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1 Abstract

System identification (SI) is the discipline of learning dynamical systems from experimental data.
This thesis considers the simulation error minimization (SEM) approach to SI and aims to develop
algorithms for its solution. In this context, we address the vanishing and exploding gradients issues
and propose a constrained optimization approach to overcome these challenges.

To solve the formulated constrained optimization problem, we concentrate on developing novel,
efficient, first-order algorithms. To this end, we introduce the controlled multipliers optimization
(CMO) framework, which reformulates the optimization problems as control problems, allowing us to
utilize controller design to derive solutions. We present three distinct algorithms and analyze their
stability.

Ultimately, we apply one of the proposed algorithms to SEM-based identification. Our approach’s
efficacy is validated through various benchmark tests and simulation experiments, revealing significant
improvements in SI tasks, including black-box SI through artificial neural networks, and gray-box
problems.

2  Summary of the thesis

System identification (SI) is the science of building mathematical models that describe physical or
artificial systems and phenomena.

The general paradigm of SI is as follows. Firstly, we collect experimental data on the system; usually,
these data are affected by noise. Secondly, we select a model class, i.e., a family of models to which we
assume the system belongs. Then, we estimate the model’s parameters by solving a suitably defined
optimization problem. Finally, we validate the model using a data set not used during the estimation.

SI is crucial in various engineering applications. Depending on the context, the identified model is
used for prediction, simulation [1, 2], controller design [3, 4], decision-making, and data filtering and
denoising [5], among many others. Another increasingly widespread application of SI is direct data-
driven control (DDDC) design. A popular approach to DDDC is recasting the controller design problem
into the problem of identifying the controller directly from data, given performance specifications.
Examples of DDDC methods following this approach are [6, 7, 8].

Most approaches to SI are based on the solution to a suitable optimization problem aiming to min-
imize prediction or simulation error. Mathematically, this consists of the solution to the optimization
problem

Juin L(0]u, g), (1)
where u; € R?, 3; € RP are the available input and output data, respectively, and £ : R" — R accounts
for the error. The definition of the cost function £ depends on several aspects. Firstly, it depends on
the considered error model and the norm used to assess it. Secondly, it depends on the considered
model class. Finally, we can use different regularization terms to penalize the model’s complexity.

There are several options available when it comes to selecting a model class. First, we can classify
models as either state-space or input-output models. Next, we can differentiate models based on their
structure, i.e., the functional relationship they define between input and output. The simplest structure
is that of linearly parameterized models, where the model is a linear combination of specified functions.
Alternatively, the model structure can be determined from physical equations; in this case, we deal
with gray-box models. Another popular approach to defining the model structure is using flexible



function approximators, such as neural networks. The latter approach strongly connects classical SI
and modern machine learning. Indeed, objects like recurrent neural networks are particular nonlinear
state-space models. In this context, the terms ”learn” and ”identify” are synonymous.

Most approaches to SI rely on prediction error minimization (PEM). According to PEM, we identify
the model parameters by minimizing the difference between the measured output and the one-step-
ahead prediction provided by the model. Considering linearly parametrized models, the PEM problem
is convex and can be solved efficiently. Instances of problems of this kind are, e.g., ARX identification
[1] and kernel methods [9]. Instead, when the model structure is nonlinear in the parameters, the
identification problem (1) is non-convex, and a tractable solution often requires looking for local
minimizers. Moreover, PEM methods enjoy consistency (i.e., convergence of the estimate to the actual
parameter value as the number of data tends to infinity) under the crucial assumption that the selected
system model class and the noise model are correct [1]. However, if these assumptions are not satisfied,
PEM methods may yield models that exhibit low accuracy when used to simulate the system. See [10]
and [11] for a detailed discussion.

A viable alternative is to formulate the parameter estimation problem as the minimization of the
simulation error, i.e., we define £ in (1) as

N
LO) = llye(0lu) = gll, (2)

where y:(0|u) is the output of the model when the measured input u is provided, and p = 1,2, or
oo. This approach is known as simulation error minimization (SEM) and leads to consistent estimates
regardless of the measurement noise model; see [12] and [13]. A noteworthy case is the SEM problem for
linear systems. In such a scenario, the optimization problem is polynomial, and semidefinite relaxation
techniques are adopted to compute the global solution; see, e.g., [14] for theoretical details and [15] for
an illustrative example. Conversely, in the general case of nonlinear systems, the SEM problem is a
generic differentiable non-convex minimization problem for which we can compute local solutions only.

Several possibilities to minimize (2) are available. The most commonly considered approach is
applying gradient-based optimization algorithms. Common choices include first-order gradient descent
(GD) algorithms such as stochastic and mini-batch GD, Nesterov’s, RMSprop, and Adam algorithms.
See, e.g., [16] and [17]. Alternatively to GD, we have second-order methods. These methods present
a theoretically guaranteed improvement in the convergence rate compared to first-order algorithms.
Nevertheless, they are computationally expensive, and their complexity does not scale well for large
problems because they require computing large Hessian matrices. A typical example is Newton’s
method. To address these limitations, methods utilizing Hessian approximation have emerged. Among
them, we mention Gauss-Newton, Levenberg-Marquardt (LM) [18], and Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithms [19], [20], and [21]. We refer to these methods as quasi-second order.

When using gradient-based optimization algorithms, the problem of evaluating the gradients Vyy; (6)

emerges. The problem’s dynamic structure generates a dynamic relation between the variables Vgy; ().
The technique known as dynamic backpropagation, proposed in [22], leverages this dependence to eval-
uate the gradients as the output of a dynamical system called the sensitivity model.
A more popular alternative is the backpropagation through time (BPTT) algorithm; see, e.g., [23]
and [24]. In BPTT, the dynamic dependencies are utilized implicitly to compute partial derivatives
recursively. Specifically, BPTT relies on unrolling, i.e., expanding the recurrent model over time into
a series of feedforward models. In this framework, the standard choice for the computation of the
derivatives is using automatic differentiation (see, e.g., [25] for a recent survey).

Solving SEM problems using gradient-based algorithms is generally associated with slow conver-
gence, numerical convergence to non-optimal solutions, or even instability. The root of these issues
lies in phenomena known as vanishing and exploding gradient issues; see, e.g., [26] and [27]. These
issues arise independently of the method used to compute the gradient. Indeed, the dependence of
Vy; from Voy,—1, for all t =n +1,..., N, implicitly defines a dynamical system whose outputs are
the required gradients. If such a system is a contraction, Vgy; becomes vanishingly small for large t.
On the other hand, if it is unstable, Vgy; diverges.

Exploding gradient issues may be handled effectively by techniques such as gradient clipping [28].
On the other hand, effectively and efficiently learning arbitrary nonlinear systems without encounter-
ing vanishing gradient issues is an open and challenging problem. In particular, since the vanishing



gradient leads to slow convergence and inaccurate estimation, alternative methods avoiding the vanish-
ing gradient issue are required to improve the time and energy needed to identify an accurate model,
thus increasing the SI approach’s scope of applicability.

A relevant sub-class of SI problems that has garnered recent interest is related to recurrent neural
networks (RNNs); see, e.g., [29] and [17]. Known for their capability to approximate any dynamical
system, RNNs are now widely employed to perform nonlinear black-box identification [30, 31]. Early
works on RNN models led to the formulation of the Elman RNNs and neural state-space models
that are classically identified using BPTT. In this context, the classical approach to attenuate the
vanishing gradient problem is to include a direct gradient propagation path in the network definition.
This idea led to the definition of different RNN structures like long-short-term memory (LSTM) and
gated recurrent units (GRU) networks. See, e.g., [17, 32] for a detailed discussion. However, such an
approach leads to the definition of large networks that are prone to overfitting and less data-efficient
than classical RNNs. Moreover, common regularization strategies that mitigate overfitting may fail
when applied to such networks [33].

Despite the practical advantages of LSTM and GRU against classical RNNs, the main idea behind
how they attenuate the vanishing gradient issue is based on modifying the system’s model; there-
fore, we cannot directly employ this approach to learn general dynamical models, e.g., gray-box and
physics-informed models. This observation motivates the need for alternative approaches to tackle the
vanishing gradient problem. Recent contributions in this direction explore defining an identification
algorithm that does not require the computation of the gradients Vyy;. This approach can avoid van-
ishing and exploding gradient problems instead of attenuating them. Recent works along this direction
include:

e application of meta-heuristic global optimization, e.g., particle swarm optimization or genetic
algorithms. See, e.g., [34] and [35]. Although these methods completely avoid any gradient
computation, they are generally very slow when estimating many parameters. Moreover, they
lack theoretical convergence guarantees.

e [36], where the authors propose considering a constrained optimization formulation of the prob-
lem and applying approximated sequential quadratic programming (SQP) to solve it. This
approach effectively reduces the number of iterations required for convergence while the cost of
each iteration increases.

In this thesis, we consider SEM identification of nonlinear input-output models. Specifically, we
formulate the identification problem by defining a constrained optimization problem in which opti-
mization variables represent model parameters and noise-free outputs, while constraints define the
relation between them; i.e., we consider

arg minf € R™ Y € RPN L(6,y)
s.t.
hi—n(0,y) = =yt + M(0, y|u) = 0,
t=n+1,...,N,

(3)

where YV = [yi'—,...,y;'\—,]—r € RPN M : R™ x RPN — RP represents the model of the system and
L :R™ x RPN — R accounts for the simulation error. A similar mathematical formulation is con-
sidered in [36], where the authors develop an inexact SQP method for training neural state-space
models. Moreover, constrained optimization problems of this kind are also formulated in the context
of set-membership identification, in which we typically assume that noise is bounded and incorporate
additional inequality constraints accordingly. See, e.g., [37, 14].

Let us denote = = [0,y ,...,y4]" € R™*PN the optimization variables of Problem (3). This
problem is characterized by the first-order optimality conditions

N—n

V.L(z) + ; AeVizhi(z) =0 (4)

ht(x):O, t:l,...,N—n,

which are a set of necessary conditions for the local optimality of x.
Notice that this condition only requires computing gradients of simple functions that do not recursively



depend on expressions evaluated at previous time instants. Consequently, the numerical difficulties
related to the vanishing gradient are absent if we use this formulation. We highlight that we can avoid
vanishing gradient issues by solving a constrained optimization problem. Nevertheless, this task is
challenging from a computational viewpoint.

Standard approaches to constrained optimization include interior-point methods, sequential quadratic
programming, and Lagrangian methods; see [38] and [39]. All these approaches require solving large
systems of linear equations, which may become computationally and memory-prohibitive when the
number of data (and consequently, constraints) increases.

This consideration motivates the need for an efficient equality-constrained optimization algorithm.
For this purpose, this thesis aims to develop novel, first-order, memory-efficient algorithms for con-
strained optimization. Specifically, we propose an original approach based on feedback control theory,
which we call the controlled multipliers optimization (CMO) framework.

CMO involves reformulating an assigned constrained optimization problem into an equivalent stabi-
lization and output regulation control problem. We define a fictitious plant where first-order optimality
conditions define the state equations, the constraints define the output, and the Lagrange multipliers
are interpreted as the control input. We demonstrate that by finding appropriate control laws, we
can define a feedback control system that drives the plant’s state trajectories to converge toward the
optimization problem solution.

We focus on equality-constrained optimization problems and present two solutions: one based on
proportional-integral (PI) control [40], and the other based on feedback linearization (FL) [41]. We
refer to the resulting algorithms as PI-CMO and FL-CMO, respectively. Our theoretical analysis
demonstrates that both algorithms achieve global exponential convergence to the global optimal solu-
tion to the optimization problem when the objective function is convex and the constraints are linear.
Additionally, we conduct a local analysis of FL-CMO to establish the asymptotic stability of isolated
minima for non-convex problems.

Next, we address optimization problems that are subject to linear inequality constraints. These
problems often arise in set-membership identification, particularly when the noise is assumed to be
bounded in magnitude. We propose a solution based on the CMO framework, considering a plant
defined using the augmented Lagrangian and a modified PI controller; we call this algorithm the
modified PI-CMO (M-PI-CMO). We show that this algorithm is globally exponentially convergent for
convex optimization problems.

Finally, we compare our approaches with similar ones in the literature. Specifically, we compare PI-
CMO and M-PI-CMO against primal-dual gradient dynamics (PDGD). Both theoretical and simulation
results indicate that PI-CMO and M-PI-CMO converge faster than PDGD. Furthermore, FL-CMO is
compared to null-space gradient dynamics, demonstrating that FL-CMO generalizes the latter to a
novel class of algorithms.

In the second part of the thesis, we apply the proposed FL-CMO optimization algorithm to the
problem of identifying nonlinear input-output (NIO) models. Specifically, we consider a rather general
class of linear or nonlinear models in the form

yt:M(yt—17~"ayt—nauta"'vut—n‘a)v (5)
where u; € R? is the input, y; € RP is the output, and

M:RPx -  xRPXRI X -+« x RT —» RP (6)

n times n+1 times

is any differentiable function. The considered model class can account for a large array of models,
including linear, block-structured, gray-box, physics-informed, and neural network models.

We formulate the identification problem as a constrained optimization of the kind (3) and demon-
strate that the structure of the problem is compatible with the assumptions required to apply FL-
CMO. Next, we prove that it converges to a stationary point of the original unconstrained formulation
(1). To cope with the main computational bottleneck of the algorithm, we leverage the sparsity of
the constraints’ Jacobian to propose a Q-less QR factorization procedure that allows us to reduce
the computational complexity from cubic to quadratic in the number of identification data samples.
Moreover, we optimize the amount of required iterations by using an adaptive step size to integrate
the original, continuous-time formulation of FL-CMO.



In addition to introducing the algorithm and performing its theoretical analysis, we demonstrate
the effectiveness of the proposed approach on several SI problems. We consider four key problems:
established black-box SI benchmarks and a realistic gray-box identification problem. Concerning the
black-box problems, we consider the nonlinear neural output error (NNOE) model, which is a par-
ticular kind of RNN in input-output form. The results indicate that, on the one hand, our approach
significantly outperforms standard methods for training NNOE models. On the other hand, a properly
trained NNOE model can provide superior performances compared to prevalent RNN models, including
Elman RNN, LSTM, and GRU. We explain the latter by noting that NIO models are intrinsically more
data-efficient than their state-space counterparts. Concerning gray-box identification, we show that
the proposed method significantly improves the parameter estimates compared to standard gradient
approaches.

Finally, as a side project, we also devote our attention to the identification of linear-time-invariant
systems. We formulate the SEM problem for this class of models as constrained optimization, and
we notice that the formulated problem is described by polynomials. This observation motivates the
need to develop novel and fast algorithms for polynomial optimization. We address this problem by
proposing a solution based on the alternating direction method of multipliers (ADMM) algorithm,
which we call ADMM4POP. We theoretically analyze the algorithm’s convergence and validate the
effectiveness of the proposed approach through numerical examples.

3 Outline of the thesis

This thesis is organized into three parts.

3.1 Part I: Background

Part I provides a background of the required preliminary results needed in the subsequent chapters.

In Chapter 2, we deal with the nonlinear SI problem. First, we introduce the general SI problem,
review the relationship between state-space and input-output models, and discuss the differences be-
tween commonly considered loss functions used to define the problem. Then, we provide an overview
of SI methods, focusing on linear, gray-box, block-oriented, and neural network models.

In Chapter 3, we recall definitions and standard results on nonlinear systems stability and control.
Specifically, we first deal with notions of stability and review Lyapunov’s stability criteria; then, we
review feedback linearization controller design for nonlinear systems.

Chapter 4 reviews basic notions and fundamental results related to optimization problems. We
consider constrained and unconstrained optimization problems and review results on optimality con-
ditions. Next, we review some optimization algorithms with a particular emphasis on gradient and
Lagrangian methods. Finally, we review some results related to dynamical systems approaches to the
analysis of optimization algorithms’ convergence.

3.2 Part II: Constrained optimization through control

Part IT is the core of the thesis. It introduces the proposed controlled multipliers optimization (CMO)
approach to design optimization algorithms through control theory.

In Chapter 5, we introduce the main proposed framework by defining the fictitious plant to be
controlled and proving two fundamental lemmas: one for equality-constrained problems and another
for inequality-constrained ones.

Chapter 6 proposes an optimization algorithm based on PI control (PI-CMO) for equality-constrained
optimization. We prove its convergence for strongly convex optimization problems and compare it to
primal-dual gradient dynamics (PDGD).

In Chapter 7, we consider optimization problems with linear inequality constraints and propose a
solution based on a modification of the PI control law (modified PI-CMO). We theoretically analyze its
convergence for convex problems and compare it with the augmented Lagrangian PDGD (Aug-PDGD).

In Chapter 8, we develop a solution based on feedback linearization controller design (FL-CMO).
We prove convergence for both convex and non-convex optimization problems and demonstrate the
practical effectiveness of the approach through numerical experiments.

This part is partially based on the following papers:



e [42]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, ”A new framework for constrained op-
timization via feedback control of Lagrange multipliers.”, submitted to IEEE Transactions on
Automatic Control, 2024, available at https://arxiv.org/abs/2403.12738.

e [43]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, ”A feedback control approach to convex
optimization with inequality constraints,” In 63rd IEEE Conference on Decision and Control
(CDC), 2024, available at https://arxiv.org/ abs/2409.07168.

3.3 Part III: Constrained optimization for system identification

Part III deals with applying algorithms for constrained optimization to identify dynamical systems.

In Chapter 9, we consider nonlinear input-output models and formulate the identification problem
as constrained optimization. Then, we propose a learning algorithm defined starting from FL-CMO, as
proposed in Chapter 8. We introduce novel strategies to improve the algorithm’s computational cost,
and we theoretically study the computational complexity of the iterations, proving that it is quadratic
in the number of data. Finally, we present numerical results on benchmarks and selected problems
concerning both black-box and gray-box SI.

Chapter 10 is devoted to the linear SI problem. In particular, we formulate the linear SI problem
as a polynomial optimization problem and propose an algorithm based on ADMM to solve it efficiently.
We analyze the convergence of the proposed algorithm and provide numerical examples.

This part is partially based on the following papers:

e [44]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, ” A constrained optimization approach to
system identification of nonlinear input-output models,” manuscript in preparation, 2024.

e [15]. V. Cerone, S. M. Fosson, S. Pirrera, D. Regruto, ” Alternating direction method of multi-
pliers for polynomial optimization,” In European Control Conference (ECC), 2023, available at
https://ieeexplore.ieee.org/document,/ 10178190.

Chapter 11 draws the conclusions of the thesis.
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