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Abstract: This work presents a robust box-constrained nonlinear least-squares algorithm
for accurately fitting the Jones–Wilkins–Lee (JWL) equation of state parameters, which
describes the isentropic expansion of detonation products from high-energy materials. In
the energetic material literature, there are plenty of methods that address this problem,
and in some cases, it is not fully clear which method is employed. We provide a fully
detailed numerical framework that explicitly enforces Chapman–Jouguet (CJ) constraints
and systematically separates the contributions of different terms in the JWL expression.
The algorithm leverages a trust-region Gauss–Newton method combined with singular
value decomposition to ensure numerical stability and rapid convergence, even in highly
overdetermined systems. The methodology is validated through comprehensive compar-
isons with leading thermochemical codes such as CHEETAH 2.0, ZMWNI, and EXPLO5.
The results demonstrate that the proposed approach yields lower residual fitting errors and
improved consistency with CJ thermodynamic conditions compared to standard fitting
routines. By providing a reproducible and theoretically based methodology, this study
advances the state of the art in JWL parameter determination and improves the reliability
of energetic material simulations.

Keywords: non-linear least squares; energetic materials; optimization methods; numerical
methods; trust region; Gauss–Newton

1. Introduction
Investigating highly energetic material behavior is critical for various applications,

ranging from designing safer explosive devices to understanding high-energy astrophysical
events. Central to this investigation is the accurate modeling of the energetic material
detonation reaction products, where the Jones–Wilkins–Lee (JWL) equation of state (EoS) is
a widely adopted model used to describe their behavior [1–4].

Upon detonation, an energetic material produces highly compressed and high-
temperature gases and condensed products, with the density at the detonation wave
front exceeding the original density of the explosive at the Chapman–Jouguet (CJ) state.
This product mixture performs work on its surroundings under the hypothesis of an adia-
batic process where no heat transfer occurs between the system and its environment [5].
The JWL EoS, hence, offers a semi-empirical description of the pressure–volume relation-
ship of detonation products under isentropic conditions, valued for its relative simplicity
and effectiveness.

Algorithms 2025, 18, 360 https://doi.org/10.3390/a18060360

https://doi.org/10.3390/a18060360
https://doi.org/10.3390/a18060360
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/algorithms
https://www.mdpi.com
https://orcid.org/0000-0002-0629-8683
https://orcid.org/0009-0002-1213-5175
https://orcid.org/0000-0001-7123-9199
https://orcid.org/0000-0001-8642-4258
https://doi.org/10.3390/a18060360
https://www.mdpi.com/article/10.3390/a18060360?type=check_update&version=1


Algorithms 2025, 18, 360 2 of 17

The detonation energy can be evaluated using the JWL model, which assumes that
the detonation products’ thermodynamics are entirely describable in a pressure–volume
space. The CJ model of the detonation process assumes an instantaneous compression from
ambient conditions to the CJ point, followed by expansion along the isentrope. Integrating
the JWL equation yields the energy of the detonation products at any given relative volume.

The coefficients in the JWL EoS are crucial for accurate detonation modeling. These
coefficients are typically derived from cylinder test data by matching wall velocity–time
histories using finite element hydrocodes [6,7] and are subsequently refined through the
nonlinear fitting of pressure–volume data [8]. Alternatively, theoretical evaluation in-
volves thermochemical calculations to generate pressure–volume data along the expansion
isentrope, fitting these data to the JWL equation to obtain the necessary coefficients.

Despite its broad application, heuristic (such as particle swarm algorithms) or em-
pirical methods [9] are usually applied to find the JWL parameters; the literature lacks a
comprehensive and explicit description of a robust numerical least squares fitting algorithm
specifically applied to find the coefficients of the JWL EoS.

A detailed methodology for fitting the JWL EoS parameters using a nonlinear least
squares (NLLS) approach [10] is presented. We provide a complete algorithmic framework
for enforcing constraints at the CJ point, ensuring adherence to essential thermodynamic
conditions. Furthermore, we delve into the distinct contributions of various terms in the
JWL EoS, providing a granular analysis of their roles and impact on the overall equation.
In this study, a Gauss–Newton method [11,12] combined with a trust-region strategy [13] is
employed to achieve rapid and robust convergence. The proposed algorithm constructs a se-
quence of feasible iterates, incorporating a trust-region subproblem that effectively balances
the trade-off between fast convergence and stability. By applying singular value decomposi-
tion (SVD) [14], our method ensures numerical robustness, particularly in overdetermined
systems, which is crucial for accurate parameter estimation. In such a way, even if the rank
of the coefficient matrix is not full-rank, the solution of the nonlinear least squares problem
can be found.

The presented algorithm was implemented in HEMSim, a toolbox aimed at simulating
highly energetic materials [15,16].

This article is structured as follows. We begin with an in-depth explanation of our
fitting algorithm; this is followed by a theoretical overview of the JWL EoS, highlighting
the significance of precise parameter fitting: the imposition of the CJ constraint and the
treatment of different terms within the JWL expression are explained. Numerical results are
presented to illustrate the effectiveness of our approach, with comparisons to published ex-
perimental data and other software simulations [5] validating the accuracy and robustness
of the fitted parameters.

We conclude with a discussion on the sensitivity of the fitting process to initial condi-
tions and parameter constraints, emphasizing the importance of the proposed algorithm.

2. Materials and Methods
2.1. Non-Linear Least Square Fitting Algorithm

Consider a set of data (νj, pj), j = 1, . . . , m and a function

px(ν) : R −→ R, x ∈ Rn.

The residuals rj(x) : Rn −→ R are vector-valued functions corresponding to the set of data
(νj, pj) possibly defined as follows:

• rj(x) = |px(νj)− pj|, j = 1, . . . , m, (absolute error) or

• rj(x) =
|px(νj)−pj |

|pj |
, j = 1, . . . , m (relative error)



Algorithms 2025, 18, 360 3 of 17

Let R(x) : Rn −→ Rm be

R(x) = (r1(x), r2(x), . . . , rm(x)). (1)

Thus, R is a differentiable function, where n represents the number of unknowns (the
dimension of x) and m is the number of data points, with m > n.

The general box-constrained nonlinear least squares (NLLS) problem is defined as

argmin
l≤x≤u

f (x), (2)

where the vectors l, u ∈ Rn represent the lower and upper bounds, respectively, with
li < ui, i = 1, . . . , n, and the objective function is defined by the Euclidean norm of R(x):

f (x) =
1
2
(∥R(x)∥2)

2, (3)

whose gradient ∇ f is given by

∇ f (x) = J(x)T · R(x), (4)

with J being the Jacobian matrix of R(x).
Given the constraints of the box-bounded domain, a diagonal scaling matrix D with

non-zero elements di is defined as follows:

di(x) =

xi − ui if ∇i f (x) < 0

xi − li if ∇i f (x) ≥ 0,

in which ∇i, i = 1, . . . , n denotes the i−th derivative of the function f .
The first-order necessary conditions for the optimality of problem (2), in the case of

minima within the box or on its boundaries, are expressed as [11]

D(x) · ∇ f (x) = 0. (5)

To solve problem (2), HEMSim implements a Gauss–Newton method enhanced with a trust-
region strategy, combining the rapid convergence of Newton’s method with the robustness
of the steepest descent approach.

The algorithm generates a sequence of feasible iterates {xk} defined by

xk+1 = xk + sk, ∀k ∈ N. (6)

At each iteration k, the trust-region subproblem centered at xk with radius ∆k involves
defining a quadratic approximate model mk using a second-order Taylor expansion of f
around xk with step s:

mk(s) =
1
2
∥Jk · s + Rk∥2

2, ∀s ∈ Rn, (7)

where Jk = J(xk) and Rk = R(xk).
The trust-region strategy requires computing s by solving

min
s
{mk(s) : ∥s∥2 ≤ ∆k}. (8)
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To determine a feasible step sk, a trial solution strial to the trust-region subproblem is found.
By applying the stationary point condition to (7), the overdetermined system

Jk · sk = −Rk, (9)

is derived, and the minimum norm solution sN
k is given by

sN
k = −J+k · Rk, (10)

where J+k is the Moore–Penrose pseudoinverse of Jk, computed via singular value decom-
position (SVD) [14]. This ensures the possibility of solving the problem even if the rank of
Jk is not maximum.
If ∥sN

k ∥ < ∆k, then
strial = sN

k (11)

is used.
Otherwise, if the absolute minimum of mk(s) lies outside the trust region, the solution

to subproblem (8) is chosen as the projection of the solution of the unbounded problem
onto the trust region boundary:

min
s
{mk(s) : ∥s∥2 = ∆k}. (12)

This problem can be solved exactly using Lagrange multipliers [17] or approximately by
considering solutions in the subspace generated by the gradient of f , span{−Dk∇ f }, to
find the Cauchy point, which is the minimum of mk(s) in the gradient direction within the
trust region.

The scaled Cauchy step sC
k is defined by solving the constrained minimization problem

inside the trust region within the box-boundary where the step s is constrained to lie on the
direction given by the scaled gradient −Dk∇ fk

sC
k = argmin

s∈span{−Dk∇ fk}
mk(s), with ∥s∥2 ≤ ∆k, xk + s ∈ [l, u]. (13)

Since the solution of the problem (13) is of the form qk = −c Dk∇ fk, c ∈ R, [18], the
initial qk is found being

qk = −


∥∥∥∥D

1
2
k ∇ fk

∥∥∥∥
2

∥JkDk∇ fk∥2


2

Dk∇ fk, (14)

ensuring it remains within the box constraints l, u. If qk lies outside the current trust
region, it is adjusted to stay on the trust region boundary by normalizing by the norm of
the gradient:

qk = −∆k
Dk∇ fk

∥Dk∇ fk∥2
. (15)

To ensure the step is feasible, the maximum possible step length before meeting the box
bound in the current gradient direction is computed, where α is defined as

α = min
1≤i≤n

αi, (16)
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where all the αis are defined as

αi =

max
{

li−(xk)i
(qk)i

, ui−(xk)i
(qk)i

}
if (qk)i ̸= 0

∞ if (qk)i = 0
,

leading to

sC
k =

qk if xk + qk ∈ [l, u]

αqk, otherwise
, (17)

Then, in the case that sN
k from (10) is outside the trust region, a dogleg step between sN

k
and the Cauchy direction is computed. The classical Cauchy step ck, necessary for the
construction of the dogleg step, is defined as

ck = −
(

∥∇ fk∥2
∥Jk∇ fk∥2

)2

∇ fk (18)

and if ck ≥ ∆k, a step strial is defined as

strial = −∆k
∇ fk

∥∇ fk∥2
, (19)

Otherwise, strial is a convex combination of ck and sN
k :

strial = ck + τ · (sN
k − ck), (20)

where τ is the positive root of the 2nd degree equation obtained, imposing that mk(sk) = ∆k,

∥sN
k − ck∥2τ2 + (cT

k · sN
k − ||ck||2)τ + ||ck||2 − ∆2

k = 0. (21)

The projected step strial,proj is

strial,proj = Proj(xk + strial)− xk,

where Proj(x) maps x into the box-bounded domain;

Proj(x) = max{l, min{x, u}}. (22)

The projection map is employed at the very last step of the algorithm to achieve the best
possible convergence ratio [18].

The first-order optimality conditions (5) are satisfied for each {xk} if sk meets the
sufficient Cauchy decrease condition on the trust region model.

ρC(sk) =
mk(0)− mk(sk)

mk(0)− mk
(
sC

k
) ≥ ε1, ε1 ∈ (0, 1). (23)

The trial step sk is accepted if ρC(strial,proj) meets condition (23). Otherwise, sk is computed
as a convex combination of strial,proj and sC

k :

sk = t sC
k + (1 − t)s̄trial, t ∈ [0, 1] (24)

with t chosen such that

ρC(sk) = ρc

(
t sC

k + (1 − t)strial,proj

)
= ε1. (25)
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At the end of the trust-region subproblem, the predicted reduction of mk and the actual
reduction in f at xk + sk are checked using

ρ f (sk) =
f (xk)− f (xk + sk)

mk(0)− mk(sk)
≥ ε2, ε2 ∈ (0, 1) (26)

If the trial point reduces the objective function, xk+1 = xk + sk is set, and the trust-region ra-
dius ∆k+1 is updated, reducing it by a fixed fraction, ensuring it remains above a minimum
value ∆m1.

If sk does not satisfy (26), it is rejected and ∆k is reduced for improved model reliability.
The algorithm fails if ∆k becomes smaller than ∆m2.

Successful termination is achieved if one of the following conditions holds:

• ∥ fk∥∞ ≤ ϵ1
√

n, meaning that the residual scaled by the dimension of the problem is
small;

• min{∥Dk∇ fk∥2, ∥Proj(xk −∇ fk)− xk∥2} ≤ ϵ2, meaning that a small gradient condi-
tion inside the box-bounded domain has been found;

• || fk− fk−1||
|| fk ||

< ϵmac, meaning that the algorithm is not moving from the current iterate;

where ϵ1 and ϵ2 are prescribed tolerances, and ϵmac is the machine tolerance.

2.2. JWL Equation of State for Isentropic Expansion

Detonation consists of a chemical transformation of the energetic material into prod-
ucts, accompanied by an extremely rapid transition of its potential energy into mechanical
work. All this is caused by the compression and movement of the primary material or its
products of decomposition.

To address issues involving the interaction of the explosion with the surrounding
environment, such as the dispersion of detonation products into the air, underwater or
ground explosions, the reflection of detonation waves from barriers, mass ejection, shell
fragmentation, and cumulative jet formation, it is essential to understand the equation
of state for the detonation products of condensed explosives. For these hydrodynamic
flow scenarios, it is often sufficient to use a simplified equation of state for detonation
products, which expresses the internal energy as a function of pressure and specific volume,
excluding temperature.

A commonly used equation of this type is the one proposed by Jones, Wilkins, and
Lee (JWL) [1]:

pJWL = A
(

1 − ω

R1ν

)
e−R1ν + B

(
1 − ω

R2ν

)
e−R2ν +

ωE0

ν
, (27)

where

• p is the pressure measured in [GPa];
• ν = v

v0
is the dimensionless volume, with

– v is the reaction products mixture volume measured in [m3/Kg of energetic compound];
– v0 = 1

ρ0
is the initial volume of the unreacted energetic compound with initial

density ρ0;

• A, B, ω, R1, R2 are JWL coefficients that need to be determined by an NLLS algorithm.
• E0 is the energy of the products released to the surroundings, as described in

Section 2.3.
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In applications, Equation (27) is usually expanded in a Taylor series around the
isentrope expansion curve on the pressure–volume plane as follows:

pJWL,is = Ae−R1ν + Be−R2ν +
C

νω+1 . (28)

For this reason, pJWL,is from (28) is often referred to as an isentropic (or adiabatic) expansion
curve (for detonation products).

The contribution of individual terms of Equation (28) to the total pressure can be seen
in Figure 1.

100 101 102

log( v
v0

)

10-4

10-3

10-2

10-1

100

101

102

lo
g(
p	
[G
P
a]
)

Total	JWL	pressure
First	term	contribution
Second	term	contribution
Third	term	contribution

Figure 1. Contributions of JWL terms to the total pressure; the black line is the total pressure given by
the JWL Equation (28); the red line is the contribution from Ae−R1ν, the blue line is the contribution
from Be−R2ν, and green line is the contribution from C

νω+1 .

For large dimensionless volumes, it is

pJWL,is ∼
C

νω+1 , ν → +∞

with the exponential contribution terms being nearly zero; for large volumes, the JWL
expression converges to the Poisson adiabatic Equation [19] for an ideal gas with an
exponent ω + 1.

For a volume ratio ν greater than 7, the JWL isentrope and the Poisson adiabatic
equation are equivalent [20]. This consideration is later used in reducing the number of
independent JWL coefficients to be determined.

2.3. JWL Energy of Detonation

Usually, the JWL equation is used to evaluate the energy E0 released in the detonation
process and compare it to the theoretical results. At the CJ state, under the assumption that
the detonating compound is compressed instantly from the ambient temperature T0 and
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atmospheric pressure p0 up to the Rayleigh line to the CJ point, the energy of the shock
wave compressing the unreacted material can be calculated by

Ec =
1
2
((pCJ − p0)(v0 − vCJ)), (29)

or by using the detonation velocity DCJ (the shock wave speed):

Ec =
ρ2

0D2
CJ(1 − νCJ)

2

2
, (30)

where vCJ is the specific volume of detonation products at the CJ point, νCJ =
vCJ
v0

is the
relative volume of detonation products at the CJ point, and pCJ is the pressure of detonation
products at the CJ point.

The detonation energy E0 is defined as the energy that the detonation reaction products
have at an infinite volume:

E0 = lim
ν→+∞

Eprod(ν). (31)

To sum up, the energy Ec is the work done by the shock in compressing the explosive, while
the energy E0 represents the chemical energy released by the detonation process.

The JWL equation for the internal energy of detonation products on the isentrope is
obtained by integrating the JWL equation of state for pressure, leading to

Eprod(v) =
∫ +∞

v
pdν =

A
R1

exp(−R1ν) +
B
R2

exp(−R2ν) +
C
ω

1
νω

.

The energy of detonation formula for any relative volume (Ed(v)), as can be seen from the
areas plotted in Figure 2, is given by

Ed(v) = Ec −
[

Eprod(νCJ)− Eprod(v)
]
.

Figure 2. The plot shows how to compute the detonation energy E0 from the JWL curve and the
Rayleigh line. The areas under the isentropic curve fitted by the JWL product EoS and the Rayleigh
line, in fact, represent the work in the pv plane. The energy of compression given by the shock wave
passage Ec is represented by the triangular area under the Rayleigh line (blue); the chemical energy
released is represented by the dashed red area under the JWL curve; E0, hence, is the difference
(green) between the 2 areas.

Since at an infinite volume the energy on the isentrope equals zero, the detonation
energy is as follows:

Ed(v → ∞) = −
[

Eprod(νCJ)− Ec

]
= E0.
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It is calculated as the difference between the internal energy of detonation products at the
CJ point (Es(CJ) ) and the energy of shock compression of detonation products up to the
C-J point Ec.

E0 = Ec − Eprod(νCJ). (32)

2.4. JWL Fitting Methods

In the context of the CJ detonation theory [21], a complete JWL parameter set
A, B, R1, R2, ω, E0 implicitly defines the detonation velocity DCJ, the detonation pressure
pCJ, the relative volume at the CJ-condition νCJ, and and the JWL-parameter C. It is
thereby common to provide E0 instead of C because of the practical relevance of the usable
detonation energy.

One of the primary methods for determining these constants is the cylinder test [22];
detailed descriptions of these experiment-based methods can be found in [7,23].

Over the years, several methods have been employed to fit JWL parameters [24,25].
The form of the JWL equation does not allow for the use of “brute force” fitting methods,
since the coefficients are not independent. There is no optimal set of coefficients; an error in
one of them can be easily compensated for by the “error” of others. Additional conditions
can be applied by using the CJ theory.

One possibility is the one introduced by Baust in [9] that employs a global optimization
method based on particle swarm to obtain a global minimum, given that the parameters
are not independent.

A different approach comes from CTEv [26], in which the optimization is carried out
through the minimization of the error function between the experimental points given by
energy Ed and reduced volumes ν and the expression for detonation energy

Ed = E0 −
Ae−R1νCJ

R1
− Ae−R2νCJ

R2
− C

ωνCJ
ω

,

where coefficients A, B, and C are fixed and computed at every step of the optimization
loop by solving the linear system that enforces the constraints given from the knowledge of
the CJ point

Ae−R1νCJ + Be−R2νCJ +
C

νω+1
CJ

= pCJ CJ pressure

− Ae−R1νCJ

R1
− Be−R2νCJ

R2
− C

ωνω
CJ

=− E0 −
pCJ

(
1 − νCJ

)
2

CJ energy

AR1e−R1νCJ + BR2e−R2νCJ +
C(ω + 1)

νω+2
CJ

=
pCJ(

1 − νCJ
) CJ tangency

Alternatively, the JWL constants can be derived from the expansion isentrope pressure–
volume data (νj, pj) obtained through thermochemical calculations: after determining the
detonation parameters of the explosive material (the CJ point), it is possible to calculate
the expansion isentrope of the product mixture at selected points on the (v, p) plane, as
described in [16]. These points are obtained by constraining the condition of constant
entropy; S = const. This method is employed in several other thermochemical codes
aimed at energetic material simulations, such as CHEETAH 2.0 [27], EXPLO5 [5], and
ZMWNI [20].

The isentrope data obtained by the thermochemical routines can then be used to
determine the parameters of the JWL equation, minimizing the residual rj(x).
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Generally, in this second approach, it is possible to exclude E0 from the parameter set
that needs to be determined by the minimization procedure and instead provide C, D, pCJ

or rCJ to implicitly define E0 from (32).
Therefore, one must take care to maintain consistency while providing redundant

implicit parameters for the JWL that are just a necessity of the underlying CJ conditions.
Very often, one finds in the literature that the JWL coefficients implicitly define detonation
velocity or pressure that are not consistent with the provided experimental data.

Our methodology for the determination of coefficients A, B, C, R1, R2, ω is divided
into two stages, which are described in the next subsections:

• In the first stage, the coefficients of the last term of the equation, C and ω, are deter-
mined using a linearization technique.

• In the second stage, the remaining four constants, A, B, R1, and R2, are identified using
the NLLS algorithm described in Section 2.1.

2.5. Linearization of JWL’s Third Term and Least Square Fitting

The first stage is addressed by linearizing the JWL expression (28), considering only
the third term (Poisson adiabatic) for reduced volume data taken after the threshold, set
to ν = 15. Taking the natural logarithm (denoted by ln) of the Equation (28) neglecting
exponential terms, it is

ln pis = ln(C)− (1 + ω) ln(ν). (33)

By introducing the notation Pis = ln(pis) and V = ln(ν), the above equation transforms
into a linear form:

Pis = C1 + C2V, (34)

where C1 = ln C and C2 = −(1 + ω).
The constants C1 and C2 are determined using the linear least squares approximation

method. First, to estimate the parameters C and ω of the JWL equation, the tail region
of the dataset (ν > 15) is linearized, exploiting the logarithmic form of the JWL pressure
Equation (33) for volumes significantly larger than the Chapman–Jouguet point, and fitted
using the QR decomposition method.

The coefficient matrix M is created, consisting of a column of ones (intercept term)
and (Vj) as the second column:

M =


1 V1

1 V2
...

...
1 Vm

. (35)

Using the QR decomposition [17], the matrix M is factorized into an orthogonal matrix Q
and a non-singular, upper triangular matrix R:

M = QR. (36)

The coefficients of the linearized equation are computed by solving the triangular system:

R · [C1, C2]
⊤ = Q⊤ · Pis. (37)

The coefficients C1, C2 are then determined by taking the exponential of the intercept term

C = eC1 , (38)
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and inverting the formula for the slope

ω = 1 − C2. (39)

This approach efficiently isolates C and ω while minimizing numerical instability through the
use of QR decomposition, which is particularly advantageous for overdetermined systems.

Afterwards, setting l = [0, 0]T , u = [10, 5]T and starting from Rini = [5, 1]T , the non-
linear least square algorithm is applied to (2). The constants C and ω obtained by this
procedure are then used as constraints in the second stage of the non-linear optimization
aimed at determining the JWL isentrope coefficients.

2.6. Constraining the CJ Condition

In the second stage, it is assumed that at the Chapman–Jouguet (CJ) point, both the
JWL curve and the constant entropy curve derived from thermochemical calculations
converge to the same values and share identical derivatives. This condition ensures that the
isentrope exponent, defined as the logarithm of the pressure with respect to the logarithm
of the volume at fixed entropy,

γ = −
(

∂ ln p
∂ ln v

)∣∣∣∣
S
= − v

p

(
∂p
∂v

)∣∣∣∣
S
, (40)

has identical values at the CJ point for both curves. Using the detonation parameters at the
CJ point, the isentrope exponent can be expressed as

γCJ =
ρ0D2

pCJ
− 1, (41)

where ρ0 denotes the initial density of the explosive material and pCJ the pressure at the CJ
point in [GPa]. Therefore, at the CJ point, two key equations are obtained:

γCJ =
νCJ

pCJ

[
AR1e−R1νCJ + BR2e−R2νCJ + C(1 + ω)ν−2−ω

CJ

]
,

pCJ = Ae−R1νCJ + Be−R2νCJ + Cν−1−ω
CJ ,

(42)

with νCJ being the dimensionless volume at the CJ point. From these equations, the
constants A and B can be determined as functions of R1 and R2, given fixed values of ω, C,
and the CJ parameters obtained from the thermochemical code:

A(R1, R2) =
−Cν−2−ω

CJ (1 + ω − R2νCJ) +
γCJ pCJ

νCJ
− R2 pCJ

(R1 − R2)e−R1νCJ
,

B(R1, R2) =
Cν−2−ω

CJ (1 + ω − R1νCJ)−
γCJ pCJ

νCJ
+ R1 pCJ

(R1 − R2)e−R2νCJ
.

(43)

Thus, the JWL isentrope equation, substituting (43) in (28), can be written as

pis(R1, R2) =A(R1, R2)e−R1ν + B(R1, R2)e−R2ν + Cν−1−ω. (44)

The values γCJ, νCJ, and pCJ and the data coordinates (νj, pj) on the isentrope are obtained
from thermochemical calculations [16]. R1 and R2 are determined using the algorithm
described in Section 2.1, which involves minimizing the function f (x) defined in (2) with

• x = [R1, R2]
′;

• px(ν) = pJWL,is(ν) is the pressure at any point ν obtained from the JWL Equation (28);
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• pj is the pressure at point j, j = 1, . . . , m, on the constant entropy curve from
thermochemical calculations.

Once R1 and R2 are determined, the coefficients A and B are obtained from the constraint
Equation (43).

3. Results and Discussion
The accuracy of the described approach, compared against different code results, is

shown by considering the classical indicator

Er(x) =
∑m

j=1(px(νj)− pj)
2

||pj||2
(45)

Several simulation runs were performed, comparing the open literature and personal
communication results from three different software:

• CHEETAH version 2.0 [27], developed at Lawrence Livermore National Laboratory in
the United States of America;

• ZMWNI [20], developed at the Faculty of Advanced Technologies and Chemistry at
the Military University of Technology in Poland.

• EXPLO5 version 7.1 [5], developed by OZM Research s.r.o. in the Czech Republic.

. Data points were taken from these programs to compare built-in ideal detonation code
fitting routines with the approach described in Section 2.1. For coherence, CJ values
obtained by detonation codes were used to constrain the objective function (44).

The first numerical test was performed against values from CHEETAH 2.0 [27] soft-
ware. Isentropic reduced volume–pressure data for PETN (classic energetic compound) at
maximum density obtained from CHEETAH 2.0 are presented in Table 1. As previously
stated, it can be seen from the results in Table 2 that large deviations in JWL coefficients’
estimation are observed, even though the results for the detonation energy E0 are similar.
The error Er comparison shows a better accuracy in the fitting results.

Table 1. Pressure (GPa) with respect to reduced volume ν data from CHEETAH 2.0 software for
PETN with ρ0 = 1760 [Kg of energetic compound/m3]. Chapman–Jouguet (CJ) point values from
CHEETAH 2.0 are vCJ = 0.4356 cm3/g, pCJ = 30.788 GPa, γCJ = 3.286.

ν p [GPa]

0.767 30.788

1.000 13.319

2.200 1.302

4.100 0.345

6.500 0.158

10.000 0.083

20.000 0.032

40.000 0.014

80.000 0.006

160.000 0.003
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Table 2. Comparison of JWL parameters obtained using NLLS fitting and CHEETAH 2.0 built-in
fitting solver. Even though the results for the coefficients differ, the value of detonation energy E0

differs only by 0.9 %.

Parameter NLLS (This Work) CHEETAH2

A (GPa) 1069.7 985.014

B (GPa) 6.006 8.939

C (GPa) 1.221 1.327

R1 4.8410 4.719

R2 0.9228 1.067

ω 0.196 0.235

E0 (J/m3) −11.834 −11.727

Er 0.041 0.045

The second test was performed against ZMWNI results stored in Table 3, taken
from [20] for RDX. The authors employed a similar method for constraining CJ values and
then fit the resulting cost function using a classic Powell method. The results are presented
in Table 4, where it is shown again that, despite the differences in JWL parameters, the
value of the detonation energy E0 is equal up to five significant digits. Moreover, the error
analysis demonstrates the major accuracy of the proposed approach.

Table 3. Pressure (GPa) with respect to reduced volume ν data from ZMWNI software for RDX with
ρ0 = 1630 [Kg of energetic compound/m3]. Chapman–Jouguet (CJ) point values from ZMWNI are
vCJ = 0.465 cm3/g, pCJ = 27.0045 GPa, γCJ = 3.125.

ν p [GPa]

0.7600 27.0045

1.0000 11.7309

2.2000 1.3823

2.4100 1.1088

4.1000 0.3425

6.5000 0.1427

10.0000 0.0685

20.0000 0.0234

40.0000 0.0086

80.0000 0.0033

160.0000 0.0013
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Table 4. Comparison of JWL parameters obtained using NLLS fitting and ZMWNI built-in fitting
solver based on Powell’s method. It is worth noting that the value of the detonation energy E0 is the
same up to 5 significant digits.

Parameter NLLS (This Work) ZMWNI

A (GPa) 819.0663 989.0848

B (GPa) 5.5055 11.1190

C (GPa) 1.5229 1.5142

R1 4.7769 5.1669

R2 0.8738 1.0458

ω 0.3979 0.3979

E0 (J/m3) −12.272 −12.272

Er 0.0352 0.1755

The last numerical test that was performed against values of isentropic expansion
taken from EXPLO5 simulation results available in Table 5. The authors do not describe in
detail the fitting procedure implemented in the software: it is generically stated that both
pressure and energy data are considered in the minimization process. It is worth noting that,
unlike CHEETAH 2.0, ZMWNI, and other codes, EXPLO5 computes more than 50 points
for a reduced volume, up to values near 900v0. The validity of the JWL EoS up to these
values is uncertain when compared to volume ranges considered in the corresponding
experimental setups. The results are summarized in Table 6. Even if the error from the
EXPLO5 fitting is smaller than the one obtained by the proposed method, one should note
that JWL coefficients coming from EXPLO5 do not fulfill CJ constraints (42).

Table 5. Sixty-nine pressure values (GPa) with respect to reduced volume ν data from EXPLO for
PETN with ρ0 = 1760 [Kg of energetic compound/m3]. Chapman–Jouguet (CJ) point values from
EXPLO5 are vCJ = 0.4286 cm3/g, pCJ = 30.386 GPa, γCJ = 3.070.

ν p [GPa] ν p [GPa] ν p [GPa]

0.754 30.3858 0.762 29.4740 0.800 25.4189
0.840 21.9541 0.882 18.9661 0.926 16.3739
0.972 14.1180 1.021 12.1567 1.115 9.2561
1.217 7.0412 1.329 5.3692 1.452 4.1153
1.585 3.1769 1.731 2.4727 1.890 1.9420
2.064 1.5397 2.254 1.2323 2.462 0.9957
2.688 0.8117 2.964 0.6533 3.267 0.5310
3.602 0.4357 3.972 0.3605 4.379 0.3006
4.827 0.2523 5.322 0.2131 5.868 0.1810
6.469 0.1544 7.132 0.1323 7.863 0.1138
8.669 0.0982 9.558 0.0850 10.538 0.0737

11.618 0.0641 12.809 0.0559 14.122 0.0487
15.569 0.0426 18.391 0.0340 21.724 0.0272
25.662 0.0218 30.313 0.0175 35.807 0.0141
42.297 0.0113 49.964 0.0091 59.020 0.0074
69.717 0.0059 82.353 0.0048 97.279 0.0039

114.911 0.0031 135.739 0.0025 160.342 0.0020
176.777 0.0018 194.896 0.0016 214.873 0.0014
236.898 0.0012 261.180 0.0011 287.951 0.0010
317.466 0.0009 350.006 0.0008 385.881 0.0007
425.434 0.0006 469.041 0.0005 517.118 0.0005
570.123 0.0004 628.560 0.0004 692.987 0.0003
764.019 0.0003 842.331 0.0002 928.669 0.0002
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Table 6. Comparison of JWL parameters obtained using NLLS fitting and EXPLO5. Results for E0

are comparable.

Parameter NLLS (This Work) EXPLO5

A (GPa) 913.1 687.214

B (GPa) 14.54 13.842

C (GPa) 1.424 1.448

R1 4.810 4.516

R2 1.144 1.256

ω 0.288 0.294

E0 −10.492 −10.922

Er 0.028 0.005

The plot in Figure 3 shows, qualitatively, a good agreement between the results from
EXPLO5 and the described algorithm, being the isentropic pv data and the fitted curve
practically overlapping.

Figure 3. Plot of isentropic data from EXPLO5 and the 2 fitting procedures from the latter software
and the one presented in this work: qualitatively, the difference between the results is not appreciable.

4. Conclusions
The results presented in this study underscore the sensitivity of the JWL EoS parameter

fitting process to the choices of algorithm and parameter constraints. The non-uniqueness
of the fitting solution highlights the critical need for carefully imposed constraints, partic-
ularly at the Chapman–Jouguet (CJ) point, to ensure physically meaningful and accurate
parameters. Our detailed algorithm, which includes the explicit imposition of the CJ con-
straints and the separate treatment of the different terms in the JWL EoS, demonstrates a
robust approach to achieving reliable fits.

The sensitivity analysis from the open literature indicates that small variations in
the input data or initial parameter guesses can lead to significant differences in the fitted
parameters, emphasizing the importance of selecting appropriate ranges and constraints.
These findings suggest that the success of the JWL EoS fitting is highly dependent on the
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specific choices made during the fitting process, including the handling of data and the
definition of validity ranges for the parameters.

Additionally, it is important to recognize that the JWL EoS requires a constant
Grüneisen gamma. This assumption can be problematic, as real materials often expe-
rience phase transitions, such as the transition between diamond and graphite, which
introduce discontinuities and invalidate the constant gamma assumption. This further
complicates the fitting process and requires careful consideration when applying the JWL
EoS to materials undergoing such transitions.

Our comparative analysis with experimental data shows that, despite these sensitivi-
ties, the proposed algorithm can achieve high fidelity in modeling detonation phenomena
when applied judiciously. However, users of the JWL EoS must remain cognizant of the
potential for variability and the necessity of a methodical approach to parameter fitting.

By providing a clear and detailed methodology for JWL EoS parameter fitting, this
work contributes to the field by offering a more reliable and efficient approach to detona-
tion modeling.

In conclusion, this work provides a comprehensive methodology for the least-squares
fitting of the JWL EoS parameters, offering clarity and guidance for future applications. By
acknowledging and addressing the inherent sensitivities and potential for non-unique solu-
tions, this study enhances the precision and reliability of detonation modeling, contributing
valuable insights to the field.
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