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Abstract—In this paper, a current-based algorithm for the
synthesis of metasurface antennas is adapted to deal with
tensorial surface impedance. The surface current is obtained
through the minimization of an objective function that takes into
account all constraint related to a tensorial impedance. A non-
linear conjugate gradient algorithm is applied to minimize an
objective function that includes both realizability and far field
requirements. The proposed surface impedance distribution is
then implemented through a suitable choice of anisotropic unit
cells, either through local optimization or from a database of
precomputed shapes. Results are shown for the case of a circular
metasurface antenna radiating a linearly-polarized broadside
beam.

I. INTRODUCTION

Metasurface antennas are radiating structures based on the
concept of metasurfaces, engineered two-dimensional lattices
composed of a large number of subwavelength scatterers, for
the control and manipulation of electromagnetic waves [1].

The design is characterized by a large number of degrees
of freedom, requiring highly efficient and tailored numerical
techniques. For numerical modelling purposes, the metasurface
is represented with an Impedance Boundary Condition (IBC).
It is well known that the radiation efficiency is higher if the
surface consists of anisotropic elements, as this allows more
flexibility in the control of the surface wave propagation,
resulting in lower side-lobe levels and higher gain [2], [3].
Therefore, recently proposed synthesis methods have been
focusing on tensorial surface impedance [4], [5].

The current-based design method introduced in [6], gener-
alized in [7] to include realistic feeding structures, allows to
design the impedance distribution without any prior knowledge
of its shape (i.e., a reduced order parameterization is not
required), making it particularly suitable for cases in which
the profile is not known analytically, such as for synthesizing
shaped beams. In the following, we will extend the method
(originally formulated for scalar impedance surfaces) to allow
the synthesis of tensor surface impedance profiles.

II. SYNTHESIS OF METASURFACE ANTENNAS WITH
TENSORIAL SURFACE IMPEDANCE
A. Tensorial Impedance Boundary Condition

A locally variable tensorial Impedance Boundary Condition
(IBC) relates the tangential electric field to the equivalent
electric current on the surface:

Ey(r)=2Z(r) - J(r) (1)

in case of lossless scatterers, the impedance is purealy reactive,
i.e., Z = jX. In the following, we will express the impedance
tensor in the local polar coordinate basis (p, @),
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Here, the coefficient X corresponds to the isotropic part of
the tensor, while Xy and X, quantify the anisotropy of the
impedance [8]. All coefficients are functions of the position
on the surface.

The electromagnetic scattering problem is formulated as an
integral equation (EFIE-IBC),

B+ LT =7Z-J, 3)

where FEj,. is the incident (source) field, while £ is the Electric
Field Integral Operator. The dependence on the position has
been omitted for clarity. The current is expanded as a linear
combination of RWG basis function and the discretization of
the problem follows the usual Method of Moments procedure
with Galerkin testing.

B. Current-based IBC synthesis

The IBC synthesis is based on the framework presented
in [6]. An optimization problem is formulated where the
design variable is the equivalent surface current only, and
the objective function to be minimized embeds all design
requirements (pattern masks, impedance range) and physical
constraints (passivity, losslessness) without requiring the sur-
face impedance explicitly. The requirements are expressed as
a sum of non-negative penalty functions over all cells,

Ne

1) =3 (P () + () @

=1

where the local penalties pfhy encode the physical constraints,
while pdes the design ones. All these local penalties functions
are fourth-order polynomials in the current coefficients.

The function is minimized with a non-linear conjugate gra-
dient algorithm, with a custom line-search procedure that fully
exploits the polynomial structure of the objective function.
The algorithm is applicable to large structures by exploiting
common fast numerical algorithms for the computation of the
scattered fields from the currents.



C. From Currents to Tensorial Impedance

To complete the design process, we need a procedure
to obtain the tensor impedance from the knowledge of the
optimal current J = Zn I:n fr (and of the electric field,
obtained as E = Ein. + LJ).

We can observe that, starting from the tensorial IBC (1), we
need to obtain the values for the three independent degrees of
freedom X;, Xk and X,. To this aim, we test (1) with the

following independent testing functions:

o= ($p-pg) T =nxJ 5)
o= (pp—$¢) - J (©)
= ($p+pd) - J ™
obtaining a diagonal linear system,
—HUn 0 O XI Px
0 0 JUN; X, Px

The element of the matrix and of the rigth hand side are
defined as

fx = Im (j‘r;;),
L :Re(EN-‘rL*),

D :Re(E~T;§)
Dx :Re(E-T;)

The solution of (8) is given trivially by

X, = _pN//JN 9
X = —pr/px (10)
X, = pK/,UN (11)

and the original tensor (2) can be reconstructed on each point
on the surface. In the design of practically relevant metasurface
antennas, we are usually interested in capacitive impedance,
which is easily implementable with patterned metallic patches
on the dielectric substrate. In the case of a tensorial impedance,
this condition is enforced by requiring both eigenvalues of the
tensor (2),

& =X+ VX2 + X2, 12)
fo=Xi— VXZ+ X2 13)

to be negative. A sufficient condition is obtained by imposing
X, <0 (14)
(X2 +X7) < X? (15)

by substituting (9)—(11) in (14)—(15), we arrive at the final
constraint formulation,

px >0
P2 >pi+p?

(16)
a7

in which all quantities depend on the surface current only
and can therefore be seamlessly included in the current-based
optimization by defining the associated cost functionals.

In the final step, from the computed tensor impedance values
the appropriate shape of the metallic patterning for each cell

in the lattice has to be defined. This can be done in multiple
ways: by picking a suitable candidate from a database of pre-
computed shapes (where each shape is simulated within a
periodic approximation, and the corresponding impedance is
extracted as in [9]), or through a cell-by-cell optimization in
an aperiodic environment [10].

III. RESULTS

The circular metasurface has been designed at a frequency
of 23 GHz and has a diameter D = 158 mm ~ 12 A.
An RO3003 dielectric grounded substrate with ¢, = 3 and
thickness ~ = 1.27 mm has been used. The excitation is
approximated as a TMj cylindrical surface wave supported by
the grounded substrate, which represents the main contribution
of the field radiated by a realistic feed (e.g., vertical conductor
pin in the centre of the antenna). The surface is discretized
with 41776 RWG basis functions.

The desired broadside beam has a 10° HPBW, linear polar-
ization along the x-axis, with cross-polarization and sidelobes
levels below —25 dB. The isotropic coefficient X; of the
tensor impedance is constrained to be less than —200(2,
consistent with our requirement for capacitive surfaces.

Fig. la—1c show the synthesized tensor coefficients X,
Xk, X, while Fig. 1d-1f show the same profile expressed
in the local polar coordinate basis. The isotropic coefficient
values are below the set upper bound on the entire surface,
but this alone does not guarantee that the obtained solution
is capacitive. Indeed, to confirm this, we can refer to the
eigenvalues distributions in Fig. 2a and 2b, where it is clear
that, everywhere on the surface, both & and &, are negative.

The resulting realized gain pattern is shown in Fig. 3,
together with the surface current magnitude. Both the co- and
cross-polarization components comply with the requirements,
with a maximum realized gain of 24 dB and a 52% aperture
efficiency.

IV. CONCLUSIONS

In this work, a current-based algorithm for the synthesis of
tensorial metasurface antennas has been presented. From the
optimized current, it is possible to obtain the tensor impedance
distribution through an appropriate local testing procedure.
A linearly-polarized, broadside beam radiating MTS antenna
has been designed with the proposed algorithm. The resulting
impedance fulfills all requirements for a capacitive impedance
profile, as highlighted by the eigenvalues distribution.
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Fig. 1: Circular tensorial MTS antenna radiating a linearly-polarized broadside beam: (a), (b) and (c) synthesized surface tensor
parameters, (d), (e) and (f) corresponding surface tensor components in the local polar coordinate orthogonal basis.
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Fig. 2: Eigenvalues (a) & and (b) &,2 of the synteshized
surface tensor impedance.
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