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Einstein warped-product manifolds and the screened Poisson
equation

Alexander Pigazzini, Luca Lussardi, Magdalena Toda,
and Andrew DeBenedictis

ABSTRACT. We study a particular type of Einstein warped product mani-
fold where the warping function must satisfy the homogeneous version of the
screened Poisson equation. Under these assumptions, we show that the dimen-
sion of the manifold, the (constant negative) Ricci curvature and the screened
parameter are related through a quadratic equation.

1. Introduction and Preliminaries

1.1. Einstein warped product manifolds. Warped-product manifolds, first
introduced by Bishop and O’Neill ([1]), have gained significant importance in the
field of differential geometry and are widely researched in the domain of General Rel-
ativity, particularly in relation to generalized Friedmann-Robertson-Walker space-
times. A wealth of properties for warped product manifolds and submanifolds have
been presented in various studies ([2], [3] and [4]).

To construct a warped-product manifold, consider two semi-Riemannian man-
ifolds (B, gp) and (F, gr), and let 7 and o be the projections of B x F onto B and
F respectively. The warped-product M = B Xy F' is the manifold B x F with the
metric tensor ¢ = 7* g + f20* gr, where * denotes the pullback and f is a positive
smooth scalar function on B, known as the warping function.

In more explicit terms, if X is tangent to B x F at (a,b) (where a is a point
on B and b is a point on F'), then:

(X, X) = (dr(X),dr(X)) + f2(a)(do(X), do(X)).

In this context, B is referred to as the base-manifold of M = B x; F and F' is
the fiber-manifold. If f =1, then B x ¢ F' simplifies to a semi-Riemannian product
manifold. The leaves B x b = 0~!(b) and the fibers a x F = 771(a) are Riemann-
ian submanifolds of M. Vectors tangent to leaves are termed horizontal and those
tangent to fibers are termed vertical. The orthogonal projection of T{, ;)M onto
its horizontal subspace T{, ) (B x b) is denoted by H, and V denotes the projection
onto the vertical subspace T, 3)(a x F) ([5]).
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If M is an n-dimensional manifold with metric tensor g, the Einstein condition
gives Ricpr = Agps for some real constant A\, where Ricys represents the Ricci tensor
of gpr. An Einstein manifold with A = 0 is considered Ricci-flat.

With this understanding, we find that a warped-product manifold (M, gasr) =
(B,gB)* (F, gr) (where (B, gp) is the base-manifold, (F, gr) is the fiber-manifold),
with
gm = gB + f2gr, is Einstein if and only if (refer to [2]):

Ricp — FHess(f) = Ags
(11) Ricy = )\gM <= < Ricp = MR
FAf+(m =DV +Af2 =p,

where A and p are constants, m is the dimension of F', Hess(f), Af and Vf are,
respectively, the Hessian, the Laplacian (given by tr(Hess(f))) and the gradient of
f with respect for for gg, with f : B — R™ a smooth positive function.

Contracting the first equation of (1.1) we get:

(1.2) Rpf—mAg, f=nf,

where n and Rp are the dimension and the scalar curvature of B, respectively, then
(1.1), contracting also the second equation, becomes:

Repf—mAy, f=nfA
(1.3) Ry = AXn+m) <= Rp = pum
fAGf +(m =DV, fI? + Af? = p.

REMARK 1.1. It is a well-established fact that an Einstein warped-product
manifold, equipped with a Riemannian metric and a Ricci-flat fiber-manifold (F),
cannot admit positive Ricei curvature solutions (see [6]). It can only accommo-
date zero or negative solutions. This conclusion is derived from the Bonnet-Myers
theorem. Essentially, this theorem states that if Ricpy; > 0, then M is compact.
However, if V' is a vertical vector (that is, a tangent vector on the fiber-manifold),
then the formula for the Ricci curvature of warped product manifolds (as outlined
in [7]) yields:

Riey(V,V) = Ricp(V,V) = [V2(AL + (m — 1) I%4E),
If the fiber-manifold F' is Ricci-flat, then it follows that at the point where the
warping function f reaches its minimum on the base-manifold (which is guaranteed
to exist due to compactness), the condition Ricy (V, V) < 0 is satisfied.
In this paper we are only interested in cases Ry = 0 with Ricps < 0.

1.2. Screened Poisson equation and Klein-Gordon equation. In the
realm of mathematics, the screened Poisson equation is a specific type of partial
differential equation, conventionally represented as [A — A\2]¢(r) = —4(r). Here, A
denotes the Laplace-Beltrami operator, A is a constant, ¢ is a function of position
known as the “source function”, and ¢ is the function to be determined. When A
is zero, this equation simplifies to the Poisson equation.



EINSTEIN WARPED-PRODUCT MANIFOLDS AND THE SCREENED POISSON EQUATION 3

A class of solutions to the inhomogeneous screened Poisson equation for a gen-
eral ¢/ can be found using the method of Green functions. In this context, the Green
function G is defined by the equation [A — A2]G(r) = —&3(r). This equation fre-
quently appears in various fields of physics, including the Yukawa theory of mesons,
where the Green function represents the Yukawa potential [8]. The screened Poisson
equation also appears in plasma screening, for example in limits of the Debye-Hiickel
theory [9] or the Thomas-Fermi theory [10]. The equation also has applicability
in granular fluid flow [11], [12] and also emerges in the Klein-Gordon equation,
which, aside from its importance in physics, holds a significant role in the the-
ory of integrable systems or geometric PDE. This is a rapidly growing subfield at
the intersection of differential geometry, differential equations, and mathematical
physics.

The Klein-Gordon equation can be transformed into the form of a Schrodinger
equation (as two coupled differential equations, each of first order in time) [13].
However, the Klein-Gordon equation carries a distinct meaning. Typically, in a
physics course setting, it is presented with separated time and space. For instance,

with respect to natural units and the Minkowski metric (4, -, -, -) (up to a poten-
tial change in sign), and in the case of time-independence ([A — ﬁ]qﬁ(r) = 0),

R
the Klein-Gordon equation is equivalent to the homogeneous form (i) = 0) of the
screened Poisson equation: [A — A2]¢(r) = 0. Here, the constant \? = 7n2c2

c and & represent the speed of light and Planck’s constant, respectively.

, Where

2. Einstein warped-product manifolds and homogeneous form of the
screened Poission equation

THEOREM 2.1. Let M be an FEinstein warped-product manifold with constant
negative Ricci curvature (A < 0) and m-dimensional Ricci-flat fiber manifold (F),
and let the base-manifold (B) be a 2-dimensional manifold with negative constant
Gaussian curvature K. If the warping function f is such that it satisfies the ho-
mogeneous form of the Screened Poisson equation, i.e. [Ag, — 1]f = 0, then
dim(M) = 2+ m and the constant A of curvature, are related by the following
quadratic equation:

PROOF. Let consider (1.3) for a 2-dimensional base-manifold, i.e. n = 2:

Rpf—mAg, f=2fA
(2.2) Ry =X2+m)<= (Rp=0
fAQBf+ (m_ 1)|V93f‘2 +/\f2 =0.

Considering initially, for ease of calculation, that B is a surface with constant
Gaussian curvature K = —1, it is simple to notice that a general approach to this
problem can be traced back to the following system of equations:

Ay f=p(falf)
(23) {|vng|2 = (/)2

Consider two real-valued functions, p > 0 and ¢, defined over an interval I C R.
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Our objective is to ascertain the existence of a solution, f, for the system |V f|? =
p(f)%, Af = p(f)q(f) on a certain (nonempty) open subset of the Poincaré upper
half-plane, which is a Riemannian surface exhibiting a Gauss curvature K that re-
mains consistently equal to —1, commonly referred to as a pseudospherical surface.
We assert that if and only if the functions p and ¢ satisfy the following differential
equation, then a solution f exists:

(2.4) p(O)p" (t) = p'(8)* + 2q(6)p' (t) — p(t)q' () — q(t)* + 1 =0.

Working with Cartan differential forms associated to a Cartan moving frame is the
most natural setting here. Let’s start by noting that if such f exists, then the
metric g can be written in the form g = wi? + we? where w; = (df)/p(f) and
xdf = p(f)ws. Here « is the usual Hodge operator.

Since d(xdf) = Afwi A we, it follows that d(p(f)w2) = p(f)q(f) w1 A we. This
relates to the equality d(p(f)) = p'(f)df = p(f)p'(f) w1, and thus we must ob-
tain that dwy = (q(f) — p’(f)) w1 A wo. Further, since dw; = —wio A we and
dws = wia A wy, it follows that wis = (p’(f) — q(f)) wy. The expansion of the
Gauss-Codazzi equation dwis = K w1 Aws = —wi Aws allows us to obtain equation
(2.4).

Conversely, assuming that p and ¢ satisfy (2.4), we proceed to examine the follow-
ing equations:

w1 = df/p(f)7 and
(2.5) dws = (q(f) = p'(f)) w1 Awz = (q(f) = p'(f)) /p(f) df Aws.

Considering a positive function s (according to the linear Ordinary Differential
Equation theory), defined on interval I (unique up to a constant multiple) we get:

(2.6) s'(f) = s()(alf) = 2'(£) /p(f).

The above equations (2.5) and (2.6) imply that d(wz/s(f)) = 0, therefore, if
we assume the domain to be simply connected, for a certain function h we have
we = s(f) dh.

Consequently, equations (2.4) and (2.6) indicate that the metric:

9= (5" + () any?

on I x R (with coordinates f and h), maintains a constant Gaussian curvature
equal to —1, thereby enabling an isometric immersion into a domain within the
Poincaré upper half-plane.

Therefore we showed that, if satisfied, equation (2.4) determines the existence of a
solution for f such that M is an Einstein warped-product manifold with negative
constant Ricci curvature, m-dimensional Ricci-flat fiber-manifold F' and the base-
manifold (B) a 2-dimensional hyperbolic manifold (i.e., with Gaussian curvature
K=-1).

Our aim is to show, in a more general case, (that is, considering B a 2-dimensional
manifold with negative constant Gaussian curvature, not necessarily K = —1), that
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if the warping function f, defined on B, satisfies Ay, f = f, then between the di-
mension of M and the constant A, there is a second order equation that relates
them.

In case the given metric gp has a constant Gaussian curvature K < 0, rescaling
the metric gg = (—K) gp, we obtain the corresponding Gauss curvature in the new

metric, namely K = —1. So, from (2.3), we will have:

(27) {Ang = (_K)_l Ang

|V§Bf‘2 = (_K)_l |vng|27
and from this, now it is simple to determine p and ¢g. Therefore, in the most general

scenario, we use (2.4) with (p, q).
That said, considering (1.3) with the settings expressed in Theorem 2.1, we obtain:

Rg=2\+m
(2.8) Rp=0
2
Vg f? = LD

and the second equation of (2.3) is equal to:

2\ —
(2.9 Vo 7= TEAZY gy
then
(2.10) Vaud = V2L = (),

therefore from (2.10) we deduce that A must be < —1.
Now, considering (2.7) (which corresponds to (2.3) with rescaled metric), we obtain:

(2.11)

If we consider (2.4):

p'(f)=0

P (f)? = 3 (-K)7!
(2.12) 2¢(f)P'(f) = 2(=K)~"

q(f)=0

Since K = £2, from the first equation of (2.8), we get —K = —(X + 2), hence
(2.4) is equivalent to:

2.13 2 _
( ) m—1+ +)\+1

A+1 m—1 ()\ m)
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or

(2.14) N2 —m) + (14 50— ) +
O

The second degree equation (2.14) relates the dimension m of the fiber-manifold
(F) and the constant A (where A € R™), in order to define an Einstein warped-
product manifold (M) with constant negative Ricci curvature and a 2-dimensional
base-manifold (B) with constant negative Gaussian curvature, on which the defined
warping function (f), satisfies the homogeneous form of Screened Poisson equation.

REMARK 2.2. More generally we can consider [A,, — 8]f = 0, with constant
B € RT, s0 (2.14) will be:

(2.15) A?(z—m)+x(ﬁ+¥— ;B) (1—%2)+m(§—2) 0.

We have obtained that for this special family of Einstein warped-product manifolds,
the second order equation (2.15) establishes a relation, in general, between the
dimension (i.e., 2+m), the constant of curvature (A) and the “screened” parameter
(8). These manifolds exist if and only if the equation (2.15) admits at least one
negative real value as a solution for the dimension and screened parameter chosen.

ExAMPLE 2.3. If we consider that B is, for example, the upper Poincaré half-
plane, then the line element of M, ds?, will be:

(2.16) ds® = gp,,da'da’ + f*gp,,dz"dz”

d d
=4 i+ dis + f2gp,, dxtdz”

m wv

where u,v = 3,4,5, ..., and gF,, represents the components of the (semi)Riemannian
Ricci-flat metric on F Then \gB| o= and +/|gp| = 11712

From [A,, — f]f =0 — V,0'f — ,Bf_O, where V,;0'f = \/@ 9:(\/19819%9; 1),
we get: V,;0'f = a- xl_%) 0; = 14 )zgijajf]

2 2
Now, after some straight-forward computation, we obtain: Ay, f = w { (')x{ +
2f
0x2 |°
In summary, if and only if the equation (2.15) will be satisfied, will there exist
a function f such that it satisfies the following;:

(1- 3”1 - $2) [azf 0% f

2.1
(2.17) i 022 T 922

| -8r=o0.
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3. Open questions and future directions

An interesting future direction would be to extend these results to other cases
of Einstein-warped product manifolds, wherever there is a well-understood corre-
sponding family of integrable systems (geometric PDEs).
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