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 A B S T R A C T

Recent research on progressive collapse has predominantly focused on redistributional mecha-
nisms, where load paths are reestablished following the failure of critical members. However, 
many notable structural failures are governed by impact-type progressive collapse mechanisms, 
which remain less understood. To address this gap, this study develops a novel analytical model 
designed to study the dynamic interactions between impacting bodies and reinforced concrete 
(RC) beams. The model utilizes a mass–spring–damper system and introduces a dynamically 
recalculated equivalent mass. This advancement enables highly accurate predictions of contact 
forces, showing up improvements in accuracy compared to existing methods. A comprehensive 
parametric analysis was conducted, investigating the effects of critical variables such as 
the impactor’s mass, velocity, and beam length. Among these, the velocity of the impactor 
was identified as the dominant factor that influences structural response, with significant 
implications for energy dissipation and failure progression. The results underscore the complex 
interplay between dynamic effects and structural properties, offering valuable insights into 
failure mechanisms under real-world impact conditions.

1. Introduction

The progressive collapse is a set of physical and mechanical phenomena that let a damage to propagate from a local state, 
e.g. a single or a couple of structural members, to a final state for which the failure interests the whole structural system [1]. The 
damage progression is a chain-like effect for which there is a release of energy, either internal or potential, from an initial stage to 
a final situation [2]. Although the mechanisms for damage propagation are multiple and depend on the type of structure and initial 
damage, in the exploration of progressive collapse, it is essential to distinguish between two fundamental categories: redistributional-
type and impact-type collapses. These categories not only differ in their triggers but also in their underlying mechanisms and 
characteristics [3]. Redistributional-type collapses are the most commonly studied forms of progressive collapse [4,5]. In these 
scenarios, the failure of critical structural members leads to the redistribution of loads to adjacent elements. Dynamic effects due 
to the sudden modifications in the resisting scheme, while present, act as aggravating factors rather than a primary contributor. 
The focus in these cases is on identifying alternative load paths to mitigate the spread of collapse. Although significant research 
has been devoted to understanding redistributional progressive collapse, which occurs when loads are redistributed following the 
failure of key structural elements [6], much less is known about impact-type progressive collapse [7]. Impact-type collapses are 
fundamentally based on dynamic effects. These collapses occur when gravitational potential energy is transformed into kinetic 
energy, making dynamic interactions a critical component of the failure mechanism. Impact-type collapses can propagate laterally, 

∗ Corresponding author.
E-mail address: valerio.debiagi@polito.it (V. De Biagi).
https://doi.org/10.1016/j.engfailanal.2025.109661
Received 30 January 2025; Received in revised form 13 April 2025; Accepted 28 April 2025
vailable online 19 May 2025 
350-6307/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license 
 http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/engfailanal
https://www.elsevier.com/locate/engfailanal
https://orcid.org/0000-0002-8788-5029
https://orcid.org/0000-0001-8761-4627
https://orcid.org/0000-0003-1866-9362
mailto:valerio.debiagi@polito.it
https://doi.org/10.1016/j.engfailanal.2025.109661
https://doi.org/10.1016/j.engfailanal.2025.109661
http://crossmark.crossref.org/dialog/?doi=10.1016/j.engfailanal.2025.109661&domain=pdf
http://creativecommons.org/licenses/by/4.0/


E. Zeinali et al. Engineering Failure Analysis 178 (2025) 109661 
as domino-like effects, or along the direction of gravity, resulting in pancake-like situations [1]. It is worth noting that without these 
dynamic effects, impact-type collapses cannot occur.

It must be noted that speaking about collapse propagation means putting the attention on the entire structure, not on the specific 
element where the propagation originated. With the specific reference to the initiation of the collapse under impact conditions, two 
completely different approaches can be considered. In threat-dependent progressive collapse studies, the structural performance 
under a known impact is investigated. In this field, lots of effort has been spent in understanding the effects of impacts against 
structural members (say vehicle, boulders, missiles, etc.), and the consequences related to such interaction [8–10]. On the contrary, 
in threat-independent progressive collapse studies the impacted element is removed and the response of the structure is studied 
in a dynamic or quasi-static manner. Although the former approach is the most complete methodology, as the totality of the 
phenomenon is studied, it is also the most difficult task from a numerical and technical point of view, as the complete knowledge 
of the interaction between colliding body and structural member is required. Even if several scholars have tackled the problem 
through numerical [11–13] and experimental [14] approaches, the threat-independent methodology is definitely the most adopted, 
as suggested in the codes for robustness assessment [15]. However, the element removal approach must be adopted with care as it 
cannot lead to the worst-case scenario, in particular when catenary forces arise in the impacted member [16].

In the present paper, the attention is toward the propagation of the collapse. Among the various manifestations of progressive 
collapse, pancake-type collapse is a prominent example of impact-type failures. Pancake-type collapse occurs when the upper floors 
of a building collapse sequentially, one on top of the other, resembling the layers of a pancake [17,18]. Pancake-type collapses 
are the result of the evolution of damage from a single element to a more articulated mechanism involving entire floors. Although 
falling of debris is observed during such types of collapses, it must be clearly stated that falling debris, while a contributing factor, is 
generally not the true triggering event but a byproduct of the collapse itself. As observed in the failure of Plasco Building in Tehran 
on January 19, 2017 [19–21], such collapses can be triggered by various events, including fire, explosions, or seismic forces, that 
can cause the failure of multiple members. In pancake-type progressive collapse, the initial failure leads to a complete or partial 
loss of vertical load-bearing capacity at a certain structural level. This, in turn, initiates an impact event between the falling upper 
portion and the relatively intact lower portion, resulting in varying degrees of damage to the latter. Depending on the remaining 
capacity of the lower part, the collapse may propagate vertically, in which case a total collapse of the entire system becomes highly 
likely.

While experimental and numerical studies on pancake-type progressive collapse are quite limited, different aspects of the 
phenomenon have already been addressed in the literature. For example, punching shear failure in flat slabs, which can trigger 
the pancake mechanism, is discussed in [22]. A simplified analytical model for vertical building collapse triggered by the loss of all 
columns is presented in [17], and possible energy dissipation mechanisms are identified. Understanding the mechanisms involved 
in the collapse propagation is nontrivial as the final state is the result of interaction between different phenomena, starting from the 
triggering of the collapse, including the nonlinear behavior of elements, the second-order effects on the members, or the multi-body 
dynamics when the collapse progresses. The dynamic interactions that originate during such types of collapse are difficult to predict 
using traditional static or quasi-static models [23], leaving a critical gap in our understanding of this type of structural failure.

The collapse propagation is driven by impact interactions between structural members. Impact loading is a critical phenomenon 
in structural engineering that occurs when a force is applied over a short time interval, generating high-intensity stress waves 
and dynamic interactions between impacting and impacted bodies [24–26]. This mechanism plays a significant role in pancake-
type progressive collapses, where the dynamic response of structural elements is crucial for understanding failure propagation. 
Initially, a localized response occurs due to the stress wave at the impact point, taking place shortly after the load application 
begins. Following this, the structure experiences a global response, which includes free vibration effects due to elastic and plastic 
deformation throughout the member over a more extended time frame [27]. These responses are influenced by factors such as the 
material properties of both the impactor and the target [28], as well as the rate of loading and the dynamic characteristics of the 
structural member [27]. Numerical simulations are essential tools for predicting the behavior of structures and contact forces during 
impact events [29–33]. These methods are particularly effective in capturing localized plasticity and stress distributions and often 
show strong agreement with experimental results for parameters such as impact duration and structural displacement. However, 
as noted in the study by Kishi et al. [30], numerical models may exhibit limitations in accurately predicting the maximum impact 
force. Researchers frequently employ finite element simulation tools, including software like LS-DYNA and Abaqus, to conduct their 
analyses [34–37].

Due to the complexity of the phenomenon, special attention must be paid in modeling pancake-type collapses. Finite Element 
approaches cannot easily catch the real failure behavior of large systems as the techniques to include element separation during 
modeling (namely, element erosion) are hard to control when the number of interactions increases. On the contrary, other solutions 
based such as Applied Element techniques [38] or hybrid methods based on physical engines [39] seem to be more affordable in 
predicting the final state of the system. Focusing the attention on the interaction between colliding bodies, the majority of the studies 
of the effects of impacts against structures deal with the concept of relative stiffness between the interacting components, classifying 
the impact as soft or hard [23,40,41]. In soft impacts, where the impacting body has significantly lower stiffness than the target 
(e.g., rubber on concrete), deformation is distributed over a larger area, and energy dissipation occurs gradually. Conversely, in hard 
impacts, where the impacting body has comparable or greater stiffness than the target (e.g., steel on concrete), stresses are localized, 
resulting in higher peak forces over shorter durations, often causing localized damage such as cracking or fracturing [42,43]. It is 
worth mentioning that the interaction between the impactor and the target is further governed by parameters such as contact 
stiffness, mass ratio, and energy dissipation mechanisms, including plastic deformation and damping [44]. When dealing with 
concrete structures subjected to impact loads, localized damage mechanisms, including scabbing, penetration, perforation, and 
2 
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punching shear, are frequently observed [45–48]. Meanwhile, complete failure is a potential outcome and a critical concern when 
the magnitude of the loads increases [49–53].

With specific reference to the behavior of single members, several approaches can be adopted. The problem can be studied 
numerically by modeling the impacted beam subjected to a pulse load or by considering the dynamics and the interaction of 
the impactor in the calculations [31,54,55]. Analytical modeling involving the continuum behavior of the element has been 
proposed [56,57]. In alternative, multi degree-of-freedom modeling can be adopted [58]. The latter approach is suitable in beam 
structures, where the compliance curve of the beam can be determined with the classical structural mechanics formulations. This 
simplifies the study of the system as the governing equations can be easily integrated and the relevant engineering quantities can 
be determined. When translating a continuous beam into a lumped mass constrained with a spring and a dashpot, special attention 
must be paid to the value of the mass of the system, namely the so-called equivalent mass [59]. This is particularly relevant when the 
regime of the system changes during the phenomenon. Traditional approaches in the literature for modeling the impact response 
of reinforced concrete (RC) beams often consider constant factors for the equivalent mass, using values such as 0.5 [28,60] or 
0.493 [61,62] for linear elastic behavior and/or 0.33 for plastic behavior [63]. Although computationally efficient, these fixed 
approximations fail to capture the evolving deformation profile and changes in the beam’s stiffness during impact.

Focusing on the propagation of collapse due to debris falling, as the effects of impact vary significantly depending on the different 
scenarios, having a better understanding of which mechanisms will result in the worst conditions and under which specific conditions 
such propagation can occur is crucial. This study systematically addresses this gap through a parametric analysis, exploring a wide 
range of possible scenarios to identify the worst cases. To achieve this aim, a novel analytical model designed to simulate RC 
beams subjected to impact of concrete-like impactors is herein proposed. A mass–spring–damper system incorporating a variable 
equivalent mass, recalculated step by step based on the beam’s deformation, setting it apart from traditional models with fixed mass 
assumptions. This approach provides a high level of accuracy in predicting contact forces and understanding energy transfer during 
impact events.

The reliability of the proposed model was first established through a validation study, comparing the results to experimental 
data. Once validated, the model was used to perform a comprehensive parametric analysis, focusing on the effects of key impact 
parameters such as the mass and velocity of the impactor and the geometry of the target structure. To further establish the accuracy 
and reliability of the proposed analytical model, a comparative analysis is performed by evaluating it against several alternative 
contact models. This comparison not only emphasizes the limitations of existing models in certain impact scenarios but also 
demonstrates how the proposed approach provides a more comprehensive and realistic representation of the beam’s behavior. The 
reported findings provide a solid foundation for understanding impact-type collapses, particularly pancake-type scenarios observed 
in real-world events.

2. Contact force models

In this section, the main contact force models used to analyze impact dynamics in engineering systems are reviewed and 
compared. The aim is to outline the underlying assumptions, advantages, and limitations of traditional models, ranging from classical 
Hertzian contact theory [64] to advanced viscoelastic formulations such as the Hunt–Crossley model [44]. This overview sets the 
stage for introducing a novel analytical approach that incorporates a dynamically updated equivalent mass to more accurately 
capture the evolving deformation and stiffness changes in RC beams during impact events. In this study, we adopt the terms 
‘‘reversible’’ and ‘‘irreversible’’ to describe deformations, shifting the focus from the underlying material model (elastic vs. plastic) to 
the observable outcomes. Reversible deformations are those that are fully recovered upon unloading, while irreversible deformations 
remain after the load is removed. This change in terminology better reflects the actual structural performance under impact loading.

Analytical models provide computational efficiency and offer valuable insight into contact mechanics. The Hertzian contact 
theory [64] forms the foundation for many such models, focusing on purely elastic deformation in the contact region. The contact 
force, 𝐹𝑐 , is calculated as: 

𝐹𝑐 = 𝑘𝑛𝛿
1.5, (1)

where 𝑘𝑛 is the contact stiffness and 𝛿 is the indentation. The contact stiffness 𝑘𝑛 for Hertzian contact is defined as: 

𝑘𝑛 =
4
3
𝐸∗𝑅0.5, (2)

where the effective modulus of elasticity, 𝐸∗, is given by: 

𝐸∗ =

(

1 − 𝜈21
𝐸1

+
1 − 𝜈22
𝐸2

)−1

, (3)

 and the combined radius of curvature, 𝑅, is expressed as: 
1
𝑅

= 1
𝑅1

+ 1
𝑅2

. (4)

Crucial to these equations are the material and geometrical properties, which determine the effective modulus of elasticity 
(𝐸∗) and the contact radius (𝑅). Here, 𝐸1 and 𝐸2 are the Young’s moduli, and 𝜈1 and 𝜈2 are the Poisson’s ratios of the impactor 
and impacted body, respectively. Similarly, 𝑅1 and 𝑅2 denote the radii of curvature of the impactor and the impacted element, 
respectively.
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While the Hertzian model is suitable for elastic interactions, it does not account for energy dissipation or plastic deformation [65], 
making it idealized and less applicable for scenarios involving significant energy loss. To address these limitations, viscoelastic 
models such as the Kelvin–Voigt [66,67] and Hunt–Crossley [44] have been introduced. The Kelvin–Voigt model incorporates a linear 
spring and damper in parallel, accounting for energy dissipation through damping. The contact force in this model is represented 
as: 

𝐹𝑐 = 𝑘𝑛𝛿 +𝐷𝑛𝛿𝛿̇, (5)

where 𝛿̇ is the indentation rate, and 𝐷𝑛 represents the damping constant. Although this model captures energy dissipation, its linear 
approach makes it insufficient for non-linear contact interactions and high-velocity impacts.

For scenarios involving viscoelastic collisions, the Hunt–Crossley model builds upon the Hertzian theory by introducing a 
non-linear damping term to account for energy loss during impact. This model represents the contact force as [44]: 

𝐹𝑐 = 𝑘𝑛𝛿
𝑝 +𝐷𝑛𝛿

𝑝𝛿̇, (6)

where 𝑝 is the non-linear stiffness exponent, and 𝐷𝑛 represents the damping term, further refined by Sun et al. [68] as: 

𝐷𝑛 = (0.2𝑝 + 1.3)
(

1 − COR
COR

)(

𝑘𝑛
𝛿̇0

)

. (7)

here, the coefficient of restitution (COR) quantifies the dissipation of the collision, defined as the ratio of relative velocities after 
and before the impact, and 𝛿̇0 represents the initial velocity of deformation. The Hunt–Crossley model’s ability to incorporate both 
elastic and viscoelastic behavior makes it well-suited for accounting for viscous energy dissipation [69,70]. It may not accurately 
capture the response of ductile materials that undergo substantial plastic deformation during impact. In such cases, the model’s 
assumptions do not hold, and it may fail to predict the permanent deformations characteristic of ductile materials. Therefore, for 
materials with high ductility, alternative models that account for high plastic deformation would be more appropriate [71,72].

More sophisticated approaches, such as the Lankarani–Nikravesh model [73], extend these concepts by introducing hysteresis 
damping to better simulate energy dissipation. This is particularly useful for systems where the coefficient of restitution approaches 
unity, indicating predominantly elastic responses. These advanced models are effective in simulating rigid and flexible multibody 
systems and interactions involving cylindrical geometries, such as roller bearings. However, modeling such interactions often 
requires iterative computational techniques due to the limitations of analytical solutions for complex contact mechanics. In 
recent years, researchers have increasingly focused on refining and developing impact models that address various aspects of the 
phenomenon. For instance, Wang et al. [74] have proposed a novel elastoplastic impact model for a sphere colliding with a large 
plate, which incorporates energy loss from plastic deformation at the contact point as well as the dissipation of flexural waves 
across the plate. Sanchez et al. [75] have introduced an impact formulation for collisions between spherical rigid bodies within the 
framework of nonsmooth contact dynamics, taking friction effects into account.

The contact force is also highly sensitive to the test setup and experimental design. For example, the contact forces recorded by 
a load cell in drop-weight tests can vary significantly depending on the testing system, whether the load cell is placed directly 
on the specimen [76–78] or embedded within the projectile [79,80]. Some studies emphasize the need to integrate plasticity 
and equivalent mass concepts for accurate predictions of impact behavior [58,81]. Selecting an appropriate contact-force model 
is vital for accurately predicting structural responses, as the choice directly influences the representation of energy dissipation, 
stress distribution, and stability.

3. Methodology

This study investigates the behavior of RC beams under impact loading scenarios. The structural response of the beams is 
primarily governed by flexural behavior, as this study focuses exclusively on flexural failure mechanisms, neglecting shear failure 
and other local effects as similarly assumed in [27,82]. The RC beams considered in this analysis can experience both reversible 
and irreversible deformations, depending on the severity of the impact loading. A two-degrees-of-freedom (2-DOF) system was 
formulated to model the interaction between the impacting body and the RC beam, simulating the response of the target beam 
under varying impact conditions. Given the need to capture both elastic and viscoelastic behavior, along with energy dissipation 
during impacts, this study employs the Hunt–Crossley contact model.

3.1. Model setup

A simply supported RC beam with a span of 4 meters under the impact of a falling spherical mass with a given radius 𝑅 and 
initial velocity 𝑣0 was taken as the reference study case. The geometrical, material, and contact parameters of the reference beam 
and the impactor are summarized in Table  1. This reference scenario provides a baseline for understanding the system’s dynamic 
behavior, which will be further compared to variations in the parametric study.

The analytical model simplifies this scenario to provide fundamental insight into the interaction between the impacting mass 
and the RC beam. Specifically, the beam’s response is modeled using a 2-DOF system, which captures the dynamics of the impact 
interaction while retaining key aspects of the physical behavior. The contact parameters (𝐶𝑂𝑅, 𝑘𝑛, and 𝑝, as defined in Section 2) 
are based on the Hunt–Crossley framework, with their specific formulations and numerical values derived using the methodology 
outlined in Majeed et al. [83]. This ensures that both elastic and viscoelastic interactions are accurately represented in the model.
4 
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Table 1
Details of the reference beam and impactor.
 Category Parameter Value  
 
Beam 
geometry

Length (𝐿) 4 m  
 Width (𝑏) 0.3 m  
 Height (ℎ) 0.45 m  
 Beam total mass (𝑚) 1350 kg  
 Material 
properties

Density (𝜌) 2500 kg/m3  
 Elastic modulus (𝐸𝑐 ) 30 GPa  
 Poisson’s ratio (𝜈) 0.2  
 Moment-
Curvature 
data

Yield curvature (𝜒𝑦) 1.2 × 10−2 rad/m  
 Yield moment (𝑀𝑦) 119 kNm  
 Ultimate curvature (𝜒𝑢) 5.77 × 10−2 rad/m  
 Ultimate moment (𝑀𝑢) 126 kNm  
 Impactor 
properties

Mass of the impacting body (𝑚𝑖) 100 kg  
 Initial velocity (𝑣0) 6 m/s  
 
Contact 
properties

Contact radius (𝑅) 0.423 m  
 Coefficient of restitution (𝐶𝑂𝑅) −0.0043 ⋅ 𝑣0 + 0.1919  
 Contact Stiffness (𝑘𝑛) 236709 ⋅ 𝑣0 + 2 × 106 N/m 
 Exponent of Hunt–Crossley model (𝑝) 0.0209 ⋅ 𝑣0 + 0.8579  

Fig. 1. Impact of a spherical mass on a simply supported RC beam at midspan: (a) overall configuration, (b) cross section of the impacted beam, and (c) 
equivalent 2-DOF impact model showing the dynamic interaction between the impactor and the beam.

Fig.  1 illustrates the setup of the reference case, including both the real-world impact scenario and its analytical equivalent. 
Fig.  1(a) illustrates the impact of a spherical mass on a simply supported RC beam with a specified span length and a midspan 
impact point. Fig.  1(b) shows the cross-sectional view of the impacted beam, which is identical for all samples in this study. Fig. 
1(c) presents the analytical equivalent 2-DOF system. It consists of two components. The impacting body is modeled as a point mass 
of value 𝑚𝑖, whose position and velocity are described through variables 𝑢1 and ̇𝑢1, with the dot representing the derivative with 
respect to time. As the impacting mass is considered as a rigid body, 𝑢1 both defines the position of the centroid of the mass and 
also the position of the bottom point of the impacting sphere, i.e., the contact point in the real impact.

The impacted beam is modeled as a body connected to a fixed reference system with a spring and a dashpot. The position of 
the mass, namely 𝑢2, reflects the position of the midspan point of the beam. The stiffness 𝑘 of the connecting spring represents the 
tangent vertical stiffness of the beam midpoint for a given value of a vertical force acting at midspan. The mass of the impacted body 
is denoted as 𝑚 , and it is the equivalent mass, which depends on the deformed shape of the beam, as detailed in the following. The 
eq

5 
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impacting mass and the impacted body interact with each other thanks to the contact force 𝐹𝑐 , which depends on the indentation, 
𝛿 = 𝑢1 − 𝑢2, and on the indentation velocity, 𝛿̇ = 𝑢̇1 − 𝑢̇2.

The governing equations of motion for the system are:

{𝑚𝑖𝑢1 + 𝐹𝑐 (𝑢1, 𝑢2, ̇𝑢1, ̇𝑢2) = 𝑚𝑖𝑔, (8)

𝑚𝑒𝑞𝑢2 + 𝑐 ̇𝑢2 + 𝑘𝑢2 = 𝐹𝑐 (𝑢1, 𝑢2, ̇𝑢1, ̇𝑢2), (9)

 where Eq. (8) describes the dynamic equilibrium of the impacting mass, while Eq. (9) is the dynamic equilibrium of the impacted 
element. Gravity 𝑔 was introduced into the impacting mass only, as the dead load displacements of the beam are neglected.

The governing equations of motion were implemented in MATLAB [84] and solved using the ODE113 solver, a variable-step 
solver well-suited for handling stiff differential equations. The time span for the simulation was set to 0.1 s, with a maximum 
time step size of 0.01 ms to ensure numerical stability and precise resolution of the dynamic response. The beam’s compliance 
curve was pre-calculated to dynamically update the equivalent mass and stiffness during the simulation. Initial conditions included 
zero displacement for the target beam and a velocity derived from the impactor’s free-fall height. At each step, the compliance 
curve was interpolated to capture transitions between elastic and plastic behavior, incorporating plastic deformation and residual 
displacements. Unlike traditional models that assume a constant equivalent mass [28], this approach dynamically recalculates 𝑚𝑒𝑞
throughout the interaction process, ensuring the beam’s dynamic behavior is accurately captured as it transitions between elastic 
and plastic deformation.

3.2. Equivalent mass calculation

The calculation and continuous update of the equivalent mass (𝑚𝑒𝑞) and stiffness (𝑘) are the cornerstones of this study. This 
approach introduces two key novelties: the equivalent mass and stiffness are calculated step by step based on the evolving 
deformation of the beam during the simulation, and the model accounts for unloading paths and residual displacements, ensuring 
that the system can reflect realistic structural behavior, including irreversible deformation and energy dissipation.

The methodology for computing 𝑚𝑒𝑞 consists of two primary steps.

3.2.1. Step 1: Pre-calculating the compliance curve
The equivalent mass and stiffness are derived from a pre-calculated compliance curve of the beam, which characterizes the beam’s 

force–displacement behavior under mid-span loading. The compliance curve is generated by incrementally applying a control force at 
the beam’s mid-span and computing the corresponding displacement. This process accounts for material nonlinearity by considering 
the moment–curvature relationship of the beam. As the applied force increases, the beam undergoes increasing curvature, initially 
following an elastic response. However, once the bending moment exceeds the yield moment 𝑀𝑦, the curvature grows nonlinearly, 
indicating plastic deformation. The compliance curve captures this transition by mapping the displacement to the corresponding 
force, reflecting the nonlinear force–deformation relationship and the progressive reduction in stiffness as the beam enters the 
plastic regime.

To compute the compliance curve, given a value of the force at midspan, the bending moment of the beam is computed. Based on 
the moment–curvature relation, the curvature diagram is obtained. The double integration of the curvature, along with the imposed 
boundary conditions (null vertical displacements at the ends), provides the displacement 𝑊 (𝑥) of the beam. The compliance curve 
is the force-midspan relationship.

This compliance curve, determined based on the geometry and material properties of the beam, remains fixed throughout the 
simulation and serves as the reference for determining the beam’s behavior at any given displacement or force level. Importantly, 
the compliance curve also accounts for non-linear behavior, capturing transitions between elastic and plastic states, as the 
moment–curvature relation of the cross-section is adopted.

3.2.2. Step 2: Dynamic recalculation during simulation
During the impact simulation, the pre-calculated compliance curve is used to dynamically update the equivalent mass (𝑚𝑒𝑞) and 

stiffness (𝑘) at each time step. This is achieved through the following process. First, (i), at each time step, the displacement of the 
beam (𝑢2) is computed as part of solving the governing equations of motion, Eq. (9). Then (ii), the pre-calculated compliance curve 
is interpolated to determine the corresponding force at 𝑢2, which accounts for material nonlinearity through the moment–curvature 
relationship. (iii) The equivalent mass is recalculated based on the deformed shape of the beam. Using the deflection profile: 

𝛷(𝑥) =
𝑊 (𝑥)
𝑊 (𝑢2)

, (10)

the equivalent mass is computed as: 

𝑚𝑒𝑞 =
𝑚
𝐿 ∫

𝐿

0
𝛷2(𝑥) 𝑑𝑥, (11)

this ensures that regions with greater deflection contribute more to the beam’s dynamic response; Finally, (iv) the compliance curve 
is updated dynamically to reflect any material plasticity. If the system enters the plastic regime, the compliance curve shifts to 
account for permanent deformations, modifying both the stiffness and the equivalent mass for subsequent time steps.
6 
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Fig. 2. Compliance curve of the reference beam.

This iterative approach enables a real-time adjustment of the beam’s dynamic properties, ensuring accurate simulation of its 
evolving stiffness and mass distribution under impact loading.

If the system undergoes unloading, the compliance curve adjusts step by step to follow the correct unloading path, ensuring 
consistency with the nonlinear behavior of the material. Fig.  2 illustrates the pre-calculated compliance curve, which serves as 
a central reference for dynamic updates throughout the simulation. From the compliance curve (Fig.  2), it can be seen that the 
reference beam, as described in Section 3.1, yields at a displacement around 15.2 mm. In addition, there is a second bend in the 
compliance curve, marking 21.3 mm as a critical point. These two points represent key transitions in the beam’s behavior under 
impact loading, with the 15.2 mm point indicating the onset of yielding and the 21.3 mm point indicating further progression toward 
ultimate displacement, i.e. when the plastic hinge is fully developed.

To benchmark the proposed approach, a comparison was made with the hybrid model proposed by Yong [28]. In that model, 
a fixed equivalent mass factor was used for calculating the maximum contact force, incorporating a correction factor into the non-
linear elastic model to align its predictions with those of the Hunt–Crossley model. The results of this comparison are available in 
Section 4.

3.3. Validation of the model

The validation of the proposed analytical model was conducted using the experimental results reported by Fujikake et al. [27], 
which provide a comprehensive assessment of the impact response of RC beams. The beam S1616 was simply supported over a span 
of 1.4 m and had cross-sectional dimensions of 250 mm in depth and 150 mm in width. The beam was reinforced with D16 bars 
as longitudinal reinforcement on both the compression and tension sides. Stirrups of D10 bars were spaced at 75 mm. A hammer 
with a mass of 400 kg and a hemispherical tip with a radius of 90 mm was released to freely impact the midspan of the beam at 
the top surface from a height of 1.2 m. Fig.  3 illustrates the specimen details and the experimental test setup [27]. The validation 
process involved simulating the test scenario in MATLAB using the proposed analytical model. Key outputs, such as contact forces 
and midspan deflections, were compared with experimental data from Fujikake et al. [27] to evaluate the model’s accuracy.

Fig.  4 presents the measured impact loads and midspan deflections recorded during the laboratory test, alongside the predictions 
from the proposed analytical model. Comparisons between the experimental results and the predictions made in the current work 
demonstrated a maximum displacement difference of less than 2%, confirming the accuracy and reliability of the developed model. 
Determining the source of discrepancies between experimental and analytical results can be challenging, particularly in cases of 
extreme loading scenarios or when the difference is negligible. In general, two categories of potential sources can be considered. 
The first pertains to general factors that typically affect comparisons and are inherently difficult to account for. Most notably, 
experimental models often exhibit slight imperfections in material properties and geometry, which may influence the results. 
Moreover, the idealized boundary conditions commonly assumed in analytical and numerical studies cannot fully capture the 
potential for near hinged support behavior or minor slips. The second category relates to the assumptions and simplifications adopted 
in the present study. For instance, as in many analytical and numerical studies, a perfect bond between steel and concrete is assumed. 
However, in a reinforced concrete beam under impact, micro-slips or partial debonding may occur. Additionally, the material 
model used in this study is elastic–plastic, and strain rate effects as well as post-peak damage are not considered. Furthermore, 
the developed model does not account for potential local damage at the surface and sub-surface level that may occur in a real 
scenario considering the effects on the underlying layers in composite materials. In an experimental setting, these factors can partially 
influence the response. Given the slight discrepancy between the experimental and analytical models, identifying the primary source 
of error is challenging. However, the overall agreement in both the maximum value and general trend underscores the model’s 
ability to predict dynamic responses under impact loading with a high degree of accuracy, demonstrating that the developed model 
effectively serves the main objectives of the study.
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Fig. 3. Drop hammer impact test setup, rebar arrangement and cross-sectional view of Fujikake’s study [27].

Fig. 4. Comparison of experimental impact response results for specimen S1616 from Fujikake’s study [27] with predictions from the current study: (a) impact 
force vs. time, and (b) midspan deflection vs. time.
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Table 2
Parametric study variables and their ranges.
 Parameter Range  
 Mass of the impacting body (𝑚𝑖) 50 kg to 500 kg  
 Initial velocity of the impactor (𝑣0) 2.5 m/s to 30 m/s 
 Beam Length (𝐿) 2 m to 6 m  

3.4. Parametric study

The primary parameters investigated in this study, along with their respective ranges, are summarized in Table  2. These 
parameters were chosen because they represent fundamental aspects of the impact event, including the properties of the impacting 
body, the beam geometry, and the initial impact conditions. For each simulation, one parameter was varied while the others were 
kept constant at the reference values detailed in Table  1, ensuring a controlled assessment of each variable’s influence. Impact 
kinetic energies in the range 0.156 kJ to 225 kJ were investigated.

Since this study involves a parametric analysis, there is no specific emphasis on selecting the most realistic scenarios for the 
parameter ranges. However, these ranges are reasonable for typical RC structures subjected to common impact scenarios that may 
occur during extreme events. In many cases, the ranges were intentionally extended to encompass the most possible cases, providing 
a comprehensive understanding of structural behavior under a wide spectrum of extreme loading conditions.

As mentioned before, the simulations were performed using MATLAB’s ordinary differential equation (ODE) solver (ODE113). 
Initial conditions included zero displacement for the RC beam, a pre-calculated compliance curve reflecting the beam’s geometry and 
material properties, and an impact velocity derived from the specified 𝑣0. Key outputs, such as the contact force (𝐹𝑐) and midspan 
displacement (𝑢2), were analyzed to identify trends and insights into the beam’s response under varying impact scenarios.

A comparative study is conducted with two established methods: the classical Hertzian contact model and the approach proposed 
by Yong [28]. Both the current study and Yong’s method utilize the Hunt–Crossley contact model; however, the key difference lies 
in the treatment of mass and stiffness. For a simply supported beam with a span length of 4 m, the current model recalculates the 
equivalent mass and stiffness step by step based on the evolving deformation of the beam, whereas Yong’s approach employs fixed 
values. Two sets of impact scenarios are considered: one set involves impactor masses ranging from 50 kg to 500 kg at a constant 
initial velocity of 6 m/s, and the other set uses a fixed impactor mass of 100 kg with the initial velocity varying from 2.5 m/s to 
25 m/s. The findings of the parametric study and the comparative analyses are shown and discussed in detail in Sections 4 and 5.

4. Results

This section presents the results from the parametric study, focusing on the dynamic response of the RC beam subjected to various 
impact conditions. The analysis covers the effects of varying impactor mass, initial velocity, and beam length on key parameters such 
as contact force, displacement, velocity, and indentation. To further validate the accuracy and reliability of the proposed analytical 
model, a comparative study is conducted between the Hertzian contact model, the Yong method [28], and the current study.

4.1. Discussion on the behavior of the reference case

Regarding the analysis of the reference case, where the impactor has a mass of 100 kg, an initial velocity of 6 m/s, and the 
beam has a span length of 4 m, several key observations can be made. All results presented (e.g., velocity-displacement loops, 
force-indentation curves, and deflection time-histories) are based solely on the contact phase, during which the impactor interacts 
with the beam. Figs.  5 and  6 present various aspects of the beam’s dynamic response during impact and provide a schematic 
representation of the reference case.

Fig.  5(a) illustrates the displacement-time response of both the impactor and the beam. The difference between these two curves 
represents the indentation 𝛿, which characterizes the localized deformation at the impact interface. Initially, the indentation starts 
from zero and progressively increases, reaching its maximum value within the first 2 ms of contact. Subsequently, the indentation 
starts decreasing as the impactor begins to rebound. When the contact phase concludes, the indentation returns to zero. The total 
contact duration is 35.25 ms (ms), indicating the complete interaction between the impactor and the beam before separation.

Fig.  5(b) presents the indentation and indentation velocity as functions of time. The indentation velocity is maximum at the first 
instants of the contact, when the interaction starts. It is interesting to note that the interaction velocity has a peak in the very first 
instants of the contact. This is relevant, as discussed further, as the indentation velocity has an effect on the collision force.

As the indentation increases, the velocity gradually decreases. Around the moment of maximum indentation, the indentation 
velocity shifts from positive to negative values, indicating the reversal of motion and the onset of unloading. This phase transition 
highlights the influence of energy transfer between the impactor and the beam, where the beam absorbs kinetic energy and 
subsequently releases it during unloading.

Fig.  6(a) shows the evolution of contact force over time. The plot included in the figure focuses on the first 2 ms of contact 
duration, when the force peaks. After 2 ms, the contact force remains nearly negligible until it fully dissipates at 35 ms. The 
focus on the first 2 ms in Fig.  6(a) is to highlight the active phase where the force rapidly increases and decreases, while the 
later period involves minimal force as the system progresses toward complete unloading. The peak contact force of 858 kN occurs 
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Fig. 5. Analytical results of reference case: (a) displacement of the impactor and the impacted beam over time, and (b) indentation and indentation velocity 
during contact.

Fig. 6. Analytical results of reference case: (a) contact force vs time, (b) contact force vs indentation, (c) beam velocity vs beam displacement during contact.
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Fig. 7. Beam velocity-beam displacement under different impactor masses. The blue and red vertical dashed lines at 15.2 mm and 21.3 mm represent the yield 
and critical displacement points from the compliance curve, respectively.

at approximately 0.45 ms, at which point the beam’s displacement is only 1 mm. After reaching its maximum, the contact force 
gradually decreases, while the beam displacement continues to increase. The maximum beam displacement of approximately 7.6 mm 
occurs around 15 ms after the impact begins.

Fig.  6(b) provides key insights into the loading and unloading behavior through the force-indentation curve. The temporal 
information is reported in the plot as the color of the line is related to the time. As evident from the plot, the unloading phase 
begins while the indentation is still increasing. This continues until the indentation reaches its maximum value of 3.2 mm, at which 
point the contact force is approximately 100 kN. Even during unloading, the indentation gradually reduces from 3.2 mm to zero, 
returning to its initial state as the contact force approaches zero. It is interesting to note that the peak of the curve occurs when the 
indentation velocity is close to its maximum. Analyzing the contributions of Eq. (6) in the collision force-indentation plot, it results 
that the Hertzian part, representing the first term of Eq. (6) provides a limited contribution to the overall force, while the larger 
contribution is associated to the damping term, i.e. the second addend of Eq. (6).

Fig.  6(c) represents the evolution of beam velocity with displacement, providing a comprehensive view of the beam’s dynamic 
oscillations. The complete curve, in gray, refers to the behavior of the beam in the first 180 ms. The gray curve is overlapped with a 
detail of the contact phase of the interaction, represented with a colored line that reflects the evolution with time. At the beginning 
of the impact, when the beam displacement is merely 1 mm, the beam velocity reaches its maximum value of 0.8 m/s. As the beam 
continues to displace, the velocity progressively decreases, reaching zero at the maximum displacement of 7.6 mm. This marks the 
transition point where the beam reverses its motion. As the beam moves back toward its original position, it gains velocity in the 
opposite direction. Notably, when the velocity reaches its maximum negative value, the beam displacement is still 0.87 mm. The 
curve shows two phases of interaction. The colored segment from 0 to 35 ms, with the time gradient shown in the legend, refers 
to the collision phase, indicating contact occurrence, i.e., when the indentation is greater than zero. The gray segment refers to the 
free vibration of the beam. In the following, all the curves are plotted only for the collision phase.

4.2. Effect of varying impactor mass

The impactor mass is a critical variable in determining the dynamic response of the RC beam. The simulation results highlight 
how changes in impactor mass significantly influence key parameters such as contact force, displacement, and indentation, with 
higher mass impactors inducing greater deformations and more pronounced plastic behavior. Figs.  7 and 8 report the effects of 
varying impactor mass.

For impactor masses ranging from 50 to 200 kg, the loops in Fig.  7 remain mostly to the left of the 15.2 mm line, suggesting the 
beam stays within or near the elastic range. The unloading paths of the force-indentation curves (Fig.  8.a) show limited deviation 
from the loading paths, indicating predominantly reversible behavior with minimal residual deformation. By comparing Table  3 with 
the compliance curve (Fig.  8.b), it is observed that the maximum displacement in this case remains below 15.2 mm, confirming 
negligible irreversible deformation.

For impactor masses ranging from 250 to 300 kg, the beam begins to enter the plastic region. The maximum displacements for 
𝑚𝑖 = 250 kg and 𝑚𝑖 = 300 kg are 17.3 mm and 20.6 mm, respectively (Table  3), which fall between the yielding (15.2 mm) and 
critical points (21.3 mm) of the compliance curve. In Fig.  7, the loops expand horizontally (reflecting increased beam deflections) 
and vertically (showing higher velocity magnitudes). Force-indentation curves (Fig.  8.a) for these masses show more distinct curves 
and a larger enclosed hysteresis area, with the unloading paths deviating from the loading paths, indicating permanent deformation 
and increased energy absorption. The deflection-time curves (Fig.  8.b) show that the time at which the maximum deflection occurs 
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Fig. 8. (a) Contact force-indentation and (b) beam deflection time-history based on different impactor masses.

Table 3
Summary of beam impact analysis for various masses.
 Impactor Contact force Displacement  Contact  
 mass (kg) Max force (kN) Time at max force (ms) Max disp (mm) Time at max disp (ms) duration (ms) 
 50 544 0.38 3.9 14.7 31.16  
 100 858 0.45 7.6 15.6 35.26  
 150 1096 0.50 11 16.3 35.46  
 200 1288 0.54 14.2 16.8 35.26  
 250 1447 0.58 17.3 17.5 35.82  
 300 1582 0.60 20.6 18.9 37.13  
 350 1698 0.62 24.1 20.3 39.31  
 400 1799 0.64 27.9 22.1 43.01  
 450 1965 0.67 31.9 24.3 46.53  
 500 2147 0.68 36.5 26.2 51.08  

increases as the impactor mass increases. For impactors with lower mass, the beam reaches its peak displacement faster (e.g., 14 ms 
for the impactor mass of 50 kg), while for impactors with more mass, it takes longer (26 ms for 500 kg).

For impactor masses ranging from 350 to 500 kg, the maximum displacement exceeds 21.3 mm, indicating that the beam has 
reached its fully plastic regime. For 𝑚𝑖 = 500 kg, the maximum displacement reaches 36.5 mm (Table  3). The force-indentation 
curves (Fig.  8.a) show pronounced loops, with large areas between loading and unloading paths, highlighting energy absorbed and 
dissipated due to viscous phenomena at the contact interface. The duration of the contact, reported in the last column of Table  3, 
or identified as the end points of the time-histories of the displacement of the beam plotted in Fig.  8.b, increases with the mass.

A comparative analysis of the reference case (𝑚𝑖 = 100 kg) and the heaviest case (𝑚𝑖 = 500 kg) reveals the following trends. 
Increasing the mass from 100 kg to 500 kg (a factor of 5) results in nearly a 5-fold increase in maximum displacement, from 7.6mm
to 36.5mm (Table  3). The maximum contact force increases from 858 kN to 2147 kN (a factor of 2.5), indicating that while both 
displacement and contact force increase with impactor mass, the beam’s displacement response is proportionally more sensitive to 
changes in mass. The area in Fig.  8.a increases substantially, reflecting greater energy absorption and dissipation through irreversible 
deformation as the mass increases.

Table  3 shows that the total contact duration increases noticeably with impactor mass, ranging from approximately 31 ms for 
the 50 kg impactor to over 51 ms for the 500 kg impactor. This longer contact period for higher masses implies that the beam 
remains under significant load for a greater length of time, facilitating more pronounced deformation. Additionally, the time at 
which maximum displacement occurs also grows with mass, suggesting that impactors with higher masses induce a slower buildup 
of deformation due to both inertial effects and the onset of plastic behavior. Consequently, while lower-mass impacts exhibit shorter, 
more elastic interactions, higher-mass impacts produce extended contact durations that lead to greater energy transfer and more 
sustained beam motion.

By multiplying the mass by 5 – from 100 kg to 500 kg – the initial kinetic energy increases fivefold (from 1.8 kJ to 9 kJ, 
respectively), and accordingly, the restitution coefficient (COR) is almost 2 times lower (from 0.0527 to 0.0263), which correlates 
with roughly 3.3 times larger energy loss (from 1.547 kJ to 5.092 kJ), as evidenced by the area enclosed in the force-indentation 
loop (Fig.  8.a). These observations are in line with the findings reported in [85].
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Fig. 9. (a) Contact force-indentation and (b) beam deflection time–history for different impactor initial velocities.

4.3. Effect of varying impactor initial velocity

The influence of the impactor initial velocity on the beam’s dynamic response was examined through several key parameters. In 
Fig.  9.a, the contact force-indentation plots reveal that higher velocities result in steeper initial force increases, reflecting the beam’s 
immediate resistance to deformation. For instance, at an indentation of approximately 1.5mm, the contact force for a low velocity of 
5m∕s is around 500 kN, whereas for a high velocity of 25m∕s (a fivefold increase), it exceeds 1500 kN, showing a threefold increase. 
Similarly, the maximum contact force increases from approximately 800 kN at 5m∕s to over 7300 kN at 25m∕s, demonstrating a 
disproportionate response to higher velocities.

Comparing the cases with an initial velocity of 5 m/s and 25 m/s shows that, for a fixed mass, the initial kinetic energy increases 
from 1.25 kJ to 31.25 kJ (a 25-fold increase), while the restitution coefficient (COR) decreases from 0.0617 to 0.0153 (roughly 4 
times lower). Consequently, the energy dissipated in the force–indentation loop rises from 1.1 kJ to 27 kJ (approximately 24.5 times 
higher). These findings are consistent with continuous contact models, as reported in [85],

The deflection time-histories in Fig.  9.b further confirm these observations. Low-velocity impacts (5m∕s) lead to small, 
recoverable deflections of around 7mm, whereas higher velocities (25m∕s) induce larger, permanent deflections of up to 35mm. 
This indicates a fivefold increase in maximum deflection for the same increase in velocity. Additionally, the duration of maximum 
deflection increases from around 15ms at 5m∕s to beyond 20ms at 25m∕s, highlighting the prolonged influence of dynamic effects 
under higher kinetic energy inputs. It is worth noting that the duration of the contact, represented by the end points of the time–
history curves in Fig.  9.b, has a double trend: starting from 36.91 ms for a 2.5 m/s impact it reduces to 33.90 ms for a 12.5 m/s 
impact velocity. For larger velocities, the figure starts increasing: at 25 m/s the contact duration is 40.15 ms.

Lastly, Fig.  10 presents beam velocity-deflection loops, which expand significantly with velocity. The transition between the 
elastic and the plastic stage of the beam occurs at an impact velocity of 12.5 m/s, as the curve corresponding to such velocity is 
almost tangent to the dashed vertical blue line representing the yield displacement at 15.2 mm. It is worth mentioning that 12.5 m/s 
corresponds to the transition observed for the contact duration previously highlighted. The loops’ widening with increased velocity 
reflects not only higher energy absorption but also greater irreversible deformation, with deflections reaching up to 35mm. This 
demonstrates that higher initial velocities induce more extensive damage within the flexural failure mode.

4.4. Effect of varying beam length

The dynamic response of RC beams under impact loading is significantly influenced by beam length, as evident from Figs.  11 and
12. A detailed comparison of beams with varying lengths reveals critical insights into their stiffness, energy absorption capacity, and 
deformation behavior. In Fig.  11.a, the contact force versus indentation curves show that shorter beams exhibit lower peak contact 
forces, while longer beams generate higher forces, despite having lower stiffness. Despite these differences in peak contact force, 
the overall trend of the curves remains consistent across beam lengths.

The deflection time-histories in Fig.  11.b highlight the relationship between beam length and dynamic response. At 𝑡 = 5ms, the 
deflection of the 2m beam is 1.5 times higher than that of the 6m beam. However, as the impact progresses, shorter beams, which 
are stiffer, recover more rapidly, with peak deflections of approximately 3.5mm for the 2m beam and 7.5mm for the 4m beam, and 
recovery times of 9ms and 32ms, respectively. In contrast, longer beams demonstrate significantly larger deflections, reaching up 
to 12mm, with recovery times exceeding 70ms.
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Fig. 10. Beam velocity-beam deflection resulted from different impactor initial velocity. The blue and red vertical dashed lines at 15.2 mm and 21.3 mm 
represent the yield and critical displacement points from the compliance curve, respectively.

Fig. 11. (a) Contact force-indentation and (b) beam deflection time–history for different beam lengths.

Fig. 12. Beam velocity-beam deflection resulted from different beam length.
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Table 4
Comparison of max contact forces and percentage differences across methods. The labeling scheme for the samples follows the 
format 𝑚𝑖𝑋𝑣0𝑌 , where 𝑋 refers to the value of the impactor mass (in kilograms), and 𝑌  denotes the value of the initial velocity 
of the impactor (in meters per second).
 Sample Max contact 

force (Hertz) 
(kN)

Max contact 
force (Yong) 
(kN)

Max contact 
force (Current 
study) (kN)

% Diff (Hertz 
and Current 
study)

% Diff (Yong 
and Current 
study)

 

 𝑚𝑖50𝑣06 964 576 544 +43.57 +5.56  
 𝑚𝑖100𝑣06 1530 936 858 +43.92 +8.33  
 𝑚𝑖150𝑣06 2005 1223 1096 +45.34 +10.38  
 𝑚𝑖200𝑣06 2429 1465 1288 +46.97 +12.08  
 𝑚𝑖250𝑣06 2819 1674 1447 +48.67 +13.56  
 𝑚𝑖300𝑣06 3183 1859 1582 +50.30 +14.90  
 𝑚𝑖350𝑣06 3528 2023 1698 +51.87 +16.07  
 𝑚𝑖400𝑣06 3856 2171 1799 +53.35 +17.13  
 𝑚𝑖450𝑣06 4171 2306 1965 +52.89 +14.79  
 𝑚𝑖500𝑣06 4475 2428 2147 +52.02 +11.57  
 𝑚𝑖100𝑣02.5 535 210 199 +62.80 +5.24  
 𝑚𝑖100𝑣05.0 1230 689 635 +48.37 +7.84  
 𝑚𝑖100𝑣07.5 2000 1354 1236 +38.20 +8.71  
 𝑚𝑖100𝑣010 2825 2151 1957 +30.73 +9.02  
 𝑚𝑖100𝑣012.5 3692 3042 2762 +25.19 +9.20  
 𝑚𝑖100𝑣015 4595 3996 3624 +21.13 +9.31  
 𝑚𝑖100𝑣017.5 5529 4994 4531 +18.05 +9.27  
 𝑚𝑖100𝑣020 6490 6017 5460 +15.87 +9.26  
 𝑚𝑖100𝑣022.5 7475 7053 6404 +14.33 +9.20  
 𝑚𝑖100𝑣025 8482 8094 7360 +13.23 +9.07  

4.5. Comparison between contact models

Referring to the maximum interaction force, the maximum contact force for the Hertzian model can be obtained by integrating 
the force indentation curve up to the point in which the strain energy equals the kinetic energy of the impacting mass. It results 
that the maximum force for an Hertzian contact model is [28]: 

𝐹𝐻𝑧,𝑚𝑎𝑥 ≈ 3
4
𝐸∗

√

𝑅

(

𝑚𝑖𝑣20
𝐸∗

√

𝑅

)3∕5

. (12)

Yong et al. [28] have implemented a closed form expression of the maximum collision force of a mass over a plane in which the 
interaction follows the Hunt–Crossley model: the formula is reported as Eqn. (6.32) in [28] and has been analytically found by taking 
into account the elliptical relationship between indentation and its rate (the cited document reports the complete mathematical 
derivation). Both previous formulations do not take into account the fact that the impacted body can deform. In this subsection, a 
comparison of the results obtained from three different methods, i.e. Hertzian, Hunt–Crossley with Yong’s approach [28], and the 
current study, is presented. Table  4 summarizes the maximum contact forces calculated using these methods for varying impactor 
masses and velocities, along with the percentage differences between them.

For impactor masses ranging from 50 kg to 500 kg, the differences between the Hertzian model and the current study remain 
consistently around 50%. In contrast, Yong’s approach shows smaller deviations from the current study for lower mass and lower 
velocity cases (e.g., masses ≤ 200 kg and velocities ≤ 10 m/s).

5. Discussions

For the reference case (impactor mass equal to 100 kg, initial velocity equal to 6 m/s, and beam span of 4 m), the results indicate 
a delayed peak displacement (15.15 ms) relative to the peak contact force. This delayed response demonstrates the significant role 
of inertia resistance, where the beam resists immediate deformation and undergoes progressive displacement as the applied force 
dissipates. The presence of a loop in the force–indentation response further confirms that a fraction of the impact energy is dissipated, 
primarily through internal damping mechanisms [85,86]. A delayed peak displacement relative to the peak force (Table  3), equal 
to 15.15 ms, underscores the importance of inertia effects, which resist instantaneous deformation. To highlight the contribution of 
inertia, a parameter 𝜌 is introduced: 

𝜌 =
𝑚𝑖𝑢̇1 (𝑡 = 0)

(

𝑚𝑖 + 𝑚𝑒𝑞
)

max 𝑢̇2
. (13)

It represents the ratio between the momentum of the impacting body and beam (thanks to the equivalent mass). Thanks to the 
principle of conservation of momentum, the ratio should be one. Fig.  13 illustrates the values of the ratio for the three parametric 
analyses. The plots, related to the three different analyses, show that the value is smaller than one for the quasi-totality of the cases. 
The only cases in which the ratio is larger than one are those depicted in Fig.  13.c: for short beams 𝜌 ≥ 1, while for longer beams it 
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Fig. 13. Values of the parameter 𝜌 highlighting the conservation of momentum at the instant in which the beam experiences the maximum velocity 𝑢̇2. Curve 
(a) refers to the different impacting masses analysis, curve (b) to the increasing impactor velocities, while curve (c) to the different beam lengths.

Fig. 14. Values of the velocity of the beam, 𝑢̇2, with respect to the velocity of the impacting mass, 𝑢̇1 for four different beam lengths, i.e. 2, 2.5, 4 and 6 m. 
The 1:1 dashed black curve indicates that impactor and beam have the same velocity.

turns smaller than one. To explain this odd behavior, it must be noted that the instant in which the beam experiences the maximum 
velocity 𝑢̇2, the impacting mass can have a different velocity 𝑢̇1, meaning that the indentation velocity 𝛿̇ is different from zero.

Fig.  14 plots the values of the velocity of the beam, 𝑢̇2, with respect to the velocity of the impacting mass, 𝑢̇1 for four different 
beam lengths, i.e. 2, 2.5, 4 and 6 m. The graph reports the 1:1 dashed line that indicates that beam and impactor velocity have 
the same velocity. When the curves are situated on the right-hand side of the 1:1 line, the impactor moves quicker than the beam 
(QI case). On the contrary, when the curves lie on the left-hand side, the beam is quicker than the impactor (QB case). To achieve 
values of 𝜌 larger than one, the maximum beam velocity should happen when the impactor has an equal velocity, i.e. when the 
maximum is on the 1:1 line. This clearly emerges for the 2 m blue curve and, roughly, for the 2.5 m case. On the contrary, for the 
remaining two cases, the maximum of 𝑢̇2 occurs when the beam has larger velocity than the mass, resulting in an overestimation 
of the momentum of the impactor, hence a larger value of the denominator of Eq. (13) resulting in a ratio smaller than one. 

Regarding the influence of varying impactor mass, the observed lag between the peak contact force and the subsequent peak 
displacement is not solely due to inertial effects; it also reflects the influence of plasticity. In higher-mass impacts, the beam 
undergoes progressive irreversible deformation that reduces its effective stiffness, causing the rise of permanent deformations around 
the equilibrium point in the free-damped vibrations. Consequently, the redistribution of impact energy and the onset of permanent 
deformation both contribute to the extended time required to reach peak displacement. In the velocity-displacement plot (Fig.  7), the 
loops represent the dynamic trajectory of the beam’s midspan velocity versus its displacement during the contact phase. For lower 
masses (𝑚𝑖 = 50 to 250 kg), the loops are compact, indicating that the beam undergoes relatively small deflections and rapid reversals 
of velocity, typical of an elastic response. In contrast, for higher masses (𝑚𝑖 = 350 to 500 kg), the loops are elongated, reflecting 
larger displacements and higher velocities that are associated with significant irreversible deformation and enhanced inertial effects.

In Fig.  8.a, the unloading paths deviate increasingly from the loading paths as mass increases, illustrating the transition from 
elastic to plastic deformation. For higher masses, larger loops highlight permanent deformation and greater energy dissipation. 
Fig.  8.b shows faster recovery for lower masses, with the beam’s deflection decreasing more quickly after its peak, indicating a 
predominantly elastic behavior within the observed time window. In contrast, heavier masses exhibit larger deflections for a longer 
portion of the contact phase, indicating a greater tendency toward permanent deformations. As the impactor mass increases, the 
beam transitions from minimal residual deformation to fully irreversible behavior, with notable changes in key parameters such 
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as displacement, contact force, and energy dissipation. The results emphasize the importance of considering both reversible and 
irreversible responses when evaluating the dynamic performance and resilience of RC beams under impact loading.

The results demonstrate that initial velocity is a critical factor governing the beam’s dynamic response, significantly influencing 
both the extent and the nature of structural damage. For example, increasing the initial velocity from 5m∕s to 25m∕s (a fivefold 
increase) results in more than ninefold increase in contact force and a fivefold increase in maximum deflection. Comparing this 
to the effect of mass, where a fivefold increase in mass resulted in a fivefold increase in deflection and only a 2.5-fold increase 
in contact force, it is evident that velocity has a more pronounced effect on contact force. This highlights the vulnerability of RC 
beams to sufficiently high-velocity impacts, which can aid in understanding dynamic failure propagation that may lead to progressive 
collapse.

Regarding the effect of beam length, the study reveals a fundamental design trade-off. This trend can be explained by the 
trade-off between stiffness and inertia, where inertia, which is defined as the product of mass and acceleration, plays a critical 
role under dynamic impact. Although in a purely static context, a beam with higher stiffness (as in shorter beams) would normally 
produce larger reactions for a given displacement, the larger distributed mass of longer beams increases their inertia, thereby limiting 
acceleration and allowing higher contact forces to develop before significant deformation occurs. For instance, the peak contact force 
for a beam of 2m length is approximately 800 kN, whereas for a beam of 6m length with lower stiffness, it exceeds 900 kN. This 
illustrates how mass-related inertia can outweigh the advantage of higher stiffness in short beams when subjected to fast, impulsive 
loads. Interestingly, at an early stage of the impact (e.g., 𝑡 = 5ms), longer beams show smaller deflections compared to shorter 
beams. This counterintuitive trend can be attributed to the greater equivalent mass of longer beams, resulting in higher inertia 
resistance. This inertia limits the deflection during the initial stages of impact. This behavior is further corroborated by Fig.  12, 
where the velocity-deflection loops for longer beams are wider and more pronounced, indicating greater energy dissipation through 
plasticity of the beam. Shorter beams, on the other hand, exhibit more compact loops, reflecting their higher stiffness and limited 
energy dissipation.

Crucially, the findings from the effect of different beam lengths on the dynamic response of RC beams underscore a fundamental 
design trade-off: shorter beams, with their higher stiffness but lower mass and inertia, are less effective at resisting dynamic impact 
forces during the initial stages of impact. Their limited ability to absorb energy increases their susceptibility to localized and brittle 
failure. Conversely, longer beams, with greater mass and inertia, resist deformation more effectively during the initial stages of 
impact. This resistance, combined with their flexibility, allows for greater energy absorption and more ductile deformation. However, 
this comes at the cost of larger deflections and an increased risk of progressive collapse.

A comparison showed that for impactor masses between 50 kg and 500 kg, the discrepancy between the Hertzian model and the 
current study consistently remains around 50%. This highlights the overestimation of contact forces by the Hertzian model when 
compared to the current study, particularly as the mass increases. In contrast, Yong’s approach [28] aligns well under low-impact 
conditions (e.g., masses ≤ 200 kg and velocities ≤ 10 m/s) but deviates by up to 17% for high-energy impacts. This indicates 
that Yong’s model aligns more closely with the current study under conditions where impact forces are moderate and material 
deformation remains primarily elastic, with minimal plastic effects. Anyway, the obtained results highlight that it is necessary to 
consider the nature (beam, instead of half-infinite plane) and the corresponding deformability of the target when computing the 
collision force.

As the system transitions into the plastic regime, the deviations between the models increase significantly. This is particularly 
evident for cases involving higher mass and velocity, where the differences in maximum contact force between Yong’s model and the 
current study become more pronounced, as seen in the last column of Table  4. This shift occurs due to increasing impact forces that 
exceed the material’s elastic limit, leading to permanent deformations. Unlike Yong’s approach, which primarily captures elastic and 
viscoelastic behavior, the compliance curve used in this study dynamically adjusts to the evolving stiffness of the beam, incorporating 
plastic deformation effects, making it more accurate in modeling high-impact cases.

The observed trends suggest that while the Hertzian and Yong’s models provide reasonable approximations of the collision 
force under certain conditions, their accuracy diminishes as the contact scenario involves higher energy impacts. The current study 
captures these effects more accurately, especially in plastic deformation regimes, thereby providing a more reliable representation 
of the contact force behavior across a range of impact scenarios.

Validating the proposed model against experimental work by Fujikake et al. [27] shows a discrepancy of less than 2%, confirming 
the model’s reliability. By comparing the proposed model with traditional approaches, the study demonstrated its superiority in 
accurately predicting structural responses, particularly in the plastic deformation phase. The model’s ability to account for real-time 
mass redistribution and energy dissipation effects further enhances its applicability in designing impact-resistant structures.

6. Conclusions

This study presents an analytical model for predicting the dynamic response of RC beams under impact loads. The model has 
potential applications in assessing debris impact, contributing to a better understanding of pancake-type progressive collapse. By 
incorporating a dynamically recalculated equivalent mass and the Hunt–Crossley contact force model, the proposed framework 
provides unprecedented accuracy in capturing real-time interactions between the impacting body and the structure. Unlike 
traditional models that rely on fixed equivalent mass assumptions, this approach dynamically adapts to the beam’s deformation 
profile, offering deeper insights into energy transfer, contact forces, and structural behavior under extreme loading conditions.

The proposed dynamic recalculation of 𝑚𝑒𝑞 during the simulation continuously updates the equivalent mass, ensuring a more 
precise representation of the beam’s response as it transitions between elastic and plastic deformation. This dynamic approach allows 
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for a more accurate prediction of the beam’s behavior under real-world impact conditions, particularly for scenarios involving large 
deformations or complex load cases. In addition, the step-by-step adjustment of both the equivalent mass and stiffness effectively 
captures complex structural behavior, including the transitions between elastic and plastic responses, as well as the unloading 
behavior and residual displacements that are critical for understanding structural performance during unloading phases.

The proposed analytical model relies on simplifying assumptions such as idealized stress–strain relationships, uniform material 
properties, and perfect bond conditions between concrete and reinforcement. In this analysis, shear failure is neglected by focusing 
solely on the beam’s flexural response, and the dynamic recalculation of the equivalent mass and stiffness assumes that the beam’s 
behavior can be fully captured by the pre-calculated compliance curve. This approach does not fully account for the complexities 
of inelastic deformation, strain rate effects, or additional dynamic phenomena that may occur at high impact velocities. Moreover, 
variations in experimental setups – such as differences in drop heights, impactor alignment, and support conditions – can introduce 
uncertainties that are not reflected in the model.

Future research on the analytical model should incorporate more comprehensive material characterization, consider additional 
failure modes (including shear), and examine a broader range of impact velocities and testing conditions to further refine the model’s 
applicability and reliability. Extending the current studies on a simply supported beam subjected to an impact at its mid-span to more 
articulated scenarios, the future analyses should extend the model to system-level scale, incorporating interactions between structural 
elements and exploring multi-hazard scenarios. Experimental validation across diverse geometries and material properties would 
further strengthen its robustness. These advancements will pave the way for designing robust structures capable of withstanding 
impact-type progressive collapse, safeguarding critical infrastructure against catastrophic failure.
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