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 A B S T R A C T

The construction industry is one of the sectors with the highest environmental impact, yet it constitutes an 
important part of the global economy. Therefore, minor improvements in this sector can lead to substantial 
global benefits. Structural optimization protocols offer promising solutions to this challenge, especially for 
gridshell structures. Given the complexities involved in constructing gridshells, optimization techniques can 
play a crucial role in enhancing design by reducing material usage, and improving construction efficiency. 
This paper presents a methodology for the optimization of gridshell structures using the NSGA II optimization 
algorithm, combined with the improved Multi-body Rope Approach (i-MRA) form-finding method. The primary 
objective of this methodology is to minimize the variety of structural elements, reduce material consumption, 
decrease production waste, and ensure adherence to structural verification standards. This methodology 
provides an efficient approach for the conceptual design of gridshell structures.
1. Introduction

The construction industry (CI) is a major contributor to environmen-
tal impact, accounting for a significant portion of the human ecological 
footprint. It is responsible for around 30% of global greenhouse gas 
emissions [1], consumes nearly half of the world raw materials, and 
utilizes 40% of global energy [2]. Additionally, CI contributes to 50% 
of landfill waste globally [3] and is expected to see a doubling of global 
building floor area by 2050 due to population growth and increasing 
affluence in emerging economies [4]. These environmental challenges 
represent risks to ecosystems, and public health, and exacerbate climate 
change. Despite these concerns, the construction industry remains a 
key driver of the global economy, contributing 10% to the world Gross 
Domestic Product (GDP), equivalent to 7.5 trillion USD. In the Euro-
pean Union (EU), CI supports approximately 18 million direct jobs and 
contributes 9% to the GDP [5]. Considering the importance of the CI 
in both environmental and economic terms, even minor improvements 
in this sector have the potential to have a profound impact on a global 
scale.

The integration of structural optimization methods into standard 
practices becomes crucial in this context. The prospective implications 
of structural optimization in the construction industry become much 

∗ Corresponding author.
E-mail address: jonathan.melchiorre@polito.it (J. Melchiorre).

more obvious as projections are extended to 2050. Estimates [4] sug-
gest that by applying structural optimization techniques, a decrease of 
over 95 million metric tons of concrete and more than 3000 million 
kilogrammes of steel can be achieved, leading to significant energy 
savings of more than 100 trillion British Thermal Unit (BTU) per year, 
and an annual decrease in greenhouse gas (GHG) emissions by more 
than 10 million metric tons of CO2 equivalent [4].

Recently, there has been a notable expansion in the quantity and 
quality of structural optimization studies have advanced the field. The 
majority of these studies have three main objectives: (1) minimizing 
economic costs, (2) enhancing structural performance [6] and (3) re-
ducing environmental impact of structures. For gridshells, optimization 
objectives diverge from objectives formulated for more conventional 
structures. Gridshell structures are characterized more by construction 
complexity than by inefficient material utilization [7]. The construction 
challenge has impeded their widespread adoption. For this reason, sev-
eral studies have explored the application of optimization algorithms 
to address the associated technological challenges. For instance, these 
studies have concentrated on optimizing structural nodes [8–10], op-
timal topologies for structural elements [11–13], or the best panelling 
patterns [14,15]. Additionally, there has been research into innovative 
construction methods [16,17].
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Several approaches have been proposed to address geometric con-
straints in modelling problems. For example, [18] propose a
differential–geometric approach that minimizes total absolute curva-
ture and aligns principal stress directions, generating optimal structures 
and minimizing material usage. More recently, [19] introduced the 
Guided Projection Algorithm (GPA), which is an iterative optimization 
technique that combines guided projections with a regularization strat-
egy. The GPA can be considered a regularized Newton method [20] 
with an appropriate damping mechanism. Conceptually, it is similar to 
the Levenberg–Marquardt algorithm [21] and is designed to solve non-
linear constraint equations. The method is based on the introduction of 
auxiliary variables, which are used to reformulate complex constraints 
such that they become at most quadratic. It involves the iterative 
projection of the solution onto the constraint manifold, with the use of 
regularization to maintain stability. This guided, regularized optimiza-
tion allows the solver to converge robustly and with high precision, 
often satisfying constraints to machine accuracy.

From a structural perspective, gridshells exemplify the mechanical 
behaviour of shells, integrating the smooth curves of shell structures 
with the simplicity and versatility of straight beam elements. Despite 
being composed of linear structural elements, the spatial configuration 
of these elements enables gridshells to exhibit a spatial behaviour 
typically associated with shell structures. Their curved shape offers 
an optimal morphology for accommodating various load patterns and 
stress paths, resulting in optimal material usage and high structural 
efficiency. The curved grid structure offers both structural and aes-
thetic benefits [22], as it allows for the construction of large-span 
structures without the need intermediate supports like columns. The 
gridshell concept exploits the capacity of shell structures to resist load-
ing through membrane-type actions, which are primarily associated 
with plane stress. This design approach ensures that the structural 
elements of the gridshell primarily experience compressive or tensile 
stresses rather than bending stresses [23]. The structural efficiency of 
gridshell structures is significantly influenced by their morphological 
definition.

Over the years, a plethora of methodologies have been devised 
for form-finding shells and gridshells. These methods are the Thrust 
Network Analysis (TNA) [24], Force Density Method (FDM) [25], 
Particle-Spring System [26], Dynamic Relaxation (DR) [27,28], Multi-
body Rope Approach (MRA) [29], and others [30–33]. These method-
ologies during the conceptual design phase enable the definition of 
structurally form found shapes. A traditional design approach for grid-
shells involves form-finding methods to define an efficient structural 
form for a specific set of loads (usually self-weight) and boundary 
equations. The optimization techniques are employed to enhance the 
complex construction process to address the technological challenges 
inherent in this structural type [34]. In this context, some studies 
investigated the possibility of combining form-finding and optimization 
techniques [35–37]. The main challenges is to define a structural model 
that is structurally and constructively optimized. The optimization of 
structural element production and the management of construction 
stages introduce additional challenges in form-finding and optimization 
because they demand a balance between idealized designs and practical 
constraints. Structural forms optimized for performance often feature 
complex geometries that require advanced manufacturing methods, 
increasing the difficulty of achieving precision while minimizing waste. 
Integrating these considerations ensures that designs are not only struc-
turally efficient but also feasible to fabricate and assemble aligning 
with real-world production and construction requirements. A two-phase 
methodology was proposed for the preliminary structural design of grid 
shell structures which combines form-finding through the Dynamic Re-
laxation (DR) method with optimization through the Genetic Algorithm 
(GA) [38]. The objectives were the minimization of material usage 
and the enhancement of structural performance. In another study [39] 
was presented an optimization approach combining form-finding (FF), 
sizing-optimization (SO), and topological-optimization (TO) strategies 
2 
in a multilevel process. Another optimization procedure [40] optimized 
the shape of an elastic gridshell for a given grid. The forces applied to 
erect the gridshell are chosen as design variables of the optimization 
problem. The method of moving asymptotes was used to solve the 
problem, while the implicit DR was employed to define the shape.

In this paper a new methodology is presented for the preliminary 
design of gridshell structures. It combines a free-form base gridshell 
form-finding method [41] with a multi-objective metaheuristic opti-
mization algorithm [42]. In particular, the methodology utilizes the 
improved Multibody Rope Approach (i-MRA) [43] for structural shape 
definition. This method builds upon the classical Multibody Rope Ap-
proach [29]. To enhance accessibility and practical application of the 
i-MRA form-finding method, a software component has been developed 
to integrate it within the parametric design software Grasshopper, 
which operates in the Rhinoceros3D environment [44]. The method 
involves numerically modelling a system of nodal masses connected by 
inextensible ropes. As the length of the ropes constituting the system 
varies, different structural shapes can be obtained, each of which is 
funicular with respect to the acting loads. The lengths of the ropes 
can significantly impact the shape and degree of sag of the structures 
defined. These lengths represent the parameters of the form-finding 
method, and their selection depends on various factors specific to the 
structural design. In this paper an automatic method is proposed for 
obtaining these parameters by defining a structural optimization prob-
lem. In particular, the idea is to define the combination of parameters 
that will minimize the amount of structural material for the gridshell’s 
construction and at the same time minimize the types of structural 
elements required to build it. Two objective functions are defined 
to minimize the costs related both to the material usage and to the 
easiness of construction. For this purpose, a state-of-art multiobjective 
optimization algorithm, the Non-Dominated Sorting Genetic Algorithm 
(NSGA II), is employed to identify the optimized solutions set [45]. 
The optimization problem was constrained to ensure that the resulting 
structural configurations passed specific structural criteria, including 
uniaxial load, maximum global deformation, and local buckling of the 
structural elements [46].

Finally, production waste was considered. In general, structural 
optimization typically focuses on minimizing the net material required 
for construction. In reality, the solution with the lowest net material 
usage may not necessarily have the lowest gross material usage [47]. 
For instance, in the case of steel gridshells, structural elements are 
often produced by cutting steel billets of constant length. However, 
gridshells may require elements of varying lengths, necessitating an 
efficient cutting pattern to minimize waste. This problem is known as 
the Cutting Stock Problem (CSP) and has been extensively studied [48]. 
In this study, a solution based on linear programming algorithms is 
chosen to address this issue [49]. The CSP solution enables the def-
inition of a cutting pattern with minimal waste and determines the 
minimum number of billets needed for producing structural elements. 
This approach allows for the computation of material consumption 
inclusive of waste, ensuring that production waste is also considered 
in the optimization problem [50]. The entire process and analysis 
are performed using custom code developed in MATLAB [51], which 
provides a versatile computational framework for optimization and 
analysis.

The proposed approach aims to rationalize the construction process, 
reduce costs and promote sustainable practices in gridshell design. 
Three case studies are presented to demonstrate the effectiveness of the 
approach. The first case study focuses on a square gridshell subjected to 
self-weight and various nodal forces. Optimization results are presented 
in terms of the number of different structural element types and the 
quantity of material used. The second case study investigates the opti-
mization of a regular yet more complex gridshell. It features a central 
rectangular space with a square opening, seamlessly connected to four 
smaller rectangular zones extending from its corners. The third case 
study comprises a free-form base gridshell, illustrating the application 
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of the methodology to a non-standard geometry. This case study serves 
to illustrate the versatility and effectiveness of the proposed approach 
in optimizing gridshell structures for a variety of design scenarios. The 
results are compared for different loading conditions, with regard to 
the number of different element typologies, net material consumption, 
and waste.

The paper is structured as follows: Section 2 provides an overview 
of the form-finding methodology. Section 3 presents the definition of 
the structural optimization problem including the formulation of the 
multi-objective optimizer. Section 3.4 describes the multiobjective op-
timization algorithm used in the study. In Section 4, three case studies 
are analysed to demonstrate the effectiveness and the applicability of 
the proposed methodology. Section 5 concludes the paper and discusses 
potential future developments.

2. Form-finding with improved multibody rope approach

In this section outlines the form-finding methods employed during 
the optimization process is defined. Initially, the Multi-Body Rope 
Approach (MRA) is presented, followed by an account of the modifica-
tions that led to its improved version, the i-MRA. This method defines 
structural shapes that are both easy to construct and optimized to resist 
applied loads effectively.

2.1. Multi-body rope approach

The Multibody Rope Approach (MRA) [29] is a technique employed 
for the form-finding of free-form base gridshell structures. This method 
involves numerically solving a system of nodal masses connected by 
loose ropes.

According to the taxonomy of form-finding techniques proposed 
in [52], the Multibody Rope Approach (MRA) is classified as a Dynamic 
Equilibrium Method. This category includes methods that determine 
the shape of a structure by solving dynamic equilibrium equations 
through a time-dependent simulation process that converges to a static 
configuration. Dynamic Relaxation (DR) [27] is considered the first 
and most widely adopted approach in this category. DR computes 
equilibrium shapes by integrating the equations of motion using explicit 
time-stepping and artificial damping. This allows the system to dissi-
pate kinetic energy progressively until a stable geometric configuration 
is achieved. The MRA preserves the underlying dynamic equilibrium 
strategy of Dynamic Equilibrium Methods, but introduces a distinct force 
application scheme and utilizes inextensible rope elements specifically 
designed to maximize structural efficiency and constructability.

The Multibody Rope Approach (MRA) employs the mass of the 
nodes and an additional system of nodal loads to define the funicular 
structural form with respect to the assigned loads. In MRA, equilibrium 
forces are imposed on each node in accordance with Eq.  (1). 

𝑅⃗𝑖 = 𝑝𝑖 +
𝑛𝑖
∑

𝑗=1
𝐹𝑟𝑜𝑝𝑒,𝑗𝑖 + 𝐹 𝐼

𝑖 + 𝐹 𝐼𝐼
𝑖 = 0 (1)

The resultant of the forces 𝑅⃗𝑖 is the sum of the external loads 𝑝𝑖, 
the forces exerted by the ropes connected to the node 𝐹𝑟𝑜𝑝𝑒,𝑗𝑖, and the 
inertial 𝐹 𝐼𝐼

𝑖 = ̈⃗𝑢𝑖 = (𝑥̈𝑖, 𝑦̈𝑖, 𝑧̈𝑖) and damping forces 𝐹 𝐼
𝑖 = ̇⃗𝑢𝑖 = (𝑥̇𝑖, 𝑦̇𝑖, 𝑧̇𝑖)

due to the node mass.
The force exerted by the ropes is modelled as a bi-linear acting force 

(Eq.  (2)) as function of the distance between two connected nodes 𝑙. 
{

𝐹𝑟𝑜𝑝𝑒 = 0 if 𝑙 < 𝑙𝑟𝑜𝑝𝑒
𝐹𝑟𝑜𝑝𝑒 = 𝑘(𝑙 − 𝑙𝑟𝑜𝑝𝑒) if 𝑙 ≥ 𝑙𝑟𝑜𝑝𝑒

(2)

In Eq.  (2), the forces are expressed in terms of their magnitudes.
It is important to note that ropes do not exert compressive reactions 

(when 𝑙 < 𝑙𝑟𝑜𝑝𝑒), but rather provide an elastic reaction during tensile 
phases (𝑙 ≥ 𝑙𝑟𝑜𝑝𝑒), which is proportional to the elongation of the rope 
relative to its resting length (𝑙 − 𝑙𝑟𝑜𝑝𝑒). The proportionality coefficient, 
𝑘, represents the elastic coefficient of the ropes. In common usage of 
3 
MRA, 𝑘 is chosen to be very high in order to simulate effectively the 
behaviour of inextensible ropes.

The funicular form is that corresponding to the configuration in 
which the resultant of the forces 𝑅⃗𝑖 acting on all nodal masses is equal 
to zero. By explicating the forces of inertia and damping, it is possible 
to rewrite the equation of equilibrium in the form: 

̈⃗𝑢 + 2𝜔𝑛𝜁 ̇⃗𝑢 = 1
𝑚

{

𝑝𝑖 +
𝑛𝑖
∑

𝑗=1
𝐹𝑟𝑜𝑝𝑒,𝑗𝑖

}

(3)

In Eq.  (3), the symbols ̈⃗𝑢, ̇⃗𝑢, and 𝜔𝑛 represent, respectively, the nodal 
accelerations, the velocities of the nodes, and the natural frequency of 
the dynamical system. The symbol 𝜁 represents the critical damping. 

𝜔𝑛 =
√

𝑘
𝑚

(4)

𝜁 = 𝑐
2𝜔𝑛𝑚

(5)

In Eqs. (4) and (5), 𝑘 is the stiffness, 𝑚 is the mass, and 𝑐 is the 
damping coefficient of the system. The solution to the equilibrium 
equation can be obtained by combining the solution of the associated 
homogeneous equation with the particular solution. The solution is thus 
represented by Eq.  (6) where 𝑢(𝑡) represents the position of the nodes 
at the time 𝑡. 

𝑢(𝑡) = 𝐶1𝑒
−2𝜔𝑛𝜁𝑡 + 𝐶2 +

𝐶3
2𝜔𝑛𝜁

𝑡 (6)

The coefficients in the complete solution are functions of the dy-
namic parameters of the system, the forces applied to the nodes, and 
the initial conditions (position and velocity) of the nodal masses. 

𝐶1 = −
2𝜔𝑛𝜁 ̇⃗𝑢(𝑡−𝛥𝑡) − 𝐶3

(2𝜔𝑛𝜁 )2
(7)

𝐶2 = −
(2𝜔𝑛𝜁 )2𝑢(𝑡−𝛥𝑡) + 2𝜔𝑛𝜁 ̇⃗𝑢(𝑡−𝛥𝑡) − 𝐶3

(2𝜔𝑛𝜁 )2
(8)

𝐶3 =
1
𝑚

{

𝑝𝑖 +
𝑛𝑖
∑

𝑗=1
𝐹𝑟𝑜𝑝𝑒,𝑗𝑖

}

(9)

As the forces exerted by the ropes vary depending on the recip-
rocal position of the nodes, the system must be solved iteratively. In 
each time-step, the position, velocity and accelerations of the nodes 
calculated in the previous time-step are taken as initial conditions.

Upon achieving equilibrium configuration of the hanging net, the 
majority of the initially slack ropes are now tensioned. Since these ropes 
lack bending stiffness, they are subjected exclusively to axial tensile 
stress. By inverting this equilibrium configuration and substituting the 
ropes with beam-type structural elements, a funicular structure can be 
obtained.

It is important to clarify the concept of ’funicular configuration’ as 
used in this work. A funicular structure traditionally refers to a con-
figuration where elements experience only axial forces (either tension 
or compression) under a specific loading pattern. In the context of the 
hanging net model obtained with the MRA, the funicular configuration 
is achieved when the resultant of forces at each node equals zero, 
with rope elements either in tension or slack (unstressed, tension equal 
to 0). After form-finding, not all ropes are necessarily tensioned due 
to geometric redundancy in the system, particularly when a node 
connects to more than three non-coplanar elements. When the hanging 
net configuration is inverted and the rope elements are replaced with 
beam elements to form a gridshell, the formerly tensioned elements 
will primarily experience compression. The previously slack elements 
become integral parts of the structural system, and due to the flexural 
stiffness of the beam elements, all elements will experience some 
degree of parasitic bending in addition to axial forces. Parasitic bending 
refers to the secondary bending moments that inevitably develop in 
gridshell structures composed of beam elements, even when the overall 
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Fig. 1. MRA workflow.
form closely follows a funicular shape. This bending arises from the 
discrete nature of the grid, boundary conditions, the inherent flexural 
stiffness of structural elements and the fact that real elements deform, 
causing the final loaded configuration to deviate slightly from the one 
calculated through form-finding [36].

Fig.  1 illustrates the process by which the MRA allows the funicular 
structural form to be defined through the solution of the presented 
equilibrium equations.

2.2. Improved multi-body rope approach

In Section 2.1 it was shown how the MRA method determines a 
funicular structural configuration in response to applied loads. This 
funicular form represents a structurally optimal configuration, as the 
structural elements are subjected mostly to axial internal loadings.

In this state, most of the ropes connected to each node will be 
tensioned, although not necessarily all of them. Each node has three 
spatial degrees of freedom, and each tensioned rope acts as a spatial 
constraint. When more than three ropes are connected to a single node, 
an equilibrium configuration can be achieved without all ropes being 
tensioned. Consequently, the model will contain both taut and slack 
ropes. Geometrically, the distance between two nodes connected by 
4 
taut ropes will be equal to the length of the rope 𝑙𝑟𝑜𝑝𝑒. Conversely, for 
nodes connected by slack ropes, their distance can vary but will be less 
than 𝑙𝑟𝑜𝑝𝑒.

In the final geometry, structural elements can be categorized into 
two groups based on their length. Those shorter than 𝑙𝑟𝑜𝑝𝑒 are termed
loose elements, while those with a length equal to 𝑙𝑟𝑜𝑝𝑒 are designated as
target elements.

From a constructional standpoint, the presence of loose elements can 
pose significant challenges. Structural elements represented by these
loose ropes have varying lengths and complicate both the production of 
these elements and the assembly of the overall gridshell.

To address this challenge and improve the structural shape from a 
constructional perspective, an improved version of the MRA, called the 
improved MRA (i-MRA), has been developed. The i-MRA employs two 
techniques to reduce the number of different structural types within the 
gridshell.

The first technique, known as Multiple Order MRA (MO-MRA), 
involves an iterative process to minimize loose elements. Initially, the 
hanging network configuration is computed using the classical MRA 
with ropes of length 𝑙𝑟𝑜𝑝𝑒,1. If loose ropes are present in the final 
configuration, the MO-MRA assigns a new target length 𝑙𝑟𝑜𝑝𝑒,2 < 𝑙𝑟𝑜𝑝𝑒,1
to these loose ropes. The hanging network equilibrium configuration is 
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then recomputed. This process is repeated: if loose ropes still exist, a 
new target length 𝑙𝑟𝑜𝑝𝑒,3 < 𝑙𝑟𝑜𝑝𝑒,2 is assigned, and the equilibrium con-
figuration is recomputed. The iteration continues until the structural 
form is nearly free of loose elements.

From a computational point of view, this method involves modify-
ing Eq.  (2) to account for different forces 𝐹𝑟𝑜𝑝𝑒 exerted by the ropes, 
depending on the category of elements to which they belong. Given 
that there are 𝑤 categories, Eq.  (2) can be rewritten as follows:

From a computational point of view, this method involves modify-
ing Eq.  (2) to account for different forces 𝐹𝑟𝑜𝑝𝑒 exerted by the ropes, 
depending on the category of elements to which they belong. Here, 
element categories refer to groups of structural elements with the 
same target length 𝑙𝑟𝑜𝑝𝑒,𝑖. Given that there are 𝑤 such length-based 
categories, Eq.  (2) can be rewritten as follows: 

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑟𝑜𝑝𝑒 = 𝑘(𝑙 − 𝑙𝑟𝑜𝑝𝑒,1) if 𝑙 ≥ 𝑙𝑟𝑜𝑝𝑒,1
𝐹𝑟𝑜𝑝𝑒 = 0 if 𝛾(𝑙𝑟𝑜𝑝𝑒,1 − 𝑙𝑟𝑜𝑝𝑒,2) + 𝑙𝑟𝑜𝑝𝑒,2 < 𝑙 < 𝑙𝑟𝑜𝑝𝑒,1
𝐹𝑟𝑜𝑝𝑒 = 𝑘(𝑙 − 𝑙𝑟𝑜𝑝𝑒,2) if 𝑙𝑟𝑜𝑝𝑒,2 < 𝑙 ≤ 𝛾(𝑙𝑟𝑜𝑝𝑒,1 − 𝑙𝑟𝑜𝑝𝑒,2) + 𝑙𝑟𝑜𝑝𝑒,2

... ...
𝐹𝑟𝑜𝑝𝑒 = 𝑘(𝑙 − 𝑙𝑟𝑜𝑝𝑒,𝑤) if 𝑙𝑟𝑜𝑝𝑒,𝑤 < 𝑙 ≤ 𝛾(𝑙𝑟𝑜𝑝𝑒,(𝑤−1) − 𝑙𝑟𝑜𝑝𝑒,𝑤) + 𝑙𝑟𝑜𝑝𝑒,𝑤
𝐹𝑟𝑜𝑝𝑒 = 0 if 𝑙 < 𝑙𝑟𝑜𝑝𝑒,𝑤

(10)

In Eq.  (10), the coefficient 𝛾 ∈ (0, 1) is a user-defined parameter 
that allows for prioritizing loose ropes belonging to one category over 
another.

The second method that defines i-MRA is called Repulsive Nodes 
MRA (RN-MRA). This method is applied after MO-MRA, particularly 
when loose elements constitute a small portion of the total structural el-
ements. RN-MRA introduces a repulsive force field between the nodes, 
causing them to move apart and tension the slack ropes.

Mathematically, this involves adding a new term, 𝑞, representing 
the repulsive force field, to Eq.  (1), resulting in the following updated 
equilibrium equation: 

𝑅⃗𝑖 = 𝑝𝑖 + 𝑞𝑖 +
𝑛𝑖
∑

𝑗=1

{

𝐹𝑟𝑜𝑝𝑒,𝑗𝑖

}

− 𝑐𝑖 ⋅ 𝑣𝑖 − 𝑚𝑖 ⋅ 𝑎𝑖 = 0 (11)

The repulsive force field is defined as proportional to the distance 
𝑙𝑖𝑗 between two adjacent nodes 𝑖 and 𝑗. Specifically, by defining 𝑘𝑟𝑒𝑝 as 
the proportionality coefficient for the repulsive forces, the force acting 
on the two nodes can be expressed as: 
𝑞 = −𝑘𝑟𝑒𝑝( ⃗𝑙𝑟𝑜𝑝𝑒 − 𝑙𝑖𝑗 ) (12)

The application of the repulsive force field has the effect of sig-
nificantly reducing the number of loose ropes, thereby minimizing the 
variety of structural elements needed to define the shape of the grid-
shell. However, it is important to note that the repulsive forces do not 
represent an actual load condition that the structure will face during its 
service life. As a result, applying the repulsive force field introduces a 
deviation from the funicular configuration of the structure. While this 
method enhances the constructibility of the structure, it compromises 
its structural behaviour. Therefore, RN-MRA should be applied with 
caution, ideally when the equilibrium condition features only a small 
number of loose elements.

In conclusion, the combination of MO-MRA and RN-MRA enables 
the definition of a structural form characterized by a reduced number 
of structural element types. This optimization streamlines the con-
struction process and enhances practical feasibility. The workflow for 
implementing the i-MRA methodology is depicted in Fig.  2.

In the workflow, starting from the geometric configuration of the 
gridshell defined using the pure MRA method, a set of target lengths 
is assigned to the cables that form the hanging net model, which 
represents the inverse geometric configuration of the structure. At 
this stage, a second target length is assigned based on the distance 
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𝑙, as defined in Eq.  (10), and the new equilibrium configuration is 
computed. The process is then iterated, recalculating the equilibrium 
configuration for each newly assigned target length. Finally, a repulsive 
force field is applied to introduce minor adjustments to the gridshell, 
subtly altering its shape relative to the funicular configuration while 
further reducing the variety of structural elements.

3. Multi-objective optimization problem definition

In Section 2.2, the i-MRA form-finding method was presented, en-
abling the definition of a structural form that optimizes both structural 
efficiency and constructability.

The proposed optimization framework relies on two distinct sets of 
user-defined variables: hyperparameters and design parameters. Hyper-
parameters refer to the user-defined settings that govern the behaviour 
of both the form-finding and optimization algorithms. In the presented 
framework, this category comprises the dynamic variables of the hang-
ing network system, including nodal masses, damping coefficients, and 
external nodal loads. Although these hyperparameters are defined a 
priori and are not directly optimized, their correct definition is essential 
for ensuring numerical stability and convergence. A proper balance 
between these variables is fundamental to accurately computing the 
equilibrium configuration of the hanging net. For example, the elastic 
coefficient and damping coefficient critically influence the convergence 
behaviour of the model, while the forming load 𝑝 directly affects the 
final gridshell geometry. Design parameters, in contrast, are the vari-
ables actively optimized in the framework. These are represented by the 
vector of target lengths 𝐿𝑟𝑜𝑝𝑒 = [𝐿𝑟𝑜𝑝𝑒,1, 𝐿𝑟𝑜𝑝𝑒,2,… , 𝐿𝑟𝑜𝑝𝑒,𝑁 ], which define 
the lengths of the structural elements. Adjusting these parameters 
allows for the generation of various structural geometries with differ-
ing degrees of constructability and structural efficiency. Traditionally, 
these design parameters would be selected manually through trial-and-
error. In this work, however, an automatic selection approach through 
the solution of a multi-objective optimization problem is proposed, 
significantly improving the efficiency and effectiveness of the design 
process.

Multi-objective optimization problems aim to find an optimal so-
lutions by simultaneously considering conflicting objective functions 
[53]. The goal of this approach is to achieve a balance between the mul-
tiple performance criteria of the system, such as structural efficiency, 
constructability, and cost. The problem can be generally formulated as 
follows: 
𝐹 𝑖𝑛𝑑 𝑥⃗ = [𝑥1,… , 𝑥𝑛]𝑇 ∈ 𝛺 ⊆ R𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡

min
𝑥⃗

𝑓 (𝑥⃗), where 𝑓 (𝑥⃗) = [𝑓1(𝑥⃗),… , 𝑓𝑚(𝑥⃗)]𝑇 ∈ R𝑚

s.t. 𝑔𝑞(𝑥⃗) ≤ 0 ∀𝑞 = 1,… , 𝑛𝑞 ,

ℎ𝑟(𝑥⃗) = 0 ∀𝑟 = 1,… , 𝑛𝑟,

(13)

In this problem formulation, the vector of design variables 𝑥⃗ has 
dimensions 𝑛, each constrained by box constraints 𝑥𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑥𝑢𝑖 , 
commonly referred to as side constraints. Additionally, the objective 
functions vector 𝑓 (𝑥⃗) = [𝑓1(𝑥⃗),… , 𝑓𝑚(𝑥⃗)]𝑇  is composed of 𝑚 compo-
nents.

The problem includes inequality constraints 𝑔𝑞(𝑥⃗) ≤ 0, which must 
be satisfied for all 𝑞 = 1,… , 𝑛𝑞 , where 𝑛𝑞 represents the total number 
of inequality constraints. Similarly, the equality constraints ℎ𝑟(𝑥⃗) = 0
ensure that specific conditions are met for all 𝑟 = 1,… , 𝑛𝑟 with 𝑛𝑟
representing the total number of equality constraints. In practical appli-
cations objective functions are often conflicting, making it impossible 
to minimize all objectives simultaneously. This inherent conflict means 
that an optimal solution for multi-objective optimization problems is 
not always straightforward. When considering multiple objectives, no 
single solution may completely outperform others; instead, optimality 
is attained through a balance among the competing objectives.
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Fig. 2. i-MRA workflow.
Evaluating the quality of solutions in multi-objective optimization 
requires careful assessment of the objective functions. Due to the partial 
ordering of the feasible set, it is not possible to directly compare two 
solutions unequivocally. Each solution might excel in different objec-
tive aspects, necessitating a trade-off to identify the most balanced and 
acceptable solution. This trade-off reflects the complexity and the need 
for a nuanced approach in determining optimality in multi-objective 
contexts.

To evaluate the quality of solutions in a minimization problem, the
Pareto dominance is utilized.
6 
A solution 𝑢 = 𝐹 (𝑥⃗) Pareto dominates 𝑣 = 𝐹 (𝑥⃗′) (denoted 𝑢 ≺ 𝑣) if: 
𝑢𝑖 ≤ 𝑣𝑖 ∀𝑖 = 1,… , 𝑚,

∃𝑗 ∈ {1,… , 𝑚} ∶ 𝑢𝑗 < 𝑣𝑗 .
(14)

In words, 𝑢 dominates 𝑣 if it is equal or better in all objectives and 
strictly better in at least one.

A solution ̃⃗𝑥 is Pareto optimal if no other feasible solution 𝑥⃗ ∈ 𝛺
exists such that 𝐹 (𝑥⃗) Pareto dominates 𝐹 ( ̃⃗𝑥). The set of all Pareto 
optimal solutions forms the Pareto optimal set : 

𝐏 =
{

̃⃗𝑥 ∈ 𝛺 |

|∄ 𝑥⃗ ∈ 𝛺 with 𝐹 (𝑥⃗) ≺ 𝐹 ( ̃⃗𝑥)
}

. (15)

|
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The corresponding objective space representation is the Pareto front : 

𝐏𝐅 =
{

𝑢 = 𝐹 (𝑥⃗) ||
|

𝑥⃗ ∈ 𝐏
}

. (16)

3.1. Design variables

In the context of the multiobjective optimization problem, the de-
sign variables 𝑥⃗ = [𝑥1,… , 𝑥𝑛]𝑇 ∈ 𝛺 are the parameters or features of 
a system or model that can be controlled, adjusted, or modified within 
specified limits to achieve the desired objectives. Design variables 
are the foundational elements that define the search space 𝛺 of an 
optimization problem. Their values determine the configuration and 
performance of the system being optimized.

Selecting parameters for the i-MRA form-finding method, as dis-
cussed in Section 3, can be a challenging task. Typically, this selection is 
based on the expertise of the user, who must try multiple combinations 
of target lengths to find the optimal set. The parameters that most in-
fluence the outcome of the i-MRA, specifically the structural forms, are 
the target lengths of the slack ropes 𝐿𝑟𝑜𝑝𝑒 = [𝐿𝑟𝑜𝑝𝑒,1, 𝐿𝑟𝑜𝑝𝑒,2,… , 𝐿𝑟𝑜𝑝𝑒,𝑁 ]. 
By varying these target lengths, it is possible to obtain structural 
shapes with different degrees of slackness, structural behaviour, and 
constructability.

This work aims to leverage on an optimization algorithm to au-
tomate the selection of the target lengths. This automation enables 
the calculation of the parameters necessary to achieve the optimal 
structure. Consequently, the structural form is optimized through an 
automated process, eliminating the need for the user to have the 
expertise to select the optimal combination of the parameters.

3.2. Constraints

In general, the objective of structural optimization problems is to 
identify the optimal structural configuration that is able to withstand 
the design loads. In this context, it is essential that the different 
solutions assessed during the optimization process are evaluated by 
performing structural verifications.

To achieve this, a finite element model is developed based on the 
derived structural shape, utilizing Circular Hollow Section (CHS) pro-
files constructed from S355 steel. Finite element analyses are performed 
using a custom MATLAB code [54,55] to calculate nodal displacements 
and stress characteristics for each beam. These results are then used to 
verify whether the generated structure meets the required structural 
verifications.

This work aims to define a method to assist the designer in defining 
a preliminary structural form during the conceptual design phase. At 
this stage, simplified structural verifications are performed. Specifi-
cally, the method ensures that the gridshell structure meets the maxi-
mum vertical displacement, material yield strength, and Euler buckling 
criteria for linear structural elements, as indicated by Eq.  (17). 
𝛿𝑚𝑎𝑥 < 𝛿𝑙𝑖𝑚 |𝜎𝑚𝑎𝑥| < 𝑓𝑦 𝑁𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑚𝑎𝑥 < 𝑁𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔 (17)

where 𝛿𝑚𝑎𝑥 represents the highest nodal displacement in the structure, 
and 𝛿𝑙𝑖𝑚 is set to 1

250  of the structure largest dimension without external 
constraints. The term |𝜎𝑚𝑎𝑥| denotes the absolute maximum stress in 
the structure, which must be less than 𝑓𝑦, the yield stress of the steel 
used. Lastly, 𝑁𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑚𝑎𝑥  is the maximum compressive axial force, and 
𝑁𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔 is the critical axial force for Euler buckling.

In the context of classical notation used in structural optimization 
problems, inequality constraints are typically expressed as 𝑔𝑞(𝑥⃗) ≤ 0. 
Accordingly, the equations in Eq.  (17) can be reformulated as: 
𝛿𝑚𝑎𝑥
𝛿𝑙𝑖𝑚

− 1 < 0
|𝜎𝑚𝑎𝑥|
𝑓𝑦

− 1 < 0
𝑁𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝑚𝑎𝑥
𝑁𝐵𝑢𝑐𝑘𝑙𝑖𝑛𝑔

− 1 < 0 (18)

The constraints presented above represent a simplified approach 
to structural verification, suitable for the conceptual design phase. 
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However, it is well established that buckling is a critical constraint 
in the design and optimization of gridshell structures. Accurately es-
timating the buckling capacity of such systems is a complex task, as 
demonstrated in several studies [56–58]. The buckling behaviour of 
gridshells is governed by both local and global instability mechanisms, 
which often interact in a nonlinear manner. Capturing these effects 
requires advanced numerical analyses that account for geometric non-
linearity (GNIA) and, in many cases, material nonlinearity (GNMIA). 
The necessity of such approaches has been extensively discussed in 
the Draft Guide to Buckling Load Evaluation of Metal Reticulated Roof 
Structures by Working Group 8 of the International Association for 
Shell and Spatial Structures [59], where it is explicitly stated that linear 
buckling analyses alone are inadequate for gridshell assessment. The 
guide suggests that for double-layer gridshells, a linear buckling analy-
sis may provide a preliminary estimate of structural stability. However, 
due to the significant uncertainties associated with this approach, very 
high safety factors are required. Such high safety factors are incom-
patible with the principles of structural optimization, as they would 
lead to a substantial underestimation of the critical load, resulting in 
overly conservative and potentially suboptimal design solutions. More 
critically, the guidelines indicate that for single-layer gridshells, the 
discrepancies between linear buckling predictions and real structural 
behaviour are so pronounced that simplified approaches cannot be 
adopted. In these cases, a nonlinear approach that consider geometric 
and material nonlinearity, along with the effects of construction im-
perfections, becomes mandatory. A rigorous buckling analysis should 
also consider not only global instabilities but also the influence of local 
imperfections. Previous research has shown that material nonlinearities 
and geometric imperfections can significantly reduce the actual buck-
ling capacity of gridshells [58]. For this reason, advanced studies often 
employ Monte Carlo simulations to define defect patterns and evaluate 
structural behaviour under a wide range of imperfection scenarios [60]. 
The integration of such analyses within an automated optimization 
framework would lead to a substantial increase in computational cost, 
making the approach impractical for early-stage design exploration. 
Given these complexities, the present study adopts a simplified buckling 
evaluation, focusing on local buckling of individual members rather 
than a full-scale global buckling analysis. While this approach does 
not capture all the instability phenomena that may arise in gridshell 
structures, it is deemed appropriate for the conceptual design phase, 
where the objective is to generate preliminary structural forms rather 
than to perform final design verifications. A comprehensive buckling 
analysis, including GNIA and GNMIA, should be carried out in later 
design stages to fully account for all structural constraints, material 
properties, and imperfection effects.

3.3. Objective functions

In this work, two optimization objective functions have been de-
fined. The first objective function, 𝑓1, corresponds to the number of 
distinct structural elements that constitute the gridshell. The goal is 
to minimize 𝑓1 as much as possible, as it is directly related to the 
simplicity of the structure assembly. A smaller number of structural 
elements with different lengths facilitates the management of both the 
manufacturing and assembly phases, thereby streamlining the entire 
construction process.

In contrast, the second objective function, 𝑓2, is related to the 
consumption of material for the structure. The minimization of con-
struction material is obviously closely linked to the final cost of the 
gridshell. In fact, the less material used, the lower the overall eco-
nomic and environmental cost of the structure. In general, calculating 
the net amount of material required for the structure is relatively 
straightforward. This involves multiplying the length of each element 
by its cross-sectional area 𝐴 and summing these values. However, 
this approach does not account for material waste generated during 
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Fig. 3. Representation of the Cutting Stock Problem (CSP).

the production of the structural elements. The gross material con-
sumption, which includes this waste, can significantly differ from the 
net consumption. Accounting for this discrepancy is crucial, as it can 
substantially affect the results of the optimization problem.

The structural steel elements used in gridshell-type structures are 
produced from billets of constant length, typically 12 m, for trans-
portation reasons [61]. These billets are then cut into various lengths 
to produce the desired structural elements generating industrial waste. 
Managing this material scrap is a well-documented industrial problem 
referred to in the literature as the Cutting Stock Problem (CSP).

3.3.1. Production wastes minimization through Cutting Stock Problem
(CSP)

The Cutting Stock Problem (CSP) [62] is a prevalent issue in logis-
tics and industrial applications. In operations research, CSP involves 
cutting standard-sized pieces of stock material, such as metal bil-
lets, into specified lengths while minimizing material waste. This op-
timization problem is widely encountered across various industrial 
sectors.

The core concept of CSP is that billets of equal lengths are available 
and need to be cut into pieces of different lengths. In Fig.  3 is reported 
a representation of the Cutting Stock Problem (CSP), illustrating a billet 
with various cutting patterns. The image depicts how raw material 
is divided into smaller pieces to optimize usage and minimize waste, 
showcasing different possible cutting configurations. The objective of 
CSP is to determine the most efficient cutting patterns to minimize 
waste.

In the context of a one-dimensional CSP, with a homogeneous set 
of billets (of equal size), it is possible to define the following problem 
parameters:

• A set of 𝑚 billets 𝐵, where each billet has a length 𝐿.
• A set 𝐼 of required piece with lengths 𝑙𝑖 and their corresponding 
quantities 𝑑𝑖, for 𝑖 = 1,… , 𝑛.

Here, 𝑚 represents the number of available billets, while 𝑛 denotes 
the number of pieces that need to be produced.

The problem is also characterized by two different decision vari-
ables:

• 𝑥𝑖,𝑏 ∈ 0, 1: unitary if the item 𝑖 is allocated to the billet 𝑏, equal 
to 0 otherwise.

• 𝑦𝑏 ∈ 0, 1: unitary if the bille 𝑏 is utilized, equal to 0 otherwise.

The objective is to minimize the number of billets used: 
min

∑

𝑏∈𝐵
𝑦𝑏 (19)

Under the constraints:
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1. Avoid multiple allocation of the items: 
min

∑

𝑏∈𝐵
𝑥𝑖,𝑏 = 1 ∀𝑖 ∈ 𝐼 (20)

2. Billet length constraints: 
min

∑

𝑖∈𝐼
𝐿𝑖𝑥𝑖,𝑏 ≤ 𝐿𝑦𝑏 ∀𝑏 ∈ 𝐵 (21)

3. The item can be assigned to a billet if and only if the billet is 
already in use: 
𝑥𝑖,𝑏 ≤ 𝑦𝑏 ∀𝑖 ∈ 𝐼,∀𝑏 ∈ 𝐵 (22)

The problem has been defined in such a way that each piece must 
be assigned to a billet. Furthermore, the sum of the lengths of the 
pieces assigned to a billet must not exceed the length of the billet itself. 
Finally, a piece may be assigned to a billet if and only if that billet is 
in use.

The Cutting Stock Problem (CSP) can be formulated as an integer 
linear programming (ILP) problem. A practical procedure to solve this 
problem was proposed by [48,63]. Instead of generating every possible 
cutting pattern, it is more efficient to generate patterns dynamically by 
solving a subproblem.

The process begins with a base set of cutting patterns. The ILP is 
then solved to minimize the number of billets used while ensuring 
that the current cutting patterns satisfy the demands. After solving this 
initial problem, a new cutting pattern is generated by addressing an 
integer linear programming subproblem.

This subproblem involves finding the optimal new pattern, defined 
by the number of cuts from each length that total no more than the 
billet length. The objective is to minimize the reduced cost of the new 
pattern, calculated as one minus the sum of the Lagrange multipliers 
for the current solution multiplied by the new cutting pattern. If this 
reduced cost is negative, incorporating this pattern into the ILP will 
improve the objective. If no negative reduced cost pattern exists, the 
current patterns yield the optimal solution. This stopping criterion par-
allels the termination condition of the primal simplex method, which 
stops when no variable has a negative reduced cost.

In this work, the cutting stock problem (CSP) was integrated into an 
optimization framework with two objectives. The first objective was 
to minimize the waste generated during the industrial production of 
structural elements. The second objective aimed to account for this 
waste to accurately calculate the gross amount of material required 
for the construction of the structure. A MATLAB code, available at 
MATLAB CSP Solver, was utilized for this purpose. This code employs 
the linear programming method previously described to solve the CSP 
effectively.

3.4. The search engine: Multiobjective genetic algorithm (NSGA II)

In this work, the MATLAB function gamultiobj [64] is employed 
to address the multi-objective optimization problem. This function is 
based on the Non-dominated Sorting Genetic Algorithm II (NSGA-
II) [42,65], a specific type of multi-objective genetic algorithm
(MOGA).

The NSGA-II algorithm operates on a population of potential solu-
tions, evolving them over several generations to approximate the Pareto 
set. Initially, a diverse population is generated randomly. This enhances 
the exploration in the early stages of optimization. Each solution is 
evaluated based on its performance across multiple objectives, with 
non-dominated sorting used to rank them into Pareto fronts [66]. The 
best non-dominated solutions form the first front.

Tournament selection is applied during the selection process [67,
68]. This method chooses individuals for reproduction based on their 
Pareto rank and crowding distance. It maintains diversity by favouring 
solutions in less crowded regions of the objective space. Genetic opera-
tors like simulated binary crossover and polynomial mutation introduce 
variability, enabling thorough exploration of the search space.

https://it.mathworks.com/help/optim/ug/cutting-stock-problem-solver-based.html
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Elitism [69] is crucial in the algorithmic process. It preserves the 
best solutions from each generation, maintaining high quality over 
successive iterations. Using gamultiobj helps obtain a diverse set of 
solutions that represent the trade-offs among different objectives. This 
approach enables informed decision-making based on a comprehensive 
understanding of possible optimal solutions.

3.5. Optimization workflow: the unconstrained optimization problem

Fig.  4 shows the workflow adopted for the form discovery and 
optimization process.

The workflow begins with the initial definition of a starting grid 
or mesh. At this stage, the Multi-Objective Genetic Algorithm (MOGA) 
generates a population where each individual is represented by a 
distinct vector of lengths, denoted by 𝐿𝑟𝑜𝑝𝑒,𝑖 = [𝐿𝑟𝑜𝑝𝑒,1,𝑖, 𝐿𝑟𝑜𝑝𝑒,2,𝑖,… ,
𝐿𝑟𝑜𝑝𝑒,𝑁,𝑖]. These vectors represent the parameters of the i-MRA form-
finding method.

For each individual in the population, form-finding with i-MRA is 
performed to determine the structural form of the gridshell, as depicted 
in the left part of Fig.  4. The resulting form is structurally efficient 
concerning the loads applied during the form-finding process. All the 
obtained shapes are then used to define finite element models. In this 
case, the models are defined in structural steel and are subjected to a 
self-weight load added to concentrated loads on the structural nodes. 
For the size of the structural elements, the Circular Hollow Section 
(CHS) profile list is adopted, which include the values of the cross-
sectional area 𝐴 and bending inertia 𝐽 for each profile. In the first step, 
it is assumed that the structural elements cross-section is the smallest 
profiles in the list.

The next step involves conducting a structural analysis for each 
configuration to ensure compliance with the given constraints. In the 
workflow shown in Fig.  4, this process is represented as a loop in which 
finite element analysis (FEA) is performed to calculate internal forces, 
followed by structural verification checks.

For configurations that do not satisfy the constraints, the pro-
file dimensions are iteratively increased until an appropriate Circular 
Hollow Section (CHS) profile is identified that meets the structural 
requirements. This iterative approach determines the minimum re-
quired cross-sectional area 𝐴 for the structural elements, ensuring both 
efficiency and compliance with design criteria.

Once all generated solutions have been verified, the objective func-
tions can be evaluated. After the form-finding process, the length of 
each structural element is determined, allowing for the calculation of 
Objective Function 1, as outlined in the workflow in Fig.  4.

Next, the Cutting Stock Problem (CSP) is solved to estimate the 
number of billets required to produce these elements. By multiplying 
the number of billets by their length and by the cross-section area 
defined in the structural analysis, the total material required for the 
structure, denoted as 𝑊𝑔𝑟𝑜𝑠𝑠, is computed. This value is identified as 
Objective Function 2 in the workflow in Fig.  4.

Finally, the fitness function evaluated by MOGA considers two 
key components: (1) the number of distinct structural element types 
(𝑛𝑡𝑦𝑝𝑒) based on varying lengths, and (2) the total material consump-
tion (𝑊𝑔𝑟𝑜𝑠𝑠). These factors collectively guide the optimization process 
towards efficient and sustainable structural solutions.

At this stage, the individuals are ranked using a non-dominated 
sorting mechanism to identify the Pareto fronts within the space of 
the objective functions. Based on their rankings, MOGA combines the 
individuals to generate a new population and iterates the process. 
This process continues until the final Pareto front, consisting of non-
dominated solutions, is defined, as reported on the right in Fig.  4. These 
solutions are optimized with respect to the two analysed objective 
functions.

The proposed method transforms a constrained multiobjective op-
timization problem into an unconstrained one, albeit with some costs. 
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This transformation requires introducing a prior assumption: that in-
creasing the cross-sectional dimension of the structural elements will 
always yield a structural solution that meets the constraints. Nonethe-
less, in the context of this study, this assumption is not overly restrictive 
and can be considered generally valid.

The decision to transform the problem into an unconstrained opti-
mization problem is driven by computational cost considerations. The 
form-finding method involves iteratively solving a highly nonlinear 
system, which is computationally intensive. In contrast, as this study 
focuses on the preliminary design of gridshells, structural analyses 
are performed within the linear elastic field. Consequently, the form-
finding process is several orders of magnitude more computationally 
demanding than FEM analyses.

By transforming the method from constrained to unconstrained, 
one design variable, the cross-sectional dimension of the structural ele-
ments, is eliminated. This reduction in the domain search space allows 
for fewer individuals to be analysed while maintaining the same level 
of exploration. However, this benefit comes at the cost of an increased 
number of FEM analyses. Since, each individual requires repeated 
analysis until a cross-section that satisfies the structural constraints is 
identified.

As previously mentioned, the computational cost of FEM analyses is 
several orders of magnitude lower than that of form-finding. Therefore, 
it is cost-effective to reduce the number of individuals whose form is 
defined by form-finding, even if this significantly increases the number 
of FE analyses.

It is important to note that the overall optimization workflow 
involves several computationally demanding steps. The approach inte-
grates a nonlinear form-finding process using the i-MRA, which solves 
the dynamic behaviour of the multi-body hanging network, an elastic-
linear FEM analysis to verify structural constraints, and the solution 
of the Cutting Stock Problem (CSP) via linear programming for gross 
mass optimization. While these components can be computationally 
intensive, several strategies have been implemented to ensure practical 
computation times even on standard hardware. The FEM analysis has 
been simplified by using streamlined structural verifications, reducing 
verification times to a few seconds per iteration. Additionally, parallel 
computing has been employed to evaluate multiple solutions concur-
rently, and the cross-sectional properties of the structural elements have 
been standardized to use a single billet type for CSP optimization. 
These measures collectively reduce the computation time for each 
CSP solution to only a few seconds. By addressing computational 
efficiency, the proposed method enables rapid parametric studies and 
ensures that the workflow remains feasible for conceptual design appli-
cations. In real-case applications, where only a single optimization run 
may be required, further refinements, such as more detailed structural 
verifications or the use of variable cross-sections, would increase com-
putational costs. However, the computation time would remain within 
a range that allows the method to be practically applicable.

4. Optimization results and discussion

Three different case studies are presented in this section. The case 
studies are of increasing complexity in order to evaluate the perfor-
mance of the proposed method on different structural forms.

In all case studies, the form-finding process is obtained using grav-
itational loads by masses concentrated at the grid nodes. While the 
method also supports the application of external nodal forces, these 
were not employed in this study, as the primary objective was to 
define structural geometries optimized specifically for vertical loads. 
This approach simplifies real-world loading conditions, where forces 
may be applied as nodal loads or distributed along beam elements, but 
it ensures a robust and computationally efficient form-finding process.

During the structural analysis phase, a more refined loading scheme 
is implemented: the self-weight is modelled as a uniformly distributed 
load along the beam elements, while the nodal overloads are applied 
as constant forces at each node. The structural verification under these 
loading conditions serve as constraints in the optimization process, 
ensuring that the final design meets predefined structural requirements.
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Fig. 4. Optimization procedure workflow.
Fig. 5. Base mesh for the simple and regular quadrangular gridshell structure.

4.1. Multiobjective optimization of simple square mesh gridshell

The first case study involves a square base gridshell with a side 
length of 15 m, as shown in Fig.  5. The application of the i-MRA to 
this very simple case study results in the shaper represented in Fig.  6. 
This basic case study serves as a reference point to evaluate the results 
of the method.

The optimization is performed by considering the gridshell under 
its own weight and various nodal overloads to assess the effect of the 
loads on the structural shape. Specifically, nodal overloads of 1 kN, 5 
kN, 10 kN, and 50 kN were considered. These values are notably higher 
than those typically used in standard design practice. However, in this 
study, a parametric analysis on academic case studies is performed. 
Therefore, high overloads are intentionally employed to induce signif-
icantly different structural shapes and dimensions. The primary aim is 
to demonstrate the optimization methodology, using these case studies 
as tests rather than practical applications.
10 
Fig. 6. Square mesh gridshell with a side length of 15 m.

Fig.  7 displays the optimization results for nodal overloads equal to 
1 kN, 5 kN, and 10 kN.

In Fig.  7, the quantities 𝑊𝑔𝑟𝑜𝑠𝑠 and 𝑊𝑛𝑒𝑡 represent, respectively, the 
total and net weight of steel (in kilogrammes) required for constructing 
the structures, while the variable 𝑛𝑡𝑦𝑝𝑒 denotes the number of distinct 
structural element types, corresponding to the different lengths needed 
for their production.

The results are presented as histograms, considering one or two 
design variables. The graphs represent how optimization outcomes vary 
when the objective is to minimize either net or gross material. The 
gross material consumption 𝑊𝑔𝑟𝑜𝑠𝑠 was obtained by the application of 
the CSP. Calculating material consumption using the CSP results in 
a reduced variety of optimal solutions. This occurs because solutions 
with different net material consumptions 𝑊𝑛𝑒𝑡 may, in practice, require 
the same total material when production waste is considered. This 
highlights the critical importance of accounting for production waste 
in determining truly optimal solutions in real-world applications, where 
waste is a not negligible component.

Fig.  7(a) and (c) show material minimization, accounting for pro-
duction waste. In contrast, Fig.  7(b) and (d) focus on net material 
consumption.

The optimization results for the case study with a nodal overload 
of 50 kN are shown in Fig.  8. The solutions are presented in the ob-
jective function space as Pareto fronts. The comparison of optimization 
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Fig. 7. Quadrilateral gridshell optimization results considering one or two design variable and comparing the differences in minimizing net or gross material consumption.
Table 1
Quadrilateral gridshell optimization results in terms of use of material [kg] and 
construction complexity expressed as 𝑛𝑡𝑦𝑝𝑒.
 ntype CSP: 𝑊𝑔𝑟𝑜𝑠𝑠 No CSP: 𝑊𝑛𝑒𝑡

 50 kN 10 kN 5 kN 1 kN 50 kN 10 kN 5 kN 1 kN 
 1 7131 1432 1019 673 6641 1333 949 627  
 2 3905 1019 \ \ 3773 977 \ \  
 3 \ \ 956 549 \ 963 857 505  
 1 var 4 3330 \ 900 \ \ \ 823 0  
 5 2683 \ \ \ 2698 \ \ \  
 7 \ \ \ \ 2659 \ \ \  
 9 \ \ \ \ 2589 \ \ \  
 1 7131 1432 1019 673 6641 1333 949 627  
 2 var 2 2552 1019 872 515 2492 970 820 504  
 3 \ \ \ \ \ 963 \ 504  

results includes both scenarios: accounting for production waste and 
considering only the net consumption of structural material. The Fig. 
8 visually represents the optimal solutions within the Pareto set. It 
shows that flatter structural configurations require thicker elements to 
withstand higher compressive forces but can be built with fewer types 
of structural members. In contrast, less flat configurations use a wider 
variety of structural members, allowing for the use of more slender 
elements.

It can be observed that the number of different types of structural 
elements is inversely proportional to the amount of material required 
to assemble the gridshell. This indicates that the chosen objective 
solutions are conflicting. Consequently, there is no single globally 
optimal solution. Instead, there is a set of optimal solutions from 
which the designer can select the most suitable compromise to meet 
the specific project requirements. This set of solutions consists of the 
non-dominated solutions found on the Pareto front.

In this scenario, the gridshell exhibit notable differences in both 
shape and the thickness of their structural elements. The structures with 
a lower number of element typologies display a low-profile configura-
tion characterized by substantial compressive forces, necessitating thick 
11 
structural elements of uniform length. In contrast, the lighter structures 
depicts a significantly taller configuration achieved through the use of 
two distinct types of thinner structural elements.

Therefore, the designer has the option to choose between two 
markedly different types of structures and can select the best compro-
mise that suits the specific project requirements.

It is worth emphasizing that incorporating gross mass optimiza-
tion (𝑊𝑔𝑟𝑜𝑠𝑠) from the very early stages of conceptual design offers 
significant advantages over relying solely on net mass optimization 
(𝑊𝑛𝑒𝑡). Although optimizing for 𝑊𝑛𝑒𝑡 can yield designs that are theo-
retically material-efficient, such configurations may ultimately prove 
impractical when production waste is taken into account. In fact, as 
demonstrated in Fig.  8, while many geometries are common to both op-
timization objectives, certain configurations that appear optimal when 
considering only the net mass do not translate into distinct solutions un-
der gross mass optimization. For instance, configurations characterized 
by 𝑛𝑡𝑦𝑝𝑒 = 7 and 𝑛𝑡𝑦𝑝𝑒 = 9 are absent in the gross mass results because, 
in practice, their total material consumption (including waste) is equiv-
alent to that of other designs. By evaluating gross mass early on, the 
proposed approach directs the project towards geometries that are not 
only structurally efficient but also aligned with industrial production 
processes, thereby reducing the likelihood of costly redesigns in later 
stages.

Finally, the results for this simple case study are summarized in Ta-
ble  1. The table displays the material consumption in kilogrammes for 
solutions with varying degrees of construction complexity. Complexity 
is indicated by the number of different types of elements required 
to build the structure 𝑛𝑡𝑦𝑝𝑒. The results are given for different nodal 
overloads.

It can be observed that the number of different types of structural 
elements is inversely proportional to the amount of material required 
to construct the gridshell. This indicates that the chosen objective 
solutions are conflicting.
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Fig. 8. Quadrilateral gridshell optimization results considering a nodal overload of 50 kN and 1 design variable. Results represented as Pareto fronts in the objective functions 
search space.
Fig. 9. Complex but regular gridshell structure.

4.2. Multiobjective optimization of complex but regular gridshell structure

In the second case study, the complexity is increased by investi-
gating the behaviour of a more complex shape, as depicted in Fig. 
9. This structure is composed by five distinct zones. The central part 
features a large rectangular room with a square opening in the middle. 
Surrounding the central zone are four smaller rectangular areas, each 
connected to the corners of the main zone. This configuration intro-
duces additional geometric and structural challenges, providing a more 
robust test of the optimization method.

The basic mesh used to define this structure comprises 760 nodes 
connected by 1420 linear elements, each with a length of 1.20 m. The 
structure is constrained at the corners of the outer perimeter and along 
the edges of the central square opening (see Fig.  10).

The structure was optimized by considering up to two design vari-
ables, which represent the 𝐿𝑟𝑜𝑝𝑒 target lengths used during the shape-
finding process. Furthermore, the case in which the optimization is 
performed using two design variables and employs the Repulsive Nodes 
Multibody Rope Approach is analysed. The analyses are performed 
considering the same load cases as in the first case study, namely the 
structure self-weight and various magnitudes of nodal loads. As with 
the first case, the results are reported in terms of both minimizing 
the net consumption of structural material and the gross consumption 
calculated by the use of the CSP. The results of the optimization are 
reported in Table  2.
12 
Fig. 10. Base mesh for the complex but regular gridshell structure.

The results are also presented as histograms in Fig.  11, illustrat-
ing the relationship between material consumption and the types of 
structural elements. This provides the designer with various design 
solutions, depending on whether the objective is to minimize material 
consumption or construction difficulty. The graphs demonstrate the 
impact of varying the number of design variables and the use or non-use 
of the Repulsive Nodes method. The left-side graphs show the results of 
optimization considering gross material consumption, while the right-
side graphs display the outcomes of optimization considering only net 
consumption.

Fig.  12 illustrates the Pareto fronts for optimizing the structure 
under a nodal overload of 50 kN, considering a single design variable. 
The blue solid line represents the objective of minimizing gross material 
consumption, while the orange dashed line represents the objective of 
minimizing net material consumption.
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Fig. 11. Complex but regular gridshell structure optimization results considering different numbers of design variables and the adoption of Repulsive Nodes MRA. The results are 
presented comparing the differences in minimizing net or gross material consumption.
In this case, material consumption, whether gross or net, declines 
linearly as the number of structural elements increases. The Pareto 
front functions are monotonically decreasing because the two objective 
functions are antagonistic.

Fig.  12 provides a graphical representation of the optimal solutions, 
offering insight into the trade-offs between net and gross material 
consumption. A key distinction between the represented configurations 
lies in the relationship between profile height and material consump-
tion. Configurations with lower profiles experience higher compressive 
stresses, necessitating the use of thicker structural elements, which in 
turn increase material consumption. Conversely, higher-profile config-
urations allow for slenderer structural elements that experience lower 
compressive stresses, ultimately reducing material usage.

4.3. Multiobjective optimization of free-form base gridshell structure

In the final example, a case involving free-form base geometry is 
presented to evaluate the proposed approach in a general scenario. The 
structure is defined by a free-form curve that outlines the base plan. 
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The area enclosed by this curve is then discretized into a quadrangular 
mesh. Due to the irregularity of the base plan, the dimensions of the 
mesh elements vary, aiming for an average edge length of 1.50 m. The 
mesh elements range from a minimum length of 0.80 m to a maximum 
length of 2.30 m. The basic mesh used in this example is illustrated in 
Fig.  13.

The final structural configuration obtained in this example (Fig. 
14) is the most complex among those documented. Therefore, the 
optimization was conducted using up to three design variables. In the 
final analysis, the case where optimization considers the use of three 
different lengths, denoted as 𝐿𝑟𝑜𝑝𝑒,𝑖, combined with the Repulsive Nodes 
MRA, was also examined.

To facilitate comparison with previously reported cases, the analy-
ses were conducted using the same load cases described earlier. Specif-
ically, the self-weight of the structural elements was considered along-
side four different nodal overloads: 1 kN, 5 kN, 10 kN, and 50 kN.

In this section, the results of the optimization process aimed at 
minimizing gross material consumption are presented. To determine 
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Fig. 12. Complex but regular gridshell structure optimization results considering a nodal overload of 50 kN and 1 design variable. Results represented as Pareto fronts in the 
objective functions search space.
Fig. 13. Base mesh for the free-form gridshell structure.

Fig. 14. Free-form base gridshell structure.

gross consumption, the minimum production waste was calculated 

using the CSP, as described in Section 3.3.1.
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Table 2
Complex but regular gridshell optimization results in terms of use of material [kg] and 
construction complexity expressed as 𝑛𝑡𝑦𝑝𝑒.
 𝑛𝑡𝑦𝑝𝑒 CSP: 𝑊𝑔𝑟𝑜𝑠𝑠 No CSP: 𝑊𝑛𝑒𝑡

 50 kN 10 kN 5 kN 1 kN 50 kN 10 kN 5 kN 1 kN 
 3 56388 16797 10183 5399 52029 15498 9396 4903 
 4 50390 15747 8662 \ 46865 \ 7650 4416 
 1 var 5 44670 13009 8149 4633 41934 \ \ \  
 7 \ 12224 6851 4361 \ \ 6631 4189 
 9 \ 11464 \ \ \ \ \ \  
 11 \ \ \ \ \ 10513 \ \  
 3 56388 16797 10183 5399 52025 15497 9395 4903 
 4 44112 12147 6809 4307 41924 11826 6629 4188 
 2 var 5 \ 11336 \ \ \ 10417 6628 4187 
 6 \ \ \ \ \ 10353 \ \  
 10 \ \ \ \ \ 9781 \ \  
 2 41357 9474 7451 4743 38750 8887 6845 4357 
 3 41120 9420 6723 4280 38456 \ 6618 4186 
 4 \ \ \ \ 38162 \ 6617 4182 
 2 var 5 \ \ \ \ \ 8875 \ 4179 
 + 6 \ \ \ \ 38154 8704 \ \  
 RN 7 \ \ \ \ 38146 \ \ \  
 9 \ \ \ \ \ \ \ 4177 
 10 \ 9377 \ \ \ \ \ \  
 15 \ 9322 \ \ \ \ \ \  
 23 \ \ \ \ \ \ \ 4159 

The results of the optimization are presented in Figs.  15 and 16, 
which illustrate the Pareto fronts. Fig.  15 specifically shows the com-
parative outcomes of the optimization process for different nodal over-
loads as the number of design variables in the problem varies.

In each graph in Fig.  15, the number of design variables is held 
constant, and the resulting curves for increasing overloads are com-
pared. It can be observed that the Pareto fronts become increasingly 
compressed and linear as the applied nodal loads decreases. The curves 
in the graphs exhibit the typical shape of a Pareto front for conflicting 
objective functions.

Furthermore, the graphs indicate that as the applied load decreases, 
the amount of structural material required also decreases. While this is 
an expected result, it confirms the accuracy of the analyses performed.

Fig.  16 presents the results, keeping the nodal overload constant for 
each graph and comparing the curves for varying numbers of design 
variables in the optimization problem. The graphs clearly show that as 
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Fig. 15. Free-form base gridshell structure optimization results considering different numbers of design variables and the adoption of Repulsive Nodes MRA.
the number of design variables increases, both the amount of structural 
material and the number of structural element typologies decrease. This 
outcome is expected since the design variables represent the degrees 
of freedom in the optimization problem. More degrees of freedom 
allow for the exploration of new solutions, leading to higher-quality 
outcomes. Therefore, solutions with more design variables tend to be 
superior or at least equivalent to those related to the problem defined 
with fewer design variables.

Additionally, the graphs reveal a significant improvement when the 
number of design variables increases from one to two. However, when 
increasing the number from two to three, the distance between the 
Pareto fronts diminishes. This indicates that three design variables are 
sufficient to explore a comprehensive set of optimal solutions. Beyond 
this point, further increasing the degrees of freedom will not yield a 
significant improvement in the solutions.

In contrast, utilizing the Repulsive Nodes MRA significantly im-
proves the results. This is evidenced by the greater distance between 
the Pareto fronts for the problem with three design variables using RN-
MRA compared to the distance between the fronts for solutions with 
two or three design variables without RN-MRA.

This illustrates the effectiveness of employing the i-MRA techniques 
in identifying solutions that are simultaneously optimal in terms of 
structure and straightforward to be constructed.

Fig.  17 compares the Pareto fronts obtained for a nodal overload 
of 50 kN with a single design variable. This comparison focuses on 
solutions that minimize either gross structural material or net struc-
tural material. As before, the computation of minimum production 
deviations was performed using CSP. Additionally, Fig.  17 includes a 
visualization of the optimal structural shapes along the Pareto fronts. 
In this way it is possible to highlight the differences among the solutions 
in the Pareto set. It can be observed that the solutions obtained through 
the consideration and non-consideration of waste exhibit a high degree 
of visual similarity. This visualization aids the designer in selecting the 
optimal solution that best fits the specific project, taking into account 
both functional and aesthetic considerations. Even in this case, it can 
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be observed that solutions with a lower number of structural element 
typologies are characterized by shallower geometries and thicker struc-
tural elements, resulting in higher material consumption. Conversely, 
solutions with lower material consumption feature less shallow grid-
shells with more slender structural elements, optimizing material usage 
with respect to ease of construction.

It should be noted that while the presented methodology pro-
vides optimized solutions for gridshell structures based on automati-
cally generated meshes, further refinements to the base grid topology 
could potentially enhance the structural performance beyond what is 
achieved through parameter optimization alone. However, such topol-
ogy optimization represents a separate design challenge beyond the 
scope of this work, which focuses on establishing a framework for 
parameter-based optimization of gridshell structures using predefined 
mesh topologies. The proposed methodology thus serves as an effec-
tive preliminary design tool that can be supplemented with targeted 
topological adjustments.

In this study, several simplifying assumptions were made to keep 
computations manageable during the conceptual design phase. First, 
beams were classified only by axis length, which does not fully re-
flect real-world geometric complexity. This approach overlooks factors 
such as bounding box dimensions, node normals, connection details, 
and fabrication tolerances. Moreover, the method assumes a single 
cross-section for all structural elements, whereas engineering practice 
typically employs different cross-sections to optimize material distribu-
tion [70]. Additionally, the focus on quadrangular gridshells, although 
beneficial from a manufacturing standpoint, does not reflect the higher 
performance often associated with alternative topologies [56,71]. Fi-
nally, facet planarity, a crucial metric that affects fabrication cost and 
environmental impact due to the challenges of forming non-planar or 
developable envelope materials [72,73]. has not been explicitly inte-
grated into the optimization process. These limitations highlight areas 
for further refinement to better align the methodology with practical 
construction requirements.



J. Melchiorre et al. Automation in Construction 177 (2025) 106315 
Fig. 16. Free-form base gridshell structure optimization results considering different nodal overloads.
Fig. 17. Free-form base gridshell structure optimization results considering a nodal overload of 50 kN and 1 design variable. Results represented as Pareto fronts in the objective 
functions search space.
5. Conclusions and future developments

This paper introduced an advanced methodology for the preliminary 
design of gridshell structures, incorporating both form-finding and 
structural optimization to enhance structural efficiency, constructabil-
ity and waste reduction.

The proposed approach combines the improved Multibody Rope 
Approach (i-MRA) with multi-objective metaheuristic optimization al-
gorithms, specifically the Non-Dominated Sorting Genetic  Algorithm II 
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(NSGA II). By leveraging these techniques, the study aimed to optimize 
structural forms for minimal material usage and reduced construction 
complexity while also accounting for the production of waste.

The presented optimization process notably reduced the material 
required for constructing gridshell structures, leading to lower net 
and gross material consumption. This achievement is essential for 
mitigating the environmental and economic costs.

Furthermore, integrating waste management into the design process 
proved valuable. By addressing cutting patterns for structural elements, 
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the approach effectively reduced material waste, promoting more sus-
tainable construction practices through a linear programming solution 
to the Cutting Stock Problem (CSP).

Additionally, the methodology streamlined the construction process 
by minimizing the variety of structural elements and optimizing their 
arrangement. This reduction in complexity not only facilitates a more 
efficient construction process but also potentially lowers costs and 
enhances the feasibility of realizing gridshell structures.

Lastly, the methodology demonstrated considerable versatility
across various case studies. It adapted well to different design scenar-
ios, from standard gridshells to more free-form gridshells, providing 
optimized solutions that met specific project requirements.

Overall, this paper underscores the potential of combining advanced 
form-finding techniques with structural optimization to drive sustain-
able innovations in the construction industry. The approach not only 
contributes to reducing the costs and the environmental footprint of 
gridshell structures but also offers practical solutions for the efficient 
realization of complex architectural designs.

Building upon the foundations of the present work, several promis-
ing avenues for future research have been identified. Future studies 
could incorporate a more comprehensive nesting analysis that considers 
not only the axis length but also the complete bounding box dimensions 
of beams, taking into account node normals and connection details. Al-
though the current method allows the use of different cross-sections, it 
was deliberately simplified by assuming a single cross-section to reduce 
computational cost during extensive parametric analyses. In practi-
cal applications, where only one optimization run might be required, 
the method can be readily extended to accommodate multiple cross-
sectional types. Furthermore, the integration of facet planarity con-
straints and panel nesting strategies would enhance material efficiency 
and reduce production waste.
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