go in §,p with the reference point oy in %, and
removing from ¥} the set E(zg) (here zp,..., 2, are the neighbours of o in
%p). Denote by ¢ this isometry, and by fg the function on T} that vanishes
on E(zp) and is equal to fp(z) at the point #(x).

Then the average on the right hand side of the estimate above agrees
with the average over the ball with centre ¢ (x) and radius R of the func-

fodp Vo€ F.

b+ 1
tion fbtt on Tp. Thus, A fi(z) < bi_il ///fg(/(x)) for every x in §,. Since
Hfg HLl(Tb) = HfbHLl(sb) , and the centred maximal function on %, is of weak
type (1,1),
{a € it hofa) > N2Y| < [{y € T A F(@) > (b— DA b+ 12}
C

S5 Hflj)jHLl(‘Zb)
C
DY HfbHLl(Sb) :
(4.4)

Finally, suppose that x is in §,. Clearly !BR(x)} = V*(R) in the case
where R < g;(z), and |Bg(z)| > V*(05(2)) if R > gp(x). Thus,

1
M fo(x) = sup aJ fodu
R>op(x) \BR(iU)\ $6NBR— g4 (x)(0)
C
* Voo Mloa e
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Hence

1ol 15.,,) !

{z €Fa: A fr(x) >N/2} C {x € Fa:V:(op(z)) < ;y

so that, referring to the homogeneity of T,

{2 € Fa: A fo(z) > N/2}| < Hfb}";\l(gm

By combining the estimate above and (4.4), we conclude that

C
(e € San: A @) > N2} < S [l page, -

as required. O

We end this section with a slight variant of [V, Theorem 5.1].

Theorem 4.2. Suppose that 1 < a < b, that b > 2, and that ¥ is a tree
in the class Tqyp. Assume that there exists a positive constants C' such that
|Br(x)| > Cb" for all vertices x and nonnegative integers r. Then the
operator A is of restricted weak type (2,2).

Proof. Suppose that x is in ¥, and Bp is a ball of radius R containing zx.
Then

1 1 1
MJBRUWSWJBRVWSWJB |f] dp. (4.5)

21 (@)
As explained just above Theorem 3.2, ¥ is isometric to a subtree of Ty, so
that we can actually assume that ¥ is contained in ¥;. Hence any function
f on T can be trivially extended to a function f* on Ty as follows

fx) = f(z)1z(z)  VzeT,.
Notice that HfHLM(T) = HfﬁHLp,q(Tb) for all indices p and ¢ such that 1 <

p,q < oo. Now, observe that bt > ch(2R)1/2 for some positive constant c.
This and (4.5) imply that

1
|Br] JBR‘f|dH = Vb(QCR)l/2 J'BgR(w)’fﬁ‘ o
By taking the supremum with respect to R in N, we see that
N f@) <C.HMfH(x) VoeT
Therefore
CNH Sl iy < Ao
ST .
< [l 2
< |-

Tp);L2:°°(%,) HfﬁHLQ’l(Tb)

L21(T,);L2%(T,,) HfHL2»1(‘I) 3
the third inequality above follows from Veca’s result [V, Theorem 5.1].
This concludes the proof of the theorem. O
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Observe that under the hypothesis of Theorem 4.2, .# if of weak type
(1,1) by Theorem 3.6.

5. ROBUSTNESS OF THE RESULTS

The methods developed so far seem to be nonamenable to a straightfor-
ward extension to graphs. However, simple examples show that there are
graphs, which are not trees, where the analogues of the results so far proved
for trees hold. This raises the question of finding reasonably general classes
of graphs, which share with trees properties similar to those discussed in the
previous sections.

Our analysis in this section is based on the notion of rough isometry, in
the sense of M. Kanai [K] (see Definition 5.1 below).

First, we need more notation and terminology. We consider only simple
graphs &, i.e. undirected graphs without self-loops and multi-edges. There
is a natural distance on simple graphs: d(z,y) denotes the length of the
shortest path joining z and y. Note that, contrary to what happens on
trees, there may be many paths of minimal length joining any two points.
For any « in &, the ball and the sphere with centre x and radius r will be
denoted by B,(x) and S,(x).

We shall consider only connected graphs with (1, Q)-bounded geometry,
i.e. we assume that

2<v(z)<Q+1 Vo e &. (5.1)

We need a few simple geometric properties of &, established below. For the
sake of notational convenience, for every nonnegative integer m, we set

Qm+1 -1

Q-1
Since each vertex in & has at most @) + 1 neighbours, the volume of balls of
radius r in & is controlled by V@(r), i.e. the volume of balls with the same
radius in €. Thus,

Qg =

|B(z)| <VP(r) Vre® VreN. (5.2)
Also note that
|Brn(@)] < Qug|Bi(w)]  VneN. (5.3)
Indeed,
r+n
|Brin(@)] = [Br(@)| + Y 5(2)] <|B(2)| + |5 (= !ZQJ
j=r+1

now (5.3) follows directly from this and trivial inequality |ST(:1:)| < |By(z)].
Notice that if x and y are points of & at distance at most K, then

Qo |Br(2)| < [By(y)| < Qg 1Bo(w)]  VreN. (5.4)
Indeed, B,(y) C Br+xi(x), by the triangle inequality, so that
1B ()| < [Bryk(z)] < Qk@ |Br(z)];
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the last inequality follows from (5.3). By reversing the role of z and y, we
obtain

|Br(2)] < Qr.q |Br(y)l;
the left inequality in (5.4) follows directly from this.

Definition 5.1. Suppose that & and &’ are two connected simple graphs,
with distances d and d’, respectively. A map ¢ : & — &’ is a strict rough
isometry if there exist nonnegative numbers K and § such that

K := max {d'(¢(6),2") : 2’ € &'} (5.5)
is finite, and

d(z,y) — B <d'(p(z),0(y)) <d(z,y)+5  Ve,ye&.  (5.6)

Points in & and in &’ will be customarily denoted by nonprimed and
primed lower case latin letters, respectively. If x’ is a vertex in &', we
denote by B,(2') and S,.(z’) the ball and the sphere with centre 2’ and
radius r. Without loss of generality we shall assume that 3 is a positive
integer. The next lemma contains a few simple geometric properties of .

Lemma 5.2. Suppose that ¢ is a strict rough isometry between & and &’
with (1,Q) and (1,Q")-bounded geometry, respectively. The following hold:

(i) |7 ()] < VL(B) for every y in p(&);
(it) {Bk (¢(z)) : & € &} is a covering of &' with the finite overlapping
property. Furthermore

[{z € &2 € Br(p(x))}| < V9B VY(K). (5.7)

Proof. To prove (i), observe that if v and w are points in & such that
o(v) = p(w), then the left inequality in (5.6) yields d(v,w) < . Thus,
w belongs to Bg(v), and (i) follows directly from (5.2).

Next we prove (ii). By (5.5), the sequence {Bk(¢(z)) : z € &} is a
covering of &’.

Now suppose that 2’ is a point in &'. If 2’ belongs to B (¢(z)), then ¢(z)
belongs to Bg(z'). Since |Bg(2)| < V@ (K), there are at most V¥ (K)
balls of the given covering containing z’. Then (5.7) follows from this and (i).

U

The next theorem is the main result of this section. Preliminarily, we
need more notation. Suppose that ¢ : & — &’ is a strict rough isometry, as
in Definition 5.1, and that f is a function on &’. Then 7f will denote the
function on ¢ (&), defined by

&)= | ifldn e p(o) (58)
Bg(z')

Given a function f on &', and a nonnegative integer R, consider the func-

tions Arf and /g f, defined by

Arf(2) !

= |fldp Vi ed,
|Br(2")] JBR(ZI)
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and .
drf(Z):= sup — J |f| du Ve ®
Besg:B2 |B| B
here B denotes the collection of all balls of radius R in &'.

Theorem 5.3. Suppose that & and &' are connected simple graphs with
(2,Q) and (2,Q")-bounded geometry, respectively, and that p : & — & is a
strict rough isometry. Assume that 1 < p < oo, and that 1 < r < s < .
The following hold:

(i) if A is bounded from LP" (&) to LP*(&), then A is bounded from
LP7 (&) to LPS(&');

(i) if A is bounded from LP" (&) to LP*(&), then A is bounded from
LPT(®') to LP5(&');

Proof. In this proof y will denote both the counting measure on & and on &'.

First we prove (i). We consider the maximal operators
K / / / /

:=max A v (G 5.9

ATI(Z) = max Ap[(2) 7 e (5.9)

and
My f(2') := sup Arf(Z) Ve ®,
R>K

where K is as in Definition 5.1. Observe that .#f < .#5f + Mk f. The

required boundedness properties of .# will follow directly from the corre-

sponding properties of .#% and .#y, which will be established in Step I

and Step III below, respectively.
K

Step I: boundedness of #*. Observe that, trivially, #Z5f < Z Arf,

R=0

so that it suffices to prove that Arf is bounded from LP"(&') to LP5(&’)

for R=0,..., K.

Suppose that @ > 0 and Arf(2’) > «. Then there exists a point w’ in
Bp(#') such that |f(w')| > a (for otherwise Apf(2') < «). Thus, we have
a map from E4,¢(a) to E¢(a) that associates to 2’ in F4,f(a) a point w’
in F¢(c). This map may very well be not injective. However, a point w’
in Ef(a) can be, at most, the image of all the points in the ball Br(w').
Therefore

|Eaps(@)| < VE(R) [Es(a)]- (5.10)
From the definition of the Lorentz (quasi-) norm, and the contractivity of
the injection LP"(®') C LP*(®') we deduce that

148 ey < VIR N ey < VIR (1] ooy

Hence, there exists a positive constant C'ir such that

K
125l pogory < O 2 NARI | poiery < Ox277 ULy 0 £l )
R=0
(5.11)
as required.
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Step II. Consider a ball Bg(%') in &', with R > K. By Lemma 5.2 (ii),
{Bk (p(z)) : € &} is a covering of &. Therefore there exists z in & such
that d’(¢(z),2") < K (thus, in particular, ¢(z) belongs to Br(2')).

We claim that

1 1
—_— dpu < Cgg———
|BR(Z/)‘ J'BR(Z/) |f| #= VKR ‘BR/(Z)}

where R' = R+ 2K + 3, and CKﬁ == VQ(ﬁ) QQK_i_ﬂ,Q Q@Q’ QK7QI.

To prove the claim, first observe that
{y € &: Bk (¢(y)) N Br(¥) # 0} € Briaxis(2). (5.13)
Indeed, if Bg (p(y)) N Br(2') # 0, then d'(¢(y),2') < R+ K, whence
d(y,z) <d'(py), p(2)) + 8 < d'(p(y), ) +d (¢, ¢(2)) + B < R+ 2K + 6,

as required.

J ((mf) o) dp, (5.12)
B (2)

Set
E(,R) = {y € ¢(8) : Bk(y/) N Br(2') # 0}.
By (5.13)
¢ ' (E(z,R)) C Briok+s(2). (5.14)
Since {Bk (y') : y' € (&)} is a covering of &', Bg(z') C U Bk ().
y'€E(2',R)
Therefore

fldu < J 1l du
Jone > e

y'eE(Z,R)

= Y @HE) (5.15)

y' €EE(Z/,R)

< Y [@heel);
YEBRyax+5(2)
the last inequality follows from (5.14). We need to estimate the ratio
| Briax+6(2)| /| Br(z)|. By (5.3),
| Briax+5(2)] < Qar15.0 |Br(2)|-
Since ¢ is at most V¥(B)-to-one, |Br(z)| < VO(B) |¢(Br(z))|. Now, if y/
belongs to ¢ (Bg(z)), then ¢ = ¢(y) for some y in Br(z), and
d'(p(y),¢(2)) <d(y,2) + B < R+ 5,

so that ¢(Bpg(z)) is contained in Bgys(p(z)). Therefore
|Br(2)] < VAB) [ Bres(#(2)]
< VYB) Q0 | Br(v(2))]
< VYUB) Q.0 ko |Br(2')| -

we have used (5.3) and (5.4) in the last two inequalities. Altogether, we
have proved that

|Br2k+5(2)]

‘BR(Z/)‘ < CK,,B?



28 M. LEVI, S. MEDA, F. SANTAGATI, AND M. VALLARINO

where Cg g is as in the claim. The claim follows directly from this and
(5.15).

Step III: conclusion of the proof of (i). By (5.12), to each 2’ in &', we can
associate a point z in & such that d'(2/,¢(z)) < K and

M f(2) < Crp A((nf) o p)(2).
Suppose that a > 0 and that 2’ is a point in E 4, s(«). Since the point z
can be associated to at most V9 (K) points 2’ in &',

|1 ()] < VIE) |E ((mfrop)(@/Cr )]
Consequently

56y = V)P JO |E s (@/Crcp)|" a7 da)

Changing variables and using the definition of the (quasi-) norm of LP*5(&’),
we see that

i F ey < Cocs VI [ ((50) 0 9) -
Since, by assumption, .# is bounded from LP" (&) to LP*(®),
()0 ) ineiey < Il enznoiey 179) o ey -

1/s

Note that }(7rf) o cp(z)’ > « if and only if J ‘f} dp > «a, equivalently
Bk (¢(2))
if and only if Ak f(¢(2)) > a/|Bk (¢(z))|. Thus,

|Ewpop(@)] = [{z € 8: Acf(0(2)) > a/|Br (¢(2))[}]
< Hz coB: AKf(go(z)) > a/VQ/(K)}’
<VIB)[{ € & : Agf(2)) > o/VY(K)}

the second inequality above follows from the obvious estimate ‘B K (cp(z)) ‘ <

VQI(K ), and the third from the fact that ¢ is, at most, V(3)-to-one. Now,
(5.10), with K in place of R, yields the estimate

{# € Ak () > a/V(K))| < VO(E) |Ep(a/V(E))|
By combining these estimates, we see that

|Etrrop(@)] < VAB) VI(K) [Ef(a/VE(K))],

)

whence

H(Trf) ° SOHLP,T(@) < VQ/(K)1+1/p VQ(B)l/p HfHLP»T(Qi’) ’
Altogether, we obtain the bound
- f || gy < CrepVIE) VAR N AN 1y ), 100 1 F | sy
which, combined with (5.11), yields (i).

The proof of (ii) copies the strategy of the proof of (i); we shall only
indicate the nontrivial changes needed and leave the other details to the
interested reader. We consider the maximal operators

NEf(2) = max drf(Z) vV e® (5.16)
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and
N f(2)) = sup Frf(2) V2 e ®,
R>K

where K is as in Definition 5.1. Observe that A4 f < A/ Kf + A% f.

To prove the boundedness of A4 % we proceed much as in the proof of
Step I above. Given o > 0 and a point 2’ such that @z f(2') > «, there
1
exists a ball Bg of radius R containing 2z’ such that B J |fldp > o
R JBg
Therefore there exists a point w’ in Bg such that | f(w’)| > a (for otherwise
the average above would be < «).

Thus, we have a map from E., (o) to E¢(a) that associates to 2’ in
E (o) a point w’ in Ef(a). The point w’ in E¢(c) can be the image of,
at most, all the points in the ball Bog(w') (rather than Br(w’) as in Step
I). Therefore

|Eos(@)] < VOQ2R) [Ep(a)]. (5.17)
Then we proceed, mutatis mutandis, as in the proof of Step I, using (5.17)
instead of (5.10).

Next, let Bg be a ball of radius R > K containing z’. By Lemma 5.2 (ii),
there exists z in & such that d'(¢(2),2') < K (thus, in particular, ¢(z)
belongs to Bg(z')). Denote by w' the centre of Br. Another applica-
tion of Lemma 5.2 (ii) guarantees the existence of a point w in & with
d' (p(w),w') < K. Thus, ¢(z) belongs to Briax (¢(w)). Set R = R+
2K + 3. Since ¢ is a strict rough isometry, d(z,w) < R.

Thus, we associate to any ball Br of radius R containing 2z’ a ball Br/
in &, containing z. Then, by arguing as in the proof of (5.12), we can prove
that there exists a constant C’}{’ 3 such that

1 1 .
@ JBR |fldu < Ck g Br| JBR/((ﬂf) ) dp.

The conclusion then follows by arguing much as in the proof of Step III
above.

This concludes the proof of (ii), and of the theorem. O

Theorem 5.3 applies, for instance, to all graphs that are compact per-
turbations of Ty, i.e. to graphs & with the following property: there exist
compact sets K C & and K;, C T so that 8\ K = T3\ Kp.

To prove this, fix a point w in K, and consider the mapping ¢ : T, — &,
defined by
(i) p(z) = x for every z € Ty, \ Kp;
(il) (&) = w.
Observe that ¢ is a strict rough isometric between ¥, and &. Indeed,
d(p(%), ) < diam(K) for all z in &, and
d(z,y) —n < d(p(x),¢(y) < dl@,y) +n,

where 7 := diam (K )+diam(K})+d(k, ky)+2, where k, k are arbitrary neigh-
bours of K, Ky, lying in &\ K = T\ K}.
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