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On the Universal Approximation Properties of Deep Neural Networks
Using MAM Neurons

Philippe Bich”, Student Member, IEEE, Andriy Enttsel
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Gianluca Setti

Abstract—As neural networks are trained to perform tasks of increasing
complexity, their size increases, which presents several challenges in their
deployment on devices with limited resources. To cope with this, a re-
cently proposed approach hinges on substituting the classical Multiply-and-
ACcumulate (MAC) neurons in the hidden layers with other neurons called
Multiply-And-Max/min (MAM) whose selective behavior helps identify
important interconnections, thus allowing aggressive pruning of the others.
Hybrid MAM&MAC structures promise a 10x or even 100x reduction in
their memory footprint compared to what can be obtained by pruning
MAC-only structures. However, a cornerstone of maintaining this promise
is the assumption that MAC&MAM architectures have the same expres-
sive power as MAC-only ones. To concretize such a cornerstone, we take
here a step in the theoretical characterization of the capabilities of mixed
MAM&MAC networks. We prove, with two theorems, that two hidden
MAM layers followed by a MAC neuron with possibly a normalization
stage is a universal approximator.

Index Terms—Deep neural network, multiply-and-max/min, universal
approximation theorem.

1. INTRODUCTION

Deep Neural Networks (DNNs) have achieved widespread adop-
tion due to their remarkable success in diverse domains [1], [2]. The
evolution of these networks from the simple Multi Layer Perceptron
(MLP), the subsequent introduction of Convolutional Neural Networks
(CNNBs) [3] and the recent development of Transformers [4] that are
now exploited for solving almost any task, showcase a progressive shift
towards architectures of higher complexity and larger scale. What all
these systems have in common is the structure of the neuron, which
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is based on the Multiply-and-ACcumulate (MAC) preactivation stage,
which allows DNNs to work as universal approximations [5], [6], [7].

Due to the increasing interest in mobile artificial intelligence [8]
but also in light of the concerns surrounding the resource consumption
of large models [9], there has been a growing emphasis on designing
low-resource networks. As an example, a popular technique used to
decrease the memory footprint of DNN is represented by pruning [10],
which consists in removing weights from the neural model without
sacrificing its accuracy. The challenge of reducing network complex-
ity has also prompted researchers to investigate alternative neuron
structures capable of delivering performance comparable to networks
using standard MAC-based neurons, while consuming less memory and
power. In [11], we proposed and studied a novel neuron model that is
designed to structurally facilitate aggressive pruning. These neurons
are based on the Multiply-And-Max/min (MAM) paradigm, and they
can be substituted to classical MAC neurons in the hidden layers of a
DNN while substantially preserving the network performance. As in
a standard MAC-based neuron, in a MAM neuron the input elements
are modulated independently by multiplying them with their respective
weights. However, in a MAM neuron, instead of summing all the
resulting products into a single quantity, only the maximum and the
minimum products are considered.

It is shown empirically in [11] that starting from an architecture
originally designed using MAC neurons, one may substitute them with
MAM neurons in several hidden layers and use a proper training strategy
to recover a performance close to the original MAC-only network.
Then, existing pruning strategies may be applied to the new network
to reduce the number of weights. As an example, Table I reports some
results from [11]. It shows that when Global/Layer-wise Magnitude,
or Global/Layer-wise Gradient pruning techniques are applied to the
MAM version of three well-known classification architectures, the
number of surviving weights is reduced up to 2 orders of magnitude
more than what can be obtained for MAC versions. The increased spar-
sification observed in MAM-based networks not only reduces memory
requirements but can also lead to faster inference, as demonstrated
in [12]. Even in the absence of specialized hardware support for MAM
operations, these effects have been empirically measured, confirming
that higher sparsity can translate into efficiency gains at the full network
level.

Beyond such empirical evidence, notice how the sensibility of the
MAM approach is based on two key assumptions. The first is that hybrid
MAM&MALC networks have the same expressive power of MAC-only
networks. The second is that MAM&MAC networks allow an extremely
aggressive pruning, but this can be intuitively attributed to the min and
max operators within each MAM neuron, which highlight the only two
important contributions in each inference of every single neuron.

© 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
https://creativecommons.org/licenses/by/4.0/
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TABLE I
PERCENTAGE OF REMAINING WEIGHTS IN THE PRUNED FULLY CONNECTED LAYERS OF ALEXNET, VGG-16 AT 3% TOP-1 ACCURACY LOSS AND VIT-B/16 AT 6%
TOP-1 ACCURACY LOSS USING DIFFERENT PRUNING SCORES

AlexNet + CIFAR-100

VGG-16 + ImageNet-1K ViT-B/16 + ImageNet-1K

MAC MAM MAC MAM MAC MAM

Top-1 Accuracy 65.52% 64.63% 63.36% 63.04% 80.06% 75.62%

=P Global Magnitude 25.01% 0.26% 10.82% 0.04% 41.1% 21.0%

. é % Layer-wise Magnitude 26.05% 0.30% 10.36% 0.07% 40.5% 10.0%
¢ o Global Gradient 17.95% 0.21% 35.93% 0.04% 58.6% 0.1%
S * Layer-wise Gradient  12.68% 0.24% 42.12% 0.09% 50.0% 0.1%

Yet, the first assumption is far from being trivial, as most of the
classical theorems on the expressive power of neural networks deeply
exploit the MAC operations of the neurons and the fact that nonlinearity
is concentrated in the activation functions and not in the previous linear
combination of inputs. Here, we provide theoretical ground to this
first assumption by proving two universal approximation theorems for
hybrid MAM&MAC architectures as well as asymptotic trends for the
complexity of the corresponding networks.

The remainder of this work is structured as follows. In Section II,
we list related works that demonstrate the approximation capabilities of
several neural network models. In Section III, we present a high-level
description of the mathematical model that we use to derive the two
theorems on the approximation capabilities of DNNs using MAM
neurons. The two theorems are formally stated in Section IV. An
example of a function approximation and quantitative results regarding
the convergence of the approximation error are reported in Section V.
The proof of these theorems can be found in Section VI. Finally,
conclusion is drawn.

II. RELATED WORKS

The development of models with universal approximation capabili-
ties has been a significant breakthrough in many fields of science and
engineering. In 1989, [5] proved that a network with a single hidden
layer could approximate any continuous function, given enough hidden
neurons. Some years later, [13] and [14] showed that also fuzzy systems
could approximate any continuous function to arbitrary accuracy. These
works were later extended to multiple inputs and outputs, demon-
strating the universal approximation properties of fuzzy systems more
broadly [15]. In the following years, a large number of researchers have
studied the universal approximation properties of neural networks with
MAC neurons in the case of bounded depth and arbitrary width [6],
[7], bounded width and arbitrary depth [16], [17] and bounded width
and depth [18]. In the recent work [19], authors obtained the optimal
minimum width bound of a neural network with arbitrary depth to retain
universal approximation capabilities.

Research in this field is still very active and aims at proving the
universal approximation capabilities of networks with different archi-
tectural or computational paradigm choices, such as deep convolu-
tional neural networks [20], dropout neural networks [21], networks
representing probability distributions [22], graph neural networks with
random weights [23] and spiking neural networks [24]. In addition,
in [25] the authors exploit a neural network’s universal approximation
property requirement to design novel architectures competitive with the
state-of-the-art.

Some works also propose the usage of sorting activation functions,
i.e., GroupSort [26], [27], [28]. Here, GroupSort is demonstrated
to improve the properties of Lipschitz neural networks, improving
their robustness against adversarial examples. At first glance, the

sorting functions can be associated with the use of maximum and
minimum functions. However, the schemes presented in these works
are structurally different from what is presented in this manuscript.
Multiply-And-Max/min neurons are not merely another form of a
non-polynomial activation; they define an entirely different type of
network where the scalar product is not used in intermediate layers.
This is an extremely important difference since, to the best of our
knowledge, all the universal approximation works — including both
the classical results for ReLU networks [6] and the latest works [17],
[19], [29], [30] — crucially rely on representations of the kind

u=V ((w,v) +b) (1)

where v and w are the equally-dimensioned inputs vector and weights
vector, b is a bias value, ¥(-) is a nonlinearity function (e.g., the
commonly used ReLU function) and w is the output of the neuron.
In particular, this representation is fundamentally defined by the scalar
product (-, -). It is clear that existing results on the universal approx-
imation properties of neural networks heavily depend on the scalar
product in the intermediate layers, a property that MAM networks do
not possess.

III. GENERAL MODEL AND PROOF STRATEGY

To demonstrate the approximation capabilities of a hybrid
MAM&MALC structure, we build and program two network architec-
tures and prove that their approximation error can approach zero by
increasing their complexity. In this section, we present the general idea
behind this construction, while the detailed description and the proofs
of the theorems can be found in Section VI. In our design, we use
two MAM layers followed by a MAC layer, as hidden layers typically
contain more weights and thus benefit the most from MAM. Moreover,
this architecture aligns with the empirical setup used in [11].

In each MAM neuron, all inputs are multiplied by a corresponding
weight, resulting in a series of weighted inputs. Then, only the max-
imum and minimum of the weighted inputs are taken and summed
together (as opposed to standard MAC neurons, which sum all the
weighted inputs). A bias value is then added, and an activation function
is applied. In this work, we use the well-known ReLU activation. If
v1, Vg, ... are the inputs and wy,ws, ... are the weights, the MAM
neuron can be described as follows

+
U= m]aijvj + mjinwjvj +0 2)

where bis the bias and [-] 7 = max{0, -} represents the commonly used
ReLU nonlinearity. Notably, (2) differs fundamentally from (1), as the
aggregation (the reduce operation) is different. In fact, it relies on the
maximum and minimum operations rather than the summation within
the scalar product. We stress that this key distinction makes the existing
universal approximation studies not directly applicable to this case.
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Fig. 1.  Structure of the overall neural network when N = 2. The composition
of the two MAM layers £”(L'(x)) is used to generate the building blocks zj,
that the final MAC layer Z* or Z properly combines to create the output of the
network.

We adopt MAM and MAC neurons to build a two-part DNN struc-
ture. In the first part, MAM neurons are used to build specific weakly
unimodal piecewise linear functions z(x), with ¢ = (21, 2,...,ZN)
the N inputs of the DNN for which we will assume z; € [0, 1]. In the
second part, all the z(x) computed by the first part are combined to ap-
proximate the target function. This is shown in Fig. 1 for the special case
N = 2, though the general architecture remains the same for any N.
The first layers £ and £” produce “truncated pyramids” (which in the
case of NV > 2 become “truncated hyperpyramids’) whose positions,
truncations, and slopes depend on the parameters of these two layers.

If we index the outputs of the first part of the network as z; (), the
third layer first applies weights ¢, and finally combines them in the
output of the network. The choice of the final combination, the shapes,
and the positions of zx () are intertwined. In fact, inputs can affect the
output of the network only if z(a) # 0 for some k. If we collect in
Y C X = [0, 1]" the set of points for which this fails, we require that
its Lebesgue measure is null, i.e., u(Y) =0

Clearly, this can be obtained by making the supports of zj () overlap
and thus Y = {). In this case, not to complicate the choice of network
parameters, it is advisable to avoid the fact that the value of the output
depends on how many zj () are non-null at each point. This can be
obtained by adopting a final normalization stage that is quite common
in the literature and yields the network output

Z(z) = M 3)

>k k()

Although each zy(x) is piecewise linear and could be used, in
principle, to reproduce both punctual and differential behaviors, nor-
malization makes the gradient of the input-output relationship of the
network difficult to control.

To recover the ability of reproducing both punctual and differential
behaviors, we additionally consider a final layer with a simple linear
combination

Z(ill) = chzk(a:) (4)

In this case, the resulting input-output relationship is piecewise linear
and the overlap between the z; () can be administered to guarantee
that the network parameters can easily control both the punctual and
differential behaviors. This leaves Y # () and another subset Y’ with
Y C Y’ € X in which universal approximation cannot be guaranteed
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but whose measure can be made to vanish by increasing network
complexity.

IV. MAIN RESULTS

Within the above framework, we prove two theorems that describe
the universal approximation properties of DNNs using MAM neurons in
the hidden layers. Theorem 1 guarantees the strongest uniform approx-
imation of targets that are only required to be continuous. However,
it requires a last layer of the form of (3) that needs normalization.
Theorem 2 guarantees a looser approximation that allows deviation in
a vanishing-measure subdomain. However, this weaker approximation,
combined with a stronger smoothness assumption on the target function,
allows us to leverage the simpler linear last layer in (4) and to show
that the first-order differential behavior can also be reproduced. In both
cases, we give the asymptotic trend of the number of parameters in
a network whose approximation error does not exceed a prescribed
threshold.

Let us indicate with Z* the family of functions in (3) while with
Z the analogous family of functions in (4). Smoothness conditions on
our target functions f : X — R are formalized by assuming that they
belong to C%(X), i.e., that their dth order derivatives are continuous.

Theorem 1: For any function f € C°(X) and any prescribed level
of tolerance € > 0, there is a Z* € Z* such that

sup |f(z) — Z" ()| < e.

xzeX
If f is also Lipschitz and #p is the number of parameters in the

network, then the above inequality holds for

#p~e N

ase — 0.

Theorem 2: For any function f € C2(X) and any prescribed levels
of tolerance ¢, €', £ > 0, there are a domain D C X and a Z € Z such
that

Sgg\f(w)—z(w)\ <e

of YA ,

— - <
S | 5es @)~ B, w>\ e
p(X\D) <&

If #p is the number of parameters in the network then the above
inequalities are satisfied for

#p ~ max {6_%,GI7N7§_N}

ase, ¢, & — 0.

The proofs of both theorems are reported in Section VI and are con-
structive. In particular, subnetworks in the cascade z(x) = L"(L'(x))
are identified and programmed to make each z () a weakly unimodal
piecewise linear function of the inputs, whose maximum is 1 and is
reached in a hyper-rectangular subset of the domain, while the function
vanishes for points far from the center of that hyper-rectangle. The
shapes and positions of these functions can then be designed along
with the weights c;, so that their combination by means of (3) or (4) is
capable of arbitrarily approximating the target function.

A. Limitations of the Current Approach

Theorems 1 and 2 are based on networks in which constraints are
placed on neither the width of the layer nor the total number of neurons.
Hence, despite proving universal approximation capabilities, they do
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Fig. 2.
Theorem 2 with N =2 andn = 7.
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Fig. 3. Convergence of the approximation error for the Rosenbrock function

for Theorem 1 with a varying number of input dimensions /N and of divisions
of the domain n.

not imply efficient approximation. However, such a theoretical limita-
tion is never experienced strongly in practice, since MAM networks
can guarantee acceptable performance in real use cases.

V. EXAMPLES

The purpose of this section is to visually represent the approximation
capabilities of aneural network employing MAM neurons, as delineated
in Theorems 1 and 2. As a case study, we utilize the C*°(X) Rosenbrock
function [31], centered in (0.5, ...,0.5) € RY, which is defined as

2

—1
[100 (zier — a2 + 20, — 0.75) + (15— 2] )

1

f@) =

i

where f: X - Randz = (z1,...,7x) € X,ie, z € XV,

The complexity of implied networks will be summarized by an
integer parameter n whose precise role in the construction of the
network is defined in Section VI. What is important to know here to
appreciate these examples is that the number of neurons in a network
is approximately proportional to n™V Setting N = 2 and n = 7, Fig. 2
shows visual examples of the Rosenbrock function and the approxima-
tion results for both theorems. Note how, in this N = 2-dimensional
domain, n = 7 identifies a 7 x 7 grid whose cells correspond to locally
tuned behaviors of the input-output relationship of the networks.

Furthermore, in Figs. 3 and in 4 we provide quantitative results
illustrating the decrease in the approximation error for both theorems.
Point-wise and differential errors are reported, whose approximately
linear trends in double logarithmic plots against n confirm the inverse
polynomial relationship between network complexity and errors. Due
to the definition of the Rosenbrock function, for a given ¢, g—gfi is
independent of NV if N > 2. Hence, the two tracks of differential errors
for N = 3 and N = 4 coincide.
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APPROXIMATING FUNCTIONS

1.0

1.0

Three dimensional plot of the target function f(x1,z2) and of its two approximations Z*(x1,x2) € Z* implied by Theorem 1 and Z(x1,x2) € Z by
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n
Fig. 4. Convergence of the approximation error for the Rosenbrock function

and the maximum approximation error of its partial derivatives for Theorem 2
varying the number of input dimensions N and of divisions of the domain n.
Plots with IV > 3 are superimposed due to the nature of the target function.

VI. NETWORK CONSTRUCTION AND PROOFS OF THEOREMS

A. Network Construction

This subsection aims to show that the first two layers of our network
can be programmed so that the outputs of the second hidden layer
are specific weakly unimodal piecewise-linear functions z, () of the
inputs. The arrangement of £’ is reported in Fig. 5. It contains neurons
in which only one weight is non-null so that only one input affects the
output. This simplifies (2) into

u = [wv + b]* (6)

where v is the only input connected with the neuron with w # 0. The
profile of (6) is piecewise linear, in which the breakpoint is set by the
bias and the slope of the non-horizontal piece is set by the weight. In
L', these neurons appear in pairs. Referring to Fig. 5(a), each pair is fed
by the same input and contains a leff neuron with parameters w" and
bl and a right neuron with parameters w® and b%. By setting w* < 0,
wR > 0and 0 < b" < bR < 1 we obtain the left y* and right yR parts
of a trapezoidal profile depending on the common input.

Looking at Fig. 5(b), each input is connected to multiple pairs of
neurons in £’'. The second hidden layer £” is then fully connected
to £'. In each of its neurons, all the weights are set to 0 but the 2N
weights connecting the outputs of N pairs in £', each pair depending
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Fig. 5.

on a different input. These 2N connections have weight —1 and the
bias equal to 1. The following lemma establishes the link between the
inputs of the network and the outputs of £”.

Lemma 1: Let z be any of the outputs of £”. For N > 1 and
any choice of the quantities wi,...,wy € [0,1], l1,...,Iy >0,

8t ..., 0% > 0,and 6}, ..., 6%, > 0, the two MAM hidden layers can
be programmed to yield
2(w) = [1 - Ax)]" ™
where
0, i —wi|—l;
A(x) = max o ifzy<w; § (8)
ie{l,..,N} (5? ifl‘i > w;

Proof of Lemma 1: We focus on a single second hidden layer neuron
and assume that the 2N neurons of the previous layer that are connected
to it by non-null weights have outputs 3%, y®, y5, v&, ..., where the
index indicates the input on which that output depends, i.e., y* and yR
depend only on z;.

For y} the non-null input weight w" =~/ st and the bias b=
(wizti) / oL while for y the non-null input weight w® = */ s and bias

PR — (fwrli)/é.g. By recalling (6) one gets
—xitwi — 1] 2 —wi ="
ur = [5*] md 5 = {6*} Y

The output of the second hidden layer neuron we are focusing on is
therefore

w
Il

+
{ max {0,—9?,—11?}+iE{I}}iPN}{0,—y$,—y§}+l}

ie{l,...,N}

+
[1— max {y;,y; | - (10)

ie{l,..,N}

Note now that, if z; > w; then y& > 0 and y& = 0 while, if 7; < w;
then y® = 0 and y* > 0. Hence, without loss of generality, we may
assume that x; > w; fori = 1,..., N, being all other cases a variation
of this one by suitable symmetry and scaling. With this, 3= = 0 for

i=1,...,N and (10) becomes
+
T; —wW; — ll +
OR

T; — W; — lz *
= [t s o2

that is equivalent to the thesis. (]

z=|1— max
i=1,...,N

(1)

(b)

In (a) the representation of a couple of MAM neurons with non-null weights for input x; while in (b) the structure of the two MAM layers £ and £”.

Fig. 6. In (a) the three dimensional representation of a generic z, () for
N = 2 and its contour plot in (b) showing the role of the various parameters.

To interpret Lemma 1 note that A(x) is a scaled measure of how
far the input vector « is from the hyper-rectangle centered at w =
(w1,...,wx) with sides 21y, ..., 2ly. Hence, z(x) is maximum and
equal to 1 if  belongs to such a hyper-rectangle and has a piecewise-
linear decreasing profile when « gets further from w. Fig. 6 reports an
example of a z(x) when N = 2.

In the following, we will assume that each neuron in the second
hidden layer matches a whole subnetwork as implied by Lemma 1.
With this, we may re-index the outputs of the second hidden layer as
2w () associating each of them with the center of the hyper-rectangle
in which z,, () = 1. The same is done with the corresponding weights
¢, in the output layers.

B. Universal Approximation Properties With Normalized
Linear Output Neuron

Given a positive integer n, define Q = {0, %, %, ..., 1}¥ and in-

clude in the two hidden layers all the subnetworks implied by Lemma 1
to implement the function z, (x) for each w € . In each of these
subnetworks set 67 = 08 =§ ="/, fori=1,...,N and [; = 0 for
t=1,...,N. With this, z,(«) is an (N + 1)-dimensional pyramid
whose base is an /V-dimensional hypercube with sides of length 24 and
center in w.

Given this configuration and the definition of the building blocks, it
is easily calculated that the first hidden layer consists of 2n /N neurons,
each with 2 non-null parameter, while the second hidden layer consists
of |Q] = (n+ 1)" each with 2N + 1 non-null parameters, and the
last layer has a single neuron combining the |€2| outputs of the second
hidden layer using || further parameters. Hence the total number of
neurons and parameters of the network with normalized linear output
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are

#n=2nN+ (n+ 1)V +1~nV (12)
#p=4nN+ N +1)(n+ 1)V + (n+ 1)V

~2(N +1)n™ (13)

where the asymptotic trend is for n — oo.

Proof of Theorem 1: Note first that for any given x € X, only
a limited number of functions z,,(x) are not null. In particular, if
k; = |nx;| for i =1,...,N is the largest integer not exceeding
nx;, then z, (x) > 0 only if w belongs to the set Q, = {k19, (k1 +
1)8} x -+ x {kn9, (kn + 1)8} that contains the 2% corners of the N-
dimensional hypercube Cp = [k16, (k1 + 1)d] X -+ X [kn0, (kn +
1)4]. Hence, we may evaluate Z(x) focusing on functions z,, () with
w € Q.

Define the functions
Zw(x)
W= @)
that are such that >, (o (®) = ,cq, Cu(x) = Lforany z € X,
and set ¢, = f(w) for each w € Q.

The error |f(x) — Z*(x)| in Theorem 1 can be written as

- > fw

(14)

weQg
= 1> @)~ f(w)]lu(@)
weQgp
< max max |f (€) — f (w)]- (15)
weQy

Since f : X +— R is continuous on the compact domain X, it is also
uniformly continuous and, for any given level of tolerance € > 0, there
is a Az such that for any @', ” € X with distance ||z’ — 2"||2 < Az
we have | f(z") — f(2”)| < e. For a given @, the distance between any
€€ Cpandanyw € Qy is [|€ — w2 < 6v/N. Since § = 1/n we can
select n so that

/() — 2" ()] < max max | (£) -

wEeNgp

flw)l<e

Actually, if f is Lipschitz with constant L, then we know that the
above inequality is satisfied for e > LdvV N = %\/ﬁ . For large n (and
thus small €), this can be paired with (13) to say that the number of
parameters needed to meet the given tolerance should grow as ¢V as

the tolerance decreases. O

C. Universal Approximation Properties With Linear Output
Neuron

In this case, the approximation capabilities of our network over
the whole domain depend on the local behaviour of subnetworks
converging not in a single second-hidden-layer neuron but in 2N
second-hidden-layer neurons.

Formally speaking, given a positive integer n, define 2 =
1 3 5 2n—1
2n 202000 2n

, and set

1 n-+2
()

aswellas § = (? so that 2(£ 4+ 0) =1 /,,.
For any w € 2 we include subnetwork neurons of the second hidden
layer with outputs labeled z,1-, 2,1+ ,....2,N—, Z,~N+ as well as all

(16)
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the previous neurons needed to compute such outputs. The expression
of each z ;= is given by Lemma 1 and thus is defined by the cen-
ter point w’* = (wl ,...,w{\, ), by the slopes 5 LaE, .,6JL\;ji and
O%IE L 6% as well as by the side lengths 1J*

In a subnetwork, everything depends on two quantities 6 and / that
are used to set

l]‘i.

T \wikl ifi= © 70 ifi=j
- [ ifi#j
R+ _ Rj—- _
07T =0 % *{26 ifi=j
6 ifi#y -
L,j+ _ Lj— _
% {26 ifi=j 4 =0

fore,7=1,...,N.

To give some intuitive grounding to the above definitions, Fig. 7
reports example profiles for 4 output functions z,1-, 2,1+, 22— 5 Ze,2+
with N = 2. According to the construction of the network, the first
hidden layer contains 2nN neurons, each defined by 2 non-null param-
eters. The second hidden layer consists of 2Nn¥ neurons each having
2N + 1 non-null parameters. In the last layer, there is a single weight
for each of the 2Nn™ outputs of the second hidden layer. Overall, the
resulting network has

#n = 2nN +2NnY +1 ~ 2NnV (17
#p =4nN + (2N +1)2NnN + 2Nn?
~ 4N (N +1)n" (18)
in which we have reported the asymptotic trends when n — oc.
Given an w, we may define the subset
X::{m6X| i:q‘f‘.?fzv{‘x““”}g}' (19)

The approximation capabilities depend on the behavior of the output
of the subnetworks in each X™® and thus in D= X® The
following lemma holds.

Lemma 2:
N
X"l >1-—
u(U ) al

we)

we

Proof of Lemma 2: From (19) we get that the X® are disjoint and
their individual measure is (2¢)~
Since the cardinality of  is n"V we have

u(wLEJQX:>— N:(\/mfn)Nz1fﬁ

where we have exploited (16). O

Lemma 3: Given any choice of N 4 1 coefficients a and b; for
j=1,...,N, one may choose 2N weights ¢/* with j =1,..., N
such that

(20"

N N
= chizwji(m) Za-‘rzbjmj (20)
j=1 Jj=1

forany x € X®, where Z,, () remains implicitly defined.
Proof of Lemma 3: Due to the definition of w’* we have

X® = — b+ % X [wy — 4wy + 4]

= [wi T, wit] x o x [wN Wy ]
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Fig. 7.

Three dimensional plots of the functions z,1-, 2

wltr 2w 2y

Hence, if € X: we know that wj:_ <uz; < wf' forj=1,...,N.
Moreover, since by definitionforanyi,j = 1,..., N and¢ # j wehave
Wit —w!m =20 and w!” +w!T = 2w, then |z; — w!F| < ¢ when
i # j. Therefore, one can apply Lemma 1 and compute A(x), for
which all the terms in (8) but |z, — wg *| are non-positive, thus yielding
Zpit(x) =1 JﬁJf‘/(Qe)-

Without loss of generality, translate X, so that w = (¢,...,¢).
This implies w)~ = 0 and w’/* = 2¢ for j = 1,..., N, thus yielding
Zyi-(®) =1 — 32 and 2,5+ (@) = 3. With this,

]icjizwi(m) @ (1~ 213) +e 2@]

al X
J+_J J

Il
M=

1

.
Il

I
Mz

1

<.

that can yield any affine function f(x) =a + Z;V:l bjx; by setting,
fory=1,...,N,
d- = % and ¢F = + 20, 1)

O

The above characterization of the output of Z-subnetworks allows
to prove their local approximation capabilities.

Lemma4: Givenany function f € C?(X), thereis a constant M > 0
such that

|f () — Zu,(x)] < MN?
af 07,
8$]( z) -~ Ox; (:1:)‘ < MNE

for any & € X® and any w € Q.
Proof of Lemma 4: Since f € C*(X) and X is compact, H > 0 exists
such that

2
‘ ) (22)

<H
axixj (m)‘ -

forany x € X and i,j = 1,...,N. Since € X™, and thus |z; —
w;| < ¢, the above bound can be used jointly with the Taylor expansions

of f and its derivatives around w

f(x) )+ Z awl - w;)
N N
+D 0D Rig(@) (@ — wi) (a0 —wy) (23)
O ()= 9 (s )+§st' (@) (25 —w;) i=1,...N (4
oz, oz, Ly PRI T BT S

24 with NV = 2 that are combined to build Z;.V:l cJ
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Z;'\Ll Cjizwjﬂ: ()

.izwji (m)

where R; ; and S; ; are Taylor theorem remainder terms. Their error
terms satisfy

N N

Z Z Riaj(w) (z; —w;) (mj —wj)

i=1 j=1

<N QKQ max max

2 k=1,...,N £eX

0% f
akal

1
=< §HN2€2 (25)

and

- wj)

> Sia(@) (x;

82 f

=< N2€2l max
0x;x;

2 j=1,..

©

ax
LN gexX

1
=< EHNK i=1,...,N. (26)
At this point, one may exploit Lemma 3 to set the weights ¢/* and

yield

Zu@) = 1 @)+ 25 @) (5 - )
=@ - L @ +Y L wa e

which is also such that azw () = %(w). Hence, we may program

Z,, to reproduce the behav10ur of f and its derivatives in X :, and the
approximation errors can be derived exploiting (23) with (25) and (24)
with (26) to obtain

1

|Zw(x) — f(=)] < 5HN2£2, (28)
0z, 1
ox; (@) - 8:51( z)| < §HN£ 29

forany x € D = {J,cq X8 This yields the thesis with M = 1 /,.00

Proof of Theorem 2: Note first that from (16) we get that if £ > 0,
the generic 1nequa11ty ¢ < [is satisfied by n > 1 3T z2 and thus by the
slightly looser n > = 57

Lemma 4 implies that to meet the error tolerances we should set
< /5 that
we should also set n > %

Hence, to satisty all the requirements is enough to set

N M M 1
nZEmaX ?,?,g

With this, we recall (18) to produce the second part of the thesis. [
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VII. CONCLUSION

We proved two theorems with different assumptions and theses that
confirm that hybrid MAM&MAC networks are universal approxima-
tors. We also presented an example to show how the two theorems
apply in practice and provided quantitative results on the vanishing of
approximation errors. These theorems give ground to aggressive prun-
ing strategies whose first step is the substitution of MAC neurons with
MAM neurons in the hidden layers of a DNN while still maintaining
overall functionality.
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