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Abstract. Aggregation functions are usually used to summarize the in-
formation from different inputs into a unique value. Depending on the
structure of the aggregation function and the behavior of the initial data,
there are inputs that have a larger impact in the result of the aggregation.
From a probabilistic approach, such an importance can be identified as
the positive dependence between the input and the output. In this paper,
sufficient conditions for the stochastic ordering with respect to positive
dependence stochastic orders between bivariate random vectors consist-
ing of an input and the output of aggregation functions are provided.
In particular, quasi-arithmetic means and some OWA operators are con-
sidered, using as ordering the supermodular and concordance stochastic
orders.

Keywords: Aggregation · Stochastic orders · Copulas · Dependence

1 Introduction

Aggregation functions [1, 4] are widely used for fusing the information from dif-
ferent sources in different applications such as decision making [5, 14] and pre-
diction [7, 10]. In some contexts, it is interesting to identify the inputs that have
a larger importance in the aggregation process, since they have more impact in
the output value.

The most simple example is the case of weighted means, in which the value
of the weight is usually associated with the importance of the input. This can
be shown by considering the associated partial derivatives, which equal

∂
∑n

i=1 wixi

∂xk
= wk, ∀k ∈ {1, . . . , n},

so that the variations of an input change more drastically the value of the ag-
gregation if the weight is greater.

From a probabilistic approach, the importance of an input can be measured
by its dependence with the output of the aggregation. For instance, if one con-
siders independent random variables X1, . . . , Xn with the same distribution as



2 Juan Baz and Franco Pellerey

the inputs of a weighted mean, the correlation coefficients between each of them
and the aggregation can be easily computed. Denoting the variance of X1 as σ2,

ρXk,
∑n

i=1 wiXi
=

Cov(Xk,
∑n

i=1 wiXi)√
V ar(Xk)V ar(

∑n
i=1 wiXi)

=
Cov(Xk, wkXk)√
σ2
∑n

i=1 w
2
i σ

2
=

=
wkσ

2

σ2
√∑n

i=1 w
2
i

=
wk

||w||2
.

Therefore, the linear dependence increases with the value of the weight, since

wj ≤ wk ⇒ ρXj ,
∑n

i=1 wiXi
≤ ρXk,

∑n
i=1 wiXi

. (1)

However, the case of independent and identically distributed random vari-
ables is quite limited and there are some kinds of dependence that are not lin-
ear [8]. In this direction, this paper is devoted to extend the comparison in
Equation (1) by considering:

1. Dependence stochastic orders that not only take into account linear depen-
dence,

2. Random variables that are dependent or have different distributions,
3. Other aggregation functions rather than the weighted mean.

More specifically, sufficient conditions for having the ordering

(Xi, A(X)) ≤dp (Xj , A(X)),

where ≤dp is a positive dependence stochastic order and A an aggregation func-
tion are provided.

The rest of the paper is organized as follows. In Section 2, the basic notions
about stochastic orders and copulas are provided. Then, Section 3 and 4 are
devoted, respectively, to the cases of quasi-arithmetic means and OWA operators.
Finally, the conclusions are discussed in Section 5.

2 Stochastic orders and copulas

Stochastic orders are relations that compare probability distributions and ran-
dom vectors by means of their location, variability and dependence. The most
known stochastic order is the usual stochastic order, which, for random variables,
is defined as the pointwise comparison of the distribution functions.

Definition 1. [9] Let X and Y be two random variables with distribution func-
tions FX and FY . If FX(t) ≥ FY (t) for any t ∈ R, it is said that X is smaller
than or equal to Y in the usual stochastic order and it is denoted by X ≤st Y .

The usual stochastic order can also be characterized by the comparison of
the expectation of increasing functions. If X ≤st Y , the quantiles and the ex-
pectations (if they exist) are ordered.

Moving to variability stochastic orders, the dispersive order, which considers
differences between quantiles, is usually considered.
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Definition 2. [9] Let X and Y be two random variables with quantile functions
F−1 and G−1. Then, X is said to be smaller than or equal to Y in the dispersive
order, denoted as X ≤disp Y , if

F−1(p)− F−1(q) ≤ G−1(p)−G−1(q) for any 0 < q ≤ p < 1.

In addition, variability can be also studied by using convex functions.

Definition 3. [9] Let X and Y be two random variables. If E[φ(X)] ≤ E[φ(Y )]
for any measurable convex function φ : Rn → R such that E[φ(X)] and E[φ(Y )]
exist, then X is said to be smaller than or equal to Y in the convex stochastic
order and it is denoted as X ≤cx Y .

Both the dispersive and the convex order imply the ordering of variances
V ar(X) ≤ V ar(Y ) and the convex order imposes the same expectation for X
and Y . Moreover, if E[X] = E[Y ], then X ≤disp Y implies X ≤cx Y . Regarding
(positive) dependence stochastic orders, one of the most considered alternatives
is the supermodular stochastic order. Recall that a function f : Rn → R is said
to be supermodular if f(x)+f(y) = f(x∧y)+f(x∨y) for any x,y ∈ Rn, where
∧ and ∨ denote, respectively, the componentwise minimum and maximum.

Definition 4. [9] Let X and Y be two random vectors. If E[φ(X)] ≤ E[φ(Y )]
for any supermodular function φ : Rn → R such that E[φ(X)] and E[φ(Y )]
exist, then X is said to be smaller than or equal to Y in the supermodular
order, and it is denoted as X ≤sm Y .

If X ≤sm Y , then both vectors have the same marginal distributions. This
stochastic order implies the weaker PQD order.

Definition 5. [9] Let X and Y be two random vectors that have the same
marginal distributions. Then, X is said to be smaller than or equal to Y in the
positive quadrant dependent order, and it is denoted as X ≤PQD Y if P (X ≤
x) ≤ P (Y ≤ x) and P (X ≥ x) ≤ P (Y ≥ x) for any x ∈ Rn.

Moreover, the PQD order implies inequalities for the main correlation mea-
sures such as the Pearson’s correlation coefficient, Kendall’s τ , Spearman’s ρ and
the Blomquist’s q [13].

When the marginal distributions are different, one can use copulas to com-
pare the dependence. These functions capture the dependence structure of the
random vector and coincide with the distribution functions of random vectors
with standard uniform marginals. The multivariate distribution function, de-
fined as F (x1, . . . , xn) = P (X1 ≤ x1, . . . , Xn ≤ xn) of any random vector can be
expressed as the composition of a copula and the marginal distribution functions
by the so-called Sklar Theorem.

Theorem 1. [3, 11] Let X be a random vector with marginal distribution func-
tions F1, . . . , Fn and joint distribution function F . Then, there exists a copula
C : [0, 1]n → [0, 1] such that

F (x1, . . . , xn) = C (F1(x1), . . . , Fn(xn)) , ∀x ∈ Rn.

In addition, if F1, . . . , Fn are continuous, the copula is unique.
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Similarly, the survival function of X, defined as F̂ (x1, . . . , xn) = P (X1 >
x1, . . . , Xn > xn), can be decomposed as

F̂ (x1, . . . , xn) = Ĉ
(
F̂1(x1), . . . , F̂n(xn)

)
, ∀x ∈ Rn,

where F̂1, . . . , F̂n are the survival functions of the marginals and Ĉ is a copula,
called the survival copula of X.

Larger values of the copula and the survival copula are associated with a
stronger positive dependence between the components of the random vector. In
this direction, the concordance order is defined as follows.

Definition 6. [6] Let X and Y be two random vectors with continuous marginal
distributions with copulas CX and CY and survival copulas ĈX and ĈY . If
CX(x) ≤ CY (x) and ĈX(x) ≤ ĈY (x) for any x ∈ [0, 1]n, it is said that X
is smaller than or equal to Y in the concordance order and it is denoted as
X ≤c Y .

If the marginal distributions are the same, then the concordance order is
equivalent to the PQD order, thus implied by the supermodular order. Moreover,
for bivariate random vectors, the concordance order and the supermodular are
equivalent when the vectors have the same marginal distributions. The following
useful result is Theorem 2.4.3. in [3].

Theorem 2. [3] Let X = (X1, . . . , Xn) be a random vector with continuous
components and copula C and consider n continuous and strictly monotone
mappings φj : RanXj → R with j ∈ {1, . . . , n}. Then, the copula of the ran-
dom vector Y = (φ1X1, . . . , φnXn) is given by C ◦ σi1 ◦ · · · ◦ σik , where σij :
[0, 1]n → [0, 1]n is defined as σj(x1, . . . , xj , . . . , xn) = (x1, . . . , 1−xj , . . . , xn) and
the indices i1, . . . , ik correspond to those mappings φi1 , . . . , φik that are strictly
decreasing.

That is, applying strictly increasing functions to the variables remains the
copula of the random vector invariant, while applying a strictly decreasing func-
tion to a variable transforms the copula by reflecting the associated component.
In particular, one has that C−X,−Y (x, y) = Ĉ(x, y).

3 Input importance for quasi-arithmetic means

Quasi-arithmetic means transform the inputs of the aggregation using a strictly
increasing monotone transformation, perform a convex linear combination of the
values and then inverse the transformation. They include, as particular cases,
weighted arithmetic means, weighted geometric means and weighted harmonic
means. The general definition is the following.

Definition 7. [2] A function f : In → I is said to be a quasi-arithmetic weighted
mean if can expressed as

f(x) = g−1

(
n∑

k=1

wig(xi)

)
, ∀x ∈ In,
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where g : I → R is any real-valued strictly monotone function and w ∈ [0, 1]n is
a weighting vector such that

∑n
k=1 wi = 1.

As already stated in the introduction, the value of the weight is usually in-
terpreted as the importance of the associated input. However, the distribution of
the input is also relevant. In the following, we will consider exchangeable random
vectors, which are random vectors whose distribution is invariant when the order
of their components is changed. In particular, all the marginal distributions of
the input random vector have the same distribution. Therefore, it is reasonable
to think that the following implication is true

wi ≤ wj ⇒

(
Xi, g

−1

(
n∑

k=1

wig(xi)

))
≤sm

(
Xj , g

−1

(
n∑

k=1

wig(xi)

))
.

Let us start with a lemma that considers the bivariate case and a larger
family of functions.

Lemma 1. Let f : R2 → R be a measurable function such that f(x, y) ≥ f(y, x)
if x ≤ y. Then, for any exchangeable bivariate random vector X = (X1, X2), it
holds that

(X1, f(X1, X2)) ≤sm (X2, f(X1, X2)).

Proof. Let ϕ be a supermodular function. If x1 ≤ x2, then f(x1, x2) ≥ f(x2, x1)
and, therefore,

ϕ(x2, f(x2, x1)) + ϕ(x1, f(x1, x2)) ≤ ϕ(x1, f(x2, x1)) + ϕ(x2, f(x1, x2)).

Similarly, if x1 ≥ x2 then f(x1, x2) ≤ f(x2, x1) and latter equation also holds.
Then, since X is exchangeable one has that (X1, f(X2, X1)) =st (X2, f(X1, X2))
and (X1, f(X1, X2)) =st (X2, f(X2, X1)). Therefore,

E [ϕ(X1, f(X1, X2))] =
1

2
E [ϕ(X1, f(X1, X2))] +

1

2
E [ϕ(X2, f(X2, X1))] ≤

≤ 1

2
E [ϕ(X1, f(X2, X1))] +

1

2
E [ϕ(X2, f(X1, X2))] = E [ϕ(X2, f(X1, X2))]

⊓⊔

The inequality can be extended to random vectors of arbitrary dimensions
by noting that exchangeability is preserved when considering some particular
conditional distributions.

Theorem 3. Let f : Rn → R be a measurable function such that f(x) ≥
f(πi,jx) if xi ≤ xj where πi,j denotes the permutation that changes the values
of the i-th and j-th component. Then, for any exchangeable bivariate random
vector X, it holds that

(Xi, f(X)) ≤sm (Xj , f(X)).
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Proof. Without lose of generality, consider i = 1 and j = 2. Define the random
vector Z = (X3, . . . , Xn). For any possible value of Z, z, the exchangeability of
X implies that the random vector

([X1 | Z = z], [X2 | Z = z]),

is exchangeable. Then, the result is a consequence of Lemma 1. ⊓⊔

The result for quasi-arithmetic means can be obtained by adapting the latter
result.

Corollary 1. Let X be an exchangeable random vector. Then, for any quasi-
arithmetic mean

f(x) = g−1

(
n∑

k=1

wkg(xk)

)
, ∀x ∈ In,

it holds that
wi ≤ wj ⇒ (Xi, f(X)) ≤sm (Xj , f(X)).

Proof. If xi ≤ xj , since g is increasing then g(xi) ≤ g(xj). Therefore, using that
wi ≤ wj ,

n∑
k=1

wkg(xk) ≥

 n∑
k=1,k ̸=i,j

wkg(xk)

+ wig(xj) + wjg(xi).

Applying that g−1 is increasing, then f(x) ≥ f(πi,jx) where πi,j denotes the
permutation that changes the values of the i-th and j-th component. Then, the
conditions of Theorem 3 are fulfilled and the result holds. ⊓⊔

In words, Corollary 1 confirms the intuition that if wi < wj then f(X) is
more dependent to the value assumed by Xj than the value assumed by Xi.

4 Input importance for OWA operators

Ordered Weighted Averagings (OWA) operators performs a convex linear com-
bination of inputs of the aggregation after ordering them from the smallest to
the greatest.

Definition 8. [12] A function f : In → I is said to be an Ordered Weighted
Averaging (OWA) operator if it can be expressed as

f(x) =

n∑
i=1

wixσ(i),

where σ : {1, . . . , n} → {1, . . . , n} denotes the (bijective) permutation such that
xσ(1) ≤ · · · ≤ xσ(1) and w ∈ [0, 1]n is a weighting vector satisfying

∑n
i=1 wi = 1.
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OWA operators include the maximum and the minimum. In general, it is
reasonable to think that larger inputs have more impact in the output of the
maximum and smaller inputs have more impact in the output of the minimum.
Therefore, it is intuitive to conjecture

Xi ≤st Xj ⇒ (Xi,max(X)) ≤c (Xj ,max(X)) , (Xi,min(X)) ≥c (Xj ,min(X)) .

Notice that the supermodular order cannot be achieved, since the marginal
distributions are not necessarily the same. In the following result, the concor-
dance order is proved for the maximum by directly computing the associated
copulas.

Theorem 4. Let X be a random vector with continuous independent compo-
nents. Then

Xi ≤st Xj ⇒ (X1,max(X)) ≤c (X2,max(X)), ∀ i, j ∈ {1, . . . , n}.

Proof. Let us compute the copula of X1 and max(X). The bivariate distribution
function can be computed by considering conditional probabilities.

FX1,max(X)(a, b) = P (X1 ≤ a)P (max(X) ≤ b | X1 ≤ a).

If a ≤ b, then P (max(X) ≤ b | X1 ≤ a) = P (max(X2, . . . , Xn) ≤ b) =∏n
i=1 Fi(b). If a ≥ b, then P (max(X) ≤ b | X1 ≤ a) = P (max(X2, . . . , Xn) ≤

b)P (X1 ≤ b |X1 ≤ a) = (
∏n

i=1 Fi(b))
F1(b)
F1(a)

. In addition, notice that Fmax(X)(x) =∏n
i=1 Fi(x), thus

∏n
i=2 Fi(x) =

Fmax(X)(x)

F1(x)
. Therefore, the expression of the joint

distribution function is

FX1,max(X)(a, b) =

{
F1(a)
F1(b)

Fmax(X)(b) if a ≤ b,

Fmax(X)(b) if a ≥ b,

which can be summarized as FX1,max(X)(a, b) = min
(
1, F1(a)

F1(b)

)
Fmax(X)(b). Since

the components of X are continuous and independent, max(X) is also continu-
ous. Therefore, the copula has the following expression.

CX1,max(X)(x, y) = min

1,
x

F1

(
F−1
max(X)(y)

)
 y,

since

FX1,max(X)(a, b) =CX1,max(X)(F1(a), Fmax(X)(b)),

=min

1,
F1(a)

F1

(
F−1
max(X)

(
Fmax(X)(b)

))
Fmax(X)(b),

=min

(
1,

F1(a)

F1(b)

)
Fmax(X)(b).
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Similarly, the copulas of (Xi,max(X)) and (Xj ,max(X)) with i, j ∈ {1, . . . , n}
are of the form

CXi,max(X)(x, y) = min

1,
x

Fi

(
F−1
max(X)(y)

)
 y,

CXj ,max(X)(x, y) = min

1,
x

Fj

(
F−1
max(X)(y)

)
 y.

If Xi ≤st Xj , then Fi(x) ≥ Fj(x) for any x ∈ R and, therefore, it holds that
CXi,max(X)(x, y) ≤ CXj ,max(X)(x, y) for any x, y ∈ [0, 1]. ⊓⊔

The case of the minimum can be achieved by changing the sign of the vari-
ables.

Corollary 2. Let X be a random vector with continuous independent compo-
nents. Then

Xi ≤st Xj ⇒ (Xi,min(X)) ≥c (Xj ,min(X)), ∀ i, j ∈ {1, . . . , n}.

Proof. Consider the random vector −X and apply Theorem 4. If Xi ≤st Xj ,
then −Xi ≥st −Xj and

(−Xi,max(−X)) ≥c (−Xj ,max(−X)), (−Xi,−min(X)) ≥c (−Xj ,−min(X)).

Notice that, as a consequence of Theorem 2,

C−Xi,−min(X)(x, y) = ĈXi,min(X)(x, y),

C−Xi,−min(X)(x, y) = ĈXi,min(X)(x, y).

The result holds by applying that (−Xi,−min(X)) ≥c (−Xj ,−min(X))

implies that ĈXi,min(X)(x, y) ≤ ĈXi,min(X)(x, y) for any x, y ∈ [0, 1]2. ⊓⊔

A more general result without assuming independence cannot be proved,
since it is easy to construct random vectors X = (X1, X2) such that X1 =st X2

but with (X1,max(X1, X2)) and (X2,max(X1, X2)) having different copula. In
addition, other inequalities for OWA operators are hard to prove. For instance,
if one has a random vector X = (X1, X2, X3) with independent components
such that X1 ≤cx X2 ≤cx X3, one could expect X1 having more impact when
computing the median, since it has the same location but smaller variability than
X2 and X3, thus is in the middle position with larger probability. In symbols

X1 ≤cx X2 ≤cx X3 ⇒ (X1, X(2)) ≥c (X2, X(2)) ≥c (X1, X(3)).

However, next example shows that the intuition is false in this case.



Input importance in aggregation theory and dependence stochastic orders 9

Example 1. Consider three independent random variables X1, X2 and X3 such
that X1 has uniform distribution over [−1, 1] and X2 and X3 have uniform
distribution over [−2, 2]. It is clear that E[X1] = E[X2] = E[X3] = E[X(2)] = 0

and V ar[X1] = 1
3 , V ar[X2] = V ar[X3] = 4

3 . Moreover, X1 ≤cx X2, X3 and
X1 ≤disp X2, X3.

Let us compute ρX1,X(2)
and ρX2,X(2)

. Compute the covariance between X1

and X(2) as follows,

Cov(X1, X(2)) =

∫ 1

−1

∫ 2

−2

∫ 2

−2

1

32
x1x(2)dx3dx2dx1,

where x(2) denotes the median value of x1, x2 and x3.
Define C = [−1, 1]× [−2, 2]2 and consider the following subsets:

C1 = {x ∈ C | x2 ≤ x1 ≤ x3}, C2 = {x ∈ C | x3 ≤ x1 ≤ x2},
C3 = {x ∈ C | x1 ≤ x2 ≤ x3}, C4 = {x ∈ C | x1 ≤ x3 ≤ x2},
C5 = {x ∈ C | x2 ≤ x3 ≤ x1}, C6 = {x ∈ C | x3 ≤ x2 ≤ x1}.

Notice that the intersection of any pair of the latter subsets has Lebesgue
measure 0, thus the integral over it is negligible. In addition, since the permuta-
tion of X2 and X3 and all the random variables are symmetric with respect to
0, the integrals over C1 and C2 are the same, as well as the integrals over C3,
C4, C5 and C6. Thus,

Cov(X1, X(2)) =

∫ 1

−1

∫ 2

−2

∫ 2

−2

1

32
x1x(2)dx3dx2dx1 =

=
2

32

∫ 1

−1

∫ x1

−2

∫ 2

x1

x2
1dx3dx2dx1 +

4

32

∫ 1

−1

∫ x1

−2

∫ x2

−2

x1x2dx3dx2dx1.

Let us compute each of the integrals in the latter expression.∫ 1

−1

∫ x1

−2

∫ 2

x1

x2
1dx3dx2dx1 =

∫ 1

−1

∫ x1

−2

(
2x2

1 − x3
1

)
dx2dx1 =

=

∫ 1

−1

(
2x3

1 − x4
1 + 4x2

1 − 2x3
1

)
dx1 = −2

5
+

8

3
=

34

15
.

∫ 1

−1

∫ x1

−2

∫ x2

−2

x1x2dx3dx2dx1 =

∫ 1

−1

∫ x1

−2

(
x1x

2
2 + 2x1x2

)
dx1dx2 =

=

∫ 1

−1

(
x4
1

3
+ x3

1 +
8

3
x1 − 4x1

)
dx1 =

2

15
.

Then, the covariance is

Cov(X1, X(2)) =
2

32

34

15
+

4

32

2

15
=

19

120
.
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For the covariance of X2 and X(2), similarly as in the latter case, the integral
can be decomposed in three different cases, the first associated to C1 and C2,
the second to C3 and C6 and the last one to C4 and C5. Then, it is obtained

Cov(X2, X(2)) =
2

32

∫ 1

−1

∫ x1

−2

∫ 2

x1

x2x1dx3dx2dx1+

+
2

32

∫ 1

−1

∫ x1

−2

∫ x2

−2

x2
2dx3dx2dx1 +

2

32

∫ 1

−1

∫ x1

−2

∫ x3

−2

x2x3dx2dx3dx1.

∫ 1

−1

∫ x1

−2

∫ 2

x1

x2x1dx3dx2dx1 =

∫ 1

−1

∫ x1

−2

(
2x1x2 − x2

1x2

)
dx2dx1 =

=

∫ 1

−1

(
x3
1 − 4x1 −

x4
1

2
+ 2x2

1

)
dx1 = − 2

10
+

4

3
=

17

15
.

∫ 1

−1

∫ x1

−2

∫ x2

−2

x2
2dx3dx2dx1 =

∫ 1

−1

∫ x1

−2

(
x3
2 + 2x2

2

)
dx2dx1 =

=

∫ 1

−1

(
x4
1

4
− 4 +

2

3
x3
1 +

16

3

)
dx1 =

2

20
− 8 +

32

3
=

83

30
.

∫ 1

−1

∫ x1

−2

∫ x3

−2

x2x3dx2dx3dx1 =

∫ 1

−1

∫ x1

−2

(
x3
3

2
− 2x3

)
dx3dx1 =

=

∫ 1

−1

(
x4
1

8
− 2− x2

1 + 4

)
dx1 =

2

40
− 4− 2

3
+ 8 =

203

60
.

Thus,

Cov(X2, X(2)) =
2

32

17

15
+

2

32

83

30
+

2

32

203

60
=

437

960
.

Finally, it is necessary to compute the variance of the median, which involves
previously computed integrals.

V ar(X(2)) =
2

32

∫ 1

−1

∫ x1

−2

∫ 2

x1

x2
1dx3dx2dx1 +

4

32

∫ 1

−1

∫ x1

−2

∫ x2

−2

x2
2dx3dx2dx1 =

=
2

32

34

15
+

4

32

83

30
=

39

80
.
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Then, the correlation coefficients can be computed as follows.

ρX1,X(2)
=

19
120√
1
3
39
80

=
304

√
65

6240
≈ 0.3928,

ρX2,X(2)
=

437
960√
4
3
39
80

=
437

√
65

6240
≈ 0.5646.

Suppose that (X1, X(2)) ≥c (X2, X(2)). Then, applying Theorem 2, (X1, X(2))
has the same copula as (2X1, X(2)) and, therefore, (2X1, X(2)) ≥c (X2, X(2)).
Since 2X1 =st X2, (2X1, X(2)) and (X2, X(2)) have the same marginal distri-
butions and then (2X1, X(2)) ≥sm (X2, X(2)). This cannot be possible, since
(2X1, X(2)) ≥sm (X2, X(2)) would imply ρX1,X(2)

≥ ρX1,X(2)
, which is not true.

Therefore, it is concluded that (X1, X(2)) ̸≥c (X2, X(2)).

5 Conclusions

In this paper, the importance of the inputs in aggregation functions has been
studied by using positive dependence stochastic orders. In particular, it has been
proved that a larger weight in quasi-arithmetic means implies a larger positive
dependence between the associated variable and the aggregation, with respect
to the supermodular order, when dealing with exchangeable random vectors.
For random vectors with independent components, the usual stochastic order
implies the concordance order between the vectors consisting on the variable
and the maximum, and the opposite for the minimum. However, for general
OWA operators no general results seem to be achievable, so further analyses on
specific cases could be the subject of further studies.

There are many other aggregation functions that can be analyzed using this
approach. For instance, larger variability could imply more dependence when
dealing with some permutation symmetric aggregations, as shown in Example 1.
In addition, the results for the maximum and minimum might be extended by
imposing conditions to probabilities of the form P (X1 > X2).
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