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Abstract

In this paper, we investigate the dynamics of coordinating and anti-coordinating agents in a coevolutionary model for
actions and opinions. In the model, individuals in a population interact on a two-layer network, sharing their opinions
and observing others’ actions, while revising their own opinions and actions according to a game-theoretic mechanism
grounded in social psychology literature. First, we consider the scenario of coordinating agents, where convergence
to a Nash equilibrium (NE) is guaranteed. We identify conditions for reaching consensus configurations and establish
regions of attraction for these equilibria. Second, we study networks of anti-coordinating agents. Here, we prove that
all trajectories converge to an NE by leveraging potential game theory. Then, we establish analytical conditions on the
network structure and model parameters to guarantee the existence of consensus and polarized equilibria, characterizing

their regions of attraction.

Keywords: Evolutionary game theory, network system, opinion dynamics, social network, influence network

1. Introduction

Over the past decades, extensive research has been con-
ducted on dynamic models of opinion formation across
multiple disciplines [1-8].These models have been instru-
mental in understanding opinion formation processes and
social power, further analyzing complex social phenomena,
such as the emergence of consensus, oscillations and dis-
agreement, or polarization [9-15]. Moreover, they have
shown significant potential for applications in different ar-
eas, e.g., marketing [16], advertising [17], recommendation
systems [18, 19], and epidemic mitigation [20, 21]. Mean-
while, evolutionary game theory has emerged as a power-
ful framework for realistically predicting how individuals
make decisions from a limited set of possible actions and
how these actions are revised due to social interactions [22—-
28].

1.1. Literature Review

Research from social psychology, supported by empiri-
cal data, shows a strong intertwining between an individ-
ual’s opinion and their actions. These studies highlight
that within a group, sharing opinions can influence peo-
ple’s behaviors, and in turn, an individual’s opinion may
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be shaped by observing the behaviors of others [29-31].
Mathematical models have been proposed to capture the
nontrivial interdependency between opinion and actions,
based on the so-called continuous opinion and discrete ac-
tions (CODA) model [32-36]. Despite being able to cap-
ture some important features of the presence of these two
distinct aspects of human behavior, CODA models rely on
the assumption that an agent’s action is only directly (ex-
ogenously) influenced by their own opinion, neglecting the
presence of any other endogenous mechanisms. In other
words, they assume that actions are just expressions of
the opinions. This does not allow for the capture of mis-
alignment between actions and opinion due to, e.g., social
pressure, which may lead to the well-known phenomena
of the emergence of unpopular norms [37]. Recently, a
novel paradigm has been proposed, in which actions and
opinions coevolve on a two-layer network model [38-40].
In particular, Dehghani Aghbolagh et al. [40] proposed
a coevolutionary model for opinions and actions in an evo-
lutionary game-theoretic form. The proposed model ac-
counts for social influence due to opinion sharing between
individuals, social pressure due to observing the actions of
others, and an individual’s tendency to act in consistency
with their opinion. Potential game theory was leveraged
to prove the global convergence of the dynamics to an NE
(NE) [41], and the existence and stability of polarized equi-
libria were studied. The model of Dehghani Aghbolagh
et al. [40] relies on the assumption that individuals are
always faced with a situation of strategic complements,
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and thus tend to coordinate with others on the same ac-
tion. However, this is not the case in many real-life sce-
narios, where strategic substitutes are often present [42].
For instance, when a similar service is offered by differ-
ent providers that are subject to congestion (e.g, different
paths to reach a destination), the provider that is less con-
gested becomes more attractive. Hence, the observation of
others’ actions yields a negative feedback effect, whereby
agents tend to anti-coordinate with others to reduce con-
gestion.

1.2. Summary of Contribution

In this paper, we extend the coevolutionary model
proposed in [40], to account for the presence of coordi-
nating agents (capturing strategic complements) or anti-
coordinating agents (capturing strategic substitutes). Our
key contributions focus on consensus and polarization
equilibria. For coordinating agents, we establish analyt-
ical conditions (on the network and agent parameters) for
the existence of consensus equilibria and their basins of
attraction. For anti-coordinating agents, we first estab-
lish a general result, showing convergence to an NE occurs
under mild assumptions on the network and agent acti-
vation sequence. We then identify analytical conditions
for the existence of consensus and polarization equilibria
in networks of anti-coordinating agents. By numerically
evaluating the various aforementioned conditions on the
equilibria, we shed light on how the coevolutionary process
hinders or facilitates the emergence of consensus and po-
larization, and how this differs for coordinating and anti-
coordinating agents.

The rest of this paper is organized as follows. Section 2
provides the notational and mathematical preliminaries,
introduce the model, and derive its closed-form update
rule. The main results are presented in Section 3. Sec-
tion 4 and Section 5 discuss the our findings and conclude
the paper, respectively.

2. Methods

2.1. Preliminaries: Notation and Graph Theory

We use bold lowercase font to denote vectors (e.g.,
v € R™), while v; denotes its ith entry. The n-dimensional
vectors of all 1s and all Os are denoted as 1,, and 0,,, respec-
tively. We use Roman uppercase font to denote matrices
(e.g., M € R™™™), denoting by m;; the jth entry of its ith
row. A matrix M is said to be row stochastic if all entries
are non-negative and each row sums to 1.

A graph is defined by G = (V, ), where V = {1,...,n}
is the node set and € C V x V is the set of edges, such
that (¢,j) € € if and only if (iff) there is a direct edge
from 4 to j. In general, a graph is assumed to be di-
rected, unless it holds that (i,5) € € < (j,i) € &, ie.,
all connections are bi-directional. In this case, the net-
work is said to be undirected. Given a real square matrix
M e R™™ with m,;; > 0, we can associate a weighted

(directed) graph G[M] := (V,Ep, M) to M, where M is
called the (weighted) adjacency matrix of this graph and
(Z,j) € &y iff mi; > 0.

2.2. Preliminaries: Game Theory

A game T' = (V, A, f) is defined by three terms: 1) a
set of players ¥V = {1,...,n}, 2) a set of strategies A, and
3) a payoff function f. Player ¢ can choose their strategy
from the set A, which is denoted by z; € A. Strategies are
gathered in the vector z = [z1,...,2,]" which is called
strategy profile. We further define the vector z_; € A”~!
that represents the strategy profile of all agents except for
agent i. For each player ¢ € V, we define their payoff func-
tion f; : A x A"7! — R, denoted as f;(2;,2_;), which
associates to player i the payoff that ¢ would receive by
choosing strategy z; € A when the action profile of the
others is z_;. Payoff functions are gathered in the vector
function f = [f;,..., fn]". Given a game I' = (V, 4, f),
we can define for each player i the notion of the best re-
sponse given the strategy profile of the others, z_;, as the
strategy that they should play in order to maximize their
payoff.

Definition 1 (Best response). Given a game ' =
(V, A, f), the best response strategies for player i € V is
defined as

Bi(fi(-,2—4)) £ {¢*: ¢ €argmaxc 4 fi(¢, 2—4)}. (1)

A NE is a key concept in game theory, representing
strategy profiles z where no player has any incentives to
deviate from the current strategy, as formalized in the fol-
lowing.

Definition 2 (Nash equilibrium). The strategy profile z*
is an NEff fi(2f, 2% ;) > fi(z,2%,),Vz, € AandVie V.

In other words, at an NE, all players are playing their
current best response to the other players’ strategies, yield-
ing the following classical result from [43].

Lemma 1. The strategy profile z* is an NE iff it holds
true that z; € B;(fi(-,z*;)), for alli € V.

A network game is a game I' = (V, A, f) where the
payoff function is modulated by a network G = (V,€).
Specifically, the payoff that each agent i would receive de-
pends only on the strategy of their neighbors N; := {j :
(i,7) € £}. In the following, we present two examples of
network games that will be used in this paper.

Example 1 (Network coordination and anti-coordina-
tion). Consider a population of n > 2 players, where
each player has a binary strategy set A = {—1,+1}.
Player interactions are represented via a weighted graph
GlA] = (V, €4, A), where the weight a;; represents the im-
pact of the strategy of j oni’s payoff. Playeri can be either
a coordinating agent or an anti-coordinating agent. A co-
ordinating agent receives a positive contribution to their



payoff from each of their neighbors with whom they coor-
dinate (i.e., they adopt the same strategy). On the con-
trary, an anti-coordinating agent would receive a positive
contribution to their payoff from each of their neighbors
with whom they do not coordinate (i.e., they adopt differ-
ent strategies).

In mathematical terms, given strategy profile x, each
player i € V is associated with the following payoff func-
tion:

&q

filwi,@—i) =+ Zjev agj [(L— ;) (1 — ;)
+(1+ o) (1+z;) (14 ;)]

(2)

with

o +1
=9 3

The constant o > 0 is a non-negative parameter that cap-
tures the relative advantage of strategy +1 with respect to
strategy —1: a coordinating agent i would get a unit payoff
for coordinating on action —1 and payoff 1 4+ « for coordi-
nating on action +1; an anti-coordinating agent would get
the opposite payoffs.

Observe that the best-response strategy for the payoff
function in (2) as defined in (1) yields a threshold such
that +1 € B; (fi(-,x)) iff a discriminant quantity §;(x)
satisfies

bi(x) = & Zjev

In other words, action +1 is the best response for a co-
ordinating (anti-coordinating, respectively) agent if a suffi-
ciently large (small, respectively) fraction of the neighbors
adopts it (weighted by the entries of matriz A and by the
relative advantage o).

if © 1s a coordinating agent, (3)
if © is an anti-coordinating agent.

227 [2l‘j +« (1 + xj)] Z 0. (4)

Remark 1. Network coordination and anti-coordination
games have been extensively used in the context of decision-
making [22].  On the one hand, network coordination
games model strategic complements, whereby a player
choosing a strategy makes that strategy more appealing
to other players. This captures, e.g., the adoption of
social morms and conventions, or of new technological
assets [23, 24, 27]. On the other hand, network anti-
coordination games are representative of scenarios with
strategic substitutes, whereby a player choosing a strategy
makes that strategy less appealing to others. This is the
case, e.g., of competition for resources that can be sub-
ject to congestion [42, 44]. In real-world scenarios, there
could also be situations in which part of the population has
a tendency to conform with others and part of the pop-
ulation aims at differentiation, yielding heterogeneous €;
across the population [45, 46].

Example 2 (Opinion dynamics). The French-DeGroot
opinion dynamics model [1, 47] can be cast as a network
game [48]. We consider a population of n > 2 players,

where each player has a continuous strategy A = [—1,+1],
representing the agent’s opinion. We denote by y;(t) € A
the opinion of © at discrete time t. agents share their
opinions through interactions on a weighted graph GIW| =
WV, Ew, W), where W is assumed to be row stochastic. The
weight w;; represents the social influence of j on i in its
opinion formation process. The opinion formation process
18 captured by a network game, with a payoff function

1
fi (i y—i) = —3 Zjev wij (i —y5)° - (5)
The best-response strategy to (5) yields
B (fi(-,y)) = Zjev w;;y;(t), (6)

i.e., a weighted average of the opinions shared by the neigh-
bors [47]. An additional term can be added to the payoff
function to account for agents’ attachment to their preju-
dices [49].

2.3. Model

In this section, we present the coevolutionary model of
actions and opinions for networks of coordinating and anti-
coordinating agents. We start by formulating the payoff
function, building on [40], and discussing its main terms.
Then, we present the model dynamics by defining the up-
date rule and expressing a closed-form expression for it.

2.8.1. Payoff Function

Consider a population of n > 2 agents. According
to the coevolutionary dynamics proposed in [40], at each
discrete-time instant t € Z~g, each agent ¢ € V is charac-
terized by a binary state variable z;(t) = (x;(¢),v:(t)) €
A= {-1,1} x [-1,1]. The first entry, z;(t) € {—1,+1},
represents the agent’s binary action, while the second en-
try, yi(t) € [—1,1], is the agent’s opinion, viz. their
orientation and preference towards the two action op-
tions. Namely, y;(t) > 0 and y;(t) < 0 indicate the
agent i prefers action 4+1 and action —1, respectively,
with the magnitude capturing the strength of preference.
Agents’ state variables are gathered in a mn-by-2 matrix
z(t) = [z(t),y®)] = [21(®) T, 22(t) T, ..., 2, (t)T]T, which
represents the state of the population at time ¢.

Agents interact on social networks, exchanging opin-
ions on a weighted graph G[W] and observing the actions
of others on a weighted graph G[A], with weighted adja-
cency matrices W and A that are both assumed to be
row-stochastic. Hence, each entry in W and A represents
the relative social influence of other players on opinions
and actions, respectively.

In [40], agents revise their actions assuming that they
engage in a game, with a payoff function that accounts for
coordination with others’ actions, the social influence of
others’ opinions, and self-consistency between their own
actions and opinions. Here, we build on that model and
extend it to allow agents to anti-coordinate with their



peers. Specifically, given a state z = (x,y), we define
the payoff function f;(z;,z—;) for agent ¢ to adopt strat-

egy 2 = (2;,y;) as

fienz) = DB S 0wy y)

(14 a)(1+ @) (1+ )]

1 1
=5 (1= A)B; Zjev wij (yi—y;)° — JMBilyi = ;).
(7)

This expression accounts for three terms. The first term
involves only the action and coincides with the payoff for a
coordination or anti-coordination game in (2). The second
term depends only on the opinion and is associated with
the payoff of a French-DeGroot opinion dynamics in (5).
The third term accounts for the human tendency to behave
consistently with their opinions, penalizing the adoption
of actions that are distant from them. While the last two
terms coincide with those in [40], the first one differs by the
inclusion of the parameter ¢; € {—1,+1}, accounting for
whether agent i is a coordinating or an anti-coordinating
agent. In particular, ¢ engages in a pairwise coordination
game if €; = +1 or a pairwise anti-coordination game if
g; = —1. The payoff in (7) coincides with the one from [40]
if & = +1 for all § € V. Parameters \; € [0,1] and
B: € [0, 1] weight the contribution of actions and opinions
in determining agent ¢’s payoff, respectively. These two pa-
rameters also regulate the coupling of opinion formation
and decision-making in the third term in (7). Similarly
to [40], a fourth term can be added to account for agents’
prejudices. Here, we omit this term, since it is not relevant
to our analyses.

2.3.2. Discussion on the model

The game with payoff function in (7) was originally
proposed in [40] with ; = 1 for all ¢ € V, as a combination
of a network coordination game and the French-DeGroot
opinion dynamics [49], coupled by the consistency term.
Such a payoff function was proposed to capture the com-
plex intertwining between opinion formation processes and
decision-making in social networks. In fact, empirical ev-
idence suggests that the exchange of opinions can affect
agents’ actions, while the way people form opinions can
be influenced by observing the actions of others [29-31].
However, the model was proposed in the context of actions
with strategic complements, whereby the decision-making
is captured by a coordination mechanism, and both opin-
ion sharing and observation of others’ actions yield a pos-
itive feedback loop.

Here, we relax this assumption, and we allow to have
strategic substitutes, and thus, anti-coordinating agents.
In fact, for decisions concerning actions with strategic sub-
stitutes, opinion formation, and decision-making are also
deeply intertwined. For instance, when a similar service
can be offered by different providers who are subject to
congestion (e.g, two different restaurants to have lunch at

or two different streets to take in an infrastructure net-
work), agents still share their opinions on which provider
they believe is better/preferred, and this still has a (pos-
itive) influence on others’ opinions, even though the ob-
servation of others’ actions yields now a different feedback
effect: the provider that is less congested becomes more
attractive, yielding an anti-coordination game.

In general, complex decision-making may involve, to
some extent, both strategic complements and substitutes,
and agents can be heterogeneously more subject to one
or the other. This is the case, e.g., of marketing deci-
sions, where there are agents who prefer to conform with
the majority, while others prefer to differentiate from it.
For this reason, each agent ¢ € V is characterized by a
parameter ¢; € {—1,41}, which determines the mecha-
nism (anti-coordination or coordination) that affects the
agent. Finally, it is worth noticing that opinions always
provide a positive social influence, consistent with empir-
ical observations on the limited impact of negative social
influence [50].

2.83.3. Update Rule

Agents revise their strategy by maximizing their payoff
function jointly with respect to their two decision variables
(actions and opinions), as proposed in [40]. At each time ¢,
each agent is either activated or inactive. An agent ¢ that is
activated updates their opinion and action simultaneously
according to the best-response update rule:

zi(t+1) = Bi(fil:, 2—i(1)))- (8)

where B; is the best-response strategy defined in (1) and
fi(-,z—;(t)) is the payoff from (7), with the convention
that, if B;(fi(-,z—4(t))) comprises multiple elements, then
it is chosen the one with x;(¢t 4+ 1) = x;(t), which is unique
for B; > 0 (see [40]), to account for social inertia in human
decision-making [27]. For all other agents who are inactive,
their strategies are unchanged: z(t+ 1) = zx(t). In other
words, active agents tend to maximize their current payoff,
based on the current action of others, as supported by
empirical evidence [51]. Following [40], we derive a closed-
form expression for the update rule of the coevolutionary
dynamics by explicitly writing the maximizers of (7).

Proposition 1. Given a state z = (x,y) € A and an
agent i € V, let us define the discriminant

giXi(1— Bi)

di(=(t) = 5 > ai [22;(t) + a(l + 2;(1))]

JeV 9)
+ 2(1 — )\,)/\lﬂz ZjEV wijyj(t).

If i € V is activated at time t, the state is updated to
xi(t+1) = S8(6:(2(t))) (10a)

yilt+1) = (1 - X) Zje{}wijyj(t) + Ais(0:(2(1))),
(10b)



where

1 ifdi(z(t) > 0,
xi(t) if 6i(2(t)) =0, (11)
~1 ifsi(z(t) <o.

S(0i(=(1))) =

Proof. Case e = 41 is proved in [40]. The proof fore = —1
follows the same arguments, and is thus omitted. O

Next, we formalize two standing assumptions that will
be enforced for the rest of the paper. First, we assume that
the population is homogeneous, second, we pose some mild
constraints on the activation sequence, which are quite
standard in the related literature [38, 52].

Assumption 1 (Homogeneous population). The param-
eters are homogeneous, i.e., for all i € V, there holds
Ai=X€e(0,1),8 =p8€(0,1), and g; = e € {—1,+1}.
Moreover, the two graphs are undirected, i.e., W = W T
and A=AT.

Assumption 2 (Activation sequence). There exists a fi-
nite positive integer T such that, for anyt > 0, every agent
activates at least once in the interval t,t+1,...,t+T —1.

Under Assumption 1, all agents have the same e.
Hence, we can identify two scenarios of interest: i) Net-
works of coordinating agents, where ¢ = +1; and ii) Net-
works of anti-coordinating agents, where ¢ = —1. In the
rest of this paper, we present results on these two scenar-
ios. First, in Section 3.1, we consider a population of coor-
dinating agents, where [40] guarantees convergence to an
equilibrium, and we focus on characterizing conditions un-
der which the system converges to a consensus. Second, in
Section 3.2, we consider a population of anti-coordinating
agents and, after proving convergence to an equilibrium,
we investigate consensus and polarized equilibria and their
basins of attraction.

3. Results

3.1. Results for Coordinating Agents

In the presence of only coordinating agents (g; =
+1, Vi € V), the results from [40] guarantee that the co-
evolutionary dynamics under Assumptions 1-2 converges
to an NE. However, in general, multiple equilibria may be
present. In [40], some conditions have been established un-
der which polarized equilibria exist and are stable. Here,
instead, we focus on consensus equilibria, which are de-
fined as follows.

Definition 3 (Consensus configuration). We say that the
vector z(t) = [z(t),y(t)] is a consensus configuration at
time t if x(t) =y(t) =1, or x(t) =y(t) = —1,.

We now prove that consensus configurations are always
NEs of the game when all players are coordinating agents.

Theorem 1. Consider the coevolutionary model in (10).

Suppose that Assumption 1 holds and ¢ = 1. Then the
consensus configurations z* = [1,,1,] and [-1,,—1,] are
NE.

Proof. The proof is reported in Appendix A. O

In the following, we establish conditions under which
the dynamics converge to such a consensus configuration.

8.1.1. Basin of Attraction of Consensus Configuration
Given a time instant ¢t € Z, and z(t) = (z(t),y(t)),
we define the following mutually exclusive sets

ViE(8) 1= {5 sen(y; (1) 2 0,5(t) = +1},
V() :={j : sgn(y;(t)) > 0,z,(t) = -1},
Vi () = {j  sen(y; (1)) < 0,2;(t) = +1},
VI (1) ==+ sen(y; (1) < 0,a;5(t) = —1},

with sgn(0) = 0. Intuitively, V;"(t) and V_,(t) are the
sets of agents whose actions and opinions are aligned (the
agent’s opinion indicates a preference for their current ac-
tion). On the contrary, V¥, () and V; () are the sets of
agents who are misaligned, i.e., the sign of their opinion
differs from their action. Before presenting our results, we
report two graph-theoretic definitions.

Definition 4 (Cohesive set). Let GIM] = (V,En, M) be
a graph with associated adjacency matriz M. Then, for a
given constant g € (0,1), a set S C V is called q-cohesive

if
> jes Mij
D jev Mij
Conversely, a set S C V is called q-diffusive if
2 jes Mij

Zjev Mmij

>q, Vi€ S. (12)

<gq, VieS. (13)

Theorem 2. Consider the coevolutionary model in (10).
Suppose that Assumptions 1-2 hold and € = 1, and that

the initial condition satisfies z(0) € {—1, 1}” (0, +1]™. If
the set V7 (0) is aiz -cohesive and V*(0) is o 1-diffusive,

then limy_, o 2(t) = [1,, 1,,].

Proof. The proof is reported in Appendix B. O

Remark 2. When o = 0, the condition reduces to requir-
z'ng Vl (0) to be 5-cohesive, and the complementary set to

f—dzﬁuswe On the opposite limit, a« — oo, the con-
dztzon on Vi (0) intuitively reduces to requiring non-zero
cohesiveness.

We introduce the following assumptions to facilitate
our analysis of some (but not all) of the results in our

paper.

Assumption 3. We assume that A=W and o = 0.



Under Assumption 3, the action and opinion update
rules are simplified, because (9) reduces to

(SZ(Z(t)) = 2)\5(1 - )\) Z wijyj(t) + (1 - B))\ Z WijTj (t)
jev jev
(14)
We now explore the conditions that lead two initially
polarized groups to reach a consensus equilibrium. To be-
gin, we introduce the following definition.

Definition 5 (Polarized configuration). We say that a
vector z(t) is a polarized configuration at time t if Vi (t)U
V=, (t) =V, and both Vi (t) # 0 and V=, (t) # 0. Specifi-
cally, we say that z(t) is polarized with respect to the par-
tition (Vi (), V=, (1)).

In other words, in polarized configurations, the opin-
ions and actions of every agent are aligned, but they are
not at a consensus. Note that in [40], a result is established
for when a polarized initial state leads to convergence to
a polarized equilibrium, whereas here, we identify condi-
tions for when instead there is convergence to a consensus
equilibrium.

Theorem 3. Consider the coevolutionary model in
(10). Suppose that Assumptions 1-3 hold and ¢ = 1.
Suppose z(0) is polarized, with respect to a partition
(ViF(0),V=1(0)) =t (Vp,V»). If the below inequalities are
satisfied,

1—2) 1-8
. 1— i
Zjevf(()) Wij > ma‘x{ 1-x"" 21-3) } € Ve,
(15a)

(A 1-8 ) .
2 ey o) <min { 1— X" 2(1—AB) } +1 € V. (15D)

Then, it holds lim_, oo z(t) = [1,, 1,].

Proof. The proof is reported in Appendix C. O
Observe that if (15a) holds, then V), is 2 —cohesive since
% and 1 — 2(%)'6\5) are always greater than %

We now present contour plots to explain the inequal-
ities in (15) more intuitively. In this paper, we make re-
peated use of similar contour plots, and thus we first clarify
the horizontal and vertical axes, as well as the colors used,
which will remain consistent across all sections. The 2D
contour plots help to visualize the relationship between 3
and A\ (parameters in the model) and a function f(\,f)
that arises for various inequalities identified in theorems.
The X-axis plots 3, the parameter that represents the con-
tribution of the opinion in determining an agent’s payoff,
while the Y-axis plots A, which represents the contribution
of the action in determining an agent’s payoff. The con-
tour colors range from black to orange, corresponding to
f(A, B) taking the smallest to largest value, respectively.
Fig. 1 presents the two inequalities in (15). From these
two contour plots, it appears that f(A,8) is minimized in
Fig. 1a and maximized in Fig. 1b for high § values, and

Figure 1: Contour plots of the conditions in (15) from Theorem 3.
Panel (a): f(A, ) corresponds to the right-hand-side (RHS) of (15a).
Panel (b): f(\,B8) corresponds to the RHS of (15b).

medium to high A values. Put another way, given W and
z(0), the inequalities in (15) are more likely to be satisfied
with high B8, and medium to high A. This suggests that
one can reach a consensus equilibrium from an initially
polarized state, if the opinion dynamics strongly impact
the coevolutionary process (and have a stronger impact
on coordination).

Example 3. Consider a network of n = 30 agents, which
are partitioned into two groups, V, = {l,...,15} and
V., = {16,...,30}. Given z(0), we set weights uniformly
at random and then re-scale them so that conditions in
(15) are met with V, = V{7 (0) and V,, = V_,(0), and
weights are row-stochastic. The network obtained is illus-
trated in Fig. 2(a). The parameters are A = 0.8, = 0.6.
As shown in Fig. 2(b) and 2(c), the final actions and
opinions converge to a CONSENSUS.
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Figure 2: Simulation of Example 3, showing both the network view
and the dynamics over time. The network is shown at time ¢ = 0
(Panel (a)) and ¢ = 600 (Panel (b)), with each node correspond-
ing to an agent. Node i is colored green if agent ¢ is such that
sgn(y;) = x; = +1 (both opinion and action are positive), and in
red if sgn(y;) = #; = —1 (both opinion and action are negative). In
Panel (c), the temporal evolution of the opinions are shown, with
each line corresponding to the opinion of an agent. As t — oo we
observe convergence to a consensus of +1 opinion.

3.2. Results for Anti-coordinating Agents

3.2.1. Convergence

We start the analysis of the coevolutionary model with
anti-coordinating agents (¢; = —1, Vi € V) by proving the
following convergence result.

Theorem 4. Consider the coevolutionary model in (10).
Suppose that Assumptions 1 and 2 hold ande = —1. Then,
the state of the system z(t) converges to a steady state
z* = (x*,y*). Specifically, the action vector x(t) con-
verges to x* in finite time, while the opinion vector y(t)
converges to y* asymptotically.

Proof. The proof is reported in Appendix D. O

After having established convergence in the presence of
anti-coordinating agents, we start analyzing some equilib-
ria of interest, namely, consensus and polarized configura-
tions.

3.2.2. Consensus Equilibria
We start by analyzing whether a consensus equilibrium
exists, establishing the following result.

Theorem 5. Consider the coevolutionary model in (10).
Suppose that Assumptions 1-2 hold and ¢ = —1. Then,
z* = [1,,1,] is an equilibrium of the coevolutionary model
on the two-layer network G iff, for any i € V, it holds

2(1 =18
R

Proof. The proof is reported in Appendix E. O
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Figure 3: Contour plot of the RHS in (16) in Theorem 5 when o = 0.

We give a 2D contour plot of the RHS of the inequality
in Theorem 5 to observe whether a given influence net-
work G[A] easily satisfies the condition when A and £ take
different values with a = 0. Fig. 3 depicts the condition
in (16) with @« = 0. From the contour plot, it appears

that 28:;\3))‘3 is maximized for high 3 values, and low to
medium A values. In other words, (16) is more likely to
be satisfied when [ is large and A is small. Intuitively,
this suggests that it is easier to reach a consensus equi-
librium when the decision-making process is more affected
by the opinion exchange. We also see a clear distinction
between coordinating and anti-coordinating agents. For
the former, there is always a consensus equilibrium [53,
Proposition 2]. For the latter, the existence of such equi-
librium depends on the parameters. Now, we present an
example that satisfies the conditions of Theorem 4.

Example 4. Consider a network of n = 30 agents with
weights sampled uniformly at random and then re-scale so
that A and W are row-stochastic and the conditions in
(16) are met with o = 0. The network is illustrated in
Fig. 4(a). The parameters are A = 0.5,5 = 0.8. As shown
in Fig. 4(b) and 4(c), the final actions and opinions con-
verge t0 a CONSENSUS.

3.2.8. Polarized Equilibria

Here, we discuss how our model may lead to the emer-
gence of stable polarized configurations (see Definition 5).
In particular, the following result provides a sufficient con-
dition for the existence of a polarized equilibrium in the
presence of anti-coordinating agents, and complements a
similar result for coordinating agents in [40, Theorem 2].

Theorem 6. Consider the coevolutionary model in (10).
Suppose that Assumptions 1-3 hold and € = —1. Suppose



(b) Final actions

05 I I L L I
0 100 200 300 400 500 600

(c) Time step

Figure 4: Simulation of Example 4, showing both the network view
and the dynamics over time. The network is shown at time ¢ = 0
(Panel (a)) and t = 600 (Panel (b)), with each node corresponding
to an agent. Node i is colored green if agent ¢ is such that sgn(y;) =
z; = +1 (both opinion and action are positive), and in yellow if
sgn(y;) # x; (opinion and action have the different sign). In Panel
(c), the temporal evolution of the opinions are shown, with each line
corresponding to the opinion of an agent. As ¢ — oo we observe
convergence to a consensus of +1 opinion.

there exists a partitioning of the agents (Vp, Vy,) with

DT e, M BT 2o,
d, = min ) Wij, dp = max . Wiy,
1€V JEVn IS% J€EVn
such that the following three conditions are satisfied:
d, —d, d, —d
=p n n_ =p 1
/\>max(1+dp_dn,1+dn_dp), (18a)
Md, +d,—1)+d,—d, (1-p8)(1-2d,
(d, 1) +d, (L= =2d) o g
1-(1—-X)(dp+d,—1) 26(1 = X)
1, —1 —d 1-8)(1—2d,
L (=N tdy— 1) 28(1-X)

Then, the coevolutionary model in (10) has a polarized
equilibrium with respect to the partition (V,, V).

Proof. The proof is reported in Appendix F. O

Theorem 6 establishes three conditions for the exis-
tence of a polarized equilibrium. Although the last two
conditions may not be intuitive, all three are easy to check.
Below, we study the stability of such equilibrium, estab-
lishing a more conservative sufficient condition.

Theorem 7. Consider the coevolutionary model in (10).
Suppose that Assumptions 1-3 hold, B < 1/(2 — \), and
e = —1. Suppose z(0) is a polarized configuration with
respect to a partition (Vi (0),V=1(0)) =: (Vp, V). If

AL =) )

1—2) 1
g <5 (1 e
<Zjesw]<2( T a1

1-A

(19)
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Figure 5: Contour plot of the difference between the RHS and left-
hand-side (LHS) in the condition of (19) from Theorem 7 for agents
in Vp or Vn.

foralli € S, holds separately for S =V, and S =V, then
z(t) is polarized for any t with respect to the same parti-
tion (Vp, V). Moreover, lim;_,o 2(t) = 2*, where 2* is a
polarized equilibrium with respect to the same partition.

Proof. The proof is reported in Appendix G. O

Remark 3. In [{0, Theorem 3] a sufficient condition
for existence and convergence to a polarized equilibrium
for networks of coordinating agents is reported, parallel-
ing Theorem 7. The sufficient condition reported in [40,
Theorem 3] can be expressed in the notation of this paper
as

1-2) 1/, B(1-2\)
Zjesw” >max{ DY ’5(” 1- B\ )} (20)
foralli € S, for, separately, S =V, and S =V,,. The set
S in (20) are all L-cohesive sets since max 1222 1+

) -2
1— 1
1—BX )} 2 2°

We now present 2D contour plots to explain the in-
equalities in (19) and (20) more intuitively. For the anti-
coordination game, Fig. 5 presents the two inequalities in
(19). From the contour plot, it appears that f(\,5) =
%(1 + 25’8(715_;\7)1) — 11—72>(\ is maximized in Fig. 5 for low to
medium S values, and high A values. Specifically when A is
less than about 0.3 and § is less than 0.5, no network can
be found to satisfy the conditions (19). Put another way,
given W and z(0), the inequalities in (19) are more likely
to be satisfied with low to medium (3, and high A. This sug-
gests that an initially polarized state could still converge
to a polarized state if the anti-coordinate action dynam-
ics strongly impact the coevolutionary process (and have
a stronger impact in the anti-coordination games compo-
nent). For the coordination game, Fig. 6 presents the two
inequalities in (20). From the contour plot, it appears that
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Figure 6: Contour plot of the RHS in (20) for agents in V, or Vy.

_ 1—X
f(\, B) = max{ 11_2/\’\, 11+ B1(—[3,\) )} > 0.5 regardless of the
values of A and 3, which indicates that closer connections
are required within the set S. We can thus see how differ-
ent mechanisms (coordinating vs anti-coordinating) shape

the existence and stability of polarized equilibria.

Example 5. Consider a network of n = 30 agents with
weights sampled at random and re-scaled so that, given
z(0), the graph is a balanced complete bipartite graph
with V, = V}(0) = {1,...,15} and V, = V_,(0) =
{16,...,30}. Specifically, There are no edges within sets
ViF(0) or V7,(0), but there are edges between two sets
Vi (0) and V—,(0). It is easy to prove that the conditions
in (20) are met. The network obtained is illustrated in
Fig. 7(a). We set A = 0.7, = 0.6, which satisfy (19). As
shown in Fig. 7(b) and 7(c), the final actions and opinions
converge to a bipartite consensus, consistent with Theo-
rem 7. In this case, the NE reached is not only polarized
but also a bipartite consensus as depicted in Fig.7(b) and
7(c). Notice that the above scenario is quite extreme and
it is presented for the sake of having a simple illustrative
example, while the conditions in (19) can be satisfied also
by less extreme network structures.

4. Discussion

In this paper, we proposed a generalization of the co-
evolutionary model of opinion and actions initially pro-
posed in [40] that accounts for incorporating not only
strategic complements, but also strategic substitutes [42].
Through such a generalization, the co-evolutionary model
is now able to reproduce a broader range of congestion phe-
nomena, that are typical of real-world complex systems,
such as infrastructure networks and logistic systems, as
extensively discussed in Section 2.3.2.

Our results highlight several different aspects of the
complex intertwining between opinion formation processes

(a) Initial actions. (b) Final actions.

Opinion

1 I I I I I
0 100 200 300 400 500 600

(c) Time step

Figure 7: Simulation of Example 5, showing both the network view
and the dynamics over time. The network is shown at time ¢ = 0
(Panel (a)) and ¢ = 600 (Panel (b)), with each node correspond-
ing to an agent. Node i is colored green if agent ¢ is such that
sgn(y;) = x; = +1 (both opinion and action are positive), and in
red if sgn(y;) = z; = —1 (both opinion and action are negative). In
Panel (c), the temporal evolution of the opinions are shown, with
each line corresponding to the opinion of an agent. As t — oo the
opinions converge to a polarized state.

and decision making in complex social systems. First,
in the presence of strategic complements, whereby agents
tends to coordinate with others, we showed that the net-
work structure (especially its cohesiveness) critically de-
termines whether a social system reaches a collective con-
sensus, even starting from a polarized initial state. This
observation is relevant for many real-world applications,
whereby public authorities may be interested in reducing
the polarization of a social system by acting on the struc-
ture of social contacts, e.g., by incentivizing discussion
across different social bubbles (thereby increasing their dif-
fusiveness, as in Definition 4). This is consistent with what
observed in experimental studies [54].

Second, in the presence of strategic substitutes, agents’
decision making follows an anti-coordination game. In this
scenario, our analysis proved that the system always con-
verges to an NE, and we derived explicit conditions under
which consensus or polarization arises. These conclusions
provide potential insights into the interplay between social
influence and strategic decision-making, and offer theoret-
ical foundations for understanding real-world patterns of
consensus and polarization in social systems. In fact, also
in this case, we derived conditions for the emergence of the
two phenomena in terms of the structure of the social net-
work. These conditions can be very useful to understand
which social networks are more subject to the emergence of
polarization and echo chambers, providing further model-
based insight into existing studies on the topic, e.g., [55].

Despite the generality of our model and the novelty of
the phenomena studied in this study, there are some limi-
tations to this study. First, we have not fully characterized



all the Nash equilibria, and the total number of equilib-
ria remains unknown — we conjecture that the network
structure and agent parameters play a nontrivial role in
this matter. While analytical expressions might be obtain-
able for highly specialized graph classes (e.g. line or star
networks), we may need to employ numerical methods,
such as evolutionary algorithms [56] or homotopy contin-
uation [57], for general networks. Second, our model relies
on the DeGroot update mechanism to handle opinion dy-
namics, which is a relatively simple (and linear) model that
does not account for more complex cognitive and behav-
ioral biases and tendencies that people exhibit during opin-
ion formation processes. Generalizing to more sophisti-
cated opinion dynamics models should be considered when
one wishes to more closely describe real-world scenarios.
For example, one could consider more specifically the pos-
sibility of replacing the DeGroot model with the Friedkin-
Johnsen model [5], the Altafini model [10, 58], or other
models [15, 59]. Those models which allow for a game-
theoretic formulation may prove more feasible. Finally,
although the coevolutionary model proposed in this paper
is based on mature sociological and psychological theories
and can qualitatively reproduce some emergent phenom-
ena in social systems and real-world data (see [40]), it
still lacks rigorous empirical testing, which is a key step
towards practical application. Verification and validation,
whether by experimental study or fitting to observed field
data, is a long-term and important line of effort.

5. Conclusion

Building on the coordination game framework pro-
posed by [40], we examined consensus equilibria and their
domains of attraction. Then, we further extended the
modeling framework and analysis to incorporate anti-
coordinating agents, establishing a general convergence
result, and identifying conditions for consensus and po-
larized equilibria to exist, as well as their regions of at-
traction. Finally, we compared our results on the config-
uration of equilibria and their basins of attraction in the
presence of coordinating and anti-coordinating agents. In
the Discussions section above, we have detailed several di-
rections for future research, including complete equilibria
characterization, improving the opinion dynamics model,
and real-world validation. More broadly, we hope to use
the modeling framework to describe and understand real-
world social phenomena through the coevolutionary dy-
namics of actions and opinions with coordinating and anti-
coordinating agents.
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Appendix A. Proof of Theorem 1

According to Definition 1 and Lemma 1, we need
to show Vi € V that z; = [1,1] is the best re-
sponse when z_; = [1,-1,1,-1]. That is, [1,1] €
Bi(fi(-,[1n—1,1,-1])). By Assumption 1, we write

Bi(fi(-;[1n—1,1p-1])) = argmax,, fi(2i, [1n—1,1n-1]),

= arg max_ M Zjev a;;(1+a)(1+ ;)
1 1
- 5(1 —AB ZJEV wij (y; — 1)2 - 5)\5(% - IEi)2~

Since x; can only take values —1 or 1, the above equation
is a discrete optimization problem. We can determine the
optimal choice of x; by substituting these two values into
fi(ziy[1n-1,15-1]). For y; € [-1,1], we need to find the
value that maximizes f; in the interval [—1,1].



Case z; = +1. We compute f;(z;,[1n—1,1n-1])
)‘(1 - 5)(1 + a) Zjev Aij — %(1 - )‘)5 Zje]} Wi j (yz - 1)2 -
1)\B(y; — 1)%. Taking the partial derivative of f; with re-
spect to y; and setting it to zero yields

LA 3

Ay
which is maximized by y; = 1, which yields the claim.
Case z; —1. We compute f;(z;,[1n-1,1n-1]) =
CAI=B) e @i 5(1=N)BS ey wis (9i+1)*— AB(yi+
1)2. The partial derivative of f; with respect to y;, set to
Z€ero, is

wm -1) -

dfi

= = NBY o, wislyi +1) = ABlyi +1) =0,
which is maximized by y; = —1.

In summary, when z_; = [1,-1,1,-1], the best re-

1, —1], depending on x;, verifying that
O

sponse is [1,1] or [—
[1,,1,] and [-1,,,—1,] are NE, using Lemma 1.

1,,
Appendix B. Proof of Theorem 2

First, our assumption on z(0) implies that V; (0) U
V1, (0) = V. Exploiting this, the key argument is to show
that the following three statements hold true for all ¢t > O:
i) 0;(2(t)) > 0, for all i € V}"(0), and &;(z(t)) > 0, for all
i € VI (0); ii) z(t + 1) > z(t); and iii) y(t + 1) > 0,,.
Here, the inequalities are taken entry-wise. We prove the
three statements jointly by (strong) induction. We start
by proving that the statements hold true for ¢ = 0. To
prove i), we compute d; by splitting each sum into two
parts, obtaining

=p Zje\ﬁ(o w;;y;(0)+p Zkevjl(o)wikyk(o)
q
SIS 20) + (1 £ 2, 0)

+1 Zke\ﬁ (0) Vi k [22£(0) + a1 4 24(0))],

3:(2(0))

where p = 2A8(1 — \) and ¢ = 2A(1 — () are positive
constants. For i € V|7(0), we use the cohesiveness of V;" (0)
and the fact that y(0) > 0,,, to bound

q q
6i(2(0)) > E :j€V+(O) 1+a) 5 kEVfl(O)aZk
q a+1
4 1 e
_2{04-&-2( +a) a—I—Q]_

(B.1)
Similarly, for i € V¥, (0), we use the diffusiveness of V1, (0)
and the fact that y(0) > 0, to bound

q q

3:(2(0)) = 5 Zjevf(o)a”(l )3 Zkevfl(())alk
q a+1
91~ -—1=0.
2[a+2( o) a—i—Q}_O

(B.2)
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The strict inequality is obtained due to the

312 -diffusiveness of V', (0), which implies that

D kevt (o) Gik < g—i% To prove ii) and iii), let ig
-1

be the agent active at time t = 0. For all ¢ # iy, no
update is performed, hence, it clearly holds true that
x;(1) = 2;(0) and y;(1) = y;(0) > 0. Then, we distinguish
two cases. If ip € V;(0), and because §;(2(0)) > 0
as established above, it follows that z;(1) = 1 and
yi(1) > X > 0, according to Proposition 1. If ig € VT,(0),
and because 0;(2(0)) > 0 as established above, it follows
that ;(1) = 1 and y;(1) > A > 0, according to Proposi-
tion 1, yielding the claim. This concludes the proof of the
induction basis. We are now left to prove that, assuming
i)-iii) hold up to time ¢, they necessarily hold at t + 1.
The proof of i) follows the same arguments used to prove
the induction basis. In fact, due to strong induction
assumption, we have x;(t) > z;(0), for all 7 € V, implying

(a0 2 T30 e 00 255(0) +a(1 4 25 (0)
q

12

Zer*(O ij [225(0) + a1 + 2;(0))]

q
Z Zke\ﬁ (© i* [221(0) + (1 + z,(0))] ,

+ i ik 225 (t) + (1 + zx(t))]
¥ FEV=) (B.3)
=y

which is nonnegative (or strictly positive) as per (B.1) and
(B.2), respectively. Similar, ii) and iii) are obtained as
consequences of the positivity of §; from (B.3).

Finally, if at a generic time ¢, agent i; € V1, (0) acti-
vates, then d;, (z(t)) > 0, implying that z;,(t+1) = 1. Due
to Assumption 2 and the monotonicity property proved
above in item ii), it necessarily holds true that x(t) = 1,
for all ¢ > T'. Finally, the fact that [1,,1,] is the only NE
with & = 1,, guarantees convergence [53, Theorem 1]. O

Appendix C. Proof of Theorem 3

For the sake of convenience in our proof, we define
positive constants p = 2A8(1 — ) and ¢ = 2A(1 — 3). The

proof is based on the following set of arguments. If the
partitions V;"(0) and V~,(0) satisfy
q . +
ij = 1- YA ’ 1
Zjevfr(o) wij > S+ i€V (0) (C.1a)
q . _
i < o> —,(0), C.1b
Zjerl(o)w] < 2(p+q) eV 1( ) ( )

then i) &;(2(t)) > 0, for all i € V;7(0), and §;(2(¢)) > 0, for
all i € V7;(0); and ii) the action vector x(t + 1) > z(t).
Then, we show that if there also holds

1-2\
o> - 27 . + .
Zjevf«n Wi =Ty i€V (0),  (C2a)
A - —
ZjeV;(o) wij <7y 1€V4L(0), (G2
we have iii) the opinion vector y(¢ + 1)) > 0,,. We start

by proving that the statements hold for ¢ = 0. To prove



i), we compute d; by splitting each sum into two parts,
obtaining

5i(2(0))=p Zjevf(o)wijyj (0)+p Zkev:l(o)wikyk(o)

[Zjevf(o wi;22;5(0) + Zk V- wzk2l’k(0)] .

we use (C.la), the fact that
Zjevfr(o) w;; because W is stochas-

1(0), ¥;(0) € (0,+1],

q
*y
For i € Vi (0),
ZkEV:l(O) wi = 1 —
tic, and yx(0) € [-1,0), Yk € V_
V4 € V{7 (0) to bound

1
%(=(0) 2 7p(1izjevf(0) wig) + q{zg‘evf(o) wiri]

> —(p+ %) TP ) W
> —(p+g)+(p+q)(1 - 72(pq+q)) 20

Similarly, for i € VZ,(0), we use (C.1b), 3¢y (o) wij =
1 = Yhev-, o wik, and y(0) € [-1,0),Vk €
V1(0),5(0) € (0,+1],Vj € Vi (0) to bound

1
> _ . o )
= kaeV:l(O) Wik + 4 [2 Zkev:l(o) w’k}

—(p+4q) Zkev* © )wik+g
_ 7
2(p+4)
To prove ii) and iii), let ip be the agent active at time
t = 0. For all i # ip, it holds x;(1) = z;(0) and
¥i(1) = 3;(0) > 0. Then, we distinguish two cases. If
io € V;7(0), being 6;(2(0)) > 0, then z;(1) = 1 and
yi(1) > (1 — N)(— ZkeV:l(O) wik) + A > 0 where we
used (C.2a) and Ejevff(o) wij + Zkev:l(o) wy, = 1. If
io € V-,(0), being 9;(2(0)) > 0, then z;(1) =1 and

y(D) 2 1=, o) Wik) A >0,

4:(2(0))

_l’_f

>—(p+q) 2_0

according to (C.2b), concluding the proof of the induction
basis.

Finally, by using a strong induction argument, similar
to the proof of Theorem 2, it can also be established that,
assuming that the three properties hold up to time ¢, they
necessarily hold true at time ¢ + 1, yielding convergence.

O

Appendix D. Proof of Theorem 4

The proof primarily uses game-theoretic methods. We
first introduce the following function'

SRD DD DUNILTE J(EENIEES
_(1—1—04)(1—1—30])1—}—301} Zzw”

zGV JjeEV
5D e T

l‘k: _yk) )

with n; = \(1 — 8;)/458:(1 — \;). Following an approach
similar to [40 Lemma 1] (and hence details are omitted),

one can prove that, under Assumption 1 and when e = —1,
the coevolutionary game is a generalized ordinal potential
game [41] with the potential function in (D.1). Following
the approach of [40, Theorem 1], we can prove that the
generalized ordinal potential game necessarily converges to
an equilibrium, yielding the claim. The details are omit-
ted. O

Appendix E. Proof of Theorem 5

Our objective is to identify conditions for when the
state z* = (z*,y*) = [1,, 1,] (or —[1,,1,]) is an equilib-
rium of the coevolutionary model on the two-layer network
G. If [1,,1,] is an equilibrium, then from (10), there must
hold

1=zf =8(6;(%)), (E.1a)
1=y =(1-2X\) Zjev wijy; +AS(0:(z%)).  (E.1b)
(E.1b) can be further simplified to 1 = (1-A) 3.y, wi+A,

which always holds since W is row-stochastic. Meanwhile,
(9) evaluated at [1,,1,] yields

8i(z") = — Za” (2420)+2(1-X) )\ﬂz ey Wij -

jeV

It follows that ¢;(z*) > 0 (which ensures z} = S(9;(2*))
1) is implied by 3¢y aij < ey Thus, [1,,1,]
satisfies the equilibrium equations if (16) holds for all ¢ €
V. O

Appendix F. Proof of Theorem 6

The proof is divided into two parts. In the first part,
we establish that given a fixed action vector «* that is
polarized concerning a partitioning (V,, V,,), and under the
conditions in (18a), the unique vector y* that satisfies the
equilibrium conditions for (10b) is polarized. The proof
that y* is polarizing with respect to (V,, V,,) follows closely
the proof of [40, Theorem 2], and it is thus omitted.

In the second part, with y* being the polarized vector
identified in part one, we show that conditions in (18b) and
(18c¢), guarantee that the action vector * is invariant un-
der (10a), which implies that z* is a polarized equilibrium
of the coevolutionary model. Given y* which is polarized
with respect to (V,, Vy), define yf = min;ey, v and y,, =
min;ey, and y}& = maxey, y; and y,; = maxXey, Y5 .

Forany i€V, and t >0, z;(t) = +1 =z;(t + 1) = +1
if 0;(z(t)) > 0. From (14), we obtain the following bound

bi(z) = p[zjevp wijy; + Zkevn wikyk}
{Zjevp Wi+ Zkevn wikxk}

[+ (1= dyyn| = 5 [ds — (1= d)].

4
2
p



where p = 2A8(1 — A),¢ =
that

2X8(1 — A)(dpy,h, + (1 —

2A(1 — ). We shall now prove

+(1- HA(1—2d,) >0,
(F.1)
which implies that (Appendix F) holds. Before proceed-
ing, we state two important inequalities, whose derivations
are found in the proof of [40, Theorem 2|, and is obtained
by leveraging the equilibrium expression for y;, i.e., set-
ting y; (¢t + 1) = y;(¢) in (10). In particular, one can show
that 1, > A+ (1 = A)[d,y.h, + (1 —d,)y,,] and also that

Jp)y:n)

> A—)\(l_—A)(l—dp—Fdn) o
N (1 *A)(dpJFdn) - (1 *)‘)2(1 *dp*dn)
(F.2)
The first inequality can be used to show that 28(y —
A) — (1 —pB)(2dy, — 1) > 0 implies (F.1). Substituting
yt from (F.2) into this latest inequality, and simplifying,
yields (18b). Thus, (18b) implies (Appendix F), and thus

0;(z) > 0. In other words, z;(t + 1) = z;(t) = +1 for all
t > 0 if (18b) holds.

For any i € V, and t > 0, z;(t + 1) = z;(t) = —1 iff
0i(z(t),y(t)) < 0, which is implied by

bi(z) = pzjevp wijY; +pzkevn Wik Yk

q
2 {Zjevp Wigty + Zkevnqwikzk (F.3)
< p[duyiy + = duyls] = 2|1 = da) = da).

where p = 2A8(1—)), ¢ = 2A\(1— (). We omit the detailed
arguments, which follow similarly to the above, one can
show that (18c) implies the right hand side of (F.3) is
strictly negative, and thus d;(z) < 0. O

Appendix G. Proof of Theorem 7

First, our assumption on polarized z(0) implies that
V7 (0) UV~,(0) = V. For the sake of convenience in our
proof, we define positive constants p = 2A\3(1 — ) and
g = 2X\(1 — ). The proof is by induction. To begin,
we show that if the partitions V" (0) and V=, (0) satisfy
(19), then i) x(1) is polarized with respect to the same
partition and ii) y(1) is polarized with respect to the same
partition, i.e., V;"(1) = V;7(0) and V=, (1) = V=, (0) Then,
Theorems 4 and 6 are leveraged to guarantee convergence
to equilibrium , and that V;"(t) = V{7 (0) and V—,(t) =
V7, (0) for all ¢ > 0 (implying the equilibrium is polarized),
respectively.

We start from the induction basis. To prove i), we
compute 9;(z(0)) by splitting each sum into two parts,
obtaining

SZO)=p[ 32, e it O+, wasti(0)]
q
_5{2361/*()“)”% +ZkeV’ (0)w’kxk }

a) the
) y(0) €

For i € V] (0), we use the following facts:
inequalities in (19), b) 8 < 1/(2 — )),
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[—1,0),Vk € V~
Zkev

5i(2(0)) = p [Zjevil(o)wijyj+ Zkevl(o)wikﬁyk}
1
B q<zg‘evil(o) Wij = 5)

1(0),5;(0) € (0,+1],¥5 € V;H(0), and d)

(0) wip =1— ZjEVT(O) w;; to bound

> —p Zkev:l(o) Wik — qZ]‘EVL(O) wij + % (G.1)
> (p*Q)ZjevL(o) Wi *erg
> -0y (42 + (L+p) >0

For i € V~;(0), we use the inequalities in (19), the con-

dition 8 < 1/(2 — A), the fact that y;(0) € [-1,0),Vk €
V~,(0),y;(0) € (0,+1],V§ € V{7 (0), and > jevi o) Wij =
1-— Zkev:l(o) w; to bound

6i(z(0)) =p |:Zjevil(0)wijyj + Zkevl(o)wikyk}

- q@ 72]‘61/:1(0) wij)
= pzjeVL(O) Wi q@ - ZkeV;(O) w““) (G-2)
<-(p-2q Zkev:l(o) wi, + (p — %)
< *(p*Q)%(lerp%q) + (- g) <0.

Let ip be the agent active at time ¢ = 0. For all ¢ # ig,
no update is performed, so those agents in V_;(0) remain
in V7,(1) (and agents in V{,(0) stay in V(1) ). Con-
cerning ig, we distinguish two cases. If ip € V; (0), be-
ing ;(2(0)) > 0, then x;(1) = z;(0) = 1. From (10b),
we obtain y;(1) > (1 = A)(=Xpeyp- o) wir) + A > 0,
with the latter due to the left inequality of (19). If
io € V_;(0), being §;(2(0)) < 0, then z;(1) = —1 and
similarly, y;(1) < (1 —A) ZjeVL(O) wi; — A < 0 according
o (19). This concludes the proof of the induction basis.
By using an induction argument, it can be shown by re-
peating the arguments used in (G.1) and (G.2) that if z(¢)
is polarized with respect to the same partitioning and (19)
holds, then also z(t + 1) is polarized with respect to that
partitioning. Hence, the induction principle yields the first
claim.

Finally, Theorem 4 guarantees convergence to an equi-
librium: lim;_, 2(t) — 2*. Now, z(0) is polarized with
respect to (V;(0),V,(0)) by hypothesis, and the above
has established that Vi (t) = V{7 (0) and V_,(t) = V~,(0)
for all ¢ > 0. In other words, the elements in the two sets
remain unchanged over time. Separately, the inequalities
n (19) satisfy the conditions (18a)—(18c) of Theorem 6
(which can be applied since Assumptions 1-3 hold), and

thus z* must be polarized with respect to (V;7(0), V~,(0)).
For notational convenience, we denote V; (0) and V~,(0)
as Vp, and V,, which completes the proof. O



