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Path Integral Quantum Annealing Optimizations
Validated on 0-1 Multidimensional Knapsack

Problem
Evelina Forno, Riccardo Pignari, Vittorio Fra, Enrico Macii, Fellow, IEEE, Gianvito Urgese, Senior

Member, IEEE

Abstract—Quantum Annealing (QA) is a metaheuristic de-
signed to enhance Simulated Annealing by leveraging concepts
from quantum mechanics, improving parallelization on classi-
cal computers. Studies have shown promising results for this
technique in the field of NP-hard problems and constrained
optimization. In this article, we examine Path Integral Quantum
Annealing (PIQA), a well-known technique for simulating QA
on conventional computers. We then propose optimizations to
the algorithm, offering hardware software developers a suite
of parallelization techniques evaluated for their effectiveness in
enhancing quality and speed. The proposed approach encom-
passes four distinct degrees of optimization, leveraging techniques
based on multiple-trial parallelism and a novel pre-optimization
method. The article further proposes a methodology for handling
multiple instances within the search space, whereby problem data
is replicated into slices and allocated to concurrent processes
during the simulation. Through empirical trials, we evaluate
the impact of our optimization techniques on the convergence
speed of the algorithm compared to unoptimized PIQA, using
the Multidimensional Knapsack Problem as a benchmark. Our
findings show that these optimizations, applied individually or
collectively, enable the algorithm to achieve equal or superior
results with fewer simulation steps. Overall, the results highlight
the potential for future implementations of optimized PIQA on
dedicated hardware.

Index Terms—Simulated Quantum Annealing, Path Integral
Quantum Annealing, multiple-trial parallelism, metaheuristics,
constrained optimization, Multidimensional Knapsack Problem,
parallelized computation, Simulated Annealing.

I. INTRODUCTION

OPTIMIZATION problems — concerning the search for
an optimal solution from a space of possible candidates

— play a key role in our society, with multiple applications in
science, engineering and economics [1]. As more and more
degrees of freedom are introduced in order to accurately
model real-world problems, optimization problems can greatly
increase in complexity. For instance, in addition to the opti-
mization process, some variables in the system may be subject
to one or more constraints that require satisfaction in order
for the solution to be valid. As the search space of these
constrained-optimization problems (COP) grows exponentially
with their number of variables and constraints, brute-force
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methods quickly become unfeasible; indeed, the computational
complexity of many COPs characterizes them as NP-hard. One
such example is the 0-1 Multidimensional Knapsack Problem
(MKP) [2]–[4], with applications such as task scheduling [5],
packing problems [6], resource allocation [7]. While efficient
exact solvers for the MKP exist, even the best-performing
algorithms still report quadratic complexity relative to the size
of the problem (O(m2n) [8]), which can translate to several
hours of computation time for complex problem instances [9].
For this reason, MKP remains a compelling benchmark for
fast, approximate heuristics such as annealing algorithms.

Although new unconventional approaches are emerg-
ing [10], [11], a popular tool for tackling COPs are metaheuris-
tic methods. These algorithms, usually incorporating some
variety of stochastic optimization, can reach a high-quality
optimal solution in reduced time and without requiring any
prior information about the search space [12]; the tradeoff is
that, unlike exact optimization methods, metaheuristics offer
no guarantee of finding the absolute optimum solution [13].

Quantum Annealing (QA) is an extension of the thermal
annealing model formulated to include quantum effects. The
most well-known formulation of the algorithm [14] was ap-
plied to the Ising model with transverse external field, and
many proofs of concept to follow have involved applying QA
to other NP-hard discrete optimization problems, such as the
Traveling Salesman Problem, the MKP [15]. In addition, QA
can be applied to many biology problems [16] and shows
promise as a machine learning classification tool [17]. The
field of artificial intelligence is also showing a growing interest
in QA as a tool for training [18] or complete implementa-
tion [19] of neural network models.

Early realizations of physical quantum annealers, which
have become available in recent years, are able to perform
optimization of many types of problems, provided that they
can be mapped onto an Ising-type lattice. However, the use of
physical quantum annealers for the solution of optimization
problems is still in its infancy, due to limitations in the
number of qubits, difficulties in the physical realization of
fully adiabatic systems [20], non-idealities in the mapping of
such problems to the machine graph [21], and more [22]. On
the other hand, research on the simulation of QA on classical
computers marches on: while many academic investigators
employ computer simulations to explore the actual potential
of quantum speedup [23], [24], industry engineers are hard at
work on hardware accelerators for QA [25] and “quantum-0000–0000/00$00.00 © 2021 IEEE
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inspired” [26] digital annealers [27], promising accessible
COP solving with a moderate technological investment.

In this article, we will focus our attention on a popular
technique for simulating Quantum Annealing, namely Path In-
tegral Quantum Annealing (PIQA) [28]. PIQA presents unique
opportunities for parallelization because of its population-
based nature. In previous work by the authors [29], hard-
ware acceleration of PIQA was achieved by independently
processing replicas using distributed hardware units and al-
lowing independent simulation with infrequent synchroniza-
tion. However, this SIMD-style partitioning is not the only
possible approach: thanks to the many similarities of PIQA
to Simulated Annealing (SA), we may take further inspiration
from the many proposed solutions for parallelization of said
algorithm. While — to our knowledge — no ad hoc solutions
for the acceleration of PIQA on CPU have been proposed,
many multi-thread implementations for SA have the potential
to be seamlessly adapted to PIQA.

There are two main approaches to SA parallelization [30],
[31]. The first is move acceleration, which exploits functional
parallelism by splitting intensive tasks into sub-tasks and
distributing them among several processors. It preserves the
sequentiality of the simulation and has the same convergence
properties as single-core SA while obtaining a moderate
speedup. This type of approach is also referred to as single-
trial parallelism to distinguish it from the second approach,
multiple-trial parallelism. In this case, at each step of simu-
lation, several moves are evaluated simultaneously; then, only
one of the moves is chosen and applied to the partial solution.
The choice criteria for the move to apply can vary and is
determined by the algorithm designer. While this approach
requires synchronization at every step, it aims instead to reduce
the overall number of steps by increasing the probability
that a feasible move is found at every iteration. The other
technique that can be used to speed up the convergence of
optimization algorithms is pre-optimization; here, a partial
solution is built first, so that — in the case of PIQA — the
annealing simulation is starting from an advantageous point in
the solution space, and the whole annealing time is dedicated
to solution refinement. The pre-optimized solution is usually
built via a fast greedy algorithm.

This study aims to show that the aforementioned techniques
can be effectively applied to PIQA and, when combined
with the intrinsic characteristics of PIQA as a population-
based heuristic, represent an opportunity to not only achieve
speedup, but also improve exploration of the search space
and the algorithm convergence. In Section II, we introduce
different optimization algorithms based on annealing; we also
give a description of the Multidimensional Knapsack Problem
and clarifications on previous work concerning PIQA-based
solvers for the MKP. Section III describes the PIQA optimiza-
tion techniques presented in this work. Section IV contains a
detailed benchmark of the performance of the optimized PIQA
on the MKP, while Section V outlines a few key observations
about these experimental results. Finally, Section VI contains
our conclusions and reflections on future work.

II. BACKGROUND

In this Section, we review the key concepts underlying our
work by addressing them in dedicated subsections. In Sec-
tion II-A, we start from the general definition of annealing to
describe the key differences between SA (II-A1), QA (II-A2),
and PIQA (II-A3). In Section II-B, we give a description of the
MKP, listing its formulation, real-life applications, and solver
algorithms. Lastly, in Section II-C, we explain the method
employed to apply PIQA to the MKP.

A. Annealing

The term annealing refers to a thermal process used in
the fields of materials science and engineering to act on
certain physical properties of an object during a manufacturing
process [32]. Annealing is composed of two phases: heating
and cooling. The former exploits high temperatures to make
atoms absorb large amounts of energy; the latter leads them
into a configuration of minimum energy through a relaxation
process. The speed at which cooling down is performed makes
the distinction between annealing and quenching. The key
feature distinguishing the annealing process is the possibility
for atoms to find configurations that minimize energy, not only
with respect to the nearest neighbors, but also to distant atoms
in the system, thanks to the low cooling rate.

The process of energy absorption with subsequent relaxation
in presence of decreasing temperatures can be described
through the Hamiltonian formalism. Specifically, physical
models like the Ising model [33] can be adopted, which allows
to describe atoms as singular units with a discrete state variable
generally referred to as spin. The original formulation of the
Ising model, given a pair (i, j) of atoms, is described in (1):

H = −
∑
<ij>

Jijsisj , (1)

where si is the individual spin, while Jij is the coupling
parameter representing the energy contribution produced by
spin alignment (si = sj) or misalignment (si = −sj). With
such formulation, we can simulate the behavior of a system
undergoing annealing with the aid of probabilistic methods
based on Markov Chain Monte Carlo (MCMC), such as the
Metropolis-Hastings algorithm [34].

The natural ability of annealing to place the system in a
thermodynamically advantageous state has led to its adoption
as a heuristic procedure in optimization processes, leading to
the SA algorithm [33].

Following SA, more formulations of algorithms based on
annealing have been proposed. Drawing inspiration from phys-
ical phenomena other than thermal, a quantum version, i.e. the
QA algorithm [14], and its reformulation based on statistical
mechanics, the PIQA algorithm [28], have been introduced.
Having SA, QA and PIQA a common root, what distinguishes
them is the phenomenon which drives the exploration in the
configuration space of the global optimum candidates. To
further outline and clarify the differences between the three,
we shall use the Ising model as a reference.
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1) Simulated Annealing: In SA, (1) is directly taken as the
Hamiltonian of the system, with all the energy represented by
the potential energy term U so that U = −

∑
<ij> Jijsisj .

Each site i is described by a spin parameter si = ±1
which identifies its state among the configuration spins s =
{s1, s2, s3, ...}. The notation < ij > highlights that the sum is
over all the (i, j) pairs of nearest neighbors. The corresponding
ith energy contribution is defined by the relationship between
the state si and its nearest neighbor sj through the coupling
parameter Jij ∈ R. The lower this sum, the more energetically
advantageous the state of the system.

The initial energy of the system is defined by the user via
an update algorithm, as the Metropolis–Hastings [34], through
a temperature parameter T or an equivalent quantity with
the same effect of introducing some energy contribution and
consequent agitation. For high temperatures, this corresponds
to having a high probability of occupying high energy states
represented by the value Ps which define the probability
that a state s will be occupied, which in the framework of
optimization problems translates into a large set of candidate
states for sampling. As the temperature decreases, so does
the probability of accepting high-energy solutions, resulting
in a more and more reduced and confined movement across
the energy landscape which leads to finer selections until
the solution is minimized as T → 0. Hence, the dynamic
evolution of the SA system depends on thermal hopping, i.e.
the phenomenon of overcoming an energy barrier, or escaping
an energy well, as a consequence of the thermal agitation
supplied to the system.

2) Quantum Annealing: Differently from SA, in Quantum
Annealing the dynamic evolution and the related capability
of overcoming an energy barrier or escaping an energy well
depends on phenomena such as quantum tunneling occurring
at constant temperature [14]. The Hamiltonian describing
the state of the system is written through the formalism
of the Pauli spin matrices which define the configurations
σ = {σ1, σ2, σ3, ...}. With respect to SA, QA introduces, in
addition to the potential term U , a so-called kinetic energy
term K which encloses the quantum contribution. Such term
is the result of the interaction of the spin state σx

i with a
transversal field Γ [35]. The total energy is hence defined
through (2) as:

H = U +K = −
∑
<ij>

Jijσ
z
i σ

z
j − Γ

∑
i

σx
i (2)

With this formulation, the probability Pσ of occupation of
an energy state depends on the quantum term containing Γ,
rather than just on temperature as in SA.

Despite the different origin and physical meaning, the
scheduling process of the Γ parameter follows the same
dynamics as for T in SA, with very high values of Γ can
be chosen as initial configuration. From the structure of H in
(2), it can be observed that, in such case, the dominant term
is the kinetic one, which tends to make all spins σi align to
the transversal field direction regardless of the interaction that
the spins may have with their nearest neighbors. Then, as the
parameter Γ decreases, the kinetic contribution K becomes

comparable with, or smaller than, the potential term U , thus
leading to a relaxation of the quantum effect on the overall
energy of the system.

3) Path Integral Quantum Annealing: PIQA is a reformu-
lation of QA from the perspective of mechanical statistics,
in which the quantum definition of the partition function
Z is applied through (3). By substituting the various terms
and carrying out the approximations reported in the work by
Martoňák et al. [28], the resulting Hamiltonian is given by (4).

Z = Tr e−βH (3)

H = −
N∑

k=1

(∑
<ij>

Jijs
k
i s

k
j + J⊥

∑
i

ski s
k+1
i

)
(4)

Comparing (2) and (4), the first substantial difference is the
summation over k. This term is the direct result of applying the
formalism introduced in Statistical Mechanics by Gibbs [36]
on the QA model, which takes into account the energy con-
tribution deriving from N replicas of the system. The second
difference is the inclusion of the spin interaction between the
various replicas, denoting with ski the value of the ith spin in
the replies kth replicas. Regarding the other terms, we again
have the potential term U =

∑
<ij> Jijs

k
i s

k
j , which models

the energy contribution between spins belonging to the same
replica, and a kinetic term K = J⊥∑

i s
k
i s

k+1
i which instead

determines the contribution of interactions between spins be-
longing to the different copies with J⊥ = −NT

2 ln tanh Γ
NT .

It should be noted that the Γ parameter present in J⊥

is the same as the one introduced in QA, same for the T
parameter. Indeed, the scheduling process of J⊥ is increasing
in time, unlike that of Γ which is decreasing. Consequently,
each replica of the system initially appears to be isolated from
the others, allowing an evolution of the spin configurations
sk independent of the neighboring replicas. As J⊥ increases,
the various spins develop a stronger correlation between them
which drives the ones with an unfavorable energy configura-
tion into a more energetically advantageous condition. At the
macroscopic level, this translates to a collapse of the various
replicas in a single configuration: the one with the minimum
energy found in the various evaluation paths. The resulting
algorithmic flow is outlined in Fig. II-A3.

The presence of replicas in a problem of this entity allows,
as a collateral advantage, to speed up the convergence of
the solver to an optimal solution, as it has been analytically
reported by Martoňák et al. in [28] where an exponent of
convergence ζPIQA > ζSA with ζSA ≤ 2 is shown.

Although in PIQA, as well as in QA, temperature does
not play an active role in the generation of thermodynamic
states, it still plays an important role in allowing the system to
explore the energy panorama by tunneling effect in adiabatic
conditions since the higher the temperature, the higher the
probability of tunneling.

B. Multidimensional Knapsack Problem

The Knapsack (or Rucksack) Problem is a well-known prob-
lem in combinatorial optimization. Given a set of items, each
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Fig. 1. Block diagram outlining the PIQA algorithm. The figure highlights the
presence of a number of correlated replicas Ri, each performing independent
MCMC trials in parallel. The connecting arrows represent the exchange of
state information, which contributes to the Hamiltonian with a weight = J⊥.

with an associated weight and value, the solver is requested
to select the items to insert in the knapsack such that (a) a
maximum weight is not exceeded and (b) the total value of
the collection is maximized. It is a classic resource allocation
problem that identifies a number of variants by imposing or
removing a limit on duplicate items, multiple constraints, etc.
The 0-1 MKP is one such variation, where only one copy of
each item is allowed and multiple weight constraints must be
met:

Given
N : number of items to pack,
Ui : vector of item values (size N ),
Wj : vector of constraints on item weights (size C),
[Pij ] : matrix of positive weights (size N×C), where
each entry Pij represents the cost of inserting item i
with respect to constraint j,

find an assignment x = (xi)1≤i≤N ∈ {0, 1}N such that
the total value

∑N
i=1 Uixi is maximized, while respecting

the constraint set:
∑N

i=1 Pijxi ≤ Wj ,∀j ∈ [[1, C]].

A variety of successful exact solvers for MKP exist, the
great majority of them based on branch-and-bound algorithms;
CORAL [9] is an example of this type of approach. However,
exact methods still struggle with large sized instances, which
require overly long computation times to solve to optimality.
Therefore, the study of approximate methods draws great inter-
est, especially in the realm of metaheuristics [37]. Successful
approaches include algorithms based on SA [38], Genetic
Algorithms [39], Particle Swarm [40], [41], Ant Colony [42],
and Tabu Search [43].

C. Quantum Annealing of the Multidimensional Knapsack
Problem

When applying PIQA to the MKP, each replica works
on a different knapsack; i.e., each worker is assigned an
independent N -spin integer vector x. In [15], it was shown
that the simplified path-integral Hamiltonian can be used by
only allowing moves that take our system to another valid

configuration, i.e., only inserting and swapping items that
do not violate any of the multidimensional constraints. This
measure is taken in order to eliminate the need to account for
the constraints in the problem Hamiltonian, greatly simplifying
its equation. The fulfillment of constraints is instead enforced
by starting with an empty knapsack (all spins = 0) and
adding random items until constraints are exceeded; then, all
subsequent trials require swapping an item in the bag for a
random one outside, provided that constraints are still met.

The classical portion of the Hamiltonian can then be sim-
plified to:

Hpot, MKP =

n∑
i=1

Uixi (5)

that is, the total value of the items added to the knapsack.
A possible optimization for the MKP-QA solver is the Re-

strictive Quantum Annealing (RQA) paradigm, also proposed
in [15]. RQA consists in disallowing the removal of elements
that appear in a given percentage of replicas (i.e., the blocking
frequency); it works on the assumption that if a spin state
appears in many partial solutions, it is highly likely that it will
be part of the final solution. In practice, the optimal blocking
frequency varies depending on the benchmark problem, and
it would be up to the user to run the algorithm with varying
frequency values and find out the best value. However, as a
rule of thumb, a frequency of 90% has been observed to be
effective on a wide range of problems.

III. IMPLEMENTATION

In this Section, we introduce different pre-optimization
techniques together with the new methodology proposed by
our study. Two main methods can be found in literature as pre-
optimization strategies for the SA algorithm. The first one is
the use of pseudo-utility equations [37], [41], [42], [44], which
allows to increase the convergence efficiency of the algorithm,
discussed in Section III-A. The second technique is multiple-
trial parallelism [15], [30], presented in Section III-B, along
with the criteria for move selection among the results of said
parallel trials. These criteria are reported in Section III-C. In
Section III-D, the strategy we propose to encourage a more
diverse exploration of the state space, called sliced processing,
is discussed. A full flowchart of the MKP solver based on
PIQA, highlighting the optimization blocks, is available in
Fig. III.

A. Pre-Optimization

Combinatorial optimization problems can benefit of pre-
optimization tactics. In the case of the MKP, this translates into
starting the annealing with a pre-filled knapsack, containing a
subset of items selected through analysis of the problem data.

Several different criteria can be used to perform this pre-
optimization. We selected the Kochenberger, McCarl and
Wyman (KMW) heuristic described in [44], which consists
in ordering items based on their pseudo-utility, a parameter
that combines in a single fitness metrics the utility (i.e.,
the value) and the weight with respect to the partially filled
knapsack (Fig. III.A). The items are then inserted into the
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Fig. 2. Block diagram of the algorithm flow for the MKP solver based on PIQA. The pseudo-utility calculation (A) is performed at the beginning of the
program, followed by optional pre-optimization (B) and slice building (C) phases. In each simulation step (D), two regions of multiple-trial parallelism are
launched, each followed by a customizable filter which selects the move to make. The “R” axis (marked in the top left) visually represents how the entire
process is performed for each PIQA replica.
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knapsack in decreasing order of pseudo-utility, and the pre-
optimization stops when at least one of the constraints is
exceeded (Fig. III.B).

The pseudo-utility for each item i is calculated by (6):

psUi =
Ui∑C

k=1(Pk,i/rck)
, (6)

where Ui is the utility of item i, Pk,i is the weight of item
i under the kth constraint, and rc is a vector of size C that
quantifies the remaining capacity available for each constraint,
as defined in (7):

rck = 1−
∑N

i=0 Pk,i · xi

Wk
, (7)

where xi is a binary vector of size N which contains 1 at
position i if the item is in the knapsack, 0 if it is not; Wk is
the total capacity for constraint k.

Because of the need to re-evaluate the rc vector, the pseudo-
utility for the KMW heuristic needs to be recomputed every
time a new item is inserted into the knapsack. In order to
reduce the computational load of the pre-optimization algo-
rithm, we propose to substitute (6) with a simpler pseudo-
utility calculation, as represented in (8):

psUi =
Ui∑C

k=0(Pk,i/
∑N

j=0 Pk,j)
. (8)

This pseudo-utility vector remains independent of the status
of the knapsack, therefore it can be computed only once, at
the beginning of the pre-optimization sequence. In order to
distinguish the two pre-optimization methods used within this
work, we dubbed the KMW heuristic using (6) Dynamic pre-
optimization, and the one using (8) Static pre-optimization.

B. Multiple-Trial Parallelism

Because of the similarities between PIQA and SA, tech-
niques for the acceleration of SA can be applied to PIQA as
well. Parallelization of SA [30] can generally be attained via
single-trial parallelism or multiple-trial parallelism. In the first
case, the algorithm is accelerated by exploiting functional par-
allelism, and the sequentiality of the simulation is preserved.
By contrast, multiple-trial parallelism is based on the idea that,
by executing the same simulation step on several processors
at once and selecting one of the results, the overall number
of successful random trials will increase: the execution time
on a von Neumann computer is generally not reduced by this
approach, but the number of simulation steps needed to reach
acceptable results decreases, which will speed up the execution
on a dedicated architecture.

In this work, we applied multiple-trial parallelism to a
PIQA-based MKP solver based on the algorithm proposed
in [15]. Specifically, we split each update move into two
phases: tryInsert and trySwap. Each of these two phases
identifies a parallel region, as depicted in Fig. III.D.

In the tryInsert phase, each thread evaluates a random
item r and calculates the difference in energy ∆H obtained by
“flipping the spin” corresponding to the item. In this context,

“flipping the spin” corresponding to r means removing r if it
is already inside the backpack, inserting it otherwise. Every
thread proposes a move for every replica in the PIQA array.
Moves that would cause one or more of the constraints to be
violated are refused during the choice of r, so that each thread
exits this parallel region returning a feasible move.

At the end of tryInsert, all proposed moves are com-
pared, and only one is selected (the selection criteria are
outlined in sec. III-C). If the selected move proposes to insert
a new item, it is immediately accepted, as it always improves
the overall value of the knapsack; the corresponding knapsack
is updated with the new item, and no more changes are made
to the replica until the next simulation step.

On the other hand, if the selected move proposes to remove
an item, the second parallel region trySwap is activated.
In this phase, each thread tries to find a new random item
outside the knapsack which can be swapped with the item to
be removed without violating constraints; the PIQA dynamics
are applied here to allow the acceptance of moves that take the
system out of local optima, and the random update is accepted
only if its respective Metropolis-Hastings trial is successful. At
the end of trySwap, each thread can propose either to swap
the item with a new one, remove the item, or do nothing.

The proposed moves are evaluated again, and the chosen
one is finally applied to the replica. Once all replicas have
updated, the algorithm proceeds to the next simulation step.

C. Insert/swap criteria

At the end of the tryInsert and trySwap phases, only
one of the proposed moves must be selected. In this work,
we implement 2 selection criteria: random and best. When
random selection is in use, we pick a random move among
the proposed ones; this is equivalent to running a single-thread,
unoptimized PIQA instance that evaluates a single random
update at every step. With best selection, the difference in
energy ∆H contributed by each move is compared, and we
choose the move with the most favorable result. These two
selection methods can be independently applied to either or
both the tryInsert and trySwap phases.

D. Sliced processing

To further improve the effects of parallelization, we propose
a strategy called Sliced processing. The aim of this technique
is to improve the random item selection step by trying to
enforce fair choice among all items. With this aim, each
thread is assigned a subset (slice) of items that it is limited
to choose from during the tryInsert and trySwap steps.
This assignment can be made according to several strategies;
for example, we can use a random assignment, or we can apply
the pseudo-utility ranking based on (8) to distribute the items
among threads in such a way that the average pseudo-utility
of each slice is similar.

Other than enforcing diversity in the items proposed by the
various threads at each simulation step, this approach also
facilitates the implementation of the algorithm in systems that
do not have a shared memory, as each thread only needs to
store the weights of the items it has been assigned.
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In our implementation, the optimizations described in III-A,
III-B, III-C and III-D can be independently applied to each
different replica in the Quantum Annealing simulation array.

IV. EVALUATION

The strategies discussed in Section III allow us to define 4
degrees of freedom, as portrayed in Fig. IV. The corresponding
parameters are defined as follows:

• L1: Specifies whether the system undergoes optimiza-
tion. The options are No pre-optimization, Dynamic pre-
optimization or Static pre-optimization.

• L2: Specifies the criteria used for sliced processing. The
options are:

– no slices;
– sliced-Balanced: slices are built using the static

pseudo-utility ranking from (8). The items are dis-
tributed in such a way that the average pseudo-utility
per slice is roughly the same;

– sliced-Ordered: slices are built by leaving the items
in the same order as they are given in the problem;

– sliced-Random: slices are built by ranking the items
in a random order.

• L3: Specifies the criteria used to select the item in
the tryInsert phase. insert-Random selects a random
valid move among those proposed by threads; insert-Best
selects the move with the more positive ∆H .

• L4: Specifies the criteria used to select the item in
the trySwap phase. insert-Random selects a random
valid move among those proposed by threads; insert-Best
selects the move with the more positive ∆H .

In this Section, we report and discuss the results of exper-
iments conducted by combining the parameters in Fig. IV.
These analysis were performed on the Hactar cluster, which
is part of the HPC@PoliTO infrastructure and it is equipped
with an Intel Xeon E5-2683 v3 (12) processor operating at
2.5 GHz (3.3 GHz OC), 3.7 TB of DDR4 RAM and 349 TB
of storage.

Fig. 3. Layers of parameter combinations for the optimized PIQA algorithm.

A. Dataset selection

We tested our PIQA implementation on a restricted dataset
of MKP benchmark instances [15], selected for variety in size,
weight distribution, value range, and difficulty. The instances
utilized in our tests are characterized in Table I: the number of
items and constraints are reported, together with the average
tightness ratio. The tightness ratio α of an instance is a

TABLE I
CHARACTERISTICS OF THE TEST INSTANCES

Instance name Items Constraints Average tightness

OR5x100-0.75 1 100 5 0.75
OR30x250-0.75 1 250 30 0.75
OR10x250-0.50 1 250 10 0.50
OR5x500-0.25 1 500 5 0.25
OR30x500-0.25 1 500 30 0.25
sento1 60 30 0.37
weing5 28 2 0.42
gk01 100 15 0.50
gk06 200 50 0.50
gk11 2500 100 0.50

measure of how hard the problem is to solve. More specifically,
α is defined for the kth constraint in vector W as (9).

αk =
Wk∑N
i=0 Pk,i

(9)

We calculated and reported the average tightness value for
the sac94 and GK instances, which were not specified by
either benchmark, using (9). It is worth noting that, while the
tightness value across all constraints in the instance was close
to uniform for the GK problems, the instances in sac94 have
different tightness values for each constraint: for example, the
two constraints of weing5 have α0 = 0.53 and α1 = 0.30,
while the 30 constraints of sento1 have tightness values
varying between αmin = 0.30 and αmax = 0.48.

B. Performances of Optimized PIQA vs Standard PIQA

In Fig. IV-B we report simulation results for notable PIQA
configurations. Said versions correspond to the parameter
combinations described in Table II. Note that configuration S0
corresponds to the serialized, non-optimized PIQA algorithm.

TABLE II
OPTIMIZATION CONFIGURATIONS TESTED

Name Preopt Slices Insert Swap

S0 - - Random Random
P4 - - Best Best
P8 - Balanced Best Best
P22 Dynamic Balanced Random Best
P23 Dynamic Balanced Best Random
P24 Dynamic Balanced Best Best
K20 Static - Best Best
K24 Static Balanced Best Best

For all configurations, the number of replicas was fixed at
32; for the sliced versions, the number of slices was set to 16.
The graphs in Fig. IV-B map the Mean Absolute Percent Error
(MAPE) reached at each simulation time step τ . The MAPE
is calculated as (10)∑N

i=0(Hopt −Hi)

N
· 1

Hopt
, (10)

where Hopt is the known optimal result for the problem
instance, Hi is the result found by the algorithm at the ith
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attempt, and N is the number of times the algorithm was run.
In our case, we ran each version of the algorithm 10 times.

Fig. IV-B.A through Fig. IV-B.D show results on prob-
lem instances from the ORLib benchmark library [45]. This
benchmark contains procedurally generated problems with a
fairly even distribution of weights and item values. In these
tests, the versions with pre-optimization and sliced processing
consistently obtain low error and early convergence. The serial
algorithm also eventually converges to low error. Conversely,
the parallel versions without pre-optimization perform slightly
worse.

We find a different situation in Fig. IV-B.E and Fig. IV-B.F,
showing results from instances in the Sac94 benchmark1.
This benchmark is a collection of real-life use cases for the
MKP; it contains smaller instances with less regularity in the
distribution of parameters. In this case, it appears that the
pre-optimization we applied is sometimes not suitable for the
problems: in the sento1 problem, pre-optimized algorithms
P22, P23 and P24 have a slow convergence, while the paral-
lelized versions that skip pre-optimization (P4, P8) reach the
exact result very quickly, beating the original serial PIQA (S0).
This suggests that multiple-trial parallelism, together with the
evaluation of the best item to insert/swap, remains a winning
strategy for this type of problem instance.

Fig. IV-B.H and Fig. IV-B.I report results for the Glover
and Kochenberger (GK) benchmarks. This library contains the
largest problem instance available to us, gk11 (2500 items,
100 constraints). In this sequence, the parallelized versions
with pre-optimization again reach better results compared
to the serial algorithm, especially as the size of the prob-
lem grows; moreover, the swap-Random strategy shows
a disadvantage with respect to the strategies implementing
swap-Best.

Restricted QA: Restricted Quantum Annealing (RQA) [15]
is a variant of PIQA where a partial solution gets ”locked”
if the simulation detects that the same spin configurations
are common across a given percentage (blocking frequency)
of replicas in the system. We experimented with adding the
RQA strategy to our algorithm; the results are displayed in
Fig. IV-B. We found that while the addition of RQA can speed
up convergence for the serial version of the algorithm, for our
optimized version it was not beneficial. We can attribute this
to the fact that the pre-optimization and choose-Best strategies
already restrict the search space to such an extent that the
contribution of the blocking frequency is superfluous. We
report for reference the results of adding RQA to versions
K20 and K24 of our algorithm. While the two versions of the
parallel algorithm have different behavior on the two instances
reported, the addition of RQA makes little difference and does
not ensure a faster convergence. The results for other instances
exhibit a similar trend and have been omitted for brevity.

C. Static vs dynamic optimization

We tested the performance of one of the versions of
the parallel algorithm we examined in Section IV-B, P24,
when substituting Dynamic pre-optimization with Static

1https://www.cs.cmu.edu/Groups/AI/areas/genetic/ga/test/sac/0.html

Fig. 4. Evaluation of the convergence to result of various implementations
of optimized PIQA

Fig. 5. Evaluation of the effect of adding RQA strategies to two versions of
our optimized PIQA algorithm.
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Fig. 6. Evaluation of the effects of static and dynamic pre-optimization on
PIQA processing

pre-optimization. We marked the version with Static pre-
optimization as K24. As seen in Fig. IV-C, Static pre-
optimization proved more efficient for every problem instance
in the test. The horizontal lines indicate the average starting
solution, obtained by applying pre-optimization alone; we
can see how Static pre-optimization provides a better starting
point for the search, while PIQA is able to improve on the
pre-optimized state more and more as the simulation times
increase.

A notable result is found in Fig. IV-C.E with instance
sento1, where Static pre-optimization reliably led the algo-
rithm to the exact solution, whereas Dynamic pre-optimization
did not.

TABLE III
OPTIMIZED PIQA PARAMETERS USED IN SECTION IV-E

C N threads τ sliced MAPE SD (σ)

5 100 8 100000 yes 0.2121 4.5993
5 250 8 625000 yes 0.1615 5.0416
5 500 8 2500000 yes 0.1143 4.9239
10 100 16 100000 yes 0.5628 5.9702
10 250 16 625000 yes 0.4937 6.5319
10 500 16 2500000 yes 0.2983 6.2977
30 100 32 100000 yes 0.6226 6.1022
30 250 32 625000 yes 0.7911 7.4567
30 500 16 2500000 no 0.6094 8.1490

D. Slice size

We performed experiments varying the number of slices for
version K24. Fig. IV-D portrays the results over our data set.

Once again, the impact of this variation seems to
be dependent on the problem instance. On instances
OR10x250-0.50, OR30x500-0.25 and gk06, for exam-
ple, the number of slices has little impact on the quality
of solution. However, we can observe that generally having
a high (> 16) number of slices is detrimental. This may
be explained by the fact that the variety of pseudo-utility
distribution significantly decreases when the slices are small,
therefore certain slices become less competitive within the
paradigm and their items rarely get chosen, even though
they may be part of an optimal solution. By contrast, systems
with a lower number of slices (4 ∼ 8) give an overall
better performance. We deduce that this number of slices is
sufficient to encourage fair choice among items, while still
taking advantage of the speedup provided by parallel trials.

E. Optimized PIQA versus RQA and SA

Two additional experiments were conducted on the en-
tire ORLib benchmark to characterise the performance of
Optimized PIQA and to compare it with other annealing
algorithms. The purpose of these investigations is to underline
the advantages of the pre-optimization techniques that have
been introduced in our work. The first analysis is designed to
evaluate the quality of the solution derived from Optimized
PIQA in relation to SA and RQA (Fig. IV-E). The second
evaluation aims to verify the convergence rate of the individual
optimization algorithms (Fig. IV-E).

The base version chosen for this first comparison is once
again version K24, featuring Static pre-optimization as de-
scribed in Section III-A. The only exception is the 30x500
family of benchmarks, where we turned off sliced processing,
since in that particular group we obtained significantly better
results without the slices (as a point of reference, the MAPE
reached by the sliced version for the 30x500 family was
roughly 2× that reached by the non-sliced version). We also
tuned the annealing time τ and the number of slices to obtain
the best performance for each instance size; the final parameter
assignments employed are reported in Table III. The results
are compared to those of SA and (serialized) RQA, both of
them run for 1 million annealing steps in compliance with the
conditions reported in [15]. RQA ran with R = 16 replicas
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Fig. 7. Impact of the number of slices on the performance of the sliced
processing version of PIQA

Fig. 8. Summary of the performance of competing annealing algorithms on
the ORLib benchmark.

Fig. 9. Comparison of convergence dynamics for different optimization and
pre-optimization techniques is performed on weing5, sento1, GK and a
subset of ORLib instances

and a blocking frequency of 90%. The average error in the
solutions produced by each algorithm is reported in Fig. IV-E.

Our Optimized PIQA algorithm exhibits a similar trend to
RQA, while providing slightly better results. Two deviations
from the trend are evident. First, when grouping the results
by number of items (Fig. IV-E.A), we can observe that our
optimized algorithm performs significantly better for instances
of 500 items. Part of this can be attributed to the longer
annealing time we devoted to these large instances compared
to the SA and RQA runs; however, since for smaller instances
our algorithm performed better than RQA even though it ran
for a fraction of the time, we expect that some advantage
will be preserved. Second, the optimized PIQA consistently
achieves lower error rates for problems with fewer constraints
(Fig. IV-E.B) and a slight advantage over RQA across all
tightness ratios (Fig. IV-E.C). This demonstrates that the PIQA
exhibits a superior capacity to address complex problems
while showing a reduced MAPE in comparison to alternative
algorithms. This finding suggests that the sliced processing
approach may be less robust when faced with complex solution
spaces that result in the system becoming trapped in degener-
ate states, particularly when employed in conjunction with the
choose-Best strategies that promote rapid descent to the nearest
minimum. However, other factors exist, such as the system
temperature, which have the potential to be further refined
to enhance the outcomes for both optimised and unoptimised
versions. A comprehensive investigation of these parameters
is reserved for future endeavours.

The second evaluation reported in Fig. IV-E is performed on
a distinct set of instances with the objective of highlighting the
convergence capacity. This analysis is performed on weing5,
sento1, GK and a subset of ORLib instances. To obtain a
statistically significant result, the experiment is repeated on 10
trials.

As demonstrated in Fig. IV-E, the algorithms that do not use
pre-optimization start from an initial value that is significantly
distant from the optimal value. This is evident in the high
MAPE exhibited by the SA, RQA, S0, P4 and P8 algorithms.
The simulations with a pre-optimization step, such as the P22,
P23, P24, K20 and K24 configurations, result in a much lower
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error than the others. This advantage is maintained up to
approximately 103 steps. The best MAPE value is attained by
the K24 configuration at step 102. This analysis suggests that
the integration of pre-optimization strategies in conjunction
with Insert/Swap strategies can yield faster convergence in
comparison to conventional optimization implementations.

V. DISCUSSION

The optimizations presented in this paper help reduce the
number of steps required to reach a minimal error in the
PIQA solution. Performing the algorithm on classical multi-
core computers takes longer than regular PIQA, because
of the frequent synchronization that must happen between
threads; therefore, the ultimate outcome of this work is the
identification of optimized strategies that can open the way
to an improved dynamics of PIQA on alternative hardware
substrates like Field Programmable Gate Arrays (FPGAs) or
heterogeneous platforms. From this perspective, some remarks
can be made:

• The Static pre-optimization we developed is the most
beneficial to the final result. This type of processing
can be done offline or implemented as a configurable
module in hardware; it is also much more feasible than
Dynamic pre-optimization, as it only requires to compute
the pseudo-utility of items once. Said module should
allow for the option to bypass pre-optimization as needed.

• Sliced processing appeared to give results better than, or
equal to, serial implementations of PIQA. Adding sliced
processing to a hardware version of PIQA would greatly
reduce the memory allocated per worker and avoid using
shared memory, as each worker would only need to store
the weights for the items contained in its assigned slice.

• We evaluated the ability of a choose-best filter to deter-
mine the most suitable solution update for each annealing
step. This filter could also be re-configured to allow for
random choice or other selection methods instead.

• The modular nature of the proposed optimizations results
in a customizable chain of independent blocks that may
be easily turned on or off depending on the needs of the
problem instance under investigation. Said optimizations
may also be added to existing annealing accelerators to
improve their performance.

VI. CONCLUSIONS

In this work, we investigated several avenues for optimiza-
tion of the PIQA algorithm, using the MKP as a benchmark.
We used the multiple-trial parallelism paradigm as a starting
point, then gradually introduced other strategies.

Different pre-optimization types were initially tested. Then,
we introduced new selection methods for the solution update,
first using decomposition of the search space by Sliced pro-
cessing, then proposing choose-Best criteria to determine the
most suitable update. Finally, we compared our results to the
performance of RQA (a simpler optimized variant of PIQA)
and SA. We performed experiments running all combinations
of optimization techniques.

We found that applying pre-optimization based on pseudo-
utility can significantly speed up the convergence of PIQA, as
it lets the search start from a more advantageous position in the
solution space. Additionally, we found that pre-optimization
based on Static pre-optimization — which we introduce
as a new contribution in this paper — is more effective
than previously proposed techniques based on Dynamic pre-
optimization, which requires recalculation of the pseudo-utility
vector at each insertion step. This means we can improve on
results while saving on computation time.

Our newly developed Sliced processing technique was also
found to help improve convergence. Versions with a moderate
number of slices, between 4 and 16, were the most effective.
Versions using the choose-Best filter to select the proposed
move with the most desirable ∆H always performed better
than the ones choosing any random valid move.

While these optimizations improve the overall performance
of QA, there is no single configuration that is universally
good for solving all problem instances. Particularly, we found
that there are some benchmark instances for which pre-
optimization was not as effective as for others. Statistical
analysis of the dataset may be needed in order to determine
the best combination of optimization parameters, along with
other degrees of freedom allowed by PIQA, such as changing
the annealing temperature or adding offsets and scaling factors
to the system Hamiltonian. We reserve this investigation for
future work.

Overall, the optimizations we proposed by leveraging dy-
namics such as pseudo-utility initialization, multiple-trial par-
allelism, sliced processing and insert/swap criteria reveal
promising results in the perspective of adapting the algorithm
to run on dedicated hardware. Although a direct physical em-
ulation of quantum phenomena is not explicitly performed, we
reported on their adoption and the consequent benefits, which
might effectively take shape on alternative hardware substrates
too. FPGAs, for instance, represent an appealing alternative to
CPUs, as their configurable architecture can enable a more
efficient computation of the Hamiltonian parameter variation
thus allowing for faster execution of PIQA.
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algorithm for the 0–1 multidimensional knapsack problem,” Information
Sciences, vol. 436, pp. 282–301, 2018.

[44] B. de Almeida Dantas and E. N. Cáceres, “A parallel implementation
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