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Abstract—Interior permanent magnet machines are charac-
terized by high efficiency over a wide speed range. The optimal
performance of these motors can be achieved by implementing
the appropriate control strategies: Maximum Torque per Ampere
(MTPA), Flux Weakening (FW) and Maximum Torque per Volt
(MTPV). The optimal MTPA control trajectories can be found
with different methods employing an inductance based model
or a flux based model. In principle, the two methods are the
equivalent, however, the different numerical method for the
evaluation of the control trajectory can lead to slightly different
results. Four motors are chosen for the analysis: an IPM machine,
a pure reluctance machine, a SPM machine and a reluctance
assisted machine. The results obtained from the two the models
are compared with 2D-FEA simulation results.

Index Terms—electrical machines, motor control, MTPA, non
linear magnetic model

I. INTRODUCTION

Interior permanent magnet (IPM) machines are largely
adopted in industrial, automotive [1], aerospace [2] and marine
[3] applications thanks to their high efficiency over a wide
speed range. The optimal performance of these motors can
be reached by implementing the appropriate control strategies:
Maximum Torque per Ampere (MTPA), Flux Weakening (FW)
[4] and Maximum Torque per Volt (MTPV).

Thanks to flux-weakening, the torque production capabili-
ties are extended at higher speeds by applying stator current
to counteract rotor magnet flux.

A complete analytical expression of these control trajecto-
ries is reported in [5] for both linear and non linear motor
model. The computed trajectories are tested experimentally
and the obtained results are good.

Optimal MTPA control trajectory can be found with differ-
ent methods, the most important thing is to include in the anal-
ysis a good non linear model of the machine. Authors in [6]
propose an original strategy to compensate steady state MTPA
tracking errors due to non linear flux maps. Indeed, actual

synchronous machines present strongly non-linear behaviors,
that can cause a wide variation of the machine parameters
in the operating range [7]. In [8] the state of art of the
work relating to MTPA techniques are classified in machine
parameters independent and machine parameters dependent,
according to the manner of handling the uncertainties of
machine parameters in MTPA operation.

Numerical methods can be used for the implementation
online of an optimal MTPA control strategy. In [9] numerical
algorithms to achieve accuate MTPA control are proposed.
These algorithms can operate also considering highly saturated
conditions.

Authors in [10] present an analysis of different aspects
of the MTPA control trajectory implementation for IPM
machines, comparing two different techniques: a non linear
model based MTPA profile and a technique based on the
maximization of the motor input power versus stator current
(MPPA). These control techniques are analyzed considering
both steady state and transient conditions.

In this paper a comparison between different methods for
the computation of the optimal MTPA trajectory is reported.
For each method the non linear model of the machine is
considered through flux and inductance maps, computed with
2D Finite Element Analysis (2D-FEA) models. The obtained
trajectories are compared with the trajectory obtained via 2-D
FEA. The software used for 2-D FEA simulations is FEMM
[11].

The paper is organized as follows. Firstly, Section II in-
troduces the benchmark motors that will be adopted for the
comparison. In Section III the closed-form solution for MTPA
control trajectory is reported when a linear motor model is
considered. Then, Section IV presents the methods adopted
for the MTPA control trajectory computation when a non
linear motor model is considered. Finally, in Section V the
presented methods are compared and validated against 2D-
FEA simulations.
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Fig. 1. Cross-sections of the four benchmark machines: a) IPM, b) SyR, c),
SPM and d) PM-SyR.

II. BENCHMARK MOTORS

Four synchronous machines are considered in the following,
covering several combination of magnetic anisotropy, PM
strength and lamination saturation. The four motors are:

• A V-shape IPM machine (IPM);
• A pure synchronous reluctance machine (SyR) [12], [13];
• A Surface-mounted PM machine with rounded PMs

(SPM) [14];
• A PM-assisted synchronous reluctance machine (PM-

SyR) [15].

Their cross-sections are reported in Fig. 1, while their rating
data are listed in Tab. I. Besides the geometries and nameplate
data, the motors model are part of the SyR-e default library
[16]. Indeed, flux and torque maps are computed with 2D-FEA
simulations and will represent the baseline of the following
analysis. It is worth mention that simulated models will be
adopted in the following, however, the presented methods
can be applied also on experimental setup, employing real
machines.

TABLE I
MOTOR PARAMETERS.

Parameter IPM SyR SPM PM-SyR Unit
p 3 3 3 2 -
Q 54 36 36 36 -
De 225 175 175 170 mm
Di 151.3 119.6 119.6 102.8 mm
g 0.7 0.325 0.325 0.325 mm
m 3 3 3 3 -
Is 250 40 20 22 A

VDC 550 565 565 310 V

III. MTPA CONTROL TRAJECTORY IN LINEAR MODEL

When a linear model of the machine is considered, a closed-
form solution for the MTPA control trajectory can be found
analytically. Starting from the general IPM machine voltage
equation in the rotating d-q reference frame reported in (1).

[v]dq = R [i]dq +
d

dt
[λ]dq + jpωm [λ]dq (1)

The torque can be expressed according to

T =
3

2
p [λpmiq + idiq (Ld − Lq)] (2)

Where id and iq current vectors can be expressed as a
function of the current module I and the current angle γ.{

id = I cos γ

iq = I sin γ
(3)

So replacing (3) in (2), torque can be expressed as follows.

T =
3

2
p
[
λpmI sin γ + I2 sin γ cos γ (Ld − Lq)

]
(4)

The MTPA control trajectory is defined as the locus in the
id and iq plane where the torque is maximum considering a
fixed current amplitude. So, the analytical expression can be
found computing the derivative of the ratio between the torque
and the current module with respect to the curent angle γ set
equal to zero, as in (5).

d

dγ
(T/I) = 0 (5)

λpm cos γ + I
(
sin γ2 − cos

)
(Ld − Lq) = 0 (6)

So the current angle can be found according to

γ = arccos
λpm

4I (Ld − Lq)

[
1±

√
1 + 8

I2 (Ld − Lq)
2

λ2
pm

]
(7)

Nevertheless this result is obtained with the assumption of
a linearized machine model where the cross coupling between
each phase and the saturation effects are both neglected.

IV. MTPA CONTROL TRAJECTORY IN NON LINEAR
MODELS

To find a the correct MTPA trajectory, that account for
all the non-linear motor behaviors, the complete non-linear
model of the machine must be considered. The motor can be
represented through inductance maps or through flux maps.
Hereafter two different ways to find the optimal MTPA control
trajectory are presented and, then, compared with 2D-FEA
results.

Even if the MTPA can be mathematically defined as a curve,
it is worth mention that, for several machines, it is possible
to define an MTPA region instead of a single curve. This is
especially true when different control target are considered, as
loss minimization and torque ripple mitigation. Fig. 2 reports
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Fig. 2. Ratio of the torque and the current module of an IPM motor in the
id − iq plane.

the torque constant contours for the IPM benchmark. This
index, that is defined as the ratio between torque and peak
phase current, is index of the MTPA region and it is possible
to notice that the maximum values are not exactly on a well
defined line.

It is interesting to notice that when the machine saturates
the T

Is
ratio reduces and the MTPA region is less evident.

The maximum torque is reached when the machine saturates
independently from the current angle that is used.

A. Inductance Based Method

The method considered is the same described in [17]. When
inductance maps are adopted to model motor non linearities,
the MTPA curve cannot be expressed in a closed form as
shown in Section III. So a numeric algorithm is implemented.
For each value of current module I and current angle γ an
operating point in the second quadrant of the id − iq plane
is identified and for each operating point it is possible to
interpolate the inductance on d and on q axis from the maps
obtained via 2D-FEA. Then for each value of I , the maximum
torque is computed with Eq. 2 comparing the matrix elements
corresponding to each values of γ. So the MTPA curve is
found.

The inductance maps are computed through 2-D FEA
simulations using frozen permeability method.

This method is easy to understand but has some limitations:

• When the torque is computed the magnet flux contribu-
tion is assumed constant in every operating point.

• An inversion of the saliency can be a problem for this
method, leading to an MTPA control trajectory that can
fall in the first quadrant. However, in real applications,
the optimal control strategy is still in the second quadrant.

B. Flux Based Method

Another more general method to compute the MTPA, is to
operate directly on flux linkage and torque maps, avoiding the
computation of inductances and overcoming the issue related
to PM flux linkage variation and inverse saliency. In a general

framework, the magnetic model of synchronous machines can
be expressed through maps as:{

λd = Λd(id, iq)

λq = Λq(id, iq)
(8)

where maps function of (id, iq) are written with capital bold
fonts. Torque map can be obtained from flux maps, by apply-
ing the torque quation element-wise:

T =
3

2
p · (Λd ⊙ Iq −Λq ⊙ Id) (9)

where the symbol ⊙ represent the element-wise product of two
matrices. It is worth noting that torque map can be directly
retrieved from FEA simulations or, in case of experimental
maps, it can be directly measured. The MTPA trajectory can be
directly computed from torque map through iterative process,
as implemented in [16]. The workflow is depicted in Fig. 3 for
the IPM benchmark machine. First of all, a current amplitude
vector Ivect is defined, from 0 to the maximum current Imax.
The example uses current levels, however for an accurate
trajectory computation, more current level can be adopted.
Then, for each current Ii:

1) the current contour Ii is identified over the maps, at the
coordinates (id,tmp, iq,tmp). These correspond to portion
of circles on the dq plane and are highlighted with
colored lines in Fig. 3a;

2) the torque curve Ttmp is interpolated from torque map,
as:

Ttmp = T(id,tmp, iq,tmp) (10)

and represent the torque variation with the current angle
γ, as reported in Fig. 3b;

3) the maximum point Ti = max(Ttmp) over the torque
curve is identified, together with the corresponding cur-
rent angle γi. This is the MTPA point at the current Ii
and it is highlighted in Fig. 3 wit colored dots.

4) the dq currents corresponding to Ii and γi are computed
and stored in separate vectors.

The process can be applied to each kind of motor, with
no limitation of anisotropy, PM strength and saturation. The
workflow can be adopted also for the MTPV locus, by
substituting the current vector amplitude vector Ivect with a
flux linkage amplitude vector λvect.

V. COMPARISON WITH 2-D FEA RESULTS

The MTPA control trajectories found with the two methods
described in Section IV are compared with 2-D FEA simula-
tions results for each motor.

A polar grid in the dq plane is defined for each motor
with 10 current levels and a current angle step of 2◦, around
the MTPA curves identified with the previous method. For
each operating point, several rotor positions are simulated, to
correctly account for the harmonic and compute the average
torque. Then, for each current level, the maximum torque point
is identified, building the FEA-computed MTPA locus.



A. IPM

The resulting MTPA control trajectory obtained for the IPM
machine is shown in Fig. 4. The trajectories computed from
the two models proposed are similar and corresponds to the
results obtained via 2D-FEA.

According to Fig. 5 b), the torque generated as a function
of the current module is nearly the same. So the machine is
working inside the MTPA operating region, which is the one
highlighted in yellow in Fig. 5 a).

B. SyR

When a SyR machine is considered, the two methods
proposed allow to obtain almost the same MTPA control
trajectory which matches with 2D-FEA simulations results.

In this case the motor has no magnet, so there is no d-axis
flux variation due to magnet operating point. Fig. 6 shows the
MTPA control trajectories found for the SyR machine.

Fig. 7 a) shows the ratio of the torque and the current
module of the SyR motor in the id− iq plane. In this case, the
MTPA region is less evident since there is no magnet. Indeed,
for low current levels, the magnetizing current and the absence
of a PM flux linkage makes the T/I ratio quite small. Fig.
7 b) shows the torque as a function of the current module in
MTPA conditions.

C. SPM

The two methods are applied also for the SPM machine. In
most of traditional industrial applications, SPM machines are
powered considering an MTPA current angle of 90 degrees.
Nevertheless, sometimes a negative d-axis current component
can be introduced to correctly track the MTPA trajectory as
the iron saturation induces a small magnetic anisotropy in the
motor. According to the results obtained, reported in Fig. 8, the
inductance based method gives as a result a constant MTPA
angle equal to 90 degrees. This result is quite different from the
one obtained with the flux based method, which corresponds
to the optimal MTPA control trajectory obtained via 2D-FEA.

As stated before, the MTPA is actually a region. Fig.9 a)
shows the ratio between the torque and the current module in

(a) (b)

Fig. 3. Computation of MTPA from torque map. Example with 7 current level
on IPM motor benchmark. (a) current and torque contours on the (id, iq) plane
and (b) torque curves at constant current.

Fig. 4. MTPA control trajectories obtained for the IPM machine.

00 0.10.2
0.3
0.4
0.5

0.5

0.6

0.6

0.7

0.7

0.7
0.8

0.8

00 0.10.2
0.3
0.4
0.5

0.5

0.6

0.6

0.7

0.7

0.7
0.8

0.8

-600 -400 -200 0
0

200

400

600

(a) (b)

Fig. 5. a) Ratio of the torque and the current module of the IPM motor in
the id − iq plane, b) Torque versus current module in MTPA conditions for
the IPM machine.

the id− iq plane. Here the yellow region is the MTPA region,
where the torque obtained as an output is almost the same but
the efficiency can change. In Fig. 5 b) the torque as a function
of the current module is reported for the SPM machine. So
even if the two trajectories obtained are slightly different, the
output torque given a certain current module is the same.

D. PM-SyR

The MTPA control trajectories obtained for the PM-SyR
machine are reported in Fig. 10. Inside the nominal current
limit circle the two methods gives a similar control trajectory,
which is near to the one obtained via 2D-FEA. When the
current exceeds its nominal value, the two trajectories obtained
from the models are different. This behavior is mainly due to
the fact that the inductance based method does not consider
the magnet flux variation. This method could be improved
introducing a lookup table with the value of the magnet flux
in every operating point.

Fig. 11 a) shows the MTPA operating region in the id − iq
plane highlighted in yellow an Fig. 11 b) shows the torque
generated from the motor following the three different MTPA
control trajectories found before. The output torque is almost
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Fig. 6. MTPA control trajectories obtained for the SyR machine.
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Fig. 7. a) Ratio of the torque and the current module of the SyR motor in
the id − iq plane, b) Torque versus current module in MTPA conditions for
the SyR machine.

the same for all the trajectories, since both the trajectories are
inside the MTPA region.

VI. CONCLUSIONS

When a non-linear motor magnetic model is considered, the
MTPA control trajectory cannot be computed analytically. In
this paper, different approaches are compared to highlight the
differences between each method applied to different machine
topologies. The use of a non-linear magnetic model lead to a
different interpretation of the MTPA trajectory since it appears
more like a region instead of a line.

The first method computes the torque considering the induc-
tances and keeping constant the flux generated by the magnets
(see Eq. 2). The MTPA trajectory is found with a numeric
algorithm which look for the maximum torque produced for
a given current vector changing the current angle.

The second method presented is based directly on the torque
map in the id − iq plane and compute the MTPA locus
identifying the maximum torque along each current contour.

The obtained trajectories are validated via 2-D FEA simu-
lations. The methods give both good results since the machine
MTPA operating region is always encountered, but some
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Fig. 8. MTPA control trajectories obtained for the SPM machine.

00
0.2
0.4

0.60.8
1

1

1.2

1.2

1.4

1.4

1.6

1.6

1.8

1.8

2

2

-30 -20 -10 0
0

5

10

15

20

25

30

(a) (b)

Fig. 9. a) Ratio of the torque and the current module of the SPM motor in
the id − iq plane, b) Torque versus current module in MTPA conditions for
the SPM machine.

difference are highlighted especially for the SPM machine and
the PM-SyR machine at overload operating conditions. The
flux based approach is more accurate according to 2-D FEA
simulations results.

The two computation methods are validated against the
MTPA computed from 2D-FEA simulations on four bench-
mark motor. The validation confirm the accuracy of the
proposed methods, as the three MTPA trajectories are quite
perfectly superimposed. This accuracy is confirmed by the four
benchmark motors, that presents a different mix of magnetic
anisotropy and PM strength.

Besides the MTPA locus accuracy, the validation shows
that the sensitivity of torque on the current angle is low
around the MTPA locus, reducing the effects of bad MTPA
tracking. Indeed, the T/I ratio in the dq plane presents quite
a flat behavior around the MTPA line for all the machines,
except the low-PM-content machines at low current (when
the magnetizing current component is relevant). This behavior
makes the torque-current curves along the MTPA almost
perfectly superimposed for all the presented methods, even
if the dq trajectories are slightly different.
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Fig. 10. MTPA control trajectories obtained for the PM-SyR machine.
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Fig. 11. a) Ratio of the torque and the current module of the SPM motor in
the id − iq plane, b) Torque versus current module in MTPA conditions for
the PM-SyR machine.
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