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Abstract—This paper describes a macromodeling algorithm to
build behavioral models of nonlinear systems and components
in a data-driven manner. The main tool is an extension of the
Vector Fitting algorithm to perform rational approximation of
multivariate transfer functions that describe nonlinear systems
according to Volterra series theory. In addition to the rational
model, a realization in terms of differential equations is provided
so as to enable time-domain simulation. The raw data required by
this algorithm can be extracted by means of Harmonic Balance
analysis or from X-parameters, both available in commercial
software.

I. INTRODUCTION

Signal and Power Integrity (SI/PI) analyses are often con-
ducted through time-domain simulation to assess and verify
performance and design constraints. This is enabled by accu-
rate modeling techniques to enable system-level verification in
the design phase. The ever-increasing complexity of modern
electronic systems, with technologically advanced packaging
solutions and high data rates, implies that system-level sim-
ulations become exceedingly computationally costly due to
the need to co-simulate several components at once, including
electrical parasitics as extracted from electromagnetic (EM)
simulation.

Many electrical structures of interest in SI/PI are linear and
passive, which has motivated past efforts into developing linear
macromodeling [1]. Using macromodeling techniques such
as rational approximation, compact and efficient behavioral
models can be constructed to represent system components
in SPICE simulations. In particular, the Vector Fitting (VF)
algorithm [2] has received much attention in SI/PI applica-
tions, because it allows building black-box rational models
of packages and interconnects starting from S-parameter data
extracted from EM solvers. This is essential to include the
output of field solvers in SPICE-like circuit-level simulations.
In addition, VF is also effective for building reduced models
of large lumped networks to speed up time-domain integration.

However, systems including nonlinear components cannot
be directly modeled using VF, for which samples of a trans-
fer function are required. Although considering small-signal
transfer functions (e.g., from AC analysis in SPICE) is an
option, the resulting model would be unable to represent large-
signal nonlinear effects as the input signal significantly departs
from the bias point. Practical examples of nonlinear devices
are voltage regulators, arising in PI, and I/O buffers used for
signal transmission in the SI context.

This paper presents an extension of VF to build nonlinear
behavioral models via rational approximation of generalized
transfer functions, as defined by Volterra series theory. Higher-
order nonlinear Volterra kernels are approximated in the
frequency domain by a multivariate extension of the VF
algorithm, whose poles and generalized residues are computed
recursively. Finally, the resulting model is synthesized into
a nonlinear (bilinear) state-space form for fast time-domain
simulation.

In the following, Sec. II provides the background material
that is necessary to develop the nonlinear macromodeling
algorithm in Sec. III. The proposed approach is demonstrated
in Sec. IV on a nonlinear system made up of an Low-
DropOut (LDO) regulator loaded with a passive multiport
representing a power delivery network. On this example, a
110× speedup is achieved with respect to HSPICE with well-
controlled accuracy.

II. BACKGROUND

Volterra series theory provides a foundation for analyzing
and representing nonlinear systems. Consider a generic non-
linear one-port electronic circuit or system, with the vari-
ables v(t) and i(t) denoting the port voltage and current,
respectively. The dynamic relationship between these two
variables can be seen as a mapping from either of the two,
denoted as the input u(t), and the output y(t). Under technical
conditions detailed in [3], this input-output (I-O) map admits
the following expansion

y(t) = y0+
∞∑

m=1

∫ t

0

· · ·
∫ t

0

hm(τ1, . . . , τm)ũ(t− τ1) · · · ũ(t− τm)dτ
(1)

where ũ(t) = u(t) − u0 is the deviation from a DC input
value u0 that defines an operating point where the expansion
is centered. In (1), y0 is a constant, and each integral in the
sum is a multidimensional convolution of the input with the
degree-m multivariate Volterra kernel hm(τ1, . . . , τm). The
notation dτ ≜ dτ1 · · · dτm indicates that the integral is multi-
dimensional. Note that this series generalizes the well-known
convolution formula that describes linear I-O relationships.
Several different choices are admissible for hm(τ1, . . . , τm),
as detailed in [4], with the preferred one being the symmetric
kernel. Henceforth, each hm(τ1, . . . , τm) is assumed to be



a symmetric function, that is invariant under arbitrary per-
mutation of its arguments. In practice, truncating the infinite
series (1) to the first M terms leads to an approximation of the
initial I-O map. If, for a given maximum amplitude of |u(t)|,
truncating to a small number M of leading terms provides an
accurate approximation, then the system is said to be weakly
nonlinear [5]. The additive term corresponding to m = 1 in the
series (1) is the response of a small-signal approximation of
the nonlinear I-O map. Further terms are interpreted as higher-
order nonlinear corrections to a local small-signal model.

Though by no means the only way to study nonlinear
systems, the Volterra series conveniently gives a generalization
of the concept of transfer function (TF) that plays a central
role in electronic design. In fact, the multidimensional Laplace
transform of hm allows defining the degree-m Generalized
Transfer Function (GTF) Hm(s1, . . . , sm) [4],

Hm(s1, . . . , sm) ≜ L{hm(τ1, . . . , τm} ≜∫ t

0

· · ·
∫ t

0

hm(τ1, . . . , τm)e−
∑m

i=1 siτidτ

For notational convenience we introduce the vector sm ≜
(s1, . . . , sm) and the shorthand Hm(sm) = Hm(s1, . . . , sm).

The GTFs are symmetric transfer functions. In [6], it is
shown that measured or simulated X-parameters of a nonlinear
device can used as a starting point to extract values of GTFs
at a discrete set of frequencies. In [6], [7], these sampled
GTFs values constitute a nonparametric Volterra model, as
they allow to find the time-domain system response y(t) to a
given u(t) by means of the inverse Fourier transform. While
nonparametric methods based on collections of GTF data
are abundant in the literature, parametric modeling where a
dynamical model is built starting from this data are more
scarce. Fundamental work in this direction is presented in [8],
which deals (among others) with bilinear identification in the
Loewner framework using GTF data.

III. VECTOR FITTING OF GENERALIZED TRANSFER
FUNCTIONS

For linear devices, it is well known that rational macromod-
eling via VF [1], [2] is a valuable approach to enable fast and
accurate signal and power integrity simulations. The core idea
behind rational macromodeling consists in finding a rational
function H(s) that approximates the TF H̆(s) of the original
device, starting from knowledge of sampled values H̆(jωk) at
a discrete set of frequencies.

A. Problem statement
In this work, we assume that samples of GTFs up to

some maximum degree M are available from measurement
or simulation via commercial software. These constitute a
dataset containing Km frequency-value pairs for each degree
m = 1, . . . ,M ,{(

s(k)m , H̆m(s(k)m )
)
, k = 1, . . . ,Km,m = 1, . . . ,M

}
. (2)

The main objective is to construct a nonlinear dynamical
model that approximates the behavior of the original device

as described by the GTF data samples. The goal is to use such
a model, expressed in terms of nonlinear differential equations,
to represent the original complex device in time-domain sim-
ulations with an advantage in computational efficiency.

B. Model structure

A simple model structure to represent nonlinear I-O maps
is the bilinear state-space system defined by the following
equations {

ẋ = Ax+Nxu+ bu

y = cTx
(3)

where x ∈ Rν is the hidden state vector. The state-space
coefficients are A,N ∈ Rν×ν and b, c ∈ Rν . The bilinear
model structure is adopted in this work because it can be
shown that many nonlinear systems can be approximated with
a model of the form (3) [4]. The symmetric GTFs Hm(sm)
of (3) are derived via the growing exponential approach [4]
in terms of the realization coefficients. As stated in [8], these
also admit a pole-residue form as a combination of multivariate
partial fractions [9]. For m ≥ 1, we can write

Hm(sm) =

ν1∑
i1=1

· · ·
νm∑

im=1

ri1,...,imφi1,...,im(s1, . . . , sm), (4)

where the coefficients ri1,...,im ∈ C are interpreted as gen-
eralized residues. For each degree m, the basis functions
φi1,...,im(s1, . . . , sm) are defined in terms of a set of νm basis
poles Pm = {p(m)

i }νm
i=1 as

φi1(s1) =
(
s1 − p

(1)
i1

)−1

(5)

for degree m = 1, and

φi1,...,im(s1, . . . , sm) =
1

m!

(
s1 + · · ·+ sm − p

(m)
im

)−1

·

·
∑
σ∈Pm

φi1,...,im−1
(sσ(1), . . . , sσ(m−1)) (6)

for m ≥ 2. In (6), the sum is on the set Pm of all permutations
σ of the indices {1, . . . ,m}.

C. Rational approximation

In a rational approximation context, building a nonlinear
macromodel starting from the data in (2) translates into finding
poles and residues of (4) for all m up to the maximum degree
M where data is available. As in the standard VF algorithm,
this task is broken down in two steps: an iterative pole-
finding phase, followed by a least-squares optimization to find
residues.

Starting with the first set of poles P1, we see that finding
a set of poles to define an approximant H1(s1) of the data
H̆1(s1) is a standard univariate rational fitting problem that
can be addressed via VF. Hence, running VF to find residues
ri1 and poles p

(1)
i1

to minimize the least-squares residual of
ν1∑

i1=1

ri1

(
s
(k)
1 − p

(1)
i1

)−1

≈ H̆1(s
(k)
1 ), k = 1, . . .K1



yields the first pole set P1.
We proceed by induction to higher degrees m ≥ 2 using the

observation that, based on (4) and (6), Hm(sm) can written
as the product of two vectors

Hm(sm) = Fm(s1 + · · ·+ sm)TGm(sm)

where Fm ∈ Cν1···νm−1 is a rational function of (s1+· · ·+sm)
with poles in the set Pm, and Gm(sm) only depends on
lower-degree pole sets Pi with 1 ≤ i ≤ m − 1. Hence,
once P1, . . . ,Pm−1 are known, the vectors Gm(sm) can
be regarded as known quantities. This suggests an iterative
approach to determine Pm after pole sets up to m − 1 are
known. In fact, considering the approximation problem for
degree-m GTFs,

Hm(s(k)m ) = Fm(s
(k)
1 + · · ·+ s(k)m )TGm(s(k)m ) ≈ H̆(k)

m (7)

the vectors Gm(s
(k)
m ) are completely determined by lower-

degree pole sets, and the univariate rational function Fm(s)
is the only unknown. As detailed in [9], poles of Fm are
estimated via the weighted VF algorithm to obtain the pole
set Pm. This is achieved by iteratively solving a linearized
version of the optimization problem (7).

Once the pole sets P1, . . . ,PM are found via iterations of
the weighted VF algorithm, the basis functions φ are known.
At this stage, the generalized residues ri1,...,im in (4) follow
from least-squares optimization (see [9] for details) using the
format (4) to minimize the residual of Hm(s

(k)
m ) ≈ H̆

(k)
m .

D. Bilinear realization

The pole-residue model in (4) is a Laplace-domain ex-
pression. For time-domain simulation, it is convenient to
translate it into a state-space realization made up of differential
equations. The definition of the basis functions (5)-(6) is
specifically chosen to make it possible to provide a bilinear
realization of (4). As discussed in [9], this model admits the
following realization

ẋ1 = A1x1 + 1u,

ẋm = (Am ⊗ INm−1
)xm + (1⊗ xm−1)u, 2 ≤ m ≤ M

y =

M∑
m=1

rTmxm, 2 ≤ m ≤ M

(8)
where Am = diag{p(m)

i }νm
i=1, 1 is the column vector of

ones, Nm = ν1 · · · νm is the size of xm, and ⊗ denotes
the Kronecker matrix product. The residue vectors rm collect
ri1,...,im , i.e. the generalized residues of degree m.

The state-space form (8) can be solved in time-domain to
find the output y, possibly after a change of coordinate to
make the coefficients real-valued, as explained in [9, Sec. IV,
Remark 1].

LDO Passive 
network

𝑖𝐿 𝑡

𝑣𝐿 𝑡

+

−

+

Fig. 1. Block diagram of the test device made up of an LDO loaded with a
passive network.

Fig. 2. Comparison of GTF data samples with the fitted nonlinear model.

IV. NUMERICAL VERIFICATION

In this section, the proposed approach is validated on a
nonlinear electronic circuit including an LDO regulator. The
LDO circuit, reproduced from [10], is designed in a 350 nm
technology for low-power applications to supply power to
other analog blocks. This is connected to a voltage supply
and to a passive component on the output side as depicted in
Fig. 1. This passive component is a power delivery network
represented through a linear S-parameters macromodel. In this
example, we model the I-O relationship between the load
current iL(t) and the load voltage vL(t), respectively regarded
as the input u(t) ≜ iL(t) and the output y(t) ≜ vL(t).
A nonlinear model is constructed around the operating point
corresponding to a load current iL,0 = u0 = 20mA.

Through HSPICE Harmonic Balance (HB) analysis, it is
possible to analyse the device behavior in steady-state con-
ditions, with the input u(t) set to a superposition of tones
at different frequencies. Samples of Volterra GTFs are ex-
tracted via HB using the harmonic probing method described
in [5]. In practice, the value H̆

(k)
m corresponding to the point

s
(k)
m = (jω

(k)
1 , . . . , jω

(k)
m ) is extracted from HB analysis with

m tones at frequencies ω
(k)
1 , . . . , ω

(k)
m .

A nonlinear model of maximum degree M = 3 is built
via the proposed algorithm using samples H̆

(k)
1 , H̆

(k)
2 , H̆

(k)
3 .

For degree m = 1, standard AC analysis was used to



Fig. 3. Time-domain simulation of the nonlinear device in Fig.1. Top: load
current signal (input). Middle: Load voltage response. Bottom: Instantaneous
error.

obtain TF values at K1 = 55 frequencies in the bandwidth
[500Hz, 20MHz]. A total of K2 = 9940 and K3 = 1200
samples of higher-order GTFs were collected in the same
frequency band. The number of poles chosen for model fitting
are ν1 = 7, ν2 = 5, ν3 = 5. These were selected to obtain
a satisfactory model-data error in the frequency domain, with
the results reported in Fig. 2.

Time-domain validation is carried out using the load voltage
signal depicted in Fig. 3 (top), that is a pulse signal of ampli-
tude 10mA and 0.5µs rise/fall time. The exact load voltage
response resulting from the reference HSPICE simulation is
reported in Fig. 3 (middle) and compared with models of
different nonlinear degrees (obtained by truncating the degree-
3 macromodel). For each time instant, the error between the
nonlinear macromodels and HSPICE is reported in Fig. 3
(bottom), suggesting increased accuracy of higher-order mod-
els over a simple small-signal approximation (black). The
reference HSPICE simulation includes 2 · 104 timesteps that
are solved in 99 s. The bilinear macromodel (M = 3) solved
in MATLAB for the same number of timesteps takes only 0.89
s, resulting in a 110× speedup.

A second test signal is depicted in Fig. 4 (top), obtained
by low-pass filtering a white noise signal with a bandwidth
of 5 MHz. The system response evaluated with HSPICE is
compared with the nonlinear model in Fig. 4 (bottom) in terms
of instantaneous error. This simulation requires 29.7 seconds
in HSPICE, which produces 4568 simulation timesteps. The
nonlinear model solved in MATLAB over 104 timesteps takes

Fig. 4. Time-domain simulation of the nonlinear device in Fig.1 using a noisy
signal. Top: Load current signal (input). Bottom: Instantaneous error.

0.16 s, resulting in a speedup of 180×.

V. CONCLUSIONS

This paper described an extension of Vector Fitting that
allows modeling weakly nonlinear devices through rational
approximation. The proposed algorithm provides a bilinear
state-space model in terms of differential equations, that can
be integrated in time through time-stepping. Numerical exam-
ples demonstrated a major speedup with respect to reference
HSPICE simulations. The adopted model format allows trans-
lation into an equivalent behavioral circuit to be embedded in
SPICE environments, a topic that is left for future work.

REFERENCES

[1] S. Grivet-Talocia and B. Gustavsen, Passive Macromodeling: Theory
and Applications. New York: John Wiley and Sons, 2016.

[2] B. Gustavsen and A. Semlyen, “Rational approximation of frequency
domain responses by vector fitting,” IEEE Transactions on Power
Delivery, vol. 14, no. 3, pp. 1052–1061, 1999.

[3] S. Boyd, L. Chua, and C. A. Desoer, “Analytical Foundations of Volterra
Series,” IMA Journal of Mathematical Control and Information, vol. 3,
pp. 243–282, 1984.

[4] W. Rugh, Nonlinear System Theory: The Volterra/Wiener Approach,
ser. Johns Hopkins series in information sciences and systems. Johns
Hopkins University Press, 1981.

[5] S. Boyd, Y. Tang, and L. Chua, “Measuring Volterra kernels,” IEEE
Transactions on Circuits and Systems, vol. 30, no. 8, pp. 571–577, 1983.

[6] X. Y. Z. Xiong, L. J. Jiang, J. E. Schutt-Ainé, and W. C. Chew, “Volterra
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