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ABSTRACT
In the present paper, a review on the design curves for safe–life fatigue design is provided. The methodologies available in the 
literature for the assessment of the strain–life and stress–life design curves have been analyzed, focusing also on the industrial 
practice for the design of critical components. The low-cycle fatigue (LCF), high-cycle fatigue (HCF), and very high cycle fatigue 
(VHCF) life ranges have been considered in the analyses. Design curves should take into account the randomness associated 
with the material parameter estimation and model it in a probabilistic framework. The analyses carried out in the paper have 
shown that methodologies based on shifting the median curve or the best-fitting curve by a fixed safety factor or a safety factor 
dependent on the reliability and confidence targets are among the most used. On the other hand, in several research works, 
more complex statistical models and methodologies, for example, based on the maximum likelihood principle or the bootstrap 
approach, have been proposed but are less widespread because they require a more complex implementation. The strengths and 
the weaknesses of the investigated methodologies have been discussed, providing also indications on future research trends.

1   |   Introduction

The research on design methodologies against fatigue failures 
is fundamental for ensuring the safe use of structural compo-
nents. Indeed, fatigue failure is the most critical failure mode 
for components used in structural applications, with 50%–
90% of failures of components occurring due to fatigue [1–3]. 
Design against fatigue failure relies on material properties, 
dependent on the number of applied load cycles, which are es-
timated through experimental tests carried out according to 
International Standards [4–6]. It must be noted that the ASTM 
Standard E739 [4] has been recently withdrawn, but it has rep-
resented a reference standard for fatigue tests for many years. 
Fatigue tests are time consuming and expensive, and accord-
ingly, the information obtained should be efficiently exploited to 
assess the required material properties. The safe–life approach 
commonly employed for the design involves the estimation of 
the stress–life or the strain–life relationship, depending on the 

application, in order to assess the allowable stress (or strain) the 
component is expected to withstand during its in-service life. 
However, the experimental variability of fatigue results is quite 
high and should be properly modeled and accounted for to en-
sure a safe design of components used in industrial applications.

In the literature, several methodologies have been proposed to 
fit experimental data and to assess the stress–life (or the strain–
life) relationship [3, 7–9], even in a probabilistic framework. 
With these probabilistic models, the quantile associated with 
the stress– or strain–life curve can be estimated. Accordingly, 
high-reliability quantile curves can be considered to assess 
the allowable stress or strain to be considered for the design. 
However, this approach fails to account that the parameters 
that fit the experimental data with the considered model are 
not deterministic and depend on the sample, i.e., if another 
set of experimental tests is carried out, different parameters 
are estimated. The size of the confidence interval containing 
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the true parameter with a specified (generally larger than 
90%) level of confidence also depends on the number of avail-
able experimental data and tends to reduce as the number of 
data increases. However, the number of experimental fatigue 
data is generally limited, with possible large intervals for the 
parameters. For example, in [10], 6–12 specimens are rec-
ommended to be tested for preliminary and research develop-
ment tests, whereas 12–24 tests are recommended for design 
and reliability tests. As pointed out previously, high-reliability 
quantiles can be considered for the design, but the ASTM E739 
recommends avoiding estimations below the 0.05th quantile. 
Accordingly, for design purposes, the uncertainty associated 
with the estimation process should be necessarily accounted 
for. This step is fundamental for assessing the fatigue stress–
life or strain–life design curves. In industrial applications, 
different solutions have been proposed for the design curves, 
or for assessing the design point, depending on the specific ap-
plications and the indications of the International Standards 
[4–6, 11, 12]. One of the most widespread approaches is to 
shift the median or the best-fitting curve (stress–life or strain–
life curve) by a conservative factor, generally corresponding 
to two or three times the experimental standard deviation 
[10]. This conservative safety factor attempts to consider the 
estimation uncertainty, without modeling, however, the num-
ber of available data and a target reliability level. Other wide-
spread approaches overcome this weakness and are based on 
the assessment of the lower bound of a specific high-reliability 
quantile stress–life (or strain–life) curve. In this case, the de-
sign curve is generally denoted as the R�CxC curve, that is, 
the curve ensuring that, for each number of cycles to failure, 
there is a (1 − �)% failure probability (being � the reliability 
target) with xC% confidence level. This curve represents the 
lower bound of the (1 − �)th quantile fatigue curves. Several 
methodologies have been proposed in the literature to as-
sess the lower bound of high-reliability quantile strain–life 
or stress–life curves, estimated for example according to the 
“approximate Owen tolerance limit” [10, 13, 14] or with meth-
odologies based on the maximum likelihood principle (MLP) 
or the likelihood ratio confidence interval (LRCI) [8, 15]. The 
choice of the initial model for fitting the data is also funda-
mental for a proper assessment of the design curves [8, 15–17], 
as well as taking into account the uncertainty associated 
with the applied load for assessing the design point [18, 19]. 
According to these analyses, the research on the statistical 
models for the fatigue design curves is currently of utmost im-
portance and relevance for industrial applications, because a 
balance between ensuring a conservative safety margin even 
with respect to anomalous low-amplitude failures and an 

effective, not overconservative fatigue design is fundamental 
and should be based on the experimental data and appropriate 
statistical models.

In the present paper, a review on the models and methodologies 
available in the literature for the assessment of the fatigue de-
sign curves is provided. After introducing the organization of 
the paper, the models for the strain–life and stress–life design 
curves are described, considering the low-cycle fatigue (LCF), 
the high-cycle fatigue (HCF), and the very high cycle fatigue 
(VHCF) life ranges. Finally, a discussion on the available meth-
odologies and the current trend of the research on this subject 
has been carried out. This review aims to analyze models cur-
rently employed in industrial applications and research models, 
to highlight their strengths and weaknesses and pointing out 
possible criticalities in this research field. This review could 
moreover guide the choice of the appropriate methodology, 
available in International Standards or in research papers, or 
represent a starting point for future research.

2   |   Strain–Life and Stress–Life Fatigue Design 
Curves: General Considerations

In this section, indications on the organization of the paper 
and the notation used in this review are provided. The main 
classification of the literature models is based on the type of 
tests, that is, strain-controlled (Section 3) and stress-controlled 
(Section  4) fatigue tests. The second classification, on the 
other hand, is based on the investigated life region. Section 4.1 
focuses on the HCF life region, whereas Section  4.2 focuses 
on the VHCF life region, considering also the influence of de-
fects on the design curves. The third classification criterion 
is the chronological order. A section dedicated specifically to 
the LCF life region is not reported, since strain-controlled fa-
tigue tests are generally carried out to investigate the LCF life 
range, with high applied stress inducing severe plastic defor-
mations. However, strain–life tests can be also carried out to 
investigate longer fatigue life regimes. Accordingly, the reader 
is referred to Section 3.1 for models specifically developed for 
the LCF range.

In the literature, different notations have been used to indi-
cate the same quantities. However, for the sake of clarity, we 
have tried to uniform as much as possible the notations used 
in different papers. Firstly, the upper case has been used for 
indicating a random variable (r.v. in the following), whereas 
the lower case has been used when the random variable 
equals a specific value, that is, the determination of the ran-
dom variable. The number of cycles to failure has been indi-
cated with nf , with y = log10

(
nf
)
. The applied stress amplitude 

and the maximum stress are indicated with sa (x = log10
(
sa
)
) 

and with smax, respectively. � refers to the applied strain, with 
x� = log10(�). Maximum likelihood has been moreover abbre-
viated as ML.

In the methodologies developed in the literature, the “approxi-
mate Owen tolerance limits” are largely employed. Accordingly, 
this method is worth to be introduced, with further details pro-
vided in the following sections. Owen [20] has carried out a 
systematic review on the use of tolerance limits in engineering 

Summary

•	 The models for the fatigue design curves for industrial 
applications are reviewed.

•	 The methods involving a shift of the median curve are 
the most widespread.

•	 The maximum likelihood principle for the parameter 
estimation is recommended.

•	 The research should also focus on the design curves in 
the VHCF life range.
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practice, which can be adopted also for fatigue analysis. The 
tolerance limits proposed by Owen [20] are computed, for the 
required tolerance level, at the investigated stress/strain levels, 
by shifting the median curve estimated from the experimental 
data k�,� ,n,�d∕sa,d ,�∕sa times the estimated standard deviation. The 
k�,� ,n,�d∕sa,d ,�∕sa factor depends on the selected reliability, �, and 
confidence levels, �, on the number of experimental data, n, on 
the specific strain/stress level, �∕ sa, and on the distribution of 
the stress/strain data, �d ∕ sa,d. Accordingly, k�,� ,n,�d∕sa,d ,�∕sa is not 
constant over the strain/stress amplitude values, with a hy-
perbolic trend with variable distance from the median curve. 
According to [21], the analytical computation of the design 
curve with this method can be rather complex and a design 
curve with one k�,� ,n,�d∕sa,d ,�∕sa factor averaged over the stress/
strain range would be easier to derive in the industrial practice. 
The design curve based on a constant k�,� ,n,�d∕sa,d ,�∕sa factor is 
called in [21] the “approximate Owen curve,” being only depen-
dent on the reliability, confidence levels and data numerosity, 
and has been largely employed for strain–life and stress–life 
design curves, as detailed in Sections 3 and 4. Figure 1 com-
pares an example of design curves estimated with the Owen 
method [20] and with the approximate Owen tolerance limit 
method [22].

According to Figure 1, the approximate design curve tends to 
deviate from the Owen tolerance limit curve at high- and low-
stress values, ensuring however a good approximation while 
simplifying the computation.

It must be noted that Figure 1 schematically shows the stress–
life design curve obtained with the approximation of the Owen 
approach. However, this approach can be also extended to the 
strain–life approach, by using similar factored coefficients, as 
reported in Section 3 and proven with examples and a thorough 
experimental validation.

3   |   Strain–Life Fatigue Design Curves

This section focuses on the models for the assessment of the 
design strain–life fatigue curve. In general, strain-controlled 

experimental tests are carried out to investigate the LCF life 
range, with high applied stresses above the yield strength and 
inducing severe plastic deformations in the specimen. However, 
experimental data can be also collected at a higher number 
of cycles, in the HCF life region, with also runout data  [13]. 
Therefore, the statistical models and the corresponding design 
curves should also account for the variation of the experimen-
tal slope due to the transition from fatigue damage induced by 
severe plastic deformations (LCF life range) and fatigue damage 
occurring in the elastic range (HCF). The Coffin–Manson and 
Morrow equation  [6, 10, 13, 23–27], modeling the relationship 
between the total applied strain amplitude and the fatigue life, 
�t, and nf , is largely employed for the analysis of strain–life data:

being �e the elastic deformation, �p the plastic deformation, �′
f
 

the fatigue strength coefficient, b the fatigue strength exponent, 
E the material Young's modulus, �′

f
 the fatigue ductility coef-

ficient, and c the fatigue ductility exponent. Accordingly, four 
unknown parameters are to be estimated from the experimental 
data. This equation has been largely employed in the literature, 
proving its effectiveness in fitting data obtained through strain-
controlled tests, and is considered in several models for the fa-
tigue design curves.

This section has been divided into subsections for the sake of clar-
ity. In particular, the first section (Section 3.1) reports papers whose 
main approach is to shift the median curve by a conservative fac-
tor, with the assumption that the experimental data are normally 
distributed. This approach has been adopted by considering the 
strain–life trend described by the Coffin–Manson equation or by 
interpolating the experimental data with the best-fitting model. 
An important classification for these methods can be found in [28].

Section 3.2 describes the “generalized lifetime model” and the 
log-normal format for failure probability, aiming at defining a 
conservative safety margin in the design stage. Section 3.3, on 
the other hand, combines statistical methodologies with finite 
element (FE) analyses. Finally, Section  3.4 describes a proce-
dure, based on the likelihood ratio confidence bound (LRCB), 
for the estimation of the design curves.

3.1   |   Design Curve With a Conservative Shift 
of the Median Curve

In [28], the main approaches developed in the literature are 
classified into two groups, that is, the “tolerance interval” 
and the “equivalent prediction interval” (EPI). Even if this 
paper was written many years ago, that is, in 1983, approaches 
developed or employed later can be included within this 
classification.

The tolerance limit method is based on the concept of “linear fail-
ure trajectories.” Each data point is crossed by a fatigue curve, 
the so-called failure trajectory, assumed parallel to the median 
curve. The failure trajectory associated with the median curve, 
therefore, defines the fatigue response of other experimental 
failures tested at different stress levels. These assumptions allow 

(1)�t = �e + �p =
��
f

E

(
2nf

)b
+ ��

f

(
2nf

)c
,

FIGURE 1    |    Schematic comparison between the Owen method [20] 
and the approximate Owen tolerance limit method [22]. [Colour figure 
can be viewed at wileyonlinelibrary.com]
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to easily compute the design curves, with limited computational 
efforts. The tolerance limit at any stress level can be obtained 
according to Equation (2):

being k�,� the tolerance factor, generally tabulated, � the reliabil-
ity level, � the confidence level, s the estimate of the standard 
deviation, and ŷ the least square estimate of y0, that is, the ex-
pected value of Y  for a specific logΔ�. k�,� has been considered 
constant or dependent on the reliability and confidence levels, as 
detailed in the following, depending on the application and the 
specific industrial practice.

The EPI has been proposed in Wirsching and Hseih [29]. 
According to this method, an equivalent constant standard de-
viation of Y , �0, can be defined according to Equation (3):

being g(n, �) ≥ 1 a corrective factor for the standard deviation 
accounting for the uncertainty associated with the constant co-
efficients of the linear regression. Practically, a linear model is 
considered to fit the data, with an enlarged value of the standard 
deviation, so that the median curve is shifted downward.

Within the first group defined in [28] can be included method-
ologies that have been largely employed for specific industrial 
applications. For nuclear applications, the ASME code  [30] 
suggests shifting the curve ensuring the best fit of the ex-
perimental data by a safety margin of 20 by considering the 
number of cycles to failure or by a factor of 2 by considering 
the strain amplitude. This simplified approach aims at con-
servatively considering/modeling the uncertainty associated 
with the material and loading condition. However, according 
to [31], this approach does not take into account environmen-
tal effects and, in particular, the influence of the light water 
reactor coolant, which has a significant influence on the fa-
tigue response in this application. According to [31], the fa-
tigue life in water with respect to the fatigue life in air can be 
12 times smaller for austenitic stainless steels, 3 times smaller 
for Ni–Cr–Fe alloys, 17 times smaller for carbon and low-alloy 
steel. The influence of the reactor coolant on the fatigue life 
is accounted for with a corrective factor, Fen, defined as the 
ratio between the life in air at controlled room temperature 
and the fatigue life in water in service temperature. In [31], 
different formulations retrieved from the literature and based 
on tabulated coefficients are proposed for the computation of 
the factor Fen, dependent on the material (e.g., carbon steel and 
low-alloy steel). Practically, the proposed Fen can be integrated 
into the approach proposed in the ASME code.

In particular, in [31], the authors also analyze the design curves 
estimated according to the ASME code to show the importance 
of taking into account the environmental condition, whose in-
fluence depends also on several factors (like materials, strain 
rate, and temperature). The model reported in Equation (4) has 
been used for fitting the experimental data:

According to Equation (4), the strain–life curve ends with an as-
ymptotic trend [31, 32], differently from the model used in [28]. 
The Coffin–Manson and Morrow equation has not been used in 
the above-analyzed papers, but a linear model or the model in 
Equation (4) in a bilogarithmic strain–life plot has been consid-
ered, without discriminating between the plastic and the elastic 
deformation contribution.

In [13], the design curves are, on the other hand, assessed by con-
sidering the Coffin–Manson and Morrow model. In particular, the 
strain–life curves for the plastic and the elastic range are estimated 
through the application of the least square method. Thereafter, the 
elastic and plastic strain–life design curves are obtained with the 
approximate Owen tolerance limit, that is, by shifting the median 
curve by a factor obtained by multiplying the standard deviation 
for the k-factors for the approximate Owen tolerance limits, re-
ported in [13], dependent on the dataset numerosity, the confidence 
and the reliability levels. The plastic and elastic strain–life design 
curves are finally combined, according to Equation (1), to obtain 
the trend for the total strain amplitude with respect to the number 
of cycles to failure. This approach is effective, because it accounts 
for the dataset numerosity and the estimation uncertainty, and it 
has been validated on different steels [13, 33].

In [14], different approaches for the design curves are compared. 
The first one is called the “deterministic approach,” for which 
the estimators of the constant coefficients are assumed as the 
true values and the k�,� factor in Equation (2) is assumed con-
stant and equal to 2 or 3, that is, the median curve is shifted by 
two or three standard deviations. The second one is the “1d tol-
erance interval,” with the k�,� factor in Equation (2) correspond-
ing to the factor for a one-sided tolerance limit for a univariate 
normal distribution [21]. According to [21], this method can 
be used only when samples are tested at a unique stress level, 
but it has also been employed for two-dimensional regression. 
The third one is the method based on the approximate Owen 
tolerance limit, described in Section 2 and recalled in [13]. The 
fourth method is based on the “prediction interval,” a probabilis-
tic band including at the specific confidence level the fatigue life 
in future experiments. This approach accounts for the uncer-
tainty of the estimators and the variability associated with the 
future predictions, justifying why the prediction bands are gen-
erally wider than the confidence band. For the design curves, 
the prediction interval can be computed as

being t1−�;n−2 the (1 − �)th quantile from the t-Student distribu-
tion with n − 2 degrees of freedom and 

⋅
 indicating an average 

value. According to Equation  (5), the design curves obtained 
with this method follow a hyperbolic trend, because they are 
dependent on � and therefore have not been investigated in the 
analyses carried out by the authors. The EPI method, described 
at the beginning of this section, has been also recalled in [14] 
and considered in the comparison.

The design strain amplitudes, obtained through tests on CuAg 
alloy specimens for thermomechanical applications at differ-
ent temperatures (room temperature, 250°C, and 300°C) and 

(2)log nf = ŷ − k�,� ⋅ s,

(3)�0 = s ⋅ g(n, �),

(4)�a = b ⋅ n−�
f

+ a.

(5)kpred = t1−�;n−2 ⋅

�
1 +

1

n
+

(�−�)2∑n
i=1(�−�)2

,
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computed with the described methods at the reversal to failure 
2Nf = 2 ⋅ 105 cycles, have been compared. Table  1 reports the 
ratio between the design strain amplitude (�d) at 1% failure prob-
ability and with a confidence level of � = 90% and the strain am-
plitude computed at � = 50% (�50%).

According to Table 1, the deterministic approach provides the 
least conservative design strain, with about a 12% difference 
with respect to the Owen method, which is, on the other hand, 
the most conservative approach. The difference between the 
EPI, the 1d tolerance interval and the approximate Owen method 
is, however, limited and smaller than 3%. Accordingly, it can be 
concluded that these three methods provide similar results and 
can be equivalently employed.

3.2   |   Generalized Lifetime Model and Log-Normal 
Format for Failure Probability

More recently, rather than focusing on the factor for shifting the 
median curve given a reliability or confidence level, researchers 
have focused their attention on the statistical distribution of the 
fatigue life or the strain amplitude, to subsequently derive the de-
sign curves. For example, in [34], the confidence bounds for the 
median curve are estimated, showing that the mean square error 
(MSE) should be considered preferentially for their estimation. 
The model used in [34] is called the “generalized lifetime model,” 
and the lifetime cumulative distribution function (cdf) (F(t|L)) 
can be expressed with a Weibull distribution, according to the fol-
lowing equation:

being �, �, and � constant coefficients to be estimated from the 
experimental data and L a time-dependent load function (gener-
ally assumed constant and dependent on the strain amplitude). 
The confidence interval for the median curve has been also 

estimated, but no indications for the confidence intervals asso-
ciated with a high-reliability quantile are provided.

The objective of the research activity in Beretta et al. [18] was to de-
fine a safety margin for components, like turbine blades, subjected 
to fatigue loads in the LCF life range. The authors pointed out that 
the safety margin and the design points cannot be defined only by 
considering the variability associated with the material resistance, 
but the scatter associated with the load in service conditions must 
be also accounted for. The starting model is the Coffin–Manson 
and Morrow relationship (Equation 1), with log10

(
Nf

)
 assumed to 

follow a normal distribution. Thereafter, the statistical distribution 
of �t and a simple format for the computation of the failure proba-
bility of parts subjected to failures in the LCF life range has been 
developed. In particular, with a first-order approximation (FOA) 
and by considering the applied stress following a normal distri-
bution, the total strain amplitude has been assumed to follow a 
log-normal distribution. Similarly, the fatigue life has been shown 
to follow a log-normal distribution. Accordingly, the probability of 
failure Pf  of a component has been defined in [18] as

being Pr the notation used for “probability,” � the normal cdf, 
�log(Nf ) and �log(Nf ) the parameters of the distribution of the fa-
tigue life Nf .

By considering the design of a component subjected to a strain 
amplitude �̂ for a design life n̂f , the probability of failure has 
been also defined as:

being �R the strain resistance at n̂f . Under the FOA approxima-
tion, log10

(
�R
)
 can be approximated with a normal distribution, 

with parameters depending on the number of cycles to failure. 
Because log10

(
�R
)
 and log10(�) have been assumed normally dis-

tributed, the probability of failure becomes

being �log(�r) and �log(�̂) the mean values of the distribution of 
log

(
�r
)
 and log

(
�̂
)
, respectively, and �log(�r), �log(�̂) the standard 

deviations of log
(
�r
)
 and log

(
�̂
)
, respectively. The methodology 

and the feasibility of the FOA approximation have been success-
fully validated by considering two experimental databases and 
through Monte Carlo simulations. Finally, the log-normal distri-
bution for failure probability has been exploited for assessing the 
design point (n̂f , �̂ corresponding to a target failure probability), 
according to Figure 2. Figure 2a plots the definition of design 
point, whereas Figure 2b focuses on the safety factor.

According to Figure 2a, the distance between the two mean val-
ues of �̂ and �R is equal to � ⋅

√
�2
log(�r)

+ �2
log(�̂)

, with mean ratio:

(6)F(t|L) = 1 − e−{−[�⋅(Δ�)
�
⋅t]

�
},

(7)Pf = Pr
[
Nf < �nf

]
= 𝜙

(
�nf − 𝜇log(Nf )

𝜎log(Nf )

)
,

(8)Pf = Pr
[
�𝜀 > 𝜀R

]
= ∫

∞

0

f�𝜀(𝜀) ⋅ F𝜀R (𝜀) ⋅ d𝜀,

(9)Pf = Pr
�
�𝜀 > 𝜀R

�
= 𝜙

⎛⎜⎜⎜⎝

𝜇log(𝜀r) − 𝜇log(�𝜀)�
𝜎2
log(𝜀r)

+ 𝜎2
log(�𝜀)

⎞⎟⎟⎟⎠
,

TABLE 1    |    Comparison between the methodologies for the design 
curve proposed in the literature and investigated in [14].

Test type Approach �d

�50%

Room temperature Deterministic approach 77%

EPI 68%

1d tolerance interval 66%

Owen method 65%

250°C Deterministic approach 79%

EPI 69%

1d tolerance interval 68%

Owen method 66%

300°C Deterministic approach 82%

EPI 72%

1d tolerance interval 72%

Owen method 70%
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with � being the safety margin. The safe–life n̂f  can be computed 
for a specific probability level and for the �̂ value applied in ser-
vice conditions, or it can be computed iteratively to obtain the 
desired � value. According to Figure 2b, a partial safety factor 
�F (indicated with YF in the figure) can be also computed, for 
example, by considering the 0.1% percentile (� − 3 ⋅ �) curve ac-
cording to Equation (11):

An example of the proposed method is reported in Figure  3, 
obtained through tests on ferritic–martensitic 12%Cr steel 

at T = 500°C. In the figure, the CVŜ value is the coefficient of 
variation of the applied stress, accounting for the variability 
associated with the applied stress and modeled with a normal 
distribution in [18]. The design point has been computed for a 
safety margin � = 3.8, corresponding to a probability of failure 
of 7 ⋅ 10−5, characteristic of “safety critical components.” The au-
thors concluded that, for different steels, the typical safety fac-
tors are in the range [1.15–1.6], pointing out that in the plastic 
regime, the safety factor should be increased, due to the higher 
experimental scatter.

3.3   |   Statistical Modeling and FE Analyses

In [19], the procedure developed in [18] has been extended, fo-
cusing on the multiaxial LCF design, which typically occurs in 

(10)
�log(�r)

�log(�̂)
= e

�
�⋅
√

�2
log(�r )

+�2
log(�̂)

�
,

(11)�F = e

[(
�log(�r )−3⋅�log(�r )

)
−�log(�̂)

]
.

FIGURE 2    |    Design methodology in [18] at a target reliability level: (a) definition of design point (being �F the safety factor, according to 
Equation 11) and (b) design curve by exploiting the safety factor concept. Reprinted with permission from Elsevier. [Colour figure can be viewed at 
wileyonlinelibrary.com]

FIGURE 3    |    Experimental validation of the procedure proposed in [18]. Reprinted with permission from Elsevier. [Colour figure can be viewed 
at wileyonlinelibrary.com]
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notched parts. In particular, the authors pointed out that the 
elastic–plastic behavior of components is generally modeled and 
simulated by considering deterministic material parameters ob-
tained with controlled experimental tests. Accordingly, the pro-
cedure in [19], based on commercial numerical and simulation 
software, like Matlab and Ansys, accounts for the material vari-
ability as input and is based on a probabilistic FOA model [18]. 
The developed procedure is summarized in Figure  4 and has 
been validated on notched specimens.

According to Figure 4, a structural model of the notched compo-
nent is created, together with the distribution of the material pa-
rameters and the variability associated with the load, computed 

according to load spectrum analysis. Thereafter, an iterative 
process is set, with the random generation of 103 populations of 
material parameters and loads. For the ith iteration, the cyclic re-
sponse and the corresponding scatter are assessed, with a subse-
quent curve fitting with the Chaboche and Fatemi–Socie model. 
The objective of this step is the parameter identification. Then, a 
nonlinear FE model of the notched component is defined to assess 
the element with the maximum Fatemi–Socie equivalent shear 
strain amplitude and the critical plane with the Fatemi–Socie cri-
terion. The corresponding number of cycles to failure is assessed 
with the Manson–Coffin and Morrow equation modified by con-
sidering the Fatemi–Socie criterion and the equivalent shear strain 
amplitude. A second iterative process based on the 103 samples to 

FIGURE 4    |    Flow chart of the procedure developed in [19] for the analysis of the LCF response under multiaxial loads. Reprinted with permission 
from Elsevier. [Colour figure can be viewed at wileyonlinelibrary.com]
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assess the influence of the material and load variability on the cy-
clic stress–strain and strain–life behavior of the investigated com-
ponent is set. The cyclic stress–strain response, the life scatter, and 
the safety factors under multiaxial LCF design are obtained at the 
end of this procedure, with the probability of failure, computed 
with FOA, and the design point at the selected reliability finally 
assessed. With the FOA, the probability of failure can be computed 
according to Equation  (9) (defined in [18]), by considering the 
equivalent shear strain amplitude �a,eq in place of the strain am-
plitude. For details on the implementation procedure, the reader 
is referred to [19].

Figure 5 plots the equivalent shear strain amplitude, �a,eq, with re-
spect to the number of cycles to failures for data points obtained 
by considering the properties of a 9CrMo steel at a temperature 
of 550°C, with increasing safety factors � f , for a CVS = 0.1 and a 
safety margin � equal to 3.8 for the design point. According to 
Figure 5, the safety factor is between 1.9 and 2.5, with simulated 
failures at a safety distance from the design points.

3.4   |   LRCB for the Design Curve

Finally, in [35], the statistical distribution of the total strain 
amplitude and the fatigue life is analytically obtained, starting 
from the Manson–Coffin and Morrow model, and the design 
curves are obtained as the LRCB of a high-reliability quantile. 
A log-normal distribution has been assumed for the total strain 
and for the elastic strain, showing that the plastic strain can be 
considered also approximately log-normal. The cdf of the elastic 
strain, FEe

(
�e;�e, �e

)
, has been defined as

being �G( ⋅ ) the standardized normal cdf and ae and be con-
stant coefficients to be estimated from the experimental data. 

Similarly, the cdf of the plastic strain, FEp
(
�p;�p, �p

)
, has been 

defined as

being ap and bp constant coefficients to be estimated from 
the experimental data. From Equations  (12) and (13), and 
with the passages defined in [35], the cdf of the fatigue life, 
Fnf |Et

(
�t ;�t

(
nf
)
, �t

(
nf
))

 for a given total deformation, �t, is 
obtained:

being �t
(
nf
)
 and �t

(
nf
)
 the mean and the standard deviation of 

the cdf of the fatigue life. According to [35], �t and �t depend 
on the constant parameters in the Manson–Coffin and Morrow 
model (Equations 12 and 13). The probability density function 
(pdf, f nf |Et

(
�t ;�t

(
nf
)
, �t

(
nf
))

) of the fatigue life has been also 
obtained analytically. Accordingly, given the cdf and the pdf 
of the distribution, the parameter estimation can be computed 
by applying the MLP, to consider both failure and runout data, 
which are neglected with other methodologies based on the least 
square method [13]. The procedure for parameter estimation is 
summarized in Figure 6. In the figure, the notation 

⋅̃
 indicates 

an estimate of the specific parameter, L[�] is the Likelihood 
function, with � the vector of the parameters to be estimated, n 
is the number of failures, nr is the number of runout data, if  and 
j are the counter for the number of failures and runout data, and 
n∗
f
 is the runout number of cycles.

According to Figure 6, the slope and the intercept for the elastic 
(ae and be) and plastic (ap and bp) ranges are estimated through 
a linear regression by considering the trend of the elastic and 
plastic data, respectively, with respect to the fatigue life. �e,p 

(12)

⎧
⎪⎪⎨⎪⎪⎩

FEe
�
�e;�e, �e

�
=�G

�
ln
�
�e
�
−�e

�e

�
,

�e = ln

�
��
f

E

�
+b ln

�
2nf

�
=ae+beln

�
nf
�
=ae+bey,

(13)

⎧⎪⎪⎨⎪⎪⎩

FEp
�
�p;�p, �p

�
=�G

�
ln
�
�p
�
−�p

�p

�
,

�p= ln
�
��
f

�
+cln

�
2nf

�
=ap+bpln

�
nf
�
=ap+bpy,

(14)

Fnf |Et
(
�t ;�t

(
nf
)
, �t

(
nf
))

= FNf |�t
(
nf ; �t

)
= �G

(
ln
(
�t
)
− �t

(
nf
)

�t
(
nf
)

)
,

FIGURE 5    |    Equivalent shear strain amplitude with respect to the number of cycles to failure in [19] to validate the developed procedure. Reprinted 
with permission from Elsevier. [Colour figure can be viewed at wileyonlinelibrary.com]
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is the correlation coefficient between the experimental elastic 
and plastic strain amplitudes. Given the coefficients describ-
ing the linear trend in the elastic and in the plastic range and 
the correlation coefficients, the standard deviations for these 
two ranges are the only unknown values. They are estimated 
by applying the MLP, that is, by maximizing the Likelihood 
Function, L[�]. In particular, the unknown standard devia-
tion parameters contained in the � vector are iteratively var-
ied within an optimization process in order to maximize the 
likelihood function.

Finally, the design curves are estimated as the LRCB of a 
high-reliability quantile strain–life curve. In particular, for 
each nf  in the range of interest, the lower bound of the selected 
quantile at the �% reliability level, �t,�, is obtained by solving 
Equation (15):

where PL
[
�t,�

]
 is the profile likelihood function, L

[
�̃

]
 is the 

likelihood function computed for the set of parameters 
�̃ estimated according to the procedure in Figure  6, and 
�2

(
1; 1 − � th

)
 is the 

(
1 − � th

)
th quantile of a chi-square distri-

bution with 1 degree of freedom. This procedure involves mul-
tiple optimizations and an iterative procedure that has been 
detailed in [35].

The approach in [35] has been validated by considering literature 
data obtained by testing different steels. In particular, Figure  7 
compares the design curves estimated with the method proposed 
in [13], based on the approximate Owen tolerance limit and de-
scribed previously, and the method in [35]. Figure 7 plots the data 
for a SAE 1137 steel and for an SAE D4512 steel. In the figures, R50 
and R90 refer to the 0.5th and 0.1th percentile strain–life curves, 
ML refers to “maximum likelihood,” [9] corresponds to [13] in the 

present paper, and LRCB refers to the design curve estimated with 
the method proposed in [35].

According to Figure  7, the two methodologies provide simi-
lar results, with the design curves characterized by very sim-
ilar trends. The procedure defined in [35] can be used as an 
alternative to those already available in the literature and can 
also consider runout data, which are neglected with the other 
methodologies.

To conclude, in the literature, there are many available ap-
proaches for the strain–life design curves, developed for specific 
industrial applications. The most widespread method is the one 
based on shifting the median curve by a safety factor that multi-
plies the standard deviation and depends on the reliability, con-
fidence levels, and dataset numerosity. This factor is generally 
tabulated and can be easily obtained. The model for the strain–
life trend can be a simple linear model allowing the best fit of 
the experimental data [28] or the Manson–Coffin and Morrow 
model [13, 14]. More recently, the research has focused on the 
statistical distribution of the fatigue life to define the design 
points, the safety factors, and the design curves. These models 
can be more accurate, since, for example, can take into account 
the randomness associated with the applied strain or the mate-
rial strength, or can consider runout data, but require a more 
complex implementation.

4   |   Stress–Life Fatigue Design Curves: HCF and 
VHCF Life Ranges

This section focuses on the models for the design curves in 
longer life ranges, that is, in the HCF and the VHCF life re-
gions, mainly investigated through stress-controlled tests 
because the applied stress is significantly below the material 
yield stress. Section 4.1 is about the design curves in the HCF 
life range, whereas Section 4.2 focuses on the design curves 

(15)PL
[
�t,�

]
=
max

�2

[
L
[
�t,� , �2

]]

L
[
�̃

] ≥ e−
�2(1;1−�th)

2 ,

FIGURE 6    |    Procedure for parameter estimation defined in [35] and based on the maximum likelihood principle. [Colour figure can be viewed at 
wileyonlinelibrary.com]
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in the VHCF life ranges and with failures originating from 
defects.

4.1   |   Stress-Controlled Fatigue Tests: HCF 
Life Ranges

In this section, the design curves for data collected in the HCF 
life range, that is, above 103–104 cycles and below 107 cycles, 
with stress-controlled fatigue tests are reviewed. In this life 
regime, the probabilistic-S–N (P-S–N) curves generally show 
a linearly decreasing trend, described with a power law func-
tion (i.e., the widely known Basquin model). However, de-
pending on the material, they may show an asymptotic trend 
above 106 cycles, the so-called fatigue limit. This behavior 
should be properly modeled with a high degree of reliability 
and confidence level, especially for design purposes. Indeed, 
the assumption of an asymptotic trend should be confirmed 
by the experimental data to prevent a nonconservative design, 
depending on the applications and the number of cycles the 
component is expected to withstand. Indeed, the concept of 
fatigue limit has been put under question by experimental re-
sults investigating the VHCF life range [36–38], with the con-
ventional asymptote corresponding to the fatigue limit being 
considered as a transition stress between surface failures, 
typical of the HCF life range, and internal failures, typical of 
the VHCF life range. However, if the component in service 
condition is not expected to have a fatigue life in the VHCF 
life range and is not subjected to low-amplitude stress, for ex-
ample, induced by high-frequency vibrations, a model with 
a monotonically decreasing trend and a fatigue limit can be 
considered and is largely employed in industrial application 
for the design of steel components. For materials like cast 
aluminum alloys, which do not show an asymptotic trend but 
a change of the slope of the linear trend, the FKM guideline 
provides indications on the slopes, equal to 5 before the knee 
point at 106 cycles and to 15 above the knee point. These trends 
and slopes have to be however verified and depend on the 
manufacturing processes, as demonstrated in [39].

This section has been divided into subsections, with the main 
approaches available in the literature grouped and classi-
fied for better clarity. Two main groups have been identified. 
Within the first group (Section 4.1.1), the approach based on a 
separate estimation of the linear decreasing trend in the finite 
life range and of the HCF limit has been analyzed. The design 
curve is finally estimated by shifting the median curves by a 
factor obtained as the product of a tabulated factor, dependent 
on the dataset numerosity, and the standard deviations. The 
second group (Section  4.1.2) includes the approaches ensur-
ing the continuity between the finite life range and the HCF 
life ranges. The design curves are thereafter estimated with 
different methodologies, like the LRCB or the bootstrap ap-
proach. It must be noted that this subdivision is not strict, for 
example, the approach developed in [40] has been included 
within the second group, but it could be considered appropri-
ate also for the first group. However, in authors' opinion, this 
is a clearer classification.

4.1.1   |   Finite Life Linear Trend and HCF Limit: Shift 
of the Median Curve

For experimental data showing a linearly decreasing trend ending 
with an asymptote, the most used approach is the one reported in 
[10]. In particular, the fatigue limit is estimated with the staircase 
approach [10, 41], a popular methodology aimed at assessing the 
fatigue strength at a number of cycles to failure corresponding to 
the runout number of cycles. An asymptotic trend is generally as-
sumed at a stress amplitude equal to the fatigue strength estimated 
with the staircase. Very briefly, with a staircase, the test campaign 
is started after a careful selection of the step d, which has to be as 
close as possible to the fatigue limit standard deviation, and the 
runout number of cycles. After the first test, the applied stress am-
plitude is increased or decreased by a stress amplitude step cor-
responding to the step d. If the test has ended with a runout, the 
subsequent test is carried out by increasing the applied stress am-
plitude by the step d. If the test has ended with a failure, the subse-
quent test is carried out by decreasing the applied stress amplitude 

FIGURE 7    |    Comparison between the design curve estimated in [35] (yellow curves) and in [13] (blue curves): (a) SAE 1137 steel and (b) SAE 
D4512 steel. [Colour figure can be viewed at wileyonlinelibrary.com]
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by step d. This procedure is repeated until an appropriate num-
ber of tests has been obtained, generally corresponding to 15 tests 
[3, 41]. The median fatigue limit and the standard deviation are 
obtained according to the formulation reported in [10] and based 
on the least frequent event (failure or runout). For a proper applica-
tion of the method, the number of failures and runout data should 
be similar. These formulations have been originally developed for 
different applications in [42, 43] by applying the ML principle. Due 
to its straightforward and simple procedure, the staircase method 
is largely employed in industrial applications, even if it involves a 
nonnegligible testing effort and can be time consuming, especially 
if the testing frequency is low, and because tests should be carried 
out sequentially. According to [10], the lower bound of the fatigue 
limit, sl,R�CxC, is computed with the one-side lower bound tolerance 
limit k factor for a normal distribution [44]:

being �xl the median value of the fatigue limit and �xl the cor-
responding standard deviation. The k value is assessed by con-
sidering the required reliability and confidence levels and the 
numerosity of the least frequent event.

In the BS ISO [5] International Standard, a “modified staircase 
approach” is proposed, with a reduced number of valid speci-
mens to be tested, provided that the standard deviation of the 
fatigue limit is known. The sequential approach considered for 
the staircase is the same and a minimum of six specimens is re-
quired. The lower value of the fatigue limit can be obtained by 
considering Equation (16) and the tables reported in the BS ISO 
[5] International Standard. However, the standard deviation of 
the fatigue limit is generally not known before the experimental 
tests and can be hardly reliably guessed from available literature 
data. Therefore, this approach should be employed with caution.

For the finite life range, modeled with a linearly decreasing trend 
in the log–log S–N plot, the most used approach to assess the lower 
bound design curve and suggested in [10] is based on the concept 
linear failure trajectories described in Section 3. According to [10], 
the constant coefficients describing the linear trend are estimated 
through the application of the least square method. The lower 
bound design curve is obtained with Equation (17):

being �Y
(
sa
)
 and �Y  the median value and the standard devia-

tion of the number of cycles to failure, respectively, at a specific 
applied stress amplitude and kY  a multiplicative safety factor. In 
industrial applications, kY  is generally chosen equal to 2 or 3, 
that is, the stress–life median curve is shifted by a factor equal 
to two or three times the standard deviation. This approach, de-
spite its simplicity, does not account for the required reliability, 
confidence level, and dataset numerosity. Accordingly, to model 
the uncertainty associated with the parameter estimation with 
the least square method, the method reported in the ASTM1998 
Standard [4] and the approximate Owen one-side tolerance 
limit method are largely employed. The ASTM1998 Standard 
[4], however, provides indications only on how to estimate the 
double-side confidence interval for the median curve, but this 
may not ensure the required reliability level for the design of 

components. The approximate Owen one-side tolerance limit 
approach, on the other hand, provides the lower bound at the re-
quired confidence level, for each quantile curve, as already dis-
cussed in Section 3. The kY  value for shifting the median curve 
at the required reliability and confidence levels can be obtained 
from the formulations reported in [33] or through tabulated val-
ues [10]. The transition point between the finite life range and 
the infinite life range is obtained as the intersection between the 
finite life curve and the fatigue limit horizontal line.

This method, which requires a separate estimation of the lower 
bound of the fatigue limit and of the linearly decreasing trend, is 
easy and straightforward, justifying its wide diffusion in the in-
dustrial practice [10]. On the other hand, the separate estimation 
may not ensure the continuity of the curve, especially if signifi-
cantly different scatters are observed in the finite and the infinite 
life ranges. Moreover, the sharp transition between these two 
trends is not physical, with the experimental data characterized 
by a smoother trend when approaching the fatigue limit. Another 
concern with the application of this approach is that the data con-
sidered for the staircase (and the runout data) are generally not 
considered for the estimation of the design curve in the finite life 
range, even if they contain important information. Moreover, with 
the staircase approach, a large number of runout data has to be 
obtained (e.g., with 15 valid tests, seven or eight runout data are 
expected), significantly increasing the testing time, as discussed 
in [8].

Figure  8 shows an example of S–N curves estimated with an 
approach combining the Owen one-side tolerance limit and the 
staircase approach. The median and the R90C90 design curve 
are plotted.

4.1.2   |   Models Ensuring the Continuity Between 
the Finite Life and the HCF Limit

According to the above-described possible criticalities associ-
ated with the application of the Owen one-side tolerance limit 
and the staircase method, models ensuring the continuity be-
tween the finite and the infinite life ranges have been proposed 
and employed. For example, in [40], the design curves estimated 
starting from Equation (18) have been investigated:

being s0, b, and c constant coefficients to be estimated from the 
experimental data. In this work, the approach already described 
in Section 2 and suggested in ASME Boiler and Pressure Vessel, 
which requires to reduce the best-fitting curve by a factor of 20, 
by considering the number of cycles to failure, and of 2 or 2.5, by 
considering the applied stress amplitude, has been followed to 
estimate the design curve. These methods have been compared 
by analyzing the results of tests on 1Cr18Ni9Ti pipe-welded joint. 
The Authors concluded that a 20 factor on the number of cycles 
to failure and of 2.5 for the stress amplitude are both appropriate 
for the HCF life range, even if they are too conservative at high 
number of cycles. This has been justified by considering that the 
standard deviation is not constant with nf  and a constant fac-
tor safety factor cannot account for this experimental evidence, 

(16)sl,R�CxC = �xl − k ⋅ �xl ,

(17)log10
(
nf
)
= �Y

(
sa
)
− kY ⋅ �Y ,

(18)
(
sa − s0

)
⋅ nb

f
= c,
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with the authors suggesting the use of probabilistic and data-
based approaches.

In [15], the design curves are estimated starting from the 
so-called “random fatigue limit model.” The marginal cdf, 
FW (w; x, �), of the W = log10

(
Nf

)
 random variable is reported in 

Equation (19):

being x = log10
(
sa
)
; � the fatigue limit; v = log10(�); �(x, v) and �� 

the location parameters of the fatigue life and the fatigue limit, 
respectively; � and �� the scale parameters of the fatigue life and 
the fatigue limit, respectively; and � the set of material param-
eters to be estimated from experimental data. ΦW ∣V is the cdf of 
the fatigue life, given the applied stress, whereas �V is the pdf of 
the fatigue limit. The mean value of the fatigue life is given in 
Equation (20):

The “random fatigue limit model” is therefore obtained by 
marginalizing the conditional cdf of the fatigue life, depen-
dent on the fatigue limit �, with respect to the pdf of the fa-
tigue limit.

The MLP is employed in [15] for the estimation of the unknown 
parameters. The design curves are estimated as the LRCB of a 
high-reliability quantile and exploiting the properties of the pro-
file likelihood function, according to the formulation reported in 
Equation (15). This choice is justified by the authors by consider-
ing that the coverage probabilities of LRCB better approximate 
the nominal confidence levels. The model has been validated by 
considering literature data. The authors compare the fitting ca-
pability of the model considering a normal distribution or the 
smallest extreme value (SEV) distribution for the fatigue life and 

a normal distribution or SEV distribution for the fatigue limit. 
The normal distribution for the fatigue life and the fatigue limit 
is the one providing the best-fitting capability. The 95% lower 
confidence bound for the 0.05th and the 0.01th quantile of the P-
S–N curves of composite laminate data have also been estimated 
by considering different combinations of the statistical distri-
butions of the fatigue life and the fatigue limit. The SEV–SEV 
model is for both quantiles the most conservative, providing the 
lowest curve. This approach and the subsequent estimation of 
the design curves with the LRCB have proven effective for the 
estimation of the design curves, being capable of modeling the 
experimental trend and a smooth transition between the finite 
and the infinite life. Moreover, the design curves are obtained in 
a statistical framework and not by considering a fixed shifting 
factor, with the possibility of selecting the statistical distribu-
tion of the fatigue life that best fits the data, rather than only 
the normal distribution considered for the methodologies inves-
tigated above.

In [16], the author concentrates on the fatigue limit estimation. 
Two models have been analyzed, with the estimation carried 
out with the MLP. In the first model (Model 1), the cdf of the 
fatigue life is given by the product of the cdf of the conditional 
fatigue life (conditioned to the applied stress amplitude) and of 
the cdf of the fatigue limit. The fatigue life and the fatigue limit 
are assumed normally distributed, with the mean of the finite 
fatigue life linearly dependent on the logarithm of the applied 
stress amplitude. The standard deviation of the fatigue life, on 
the other hand, has not been considered constant and is as-
sumed to increase with the fatigue life, according to the experi-
mental evidence. With this model, the fatigue limit is estimated 
by considering the information on the number of cycles to fail-
ure associated with each failed specimen and the runout data. 
The second model (Model 2), on the other hand, exploits only 
the information on the specimen state, that is, if it has failed or 
if it is a runout specimen. Literature staircase data have been 
used to compare the two models. Interestingly from a design 
point of view, the author proposes a methodology to estimate 
the lower bound of the fatigue limit, corresponding to the lower 
bound of high-reliability quantile fatigue limit, sep, according to 
Equation (21):

being �̂xe the mean of the fatigue limit distribution, �p and �� two 
percentiles, p the percentile, � the confidence level, �̂xe the vari-
ance of the fatigue limit distribution, Var the variance, and 

⋅̂
 in-

dicating an estimate of the considered parameter. The notation 
in Equation (21) is for Model 1. However, for Model 2, according 
to the notation used in the paper, sep is replaced by selp, �xe , and 
�xe are replaced by �xel and �xel. With analyses on simulated and 
literature data, the author concluded that the information on 
the finite lives contained in Model 1 is effectively exploited and 
is positive for the estimation, even if the estimation process is 
more complex. The analyses have also shown that, if the two 
models provide fatigue limit values characterized by significant 
differences, the runout number of cycles should be increased. 
Moreover, the estimated lower confidence bounds are proven 
to be too high, according to the analyses on simulated datasets. 
However, the proposed approach represents an alternative to the 

(19)FW (w; x,�)=∫
x

−∞

1

��

ΦW ∣V

(
w−�(x, v)

�

)
⋅�V

(
v−��

��

)
⋅dv,

(20)�(x, v) = �0 + �1 ⋅ log10(s − �). (21)lnsep = �̂xe−�p ⋅ �̂xe−�� ⋅

√
V̂ar

(
�̂xe−�p ⋅ �̂xe

)
,

FIGURE 8    |    Example of median and R90C90 design curves estimat-
ed with a method based on combining the Owen one-side tolerance lim-
it and the staircase approach. [Colour figure can be viewed at wileyon-
linelibrary.com]
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widely adopted staircase methodology, even if its implementa-
tion is more complex.

Differently from the above-analyzed method, in [45], a 
Bayesian approach is employed for the analysis of the fatigue 
data and the estimation of the design curves. The Basquin 
model is considered as the starting model for fitting the ex-
perimental data. This approach allows to exploit prior tech-
nological knowledge on the fatigue model parameters and 
their relationship with other material properties, for example, 
the quasistatic properties, like the ultimate tensile strength. 
According to the authors, this is particularly useful when the 
number of experimental data is limited. The proposed meth-
odology has been validated on simulated data, which have 
shown that an informative prior on the variance of the log-
arithm of the fatigue life significantly enhances the perfor-
mance of the estimation. For instance, the Bayesian R95C90 
curve estimated by considering six simulated specimens pro-
vides the same design curve obtained with 12 or 24 specimens 
with the classical approaches, with a consequent possible re-
duction of the testing time. This interesting approach can rep-
resent a valid alternative to methodologies based on classical 
inference, provided that valid relationships between material 
parameters and prior knowledge on the material variability 
are available.

An alternative interesting approach to those described above 
is represented by the bootstrap approach employed in [17], val-
idated by testing a 75S-T6 aluminum alloy. In the first part 
of the paper, the models for the mean fatigue life reported 
in Equation  (18), with constant (Model Ia) and nonconstant 
standard deviation (Model Ib) and log-normal distribution 
for the fatigue lives, are considered. The random fatigue limit 
model with normal distribution and constant (Model IIa) and 
nonconstant (Model IIc) standard deviation, with SEV dis-
tribution and constant (Model IIb) and nonconstant (Model 
IId) standard deviations are also considered and compared. 
Interestingly, the confidence bands and intervals are esti-
mated with a stratified bootstrap. In particular, the dataset is 
stratified on the cycle ratio, and from each stratum, 200 data-
sets are randomly generated. For each dataset, the ML esti-
mate and the corresponding quantile are estimated. Figure 9 
shows the estimated 95% confidence bounds for the 0.05th 
quantile of the fatigue life.

According to Figure 9, reasonable estimates of the confidence 
bound are obtained with this approach, even if failures are 
found below the lower bound curves, apart from Models Ia and 
Ib. This means that higher reliability and confidence levels are 
to be selected with the proposed approach. Moreover, Model 
Ib has an irregular and stepped trend, which is quite unusual 
for design P-S–N curves. However, an optimized bootstrap ap-
proach can be used and does not require assumptions on the 
statistical distribution of the confidence interval associated with 
the investigated quantile.

In [8], three models for the design curves of datasets showing 
a linearly decreasing trend and ending with a fatigue limit are 
compared. The first model is based on the staircase approach for 
the fatigue limit and the approximate Owen one-sided tolerance 
limit previously described and employed in [10]. In the second 

model, the cdf, FY ∣x, of the logarithm of the fatigue life, Y , con-
ditioned to the logarithm of the applied stress amplitude, x, is 
given in Equation (22):

being Φ( ⋅ ) the cdf of a standardized normal distribution, �Xl 
and �Xl the mean and the standard deviation of the fatigue 
limit, a and b two constant coefficients to be estimated from 
the experimental data, and �Y  the standard deviation of the 
fatigue life. The cdf of the fatigue life is therefore given by the 
product of the cdf of the finite fatigue life and the cdf of the 
fatigue limit, both assumed as normal. The parameter estima-
tion is carried out by applying the MLP and the LRCB for a 
high-reliability quantile curve is considered the design curve, 
according to Equation (15). Finally, the bootstrap approach is 
exploited for estimating the design curves. Starting from the 
model in Equation (22) and once the parameter estimation has 
been carried out with the MLP, nS datasets replicating the ini-
tial dataset are randomly generated. Thereafter, the param-
eter estimation is carried out for each simulated dataset and 
the P-S–N curves at the quantile of interest are estimated. 
This procedure is iteratively repeated for at least 1000 data-
sets. Finally, for each nf , the simulated stress amplitudes at 
the quantile of interest are sorted in ascending order and the 
stress amplitude at the nS ⋅

(
1 − xC ∕100

)
 position is the lower 

bound design stress amplitude at the xC confidence level.

These three methodologies have been compared by consider-
ing the experimental results obtained by testing materials used 
in the automotive sectors, that is, a TRIP-assisted bainitic steel 
TBC600Y980T, an aluminum alloy G-AS7C3,5GM, and a com-
posite material Polynt SMC LP 2512 R33. Figure 10 compares the 
R90C90 design curves estimated with the investigated method-
ologies. In the figure, “O + SC” refers to the approach that em-
ploys the approximate Owen one-sided tolerance limit and the 
staircase method, and “LRCI” refers to the approach based on 
the LRCB. The experimental data have been normalized for con-
fidential reasons. For all investigated datasets, the experimental 
data have been collected with a staircase approach (with at least 
15 data) and at least four data for each investigated stress level 
(at least three or four stress levels).

According to Figure  10, the three approaches provide similar 
results, with the same trend in the finite fatigue life region and 
slight differences as concerns the fatigue limit. In general, the 
LRCB is the most conservative approach, being the estimated 
fatigue limit below the fatigue limit estimated with the other 
methods, whereas the bootstrap approach is the least conserva-
tive. Accordingly, these three methods can be interchangeably 
used, if the data are collected with a staircase approach and 
with tests in the finite life range at three or four stress levels 
and with at least four data for each stress level. The influence 
of the number of runout data has been also investigated in the 
paper, because runout data are the most time-consuming data. 
It was shown that runout data are fundamental for discrimi-
nating if the model shows an asymptotic trend, that is, it ends 
with a fatigue limit, and also that the number of runout data can 
be reduced if approaches based on the LRCB and the bootstrap 

(22)FY ∣x = Φ

(
y − (a + b ⋅ x)

�Y

)
Φ

(
x − �Xl
�Xl

)
,
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method are employed, avoiding a testing plan based on the stair-
case approach and optimizing the testing strategy.

4.2   |   Stress-Controlled Fatigue Tests: Failures 
From Defects and VHCF Life Ranges

In this section, the models for the fatigue design P-S–N curves 
with failures originating from defects and covering the VHCF 
life range or the HCF–VHCF life range are analyzed. Actually, 
even if many statistical models have been proposed for the P-
S–N curves in the VHCF life region [46], a limited number 
of papers have been dedicated to the design P-S–N curves in 
VHCF. However, the fatigue life of components has signifi-
cantly increased in the last years in many industrial sectors 
[38, 47–49], and ensuring appropriate safety margins for 
the design curve even in the VHCF life region is of utmost 
importance.

The models for design curves of datasets with failures origi-
nating from defects and including the VHCF life range have 

been grouped in this section because failures in VHCF gen-
erally originate from defects. However, these models can be 
employed for failures from defects even in the HCF life re-
gion. Indeed, the defect size significantly affects the fatigue 
response and its influence should be accounted for when the 
components are to be designed. Section  4.2.1 focuses on de-
sign curves estimated by considering datasets with failures 
originating from defects, whereas Section 4.2.2 is about design 
curves covering the HCF–VHCF life range and showing a so-
called duplex trend.

4.2.1   |   Failure Originating From Defects: P-S–N 
Design Curves

In this section, models combining the “safe–life” with the 
“damage-tolerant” approach are analyzed. In [50], datasets in-
volving failures from defects have been investigated, and the 
design curves have been estimated as LRCB of a specific high-
reliability quantile and with the bootstrap approach. In order to 
model the influence of defects, two types of P-S–N curves have 
been introduced: the “conditional P-S–N curves” and the “mar-
ginal P-S–N curves.” The conditional P-S–N curves are the P-
S–N curve obtained for a specific defect size, that is, conditioned 
to the defect size, whereas the “marginal P-S–N curves” are the 
conditional P-S–N curve marginalized with the statistical dis-
tribution of the defect size. The characteristic defect size is as-
sumed as the square root of the area of the defect projected in 
a plane perpendicular to the direction of the maximum applied 
stress [51] and is considered a random variable, 

√
Ac , assumed to 

follow a largest extreme value distribution (LEVD). The cdf of 
the conditional fatigue life, FY �√ad,0

�
y; x,

√
ac
�
, for a simple lin-

ear decreasing trend is given by Equation (23):

being cY , mY , and nY  constant parameters to be estimated from the 
experimental data and �Y  the standard deviation. Accordingly, 
the term nY ⋅ log10

�√
ac
�
 has been added in the mean of the con-

ditional cdf, assumed to be normally distributed, to account for 
the influence of the defect size. Starting from Equation (23), the 
cdf of the marginal fatigue life, FY (y; x), is given by

(23)FY �√ad,0

�
y; x,

√
ac
�
= Φ

�
y − �Y

�
x,
√
ac
�

�Y

�
= Φ

�
y −

�
cY +mY ⋅ log10

�
sa
�
+ nY ⋅ log10

�√
ac
��

�Y

�
,

(24)FY (y; x)=∫
∞

0

FY �√ac

�
y; x,

√
ac
�
f√Ac

�√
ac
�
⋅d
√
ac,

FIGURE 9    |    Estimated 95% bootstrap confidence bounds for the 0.05 quantile of the fatigue life with the models investigated in [17]. Reprinted 
with permission from Elsevier. [Colour figure can be viewed at wileyonlinelibrary.com]
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being f√Ac

�√
ac
�
 the pdf of the LEVD associated with the 

defect size. According to [50], more complex experimental 
trends can be modeled by properly modifying Equations (23) 
and (24). For example, the cdf of the conditional fatigue life 
can be modified according to Equation  (22) to model an as-
ymptotic trend at the end of the curve. In this case, the cdf 
of the conditional fatigue life is the product of Equation (23) 
and the cdf of the fatigue limit, with the mean expressed as a 
function of the defect size:

being �Xl the standard deviation and �Xl
�
x,
√
ad,0

�
 the mean 

value of the fatigue limit, with the following expression:

being HV  the material Vickers hardness and csl, cth, and �th con-
stant material coefficients. According to [50], csl, cth, and �th can 

model the formation of a crack directly from a defect or from a 
defect surrounded by a fine granular area (FGA), the peculiar 
feature of VHCF failures [52]. The marginal P-S–N curve includ-
ing a fatigue limit can be obtained by replacing Equation (25) in 
Equation (24). The procedure for parameter estimation and the 
estimation of the lower bound of the P-S–N curve with the LRCB 
is detailed in [50].

For the estimation of the design curve with the bootstrap 
approach, the procedure is basically the same described in 
Section 4.1 and in [8], but in this case, a random defect is also 
estimated starting from the experimental LEVD. Accordingly, 
for each experimental stress amplitude, a random nf  is esti-
mated starting from a random defect, a random failure prob-
ability, and the conditional P-S–N curve. As an example, 
Figure  11 shows the conditional P-S–N curves (Figure  11a) 
and the marginal P-S–N curves (Figure  11b) for AlSi10Mg 
alloy specimens produced through an additive manufactur-
ing (AM) process and tested by the authors. In Figure  11, 
the 0.1th quantile curve (R90 curve) and the R90C90 design 
curves estimated with the LRCB (“R90C90 LRCB” curve) 

(25)

FY �√ac

�
y; x,

√
ac
�
= Φ

�
y − �Y

�
x,
√
ac
�

�Y

�
⋅Φ

�
x − �Xl

�
x,
√
ac
�

�Xl

�
,

(26)
�Xl

�√
ac
�
=
csl ⋅ cth ⋅ (HV + 120)

�√
ac
�0.5−�th ,

FIGURE 10    |    Estimated R90C90 design curves in [8]: (a) TRIP-assisted bainitic steel TBC600Y980T, (b) Aluminum alloy G-AS7C3,5GM, and 
(c) composite material Polynt SMC LP 2512 R33. Reprinted with permission from Elsevier. [Colour figure can be viewed at wileyonlinelibrary.com]
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and with the bootstrap approach (“R90C90 bootstrap”) are 
shown. For the conditional design curves, a defect with size √
ac = 195 �m, that is, the largest defect found experimentally, 

has been considered.

According to Figure 11, the design curves estimated with the 
LRCB and bootstrap approaches are in agreement with the 
experimental data, being below all experimental failures. In 
particular, they are below the failure originating from the 
largest defect, differently from the R90 P-S–N curve. For the 
conditional design curve, the difference between the LRCB 
and the bootstrap design curves is limited, whereas the boot-
strap design curve is more conservative by considering the 
marginal model. These two models can be therefore reliably 
employed for the design curves of datasets with failures orig-
inating from defects, combining a “damage tolerance” and a 
“safe–life” approach.

4.2.2   |   Duplex P-S–N Design Curves

In this section, the literature models for datasets showing the 
so-called duplex trend are reported. The duplex trend, schemat-
ically reported in Figure 12, is characterized by a first linearly 
decreasing trend in the HCF life region, with failures generally 
originating from the specimen surface, an almost horizontal 
trend, the so-called “transition stress,” a second linearly de-
creasing trend, with failures originating from internal defects, 
and a final asymptote, corresponding to the VHCF limit. The 
transition stress discriminates between surface failures, typical 
of the HCF life range, and internal failures, typical of VHCF 
failures.

In [53], the design P-S–N curves following a duplex trend have 
been estimated without taking into account the influence 
of defects in the VHCF life region. The cdf of the fatigue life 
FY (y; x) modeling a duplex trend, according to [54], is reported 
in Equation (27):

being Φsurf  the cdf of the fatigue life with failures originating 
from the specimen surface, with mean and standard devia-
tion corresponding to �Y ,surf(x) and �Y ,surf , respectively; Φint the 
cdf of the fatigue life with failures originating from internal 
defects, with mean and standard deviation corresponding to 
�Y ,int(x) and �Y ,int, respectively; ΦXt the cdf of the transition 
stress, with mean and standard deviation equal to �Xt and �Xt
, respectively; and ΦXl the cdf of the VHCF limit, with mean 
and standard deviation equal to �Xl and �Xl, respectively. The 
mean of the cdf of the fatigue life with failures from surface 
and internal defects has the form a ⋅ x + b, to model a linear 
decreasing trend, with the coefficients a and b being different 
depending on the failure mode (i.e., surface or internal). In 
this model, 10 unknown parameters are to be estimated from 
the experimental data. In [53], the procedure for the estima-
tion of the design curve with the LRCB and by iteratively solv-
ing Equation (15), properly rearranged, is provided. Figure 13 

(27)FY (y; x) = Φsurf

(
y − �Y ,surf(x)

�Y ,surf

)
ΦXt

(
x − �Xt
�Xt

)
+

(
1 − ΦXt

(
x − �Xt
�Xt

))
Φint

(
y − �Y ,int(x)

�Y ,int

)
ΦXl

(
x − �Xl
�Xl

)
,

FIGURE 11    |    Design curves, estimated with LRCB and bootstrap approaches, for datasets with failures originating from defects: (a) conditional 
P-S–N curves and (b) marginal P-S–N curves [50]. Reprinted with permission from Elsevier. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 12    |    Typical duplex trend for P-S–N curves covering the 
HCF–VHCF life range [53]. [Colour figure can be viewed at wileyon-
linelibrary.com]
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shows the design curves for the duplex trend estimated with 
the approach developed in [53] by considering literature data. 
Figure 13a shows the R99C90 design curve for a duplex trend 
without VHCF limit for the SUJ2 steel dataset obtained in [55]. 
Figure 13b validates the complete duplex trend by considering 
the dataset reported in [56] and obtained by testing a Ti6Al4V 
alloy (R90C90 design curve). In Figure 13b, the P-S–N curves 
with 10%, 50%, and 90% probability of failure (reliability level 
of 90%, 50%, and 10%, respectively) are also plotted.

According to Figure  13, the design curves are in agreement 
with the experimental data and follow the same trend of the ex-
perimental failures. Moreover, they are below the experimental 
failures, ensuring a safety margin with respect to failures, as 
expected.

Finally, in [50], the design curves for datasets showing a duplex 
trend and with failures originating from defects in the VHCF 
life range have been estimated. The initial model is the same 
reported in Equation (27) but modified with Equations (24)–(26) 
to take into account the influence of defects. The design curves 
have been estimated as LRCB, by solving Equation  (15), and 
with a bootstrap approach, by considering also the LEVD fol-
lowed by the defect size, as detailed in [50]. Figure 14 shows the 
design curves estimated for a dataset obtained through tests on 
an H13 steel in [57, 58]. The 0.1th quantile P-S–N curve (“R90”) 
and the R90C90 design curves estimated with the bootstrap 
(“R90C90 bootstrap”) approach and as LRCB (“R90C90 LRCB”) 
are shown.

According to Figure  14, the two models agree with the ex-
perimental data, being capable of following the duplex trend. 
However, the R90C90 LRCB is closer to the experimental 
data and more properly adapts to the experimental failures, 
whereas the R90C90 bootstrap design curve is more conser-
vative in the VHCF life region and, for the investigated life 
range, cannot model the asymptotic trend of the VHCF limit. 
The R90C90 LRCB design curve is therefore to be preferred 
due to the complexity in the simulation and replication of the 
original dataset with the bootstrap approach.

5   |   Discussion

In this section, the analyses carried out in previous sections are 
recalled and further extended, to try to highlight the strengths 
and the weaknesses of the investigated approaches and provide 
general considerations that can be useful for guiding the choice of 
the appropriate approach when components are to be designed. 
Table 2 summarizes the industrial approaches and, if available, 
the required reliability levels for specific applications, accord-
ing to the literature analyses. In particular, for each method, the 
main application field, if it has been applied for strain/stress–life 
data and the associated references are reported.

According to Table 2, the general trend in industrial applications 
is towards simple procedures for the assessment of the design 
curves or the design points. This can be justified by consider-
ing that fatigue experimental tests are time consuming and the 
following analysis of the experimental data is expected to be 
straightforward, ensuring however the required reliability. This 
explains why methodologies based on shifting the median curve 
or the best-fitting experimental stress/strain–life curve by a 
safety margin obtained by multiplying the standard deviation by 
an appropriate safety factor are among the most used methodol-
ogies. A factor corresponding to two or three times the standard 
deviation or a factor of 20 (by considering the number of cycles 
to failure) or 2 (by considering the strain or the stress amplitude) 
are largely employed, depending on the application. However, 
this approach is based on empirical safety factors which try to 
model the experimental uncertainty or the influence of specific 
factors (e.g., size effect or the influence of water coolant in nu-
clear applications) but do not take into account the actual statis-
tical distribution of the fatigue life or the uncertainty associated 
with the parameter estimation. The “approximate Owen one-
side tolerance limit” and similar approaches allow to overcome 
these weaknesses, with the safety factor depending on sample 
size, reliability, and confidence targets, available in literature ta-
bles. The analyses carried out in [14] have moreover proven that 
shifting the median curve by a fixed factor corresponding to two 
or three times the standard deviation provides less conservative 
design curves. The result in [14] cannot be generalized, since 

FIGURE 13    |    Validation of the model in [53] for the design curves of datasets showing a duplex trend in the range HCF–VHCF: (a) model without 
the VHCF limit with the dataset available in [55] and (b) complete model for the dataset reported in [56] and obtained by testing a Ti6Al4V alloy. 
[Colour figure can be viewed at wileyonlinelibrary.com]
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dependent on the dataset and its variability, but confirms that 
the sample numerosity, reliability, and confidence targets should 
be carefully considered for a safe design of components. The re-
sults obtained with approaches based on shifting the median 
curve can be moreover easily implemented in FE codes, which 
generally require the slope and the intercept of the estimated de-
sign curve or the fatigue limit. For example, for datasets show-
ing a linearly decreasing trend and a fatigue limit, the slope and 
the intercept of the linear trend are required, together with the 
fatigue limit value. These parameters can be easily extracted 
with the methodologies based on shifting the best-fitting curve 
(or the lower bound fatigue limit estimated with the staircase).

On the other hand, the models developed in the academic lit-
erature are more complex and require in many cases an imple-
mentation with numerical software to assess the design curve. 
Beretta et al. [18, 19] have interestingly developed a format for 
failure probability for components subjected to LCF loads, fo-
cusing on the importance of modeling and also the variability 
associated with the loads when the design point at the required 
reliability target is to be assessed. The method in [19] for multi-
axial loads requires the integration of FE simulations and nu-
merical software to assess the design point. The assessment of 
the design curves by exploiting the profile likelihood properties 
and the LRCB has gained significant interest in the last years. 
The design curves in [8, 15, 35, 50, 53] have been obtained as 
the LRCB of a high-reliability quantile P-S–N curve. This ap-
proach ensures a better coverage probability, it does not require 
an assumption on the shape or the distribution of the confi-
dence intervals and, according to [61], methodologies based on 
the LRCB “perform well even in small samples.” On the other 
hand, these methods require a complex implementation and an 
iterative procedure based on repeated optimizations. However, 
it must be noted that these methodologies can be automated, 
and therefore, after the first time-consuming implementation 
stage, the results can be obtained in a quite limited amount of 
time. Another drawback is that the LRCB design curves cannot 
be passed directly as material input in FE code, because they 

are not described by an analytical expression but obtained point 
by point. However, the obtained design curve can be linearized 
through appropriate strategies, as discussed in [8]. Similar con-
siderations can be made for design curves based on the boot-
strap approach, which requires a rather simple implementation 
but the estimation phase can be more time consuming, because 
a large number of datasets should be randomly generated. 
Moreover, the bootstrap approach is strongly dependent on the 
initial estimation of the unknown parameters, and this must 
be carefully taken into account when employed. The Bayesian 
approach [45] for the assessment of the design curve represents 
a valid alternative to the above-described methodologies, based 
on classical inference theory. It can be useful when the available 
experimental dataset is limited, but it relies on prior knowledge 
on the material parameters, which are generally not available 
with a high degree of reliability.

The statistical distribution of the fatigue life should be also dis-
cussed. In almost all investigated models, a log-normal distri-
bution has been employed for the fatigue life, regardless of the 
type of considered load (strain or stress). This confirms that 
the log-normal distribution can be reliably employed for mod-
eling the fatigue life. In [15], the fatigue life and the fatigue 
limit have been also assumed to follow a SEV distribution, pro-
viding more conservative results. In the literature, other sta-
tistical distributions have been also used for the fatigue life. 
For example, in [9, 62], the authors have shown that only the 
Weibull distribution should be used for the lower bound of the 
design curve. The models proposed in the literature, however, 
are flexible and could be also quite easily extended to other 
statistical distributions for the fatigue life that may better fit 
the experimental data and could work better for lower bound 
design curves.

The methodology employed for parameter estimation is also 
very important. The design methodologies used in the liter-
ature and based on shifting the best-fitting curve are based 
on the estimation of the linearly decreasing trend with the 
least square method. This approach, however, does not allow 
to consider runout data, which, on the contrary, contain im-
portant information that cannot be neglected. The MLP, on 
the other hand, permits to consider both failure and runout 
data, allowing for a more effective estimation and avoiding 
losing the information contained in the runout data, which 
are, on the other hand, the most time-consuming data. For ex-
ample, International Standard ASTM E739 recommends the 
use of the MLP, or in [63], it was shown that methodologies 
based on the MLP allow for more efficient estimations of the 
fatigue response. MLP is particularly effective when combined 
with statistical models describing both the finite life range 
and the fatigue limit, as the “random fatigue limit model” or 
the models proposed in [8]. With these models, the parameter 
estimation is carried out simultaneously and not separately, 
as in the procedure reported in [10], which requires a stair-
case and tests at different levels to estimate the linear trend 
and the fatigue limit. By employing the “continuous” statis-
tical models in [8, 15, 16], the test strategy can be optimized, 
with a possible reduction of the number of runout data and 
significantly enhancing the test efficiency, as demonstrated in 
[8]. With these approaches, moreover, no assumptions are to 
be made on the trend of the experimental data, because the 

FIGURE 14    |    Duplex P-S–N curves with failures originating from 
defects in the VHCF life range: R90C90 design curves estimated with 
the bootstrap approach and with the LRCB [50]. Reprinted with permis-
sion from Elsevier. [Colour figure can be viewed at wileyonlinelibrary.
com]
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parameters ensuring the best fitting of the data are provided in 
output from the ML. For example, if an asymptotic trend is not 
present or not suggested by the available data, the best-fitting 
curve will be characterized by only a linear decreasing trend, 
even if the initial statistical model has a fatigue limit. On the 
other hand, with the approach in [10], combining the staircase 
and the approximate one-side tolerance limit, a fatigue limit 
is imposed and it will correspond to the lower bound stress 
estimated with the staircase approach, even if not suggested 
by the experimental data.

A last point of discussion, which has emerged from the anal-
yses carried out in this paper, regards the VHCF life range. 
Indeed, the literature on the design curves in the VHCF life 
range is scarce, even if the fatigue life of components has sig-
nificantly increased in the last years and possible failures in 
this life regime, especially from internal defects [50, 53], are to 
be considered during the design stage.

To conclude, future research should focus on the definition of 
optimized design curves that can ensure a reliable safety mar-
gin with respect to failures, without being too conservative, to 
avoid an overdesign and a consequent possible weight incre-
ment. Future research should also focus on defining statistical 
models capable of better fitting the experimental data and al-
lowing to define more efficient experimental strategies for a re-
liable estimation of the design curves, possibly combined with 
machine learning algorithms that may facilitate the parameter 
estimation with automated procedures and the implementation 
in FE codes.

6   |   Conclusions

In the paper, a review on the methodologies currently avail-
able for the assessment of the fatigue probabilistic-stress/strain 
design curves is provided. The design curves should ensure a 
reliable safety margin with respect to failures and are used for 
a safe fatigue design of components. Methodologies for the de-
sign curves currently employed in industrial applications and 
research papers have been reviewed.

The following general conclusions can be drawn:

1.	 The methods involving a shift of the median curve or the 
best-fitting curve by a safety margin obtained by multiply-
ing the standard deviation by a conservative factor are the 
most used in industrial applications.

2.	 A fixed conservative factor, generally corresponding to two 
or three times the standard deviation, is less effective than 
factors dependent on the dataset numerosity, the required 
reliability and confidence targets.

3.	 The least square method is generally employed for the 
parameter estimation. However, methodologies like the 
Maximum Likelihood Principle, allowing to consider both 
failure and runout data, are recommended.

4.	 Methodologies based on the likelihood ratio confidence 
lower bound or the bootstrap approach have proven ef-
fective in estimating the design stress/strain–life curves, 
even if they required a more complex and not straightfor-
ward implementation and the use of numerical software.

TABLE 2    |    Summary of the industrial practice for the assessment of the design curves and the design points in specific applications.

Method Main applications Strain/stress–life
Standard or 

reference

Median curve shifted by two or three 
times the standard deviation

Industrial applications in general Both strain/stress–life model [10]

Approximate Owen one-side tolerance 
limit

Industrial applications in general Both strain/stress–life model [10, 13, 21]

Shift of the best-fit curve by a factor of 20 
by considering the number of cycles to 
failure

Nuclear applications Strain–life model [30]

Shift of the best-fit curve by a factor of 2 
by considering the strain amplitude

Nuclear applications Strain–life model [30]

Median fatigue strength shifted by one-
side lower bound tolerance limit K factor 
for a normal distribution

Industrial applications in general Staircase approach [10, 22]

Failure probability of 5% and a safety 
factor �F = 1.35 for S–N diagram

Welding applications details S–N diagram [12, 18]

Failure probability of 5% and a safety 
factor �F = 1.5 for S–N diagram

Steel and aluminum components S–N diagram [18, 59]

Failure probability of 10−3 Aeroengine components Stress–life curve [19]
TOS

�− 3 ⋅�
 methodology:mean fatigue strength 

shifted by three standard deviations and 
“extreme load spectrum” defined as three 
standard deviations above the mean

Helicopter components Stress–life model [19, 60]
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5.	 Methodologies for the design curves have focused mainly 
on the Low Cycle Fatigue and the High Cycle Fatigue life 
ranges. However, the research should focus also on the 
design curves for the Very High Cycle Fatigue life range, 
because the expected fatigue life of components is signifi-
cantly longer than in the past.
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