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Abstract

A variational scheme of evolution (minimizing movements) is applied
to a sequence of functionals converging to the prototypical second-order
functional with free-discontinuities. The method provides a function which
matches the expected evolution of the free-discontinuity limit functional.
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1 Introduction

In this paper we focus on the problem of defining an energy-driven evolution
related to the prototypical second-order-functional with free discontinuities

1 1
3 | @+ 20 + (),

by an approximation scheme which involves energies F. defined on finite-dimen-
sional spaces. Here, u is piecewise smooth and #S(u) and #S(u’) denote the
number of discontinuity points of u and u’, respectively.

The goal is the extension of an analogous first-order result obtained in [IJ,
where first-order functionals with discontinuities only in u have been dealt with,
and the evolution along the approximating functionals F. is compared with
the evolution according to the limit functional. We note that such functionals
are related to Griffith fracture energies, and have been extensively analyzed
in the context of the evolution of brittle fracture ([2], [3]), while the second-
order energies above can be interpreted as depending on the curvature of a rod



with possibility of bending and eventual fracture as extreme bending (see, for
instance, Barchiesi et al. [4] for an approach to second-gradient theories).

The so-called method of minimizing movements ([5], [6], [7], [8]) provides a
general procedure to define curves of maximal slope (in an extended meaning)
for functionals which are not necessarily smooth. Given the “state space” X of
a system (e.g. an Hilbert space) and an initial datum u°, the evolution driven
by an “energy” functional .%: X — R arises as a limit function of an iterative-
minimization process. Given a (small) time step 7, a sequence (u*);, of states is
defined from u° by a recursive minimization:

1
u® minimizes v — F(v) + 2*||U - Uk_l”%p
-

This means that the state u* aims to decrease the energy while keeping a dis-
tance of order 7 from u*~!. A piecewise-constant function w, : [0, +00) — X is
thus defined by setting u,(t) = w71 A minimizing movement for F from u®
is any pointwise limit u of a (sub)sequence (u,, ), with 7, — 0. For instance, in
the classical case of a convex functional .%, the function u turns out to be the
absolutely continuous solutions of the differential inclusion v'(t) € —0.% (u(t)).
Actually, by a careful choice of the minimization functional, the method has
proven to be widely applicable in a variety of fields (Calculus of Variations,
PDE, Geometric Measure Theory, ... ).

A natural question emerges when we apply the scheme to a converging se-
quence F; of functionals (think of the parameter ¢ as varying along an infinites-

imal positive sequence). Assume that F. L Fase—0 (T convergence with
respect to a suitable topology), and define, for every € and 7, the piecewise-
constant evolution u. , as above. In Braides [7] (see also [J]), the notion of
minimizing movement along a sequence is introduced, as the uniform limit, on
compact sets of [0, +00), of a sequence u,, . In general, the result depends
on the mutual rate of convergence to zero of € and 7. An assumption which
guarantees the independence from the e-7 regime is the convexity of F. (see
[7 §11.1; see also [I0] and [I1]); unfortunately, physical models (and the one
considered in this paper, too) often do not meet this requirement. A weaker
condition has been introduced by Colombo and Gobbino [12] for the analysis
of curves of maximal slope, and extended in [I3] to the study of minimizing
movements (see also [9] Section 2.3.3). Again, this condition will not be met by
our energies.

Here, we are concerned with free-discontinuity functionals. Consider the ba-
sic model of the one-dimensional Mumford-Shah functional

1 1
Flw) = [ W@ do+ #5(w)
0
where u is a piecewise-H! function on (0, 1), and S(u) denotes its set of discon-

tinuities (jump points). A well-known discrete approximation (see [14], [7] and
[15], [16] in the context of fracture mechanics) is given by

R = v ("),

where u is defined on [0, 1]NeZ and u; denotes its value on the i-th node; here, 9
can be chosen to be an even function which is quadratic in a neighborhood of the



origin (with 1”/(0) = 1) and takes value 1 at infinity (see Figure[I]). A study of the
minimizing movements along F. is contained in [I] (actually in the mechanical
frame of the Lennard-Jones-type potentials). If the minimizing movement is
computed with the constraint 7 < €2, it can be proved that the singularities do
not move at least in a right neighborhood of the initial time ¢ = 0, and in each
of the subintervals of (0, 1) determined by the singularities, the initial function
evolves according to the heat equation with Neumann boundary conditions.
Thus, in this case, we recover the minimizing movement for the Mumford-Shah
functional F, as computed in [7], Chapter 7. Note that functionals F. above
may not satisfy the Colombo-Gobbino condition in [I3]. In particular, we may
have a sequence of local minimizers for F., which, taken as initial data, give
constant evolutions, converging to a function which is not a critical point for F'
and from which the evolution is not constant. To overcome this possibilities we
have to assume that the data are “well-prepared”, so that we have no energy
gap in the limit. This is a usual requirement in non-convex evolution problems,
as for example in the approach by Sandier and Serfaty [17].

The present paper contains a partial extension of the above result to the
second-order case. The role of the Mumford-Shah functional is now played by

Fu) = 50"(0) [ /@) e+ 240) + #5(0),

where u is piecewise-H? on (0,1) and S(u') stands for the set of continuity
points where v’ is discontinuous (crease points). The starting result is the dis-
crete approximation (Braides [I8]) of F which adjusts to the second order the
functionals F; previously introduced: now

Ui — 2U; + U
FE(U):Z’L:’(/)( + 6\/5 1))

where 9 is as above (see Figure . We show again that a suitable mutual rate
e-1 of convergence guarantees a unique minimizing movement which presents
stability of the singularities with respect to the initial datum; in addition, on
each interval where the evolution is smooth, it satisfies the fourth-order equation
which is the expected result for the minimizing movement of the limit functional
F'. Let us briefly outline the structure of the paper in more detail.

In §3 we introduce the discrete approximating functionals F; we specify the
notation about discrete functions and define the quadratic interpolation already
introduced in [I8]. A significant notion is that of singular point, i.e. a node i
where the second-difference quotient (Acu); = (u;r1 — 2u; +u;—_1)/e? exceeds a
given threshold.

In §4] we detail the scheme of minimizing movements along the sequence Fy;
the main result of this section is the compactness result in Theorem and
Corollary which relies on a basic compactness theorem for piecewise-H?
functions (see the result, from [I9] and [20], recalled in Theorem [2.3). So far we
have a minimizing movement u € C*/2([0, +00); L*(0, 1)) with u(-,t) piecewise-
H?%(0,1).

In §5| we first prove a regularity result for u: the pointwise second-order
derivative of u(-,t) is H? globally on (0,1) (see Theorem ; moreover, the
second and third derivatives vanish on the boundary of (0,1). Furthermore,



(Theorem and Corollary , we show that u(z,-) is H(0,T) for every
T >0 and uy = =" (0)(Upz )z

In §6| we deal with the issue of the evolution of singular points of the min-
imizing movement u; we limit ourselves to provide a sufficient condition which
entails the stability of the singular points of the initial datum in a small interval
after the initial time ¢ = 0.

In §7] under the assumption of the stability of the singular points, we prove
the vanishing of the second derivative on jump and crease points, and also of
the third derivatives on jump points. These result will be used in the final
section to prove the uniqueness of the minimizing movement; this comes from
the uniqueness of the solution of the equation u; = —¢"(0)(Upy)ze With the
specified boundary conditions, considered in a domain (a, b) x (0,T") where (a, b)
is any of the intervals determined by the singular (fixed) points of u. Though we
do not address the study of the minimizing movements for the functional F', it
turns out (see that this fourth-order equation corresponds to the evolution
of F if we assume that the singular points remain fixed.

Actually, some remarks are now in order.

In a similar way as in the first order case [I], we require the condition 7 < &%
on the mutual rate e-7 of convergence (and a bound on the L? norm of the initial
datum), to obtain a sufficient condition for the stability of singular points from
t = 0. In this second-order case, too, the hypothesis is used to give an estimate
on the growth (with respect to the time index) of the second-difference quotients.
This appears to be a technical issue, since the final result of the commutativity
of the procedure (minimizing movement along a I'-converging sequence and
minimizing movement of the limit) should hold in general in the opposite case
when e < 7 (see [9], Theorem 2.1).

The vanishing of the third derivatives on jump points is obtained by adding,
with respect to the initial natural structural requirements, a suitable (mild)
growth assumption on 1.

Moreover, we point out that the complete result is limited to the case of one
singular point (jump or crease), without tackling the problem of localizing the
method.

Finally, a possible extension to more than one space variable appears to be a
difficult task; this is supported by the fact that only partial results dealing with
the approximation of second-order free-discontinuity functionals are available

(21, 22).

2 Preliminaries

Function spaces Let (a,b) be a bounded open interval. We denote by
H%(a,b) (with k& = 1,2) the space of piecewise-H* functions on (a,b), i.e. the

space of functions u: (a,b) — R which admit a partition a = 29 < z1 < ... <
T, = b with the property that u € H*(x;_1,z;) for each j =1,...,m.
If u € s (a,b) and x,...,z,, is a partition of (a,b) as above, then u €

C%([w;-1,7,]) and the traces

u+(a)7 ui(xj)v u_(b)



are well defined for each j = 1,...,m — 1. Moreover, u is absolutely continuous
on each interval (z;_1,x;): we denote by «’ the classical derivative of u, which
exists a.e. on (a,b). We denote by S(u) the set of discontinuity points (jump
points) of u.

If u € 7#%(a,b) then v’ € 71 (a,b); in particular, the traces

(W) (a), (W) (z;), (W) (b)

are well defined for each j = 1,...,m — 1, and on each interval (z;_1,x;) the
classical derivative u” of v’ exists a.e. We denote by S(u’) the set of points
where u is continuous but «’ is discontinuous (crease points).

In the sequel we will consider functions u of the “space-time” variable (z,t) €
(a,b) x [0, 4+00); in such a case, if u’ := u(-,t) € #*(a,b), we denote by wu,(-,t)
and g, (-, t) the derivatives (u')’ and (ut)” as defined above.

If (X, -]]) is a Banach space and T > 0, we shall denote by LP(0,T; X) the
space of (strongly) measurable functions u: [0,7] — X such that

T
/ u() 7 dt < +oo.
0

(See, e.g., [23], § 2.19, [24], Chapters IT and III). For the following result see,
e.g., [24] Corollary III.13 and Theorem IV.1).

Theorem 2.1. Let X be a reflexive Banach space. Let 1 < p < 4+o00. Then the
dual space of LP(0,T; X) can be isometrically identified with L1(0,T; X'), where
1/p+1/¢=1.

In particular, we deduce that L2(0,T; X) is reflexive if X is reflexive. We
will use this result with X = HZ(0,1).

Compactness results We state, in the one-dimensional case, the classical
compactness and closure theorem for SBV functions (see [25], Theorems 4.8 and
4.7, where the general n-dimensional setting is considered, and [26], Theorem
7.3, for the one-dimensional case). Recall that, if v € 5 (a,b), then the jump
part of the derivative of v is the measure D7v defined by D/v = 37 g,y (v* (2)—

v~ (x))d, (here 0, denotes the usual Dirac measure on ).

Theorem 2.2. Let (v,) be a sequence of functions in 5 (a,b) such that

b
sup (/ |U:1(13)|2d1‘ + #S(vn) + |Un||oo> < +00.

Then there exists a subsequence (vy, ), and a function v € ' (a,b) such that

/
nhp

Vp, — v strongly in L*(a,b); v, —v' weakly in L*(a,b).

Moreover, Div,, — Div weakly* in the sense of measures (i.e., for every ¢ €
C°([a, b)) vanishing on a and b it turns out that f; oDIv,, — f; eDIv).

As to the second order, we will need the following compactness result from
[19] (see also [20], Theorem 7).



Theorem 2.3. Let (a,b) be a bounded open interval, and (z,) a sequence in
H%(a,b). Assume that

b
(2.1) sup [/ ()2 + (20)?) da + #S(z) + #5(21)] < +oo.

Then there exist a subsequence (zp, ), and a function zo € S*(a,b) such that

Zn, — 20 a.e. and strongly in L*(a,b); 2, — 20 weakly in L*(a,b);

z,, — 2y a.e.in (a,b), and 2] — z{ weakly in L*(a,b).

Remark 2.4. Since (2.1)) implies the L?-boundedness of (z,), the subsequence
(2n, ), given by the theorem also satisfies:

Zn, — 20 strongly in L(a,b) for every 1 < ¢ < 2.

3 The functional F;

In this section we introduce the functional F.. Though its natural domain is a
space of discrete functions, we will need to consider suitable affine and quadratic
interpolations. We collect some results which will be useful in the sequel.

Notation for discrete functions Let € > 0 be given. If u is a function
[0,1]NeZ — R, we denote the value u(ic) simply by u;; therefore, we also write
u as an indexed family (u;);=0,1,....n. Where N = |[1/¢] (|a] denotes the integer

part of a). It will be useful to define u; for ¢ = N, + 1, too: we thus set the value
uN.+1 in such a way that

1

(3.1) §(UNE+1 +UNE_1) = UN,

(this choice makes the second-order difference-quotient e~ 2(un, 41 — 2un, +
UNE—I) null).

By u we will also denote the piecewise-constant extension to [0,e(N. + 1))
defined by

(3.2) u(xr) =u; with i = |z/e], if0<z<e(N:+1).

The LP? norms of u are defined by taking this piecewise-constant extension into

account; we set
N,

£
”uHiP = ”uHI[),p((o,g(Ng_,_l)) = EZ |Ui|p .
=0

The functional F. Let ¢: R — [0,+00) be a function satisfying the fol-
lowing conditions:

P(2) =9(=2),  ¥(0) =0;
1 is convex on the interval [0, zp] and concave on [z, +00);

lim ¢(z) =~, with~y > 0;

z—+00

Y(z) > vp2? if |2| < 2 for a suitable vy > 0.



Figure 1 - Function .

It follows that 1 is non-decreasing on [0,400). In the sequel we will assume

v =1 (see Figure[l).
We require that 1 is C! on R and C? in a neighbourhood of 0. In particular,

Y'(0) =0, [/ ()] < C|z] for every z € R,

for a suitable constant C' > 0.
On the space of the discrete functions (u;); on [0, 1] we consider the functional

N
N Wikl — 22U+ U
e ;w( E )

u 1 — 2u; + uy 1
_Zlg (= sz = Zapg (Acu);
K2

where

Uiyl — 2U; + Ui
2

e = TY(VE),  (Beu)i= (1<i<N).

Notice that in the definition of F. the sum over i actually extends up to N, — 1,
since (Acu)n. = 0 in view of the definition (3.1]) of un_11.
Let us point out some properties of ¢.:

e For every ¢ > zp there exists v(¢) > 0 such that

(3.3) pe(2) 2 v(Q) i |2 < (/e

The constant v(¢) can be taken independent of ¢ if this latter varies in a
bounded set. Clearly, we can assume v(zp) = vyp.

o cp.(2) = 1ase— 0 for every z # 0;

e 0 (2) = 1"(0)z as € — 0 uniformly with respect to z in bounded sets.

I'-convergence Let us first consider the “pointwise” convergence of F on
piecewise-C? functions.

Remark 3.1. Since F. acts on discrete functions, for any given piecewise-C?
function u: [0, 1] — R let us define a suitable discretization on which we compute
F..Let 0 =20 < 21 < ... < 2y = L besuch that u)y; ., ,) € C*([x;,z;41]) (ie.



i€ 19€

Figure 2 - Piecewise-C? left-continuous function (solid blue line) u.. The second-
order difference quotients centered in i1e (discontinuity point) and in (i; + 1)e
are both unbounded with respect to . As to the discontinuity points of the
derivative, ioe has unbounded second-order difference quotient.

U|(z;,2;,,) Can be extended to a C? function on the closed interval). By possibly
changing the values on {xg, z1, . .., s, }, we can assume that  is continuous from
the left and that it is continuous in = 0 (define u(0) = w(0") and u(z;) =
u(x;) if j > 0). For every ¢ we can find a piecewise-affine change of variable
(tending uniformly to the identity as e — 0) which “moves” the singularities of
u onto eZ. More precisely, if i;e < x; < (i + 1)e (z; are the singular points as
above), consider [.: [0,1] — [0, 1] defined as the piecewise-affine function whose
graph interpolates the points (0,0), (i;&,z;) (with j =1,...,m —1) and (1,1);
then set u, = uol,.

Let us compute the limit of F.(u.) ase — 0. Let i; (j =1,...,m—1) be as
above, and ig = 0,4,, = N.. Then u,. is C? (with equibounded second derivative)
on each interval [ije,i;11€]. Let us split the sum which expresses Fy(u.) into
various terms. For each j = 1,...,m —1let I}, be the set of indices 7 defined as
follows (see also Figure :

— if €i; is a discontinuity point of u.(= u o l.), then I; is the set of indices
i € ZN[0,1] such that i; +1 < i < ij41;

— if, at the point €}, the function w. is continuous, but w. is discontinuous,
then I; denotes the set of indices i € Z N [0, 1] such that i; <@ < i;41;

Thus, in both cases, if ¢ € I; then the second-difference quotient (A.u); is
bounded uniformly with respect to e (recall that wu. is left continuous). Then,
for every j

(3.4) >

i€l

D(VE(Aaue)i) = 30" 0)e(Beuo)?

—0 asn— +oo.

Consider now the two types of singular points:

— if { = eij is a discontinuity point of u, then u. () = u-(§7) and |[(Acue)q, | ~
lue (1) —ue(€7)|/e? ~ /€%, with § > 0. An analogous estimate holds for
|(Acte)i 1] (see Figure . The corresponding terms % (y/z(A.u.);) tend
tolase —0.



— if gi; is a discontinuity point of u., then |(A.u.);,| ~ /e, for some § > 0;
again, the term w(ﬁ(Asug)ij) tends tolase—0.
So, in the limit as € — 0, each discontinuity point counts double, while each
discontinuity point of the derivative weighs one. Together with (3.4)) this implies
that
lim F.(u;) = F(u),
e—0

(3.5) )

where  F(u) = 54"(0) /0 (W2 (2)dz + 248 (u) + #S ().

The functional F can be defined on #2(0,1). In [I8] the following result is
proved (for an introduction to I'-convergence see [20]).

Theorem 3.2. Let F be defined as in (3.5) on 52(0,1). The functionals F.
[-converge to F with respect to the L'(0,1) convergence on bounded sets of
L?(0,1).

Singular set. Interpolations Here we define suitable interpolations of
the discrete functions introduced above.

For a function (u;); on [0,1] NeZ a key role will be played by the “singular
set” of the points i where the second-order difference quotient exceeds a fixed
threshold. Let ¢ > zo (where zp > 0 is the inflection point of 1); we define

(3.6) IS(u)={i €Z:1<i<N.—1, |(Acu)i| > ¢/VE}

(for ¢ = N, the difference quotient is null by the definition of ux_41). For future
reference we point out a simple estimate for #1I5(u):

C(u Fe(u) FE(U)

Indeed, by the monotonicity of ¢, o [O ) we have

(3'8) Fa(u) > Z 5@5( U ) ( )5@6 C/f) ( ( ))¢(C)

i€Is (u)

We will denote by u the piecewise-affine function on [0,e(N. + 1)] which
interpolates the values (u;) for 0 <4 < N.+1. Following [18], to every w: [0,1]N
eZ — R we also associate a function @ which is a quadratic smoothing of uw for
the indices i ¢ IS, and which globally keeps the value of the curvature (see
Figure [3]). For the exact definition we need to note that, for every zg € R and
€ > 0, and given four real values u_,uy, m_, m4, there exists a unique quadratic
(or linear) function @ satisfying

w(xog —e/2) =u_, a(xo+¢/2) =uy
(3.9) {ﬂ'(mo —¢/2)=m_, @(xg+¢&/2) =my4

if and only if (m4 +m_)/2 = (uy — u_)/e. In particular, this condition is
satisfied if

Ty = €1,
(3.10) - :ﬂ(xO_E/Q):W%W» uy =T(xo +¢/2) = %,
_ Wi T Uit _ Uil T Ui
m-= c y Ty B .



Figure 3 - Piecewise interpolation @ (dashed line) and quadratic smoothing @
(solid line) near points i and (i + 1) assuming that é,4 + 1 do not belong to
the singular set IS (u).

Moreover, it turns out that the (constant) @” takes the value

- my —m—
W= = = (Acu);.

Definition 3.3 (Quadratic smoothing). Letu: [0,1]NeZ — R and letw: [0,e(N.+
1)] = R be the piecewise-affine extension of u introduced above. Let ¢ > zy be
fized; with respect to this threshold, define @: [0,e(N: +1)] = R as the function
which coincides with the quadratic function characterized by and on
each interval [e(i — 1/2),e(i +1/2)] with 1 <i < N. and i ¢ I¢(u), and which
equals W otherwise.

Proposition 3.4. Let u be as above. Then:

i) @€ #2(0,1)NC([0,1]), and S(@) = IS (u). Moreover,
Rz (o) | @R e+ (RS @),
where v(C) is as in (3.3).
i) |a 1) < %sﬁg.
iii) For every x € [gi,e(i + 1)), with 0 < i < N.,
[a(e) — u(@)] < fuss1 - wil.

Moreover, for every p > 1 there exist positive constants ¢, and C, (inde-
pendent of u) such that

cpllulle < [[@llLro,1y) < @l ze(0,eve41)) < Cpllulle.

Proof. i) The inequality in (i) follows from the estimate in (3.8)) for the
singular part, and from (3.3 and the following estimate for the other part:

e(Ne+1) 1
> (@)= [ w@dez v [ @ P,
1S ) " ’

10



ii) Let 1 < i < N., with i ¢ I¢(u). Let us take the interval [e(i — 1), i] into
account (an analogous argument holds for [¢i, £(i+ 3)]). The function @ coincides
with the linear part of the Taylor expansion of the quadratic polynomial & with
respect to the point (i — 3); hence, on the interval (e(i — 3),ei) we have

(3.11) i) — 7(a)| = 5)(Aculille/2? < GevEC

i7i) Recall that on each interval [ei,e(i + 1)], with 0 < ¢ < N, the function @ is
a convex combination of the values u; and wu;1:

(3.12) u(x) = u; + M) (w1 —w;), with AM(z) = (z — ei)/e.
Then the first inequality immediately follows; moreover, on this interval
[ul” < max(fusl?, [uit1|?) < fusl? + [uiga|?

Therefore fOE(NEH) [a]P dz < 6(|u0|p +2 E?;El |uilP + |’U,N5+1|p); since,

lun, +1] = [2un, — un,—1] < 2Jun, |+ |un, -1,

we have [ux.y1[? < 201 ((2lun. )P +hux. -1 [7); hence [l oo e, 1y < Cpllullr,
for a suitable C).

Finally, we have to estimate |[u]| from below by means of ||u||». Let us take
into account and consider two cases. First assume that u; and w;4+1 have
the same sign; consider max(|u;l,|u;1+1]) and, e.g., assume it is given by |u;|.

Then
e(i+1) e(i+1)
/ (@) dz > Jusl? / (1 - A(z))? da
1>

% €l

= ——¢lulP = emax(|u; |, Jui+1]?).

p+1 p+1
Otherwise, let u; u;+1 < 0, and assume, e.g., that max(|u;|, |uit1]|) = |u;|. Let
T € (gi,e(i + 1)) be such that w(Z) = 0; it can be easily checked (and it is
geometrically clear) that T—ei > €/2 and that in the interval (i, T) the function
w can be estimated by the affine interpolation of the values u; and 0 in €7 and
e(i + §), respectively, i.e.

x — €l
w > |u; (1 — .
[u(z)] = fuq( o )|
Then
e(i+1) e(i+3) e(i+s) T — ci
[ E@pas [T pwpe [ w0 - S de
= el = - emax(u ], s 7)),
2(p+1) 2(p+1) ’
In either case
s+ p 1 p p 1 £ p P
u dz > il | > 5w i .
[ @P e > e ma il ) > g Sl el

11



Let us now sum up for i =0,..., N, — 1:

N,

< 1/p
oo, = Tl roens = ep(e Y luil?)
=0

for a suitable ¢, > 0. O

Remark 3.5. Let u: [0,1] N Z — R and let v be the continuous piecewise-
quadratic function given by and on each interval [e(i — 1/2),e(i +
1/2)] with 1 <i < N, (and equal to @ outside [¢/2,&(N: + 3)]); this means that
the quadratic smoothing is considered for every i, not only in the complement
of I¢(u). It turns out that

[oll 22 0.cv. 1)) < Cllull 22,

where C' is a constant independent of u and e. Indeed, for every 1 < i < N, on
[e(i — %), €i] we have [@] < |u;—1] + |us], so that, as in (3.11)),

1
‘D(CL‘)| < ‘ui—1| + |ul\ + g‘ui+1 —2u; + ui,l\

We conclude by computing the L? norm on each interval (recall that uy, 41 is
defined in terms of uy, and uy__1).

4 Minimizing movements along F.. Compactness.

As mentioned in the Introduction, we apply the so-called method of the mini-
mizing movements to the functionals F, but we allow the spatial-discretization
parameter € to vary as the time-discretization step goes to zero (“minimizing
movements along a sequence”; according to [7]; see also [9]). In Theorem
we give an existence result; then, in the next sections, we will show some regu-
larity properties of the limit function, and prove that it satisfies a fourth-order
equation of evolution type.

Discrete evolution For each e > 0 let u2: [0,1]NeZ — R be a given
function and let 7 > 0 be fixed. We now recursively define a sequence u’;T
(k € N) of real-valued functions on [0, 1]NeZ; to keep the notation more readable,
we denote u’;T simply by u* (if the context is clear), so that u¥ stands for the
i-th value of u”.

We define the function u° just as the initial datum u? fixed above, while for

any k > 1, the function u* is required to be a minimizer of

N,
1 & b
(1) GEo(0) = Fulo) + 5 3 el =P
among all possible v: [0,1] NeZ — R. Thus, the index k acts as the “time
variable” of the evolution.

For the initial datum u°

€

Hyp 1) There exists My > 0 such that ||ul||zz < M, for any € > 0.

we require that:

12



Hyp 2) There exists M > 0 such that F.(u?) < M for any € > 0.
Let us now point out two simple results we will use later on.

Proposition 4.1. For every k € N we have
(4.2) F.(u*) < F.(u*7') and Ze|u w2 <27 [FL(uF ) — Fo(ub)].

Indeed, the minimality of u* with respect to the test function v = u*~!

implies that:

N,
1 «— _ _
Fe) 4 g7 Delud =l < R,

from which both inequalities follow.
Since u* is the solution of a minimum problem in finite dimension, we get
the following classical optimality conditions.

Proposition 4.2 (Optimality conditions). Let (u¥)y be defined recursively as
above. Then, fori=2,...,N. — 2, the following equation holds:

(o)) + (s~ =0

(B0 )2) ~ 2 (A ) + (o o) =0

A((A)er) 26 (e 1)) + L (Act)ic) + (b — ™) =0
(i=2,...,N.—2),

=20, ((AcuF)n.—1) + e ((Acu¥) N, —2) +€T_2(UII€VE—1 uy. i) =0,

2
S
(D)) + Sk, — k) =0,

Remark 4.3. Recall the role of k£ as the time parameter, and that we have
the pointwise convergence of ¢. to z +— t”(0)z, uniformly on bounded sets.
Therefore, these optimality conditions are expected to give rise to the equation
" (0)(tzs)zx + ug = 0 in the limit as e, 7 — 0.

Remark 4.4. Let us collect here two more estimates which we will use in the

arguments of the following sections.
i) By Proposition and (Hyp 2) we have

E|uiC — uf*l|2 <2MT for every 0 < i < N, and k € N.
i1) Since

[(AcuF)i — (Acu® )i < e (lufyy — wf i+ 2luf —ul 7Y+ [ufy —ul ),
we deduce that

(4.3 (Bt — (At < 0w (2)7



Compactness The compactness result we are going to state (Theorem
is rather standard in the theory of minimizing movement.

Let (e,,) and (7,,) be positive infinitesimal sequences; when no confusion may
arise we will still use € and 7 in place of ¢,, and 7,,. Moreover, we fix a threshold
¢ for the definition of the singular set I$ (see (3.6))). For the sake of simplicity,
we use the following notation:

— F), denotes the functional F; ;

— u¥ denotes the function ulng defined on [0,1] Ne,Z by recursive mini-

mization of the functional in (4.1)); as a function on [0,e(N, + 1)] it is the
piecewise-constant extension given by ((3.2));

— for any t > 0 let u,(-,t) = u¥, with k = |t/7,] (in particular, u,(-,0) =
u?). Therefore, @iy, (-,t) denotes the quadratic smoothing of u,, (-, %) accord-
ing to Definition |3.3

As in [7], Proposition 7.1, the following estimate holds.

Proposition 4.5. For any s,t > 0, with s < t, we have
[t (1) = un (- 8) 22 < (2Fn (@l ) *VE—5 F 7.
Proof. Let |t/7,| =k and |s/7,] = h; assume k > h. Then

k
lan (- 8) = un(s)llze < D g, =l e
I=h+1

By Proposition [£.1] we estimate the right-hand side by
1/2
S V2 (Fulul ) - Fu(uh))
1

1/2
l

<2k —h (Z (Fn(uﬁjl) - Fn(u;))> " < \/Hm(pn(ug))

We conclude by the inequality 7,(k — h) <t —s+7,. O

In particular, since u,(-,0) = ugn7 by assumptions (Hyp 1) and (Hyp 2), for
every T' > 0

u,(-,t) are equibounded in L?(0,1),

(4.4) : .
uniformly with respect to t € [0,T].

Let us deduce other useful estimates. Apply Proposition From (i) we
get, for every t > 0

1
Fo(un(-,1)) 2 V(O/O |(@n)ea (2, )| dz + () #S ((@n)a (- 1)).

From Proposition and assumption (Hyp 2), we have

(4'5) Fn(un(7t)) < Fn(ugn) <M.
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Moreover, for any 7' > 0, by and by Proposition ((#4) and (4i7)), we
get the L?-boundedness of (@, (-,t)), uniformly with respect to ¢ € [0,7]. It is
easily seen that these bounds are independent of the threshold (, if this latter
varies in a bounded set.

We gather these facts in the following lemma.

Lemma 4.6. For every T >0

1
sup  sup [/ (|(ﬂn)m(xat)|2 + |ﬂn(x,t)‘2) dz + #(S((an)z(,t)))] < +00.
neN te€[0,7] Jo

This supremum is uniform with respect to the threshold ¢ defining @, if { varies
in a bounded set.

Theorem 4.7. Let u satisfy (Hyp 1) and (Hyp 2). Let @,(-,t) be the func-
tion associated to uy,(-,t) according to Definition . There exists a function
w: [0,1] x [0,400) = R such that

u(-,t) € #7°(0,1) for every t > 0,
and, up to a subsequence, for everyt >0
Un(t) = u(-,t)  strongly in L1(0,1) for every 1 < ¢ < 2,
Un (- t) = u(-,t) weakly in L*(0,1),
(i) (5 1) = Uga (-, 1) weakly in L*(0,1).
Remark 4.8. The uniform estimate given by Lemma [4.6|implies that, for every

T > 0, the (sub)sequences @, and (&, )y, in the above theorem weakly converge
in L?(Q7), where Q7 = (0,1) x (0, 7).

Proof. By Lemma we can apply Theorem to the sequence (ﬂn(, t))n
for every t > 0. By a diagonal argument we can find a subsequence (&, ), such
that (ﬂnh(-,q))h converges strongly in L!(0,1) to a function u(-,q) for every

7€Q,q20.
Let now ¢t > 0 be fixed. We are going to show that (ﬁnh(-,t))h is a Cauchy

sequence in L'(0,1). To simplify the notation, let us drop the subscript h.
Let o > 0 be fixed; we can find §, > 0 and n, € N such that

Vo +mh <o for every n > n,.

Let ¢ € Q be such that ¢ > 0 and |¢ — t| < d,. Since (@,(+,q)) converges in
L'(0,1), we can also assume that

1@n (-, q) = Um (- )|lLr01) <O for every n,m > n,.
For any n,m > n, we have:
[t (-, 1) =t (- D) [ L1 (0.1) < [[n (- 8) = Gn (-5 @)l 0.1)

+ |n (5 q) = Um (-, )l L1 0,1) + 18m (- @) = U (- )| L1(0,1)-
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The second term on the right-hand side is bounded by o7 as to the first one (the
third term is analogous), we have:

Han('at)_an('u Q)”Ll(o,l) < ||’L~Ln(7t) - ﬂ’”(" q>||L2(O,1)
< lin(+8) = T Oll 20,0 + 1) = T 0) L2200,
+ [T (5 @) = (- D)l L2(0,1) -

By Proposition [3:4] the first and third term on the right-hand side are bounded
by (5?/2/8: we can choose n, in such a way that this quantity is less than o
(recall that n > n,). Moreover, note that uy,(-,t) — @,(+,q) coincides with the
piecewise-affine interpolation of w,(-,t) — u,(-, q); thus, Proposition (#i1),
Proposition [£.5] and assumption (Hyp 2) yield

[ (-, )= (- @)l L2(0,c(No+1)) < Cpllun(,) = un(- q) 2

< C(2M)Y2\ /[t — gl + 7, < 0CH(2M) Y2,

By collecting all the estimates, we get that, if n,m > n,
[t (- ) = U (-5 t) |1 0,1) < Co

for a suitable constant C. We have proved that (ﬁn(, t)) is a Cauchy sequence
in L1(0,1). We denote the limit by u(-,t), too.
So far we have proved that there exists a subsequence (i, ), such that

T, (1) = u(-,t)  in L*(0,1)

for every t > 0. An application of Theorem and the subsequent remark to
the sequence (n, (,t)) now yields that u(-,t) € /#2(0,1) and that the stated
convergences hold. [

Corollary 4.9. For every t > 0 the piecewise-constant functions un(-,t) con-
verge tou(-,t) in L1(0, 1) for every 1 < q < 2. Moreover, u € C1/2([0, +00); L%(0, 1)),
and (up), weakly converges to u in L?(Qr), where Qr = (0,1)x (0,T), for every

T >0.

Proof. Let t > 0 be fixed; since u(-,t) € #2(0,1), there exist 0 = zg <
1 < ... < T, = 1 such that u(-,t) € H*(zj_1,z;) for every j = 1,...,m;
in particular, u(-,t) € C°([z;_1,z;]). For every n define the piecewise-constant
function v,, as

(vn)i = u(enist),  i=0,...,N:

(choose (vy,); = limg_q;— u(x, t) if i is discontinuity point). It is easy to check
that the (piecewise-constant) functions v, and the (piecewise-affine) functions
U, converge to u(-,t) in L%(0,1).

Let now ¢ € [1,2), and let us prove that u,(-,t) — u(-,t) in L9(0,1). We
have

un () —ul, )lLao,1) < Nlun(t) = vallpao,n) + lvn — u(, )l Laco,) -
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The second term on the right-hand side tends to zero; as to the first one, by
Proposition [3.4 we have

cqllun(-t) = vallLa,) < [@n(5t) = OnllLa,n) < @n(-,t) — @n(-, 1)l La0,1)
+ [Jin (- 1) —u( t)|lLao,1) + [ul-t) = UnllLaco,) -

As mentioned above, the third term on the right-hand side tends to zero. By
Theorem [4.7] the second term tends to zero, too, and so is the first one taking
the estimate of Proposition (i) into account.

The L? convergence just proved, together with the uniform estimate in ,
implies the weak-L?(0, 1) convergence of the functions u, (-, t) to u(-,t) for every
t > 0, and therefore it yields that (u,) weakly converges to u in L?(Q7).

Finally, the L? convergence entails a.e. convergence (up to a subsequence);
then, by applying Fatou’s Lemma to the estimate in Proposition 4.5} we conclude
that u € C¥/2([0,400); L2(0,1)). O

Remark 4.10. Since the (sub)sequence u,(+,t) does not depend on the thresh-
old ¢ which enter the definition of @,(-,t), from the preceding corollary we
deduce that the limit v in Theorem [£.7] does not depend on (.

5 Limit evolution equation

In this section we establish a regularity result (Theorem (5.1))) for the limit
evolution u of Theorem[£.7} and we prove that u satisfies a fourth-order equation
(see Theorem [5.5]).

Regularity of u,, Let u be alimit function as in Theorem[4.7] On the line
of Remark we use the L2-bound of the terms |u¥ —uf~!| (from Proposition
to obtain an estimate for the second-order difference quotient of u,,. More
precisely, we get the following result.

Theorem 5.1. Let u be as in Theorem[[.7} Then
Upe € L*(0,T; H2(0,1)) for every T > 0.
In particular,
Uz (0,1) = ugz(1,8) =0 and  (Uzg)2(0,1) = (Usg)z(1,1) =0
for a.e. t > 0.

Since u is independent of the choice of the threshold ¢ (see Remark ,
we assume ( = 2.

To simplify the notation, let us drop the subscript n in €,. Let u, be a
(sub)sequence as in Theorem for every k > 0 let (wk); be defined, for every
1 €Z, by (e =¢n)
(5-1) (wk) _ {‘Pla((Aeulfz)i)’ if1 < i-S .]VE;

‘ 0 otherwise in Z.
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We denote by w,, the following piecewise-constant extension of (wk).: if (z,t) €
R x [0, +00) let

(5.1) wp(z,t) = (wfl) i=|x/e], k=|t/T].

For future reference we extract the following result from the proof of Theorem

b1l

Lemma 5.2. Let wy, be as above, with (uy,) given by Theorem [{.7] Then, for
everyt > 0
Wy (1) = " (0) gy (-, 1) weakly in L?(0,1),

where u is the limit of (4,) according to Theorem . Moreover, for every T > 0
the sequence (wy,(-,t)) is bounded in L*(0,1) uniformly with respect to t € [0,T).

Remark 5.3. The uniform boundedness of |[wy,(-,t)||z2(0,1) With respect to
t € [0, 7] implies that

sup |[uga (- )| z2(0,1) < +00,
t€[0,T]

and
wy, — V" (0) Uy weakly in L2(Qr).

Proof (of Lemma As in Lemma 3.3 in [I], we exploit the uniform con-
vergence of ¢, to z — 1" (0)z on bounded intervals, in particular on [0, zg].

Let ¢ > 0 be fixed. Let x,, be the characteristic function of the union of all
the intervals e[i — 3,i + 1] with ¢ € I,} := I7°(uy(-,t)) (in the rest of the proof
we frequently drop the variable t). Let us split w,, as the sum

and deal with each term separately.
The sequence (x,w,) is bounded in L2?(0,1); indeed, since 1/’ is decreasing
on [zg, +00):

M / 2
w(ZO)il) (20)

by (3.7) and (4.5). An analogous estimate gives the strong convergence to zero
in LY(0,1):

(5:2) /0 xnwnl? do < e(#17) e (20/vE)? = FITW (20)* <

M

ETRA

/0 Xntn| d < e(#T )l (20/VE) = VERLN Y (20) < VE

as n — o0o. Therefore
XnWn — 0 weakly in L2(0,1).
Let us now consider the term (1 — x,)w,. Let us notice that (@), =0 on
each interval e(i — 1,94 1), with i € I}, and on [0,¢/2]U[e(N. — 3),e(N-+1)]),
while (@) ez = Actn(= Acun(-,t)) otherwise; thus

(1= Xn)wn = 50;((1171)195)
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Let C > 0 be such that |¢'(z)| < C|z| for every z € R. Then

. 1 . .
(5:3) oL ()| = | T2 (VEEn)ae) | < Clin)ea
Hence ¢ () gz (-, 1)), i-e. (1=Xn)wn(:,t), is bounded in L?(0,1) (recall Lemma
, so that it weakly converges in L?(0,1) up to a subsequence. Let us show
that the limit is 1" (0)uy (-, ¢): since it is independent of the subsequence, we

conclude that the whole sequence converges.
Let

Ye = ‘Pla((ﬂn)zw(vt)) - ¢H(O)(an)wz('at)
= 2V (Vi) 1) = 0 O) e 1)
Let us prove that . — 0 in L'(0,1). Since 7. = 0 where (i,)zz(-,t) = 0, we
have

/0 e da

<
{(@n)2z#0}

Since (@ )z (-, t) is bounded in L%(0,1), we have /z(iin)zz(-,t) — 0 a.e. (up
to a subsequence); hence, the integrand function on the right-hand side of the
previous inequality tends pointwise to zero as n — 4o00. Moreover, it is bounded
by (C + " (()))2 (the constant C' is as above). We conclude by the Dominated
Convergence Theorem.

Thereforea 90,5((an)mc(7t)) = 7/’”(0)(%)”(»” + Ve, where Ye — 0 in L'
Now, the L?-weak convergence of (i, )ze (+, t) t0 gy (-, t) implies that . ((@)ze (-, t))
tends to 9" (0)ug(-,t) with respect to the L'-weak topology. This limit must
coincide with the L?-weak limit.

Finally, the uniform L?(0, 1)-boundedness of (w,,(:,t)),, for t € [0, T] follows
from the decomposition w,, = xnwy, + (1 —xn)w, and the L?(0, 1)-boundedness
of (xnwn)n and of ((1 — Xy )wp)n, both uniform with respect to ¢ (see and

(5.3), and recall Lemma . O

Before addressing the proof of Theorem 5.1 we need to introduce the quadratic
smoothing of wy,(+,t) in (5.1) and (5.1'); more precisely

let wy,(+,t) be the quadratic smoothing of w,, (-, t), obtained by
(5.4) applying, to the function i — (wk), with k = [t/7], and to each
node in €7, the quadratic smoothing used in Definition |3.3

1/2

"(Ve(a x i
PO D) ) ] @aste Oll0

\/g(ﬁn)zm(x7t)

Proof (of Theorem [5.1)). Step 1. Let us provide suitable estimates to get a
weak compactness for the sequence (wy,).
By Proposition [.1] we have

Ne

D ellun)i — (ui™hif® < 27[F (up™h) = F(uy))-
=0
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Fix T'> 0 and let K, = |T/7] + 1; let us sum with respect to k = 1,..., K,
and take assumption (Hyp 2) into account:

K, N.

ZZd(uﬁ)z — ()2 < 27F, (W) < 27 M.
k=1i=0

Apply now the optimality conditions of Proposition [.2] and remind the defini-

tion (5.1)) of wk; then

£2

for i = 2,...,N. — 2 and also for ¢ = 0,1, and ¢« = N, — 1, N; (recall that
(A uF) . vanishes by the definition (3.1)) of the value in N. + 1). Therefore,
from the inequality above we get

K. N, 2

- - (w’llz)iJrl _ 2(1‘0"’2)1 + (wfl)i—l
E E eT - < 2M.
k=1 1=0

The i-th second-order difference quotient in this formula equals the second
derivative of the function wy(-,t), with k = [¢/7], on the interval e[i — 3,i + 3]
for every i € Z. Notice that w,(z,t) = 0 for every < —¢/2 and = > e(N. + 3).
Therefore, if J is an open interval containing [0, 1], for n sufficiently large we
have

wn € L*(0,T; H3(J))

(t — wy (-, t) is measurable since it is piecewise constant). Moreover,

(5.5) / /J|(wn)m|2(x,t)dxdt§2M

(here 7 = 1, — 0).

The sequence (wy,(+,t)) is bounded in L?(J), too, uniformly with respect
to t € [0,T): this follows from the L2?-boundedness of the piecewise-constant
function wy(+,t) (see Lemma [5.2), and the argument in Remark The in-
terpolation results for Sobolev spaces (see, e.g., [27], Theorem 5.2) imply the
boundedness of (w,) in the reflexive Banach space L?(0,T; H3(J)). We con-
clude that, up to a subsequence, (w,,) has a weak limit w in L?(0,T; H3(J)) (see
Section . By the arbitrariness of o we conclude that w € L?(0,T; H3(0,1)).

Let us show that w = " (0)ugs.

Step 2. Let t € [0,T] be fixed, and let w,(-,t) be the piecewise-affine interpola-
tion of wy,(-,t). Here we show that

(5.6) Wy (-, 1) = V" (0 gz (-, 1) weakly in L2(0,1).

Since (w,) is bounded in L?(0,1) by Lemma (for simplicity’s sake, here
we drop the dependence on t), (w,,) is bounded in L?(0,1) by Proposition
therefore, it is enough to check the convergence on piecewise-constant functions,
hence it is enough to check that

b b
/ Wy — / w, where w = w//(o)uzx('7t)7
a a
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for every interval (a,b) C (0,1). Moreover, by the weak convergence of (w,) to
w, we can just verify that f;(@n — wy)dx — 0.

Since the L2-boundedness implies the uniform integrability, we can approx-
imate the interval (a,b) by an interval (le, me) with I,m € Z, and prove that

me

e (Wn —wp)dr — 0. We have

me m—1 .(i+1)e T
/l [Wn(z) — wy(x)] dz = Z / : (wn)it1 — (wn);) da

i 3
€ i—] Jie

m—1
1

= 56 ; ((wn)i-',-l - (wn)z) = %5((wn)m - (wn)l)

The last term tends to 0 as € — 0 since
‘5((wn)m - (wn)l)‘ < 5\@(|(wn)m|2 + |(wn)l|2)

Therefore [ [W,(z) — wn(z)]dz — 0, and (5.6) is proved.
Step 3. Let w,, be as in the previous step. Then, for every o > 0:

Y2 < V2e|wnll g2 — 0.

Wy —wn — 0 in L*((0,T) x (0,1)).

Indeed, in each interval [e(i — 3),e(i 4+ 3)], with i = 1,..., N. we have:

Bals1) = ()] £ 522l (Bctwni] = 2%l (wnas )

(recall the equality in (3.11)). Then, for every o > 0 and n sufficiently large, by
(2-5)

_ 1 1
1@0n — wnllL2((0,7)x(0,1)) < §52”(Wn)ﬂ?r||L2((0,T)><(0,1)) < §522M-

The last term tends to zero as € = &, — 0.

Step 4. Since (W, (-,t)) is bounded in L2(0, 1) uniformly with respect to t € [0, 77,
the convergence of Step 2 implies that w, — ¥"(0)ug, weakly in L?(Qr).
This, together with the convergence of Step 3, implies that w, — ¥"(0)uzs
weakly in L2((o,T) x (0,1)) for every ¢ > 0. Since the weak convergence
L?(0,T; H3(J)) implies the weak convergence in L?(Qr), we conclude that
w=1v"(0)ug, € L*(0,T; H3(0,1)). O

Remark 5.4. For future reference, we notice that the previous proof yields
that the sections wy,(-,t) have the following properties:

a) wp(+,t) is bounded in L?(0,1), uniformly with respect to t € [0, 7).
b) for every o >0

T
/ /|(wn)m|2(aﬁ,t)dxdt§2M.
o J

c) for ae. t€0,T]

W (1) = " (0)uge (-, t)  weakly in L2(0,1).
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Indeed, (a) follows from the L2-boundedness of the piecewise-constant function
wy(-,t) (see Lemma [5.2)), and the argument in Remark As to (), it is a
consequence of . Finally, Step 3 of the previous proof entails that, up to a
subsequence, W, (-, t) — w,(-,t) — 0 in L%(0,1). Now, Step 2 allows to get (c)
(the uniqueness of the limit guarantees that the whole sequence converges).

The evolution equation We now address the fourth-order equation ([5.9)).
Let us first recall some formulas. Consider the real numbers

ay,az,...,a;, ;41 bl,bg,...,bl Cp,C1,C2,...,C].

It turns out that (the term a;11 does not enter this formula, but will be used in

6.8)):

-1 -1
(5.7) > a(bjpr = by) = @b — arby — > (a1 — a;)bjq1.
=1

j=1

If we apply this equality with b; =¢; —¢;j—1 (j =1,...,1), then we have

-1 -1

> aj(cjr1—2¢i+¢1) = alc—a1)—ar(er—co) = >_(aj41—a;)(cii1— ;).
J=1 =1

Finally, by applying again (5.7)) to the last term we get:

-1 -1
(5.8) Y aj(cjin —2¢+¢1) =y + Y (@542 — 2511 + a;)eia
j=1 Jj=1
where -
Y1 = lajle; — cjm1) = (4541 — a5)¢li—, -
Theorem 5.5. Let u be as in Theorem[{.7 Then
(59) Ut = _'(/)N(O)(uxm)xm7

in the sense that for every T'> 0 and ¢ € C®° (QT), with Qr = (0,1) x (0,T),
we have

(5.9) / w(w, e (2, 1) dadt = 17 (0) / U (2, )b (2, 1)

T T

Proof. Let T > 0 be fixed and ¢ € C2°(Qr). Define
o = ¢lie, kr),  withi,k € Z
(e=¢n, T=1p). Let K; = |T/7]. By (6.7)):

N K-—1 k+1 k
A= Z Er(uﬁ)i7¢’ . i
=0 k=0
Ne Kr—1 . k41 k
u L (uk,
ZSTZ (un )it — (uf)i? — Z (™ )i = (n)i )ZT (tn): Pt
i=0 k=0
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Since ¢ has compact support in Qr, we have ¢? = 0 for every i and we can
assume that qbiKT = 0 for every i if 7 is sufficiently small. Furthermore, for any

m € N fixed, if € and 7 are sufficiently small, we can also suppose that, for every
k,
(bf:O for every i such that 0 <i<mor N, —m <i < N..

Therefore, we can apply the optimality conditions stated in Proposition for
i=2,...,No. — 2

N.-2K,-1

Ay :g Z Z [l ((Acupt™)itn)

_290;: ((Ae “§+1)i) + ‘p/s ((Ae u2+1)¢71))} ¢§+1 :

By (©.8), taking the vanishing of ¢ on the boundary into account:

(5.10)

N.—2 K,

A=~ Z Z O ((Acul i) (851 — 208 + 9k H1)
1=2 =

N.—2 K,

ZZ Piro — 207 +¢k
= ET QDE A U z+1) +2 €2+1

=2 k=1

(2)

If we introduce 7, as the piecewise-constant function on Qr defined by:

¢z+2 2¢'L+1 + ¢k
£2

777(12) (.%', t) =

(recall that ¢ has compact support on Qr), then we can write

, forx €eli+1,i+2), and k = [t/7],

An:/ wy (z, )P (z, t) da dt,
T

where w,, was defined in . Since (177(12)) converges uniformly to ¢, on Qr,
the convergence result of Lemma 2] and Remark [5.3] allow to pass to the limit
on the right-hand side, and get

¥"(0) / U (2, 1) P (, 1) Az L.
T
On the other hand, from the definition of A,, we have
Ap = / (2, )Y (2, 1) da dt,
Qr

where:

PPt — gk
i (2, t) = L—+

, for x € efi,i+ 1), and k = [t/7].
-

It turns out that (777(11))” converges to ¢; uniformly in Q7. Therefore, by the
weak-L? convergence stated in Corollary we get

n— oo

lim A, :/ u(x, t)py(x, t) de dt,
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thus proving the stated equality. [

Recall now that (Theorem [5.1)) (tzs)ze € L?(Qr). Then we have the follow-
ing result.

Corollary 5.6. Let u be as in Theorem|4. 7. Thenu(z,-) € H(0,T) for a.e. v €
(0,1), and the weak derivative is given by

Ut = 77/}” (0) (ux:c):c:c .

Proof. Let ¢ € C(0,1) and n € C(0,T). Apply (5.9) with ¢(z,t) =
o()n(t). Since uy,(-,t) is in H2(0,1) for a.e. t > 0, we have

/01 </0T u(m,t)nl(t)dt> o(z)dz =" (0) /OT (/01 ua;:r(l'7t)g0”<$)d{1}) n(t)dt

-0 [ ' (/ 1<um>m<x,t>w<x>dx> n(t)at

— 47(0) / ( / <um>m<x,t>n<t>dt> () da.

By the arbitrariness of ¢

T T
/ w(ax, t)n' (t)dt = w"(O)/ (Uzg)zz(z, t)n(t)dt  for a.e. z € (0,1).
0 0

The set of measure zero up to which this equality holds can be chosen inde-
pendently of 7 since C$°(0,T') contains a countable subset which is dense with
respect to Cl-norm. We conclude that u(z,-) € H*(0,T) for a.e. z € (0,1).
In the following proposition we
O

6 Singular points: stability of the initial datum

The precise analysis of the evolution of a singular point of the initial datum
appears to be a difficult task. In this section we give a simple sufficient condition
on the initial datum which guarantees that a singular point (jump or crease)
does not move, at least in a (small) right neighborhood of the initial time.

In this section u denotes a limit function as in Theorem [£.7] Let us specify
the conditions on the initial datum; for reference convenience, we collect the
settings in the following assumption, to be considered in addition to (Hyp 1)
and (Hyp 2) introduced in Section

Hyp 3) Let u®: [0,1] — R be a piecewise-C? function, and let u? be the
function defined in Remark (hence the singularities of u? are on €Z).
The initial datum (u?); is the discretization of the piecewise-C? function
u? (ie. (u?); = ul(ie)). According to the general notation, u? will also

denote the piecewise-constant extension of this function.
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Again, ¢ will denote ,, and we will write u¥ instead of ugn. It turns out that
(6.1) ud —u® in L2(0,1);  F,(ud) — F(u°).

Indeed, the first one is a simple check, while the convergence of F.(u?) follows
from . Thus, we can see (Hyp 3) as an assumption of “well-preparedness” of
the initial datum: the discretization u? is the right one to recover the functional
F in the limit.

Simple consequences of this are gathered in the following lemma.

Lemma 6.1. a) u(-,0) =u°.

b) For every t > 0 we have F(u(-,t)) < F(u"), where F is defined in (3.5)).

Proof. (a) follows from Corollary and the convergence of (u2) to u®. As
to (b), by Proposition for every ¢t > 0 and for every n

Fo(un(,1)) < Fn(“?z)~

Thus, by (4.4), Theorem Corollary and the convergence of F,(ul)) we
have

F(u(-,t)) < liminf F,(u) = F(u®), for every t > 0. O

n—oo

Remark 6.2. For every T' > 0 the norms |[u(-,t)||12(0,1) are uniformly bounded
for ¢ € [0,T] (recall that u € C*/2(0,T;L?(0,1))); by Remark the norms
|tze (-, t)]| £2(0,1) are uniformly bounded, too. Therefore, the following standard
interpolation result (the proof of which can be obtained, e.g., from that of
Lemma 5.4 in [27]), implies a uniform bound for the H?-norms [u(-, )| 21
on any interval I where u(-,t) has the H?-regularity.

Lemma 6.3 (Interpolation). Let I be an open interval with length A > 0. Let
1 < p < +o00. Then for every v € H*(I) and for every s € I

[v'(s)|> < C ()\/ [o" (r)|* dr + )\_3/|v(r)|2dr) ,
I I
where C = 144.

Jump points The next result gives a sufficient condition to exclude that
a jump point in the initial datum is immediately regularized. The argument
takes advantage of inequality , which estimates the distance between the
difference quotients at two consecutive time steps: if 7 is sufficiently small with
respect to €, then the difference quotient at a jump point in the initial datum
needs a positive time to fall below the threshold.

Theorem 6.4 (Jump point). Let T € (0,1), J; = (0,Z), and J» = (Z,1). Let
u®: [0,1] — R satisfy

uO

LECT)  (i=12), TeSW)
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Moreover, assume that

1
300 [y Pde<1, n=oleh)
0

Then there exists o > 0 such that S(u(-,t)) = {Z} and S(us(-,t)) = 0 for every
t €10,0].

Proof. By assumption F(u°) < 3. Hence, Lemma (b) gives that
24 (u(-, ) + 45 (s (1)) < 2.

Thus, the theorem is proved if we show that T € S(u(-,¢)) for ¢ in a suitable
right neighborhood of zero.

Let B be such that F(u") < 8 < 3; since lim, o, ¥(z) = 1, we can find
zg > 2o such that 3/¢(z3) < 3.

As in the proof of Lemma[6.1] for every ¢ > 0 we have

lim sup F, (un (-, 1)) < ll)rf_l F,(u?) = F(u°) < B.

n—-+oo

Therefore, we can assume that
Fo(uy(-,t) < g for every n € Nand t > 0.

Define I, as the set of the singular points of uf = w,(-,t) with threshold
¢ = zp (here [t/7]| = k; for the sake of simplicity we often drop the subscript n
from e, and 1, ); i.e.

(6.2) Lp=I*W={(i€Z: 1<i<N.—1, [(Acub);| > i\/ﬁg}.

By
’ (25)
Hence I,, ,, has at most two elements.
Let us now fix n € N and let ig = |Z/e]| (clearly ig = ip(n)). Since we agreed
that u® was left-continuous (recall (Hyp 3) and Remark [3.1)), by the definition

of u? we deduce that ig,ig + 1 € I,, o for n sufficiently large. Define

kyn =sup{h >0: ig,ip + 1 € I, for every k < h}.

a) We now prove that

(6.3) ngl_il_rg kypmn =1 € (0, +00]
(if k, = +oo then we agree that k,7, = 4+00). Let us argue by contradiction
and assume that liminf,,_, ; o k, 7, = 0. Therefore, there exists a subsequence of
(Kky 7 )n which converges to 0: for the sake of simplicity we assume that k,7,, — 0
(in particular, k,, € N).

From the definition of k,, we get that one of the indices iy or ig + 1 is not
in I, k, +1. For instance, let 49 + 1 ¢ I, i, 41, 1.€.

z
(Acubn Ty 4] < 2

N
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Then, by ([4.3) and the assumption 7 = o(e*), we have

zZ
(Al ™Y1 — (Acufn )i | < 22

NG
for every n sufficiently large. Thus

225
[(Acurm)ig1] < Ve

Let v, = ufn: [0,1] NeZ — R, and let ¥, be the usual quadratic smoothing of

v, according to Definition and with respect to the threshold ( = 2zg. Then

¥, has, at most, 19 as a singular point: indeed,
{io,io + 1} = L g, = IZ°(uFn) D IZ%° (uFn),  and ig + 1 ¢ 127 (ubn).

Thus
B, € H'(0,e(N. + 1)) N H?((0,e(N. 4+ 1)) \ {ioe}).

Apply now the interpolation Lemma to each of the intervals (0,ipe) and
(i0g,1), and note that v, = w,(-,t) with ¢ > 0 such that [t/7,]| = ky, for
instance t = t, := k,7,. Then, by Lemma (applied with { = 2z5 as a
threshold for the quadratic smoothing) the norms |9y, ||g: on (0,e(N: +1)), are
equibounded. In particular, (9,), is a bounded sequence in H'(0,1). Let us
prove that the weak-H'! limit v coincides with «°, which contradicts that u° has
a jump point.

Let n > 0 be fixed; let n,, € N and ¢,, > 0 be such that (recall Proposition

)
lun (- t) —un(-,s)|lrz <n  for every n >n, and t,s € [0,,].

Clearly, we can also assume that ||u, (-, 0)—u°||z2 < nif n > n,. Then |u,(-,¢)—
u®||2 < 27 for every n > n, and ¢ € [0,t,]. By the assumption that ¢, :=
kntn — 0 we can suppose that ¢, <t,, so that

[tn (-, tn) — u®|[ 2 < 2n.

Therefore v, = u,(-,t,) — u° in L?(0,1). Finally, we prove that (v,), and
(0n)n share the same L? limit, which yields that v = u.

We have (recall that v,, is the usual piecewise-affine interpolation of (v, );)
||7~Jn - vn”Lz(O,l) < ||77n - 6’rLHLQ(O,l) + ||@n - Un||L2(O,1) )

the first term on the right-hand side goes to zero with € = &,, by Proposition [3.4
(#4). As to the second one, for every ¢ = 0,..., N, on the interval [ei, (i + 1)]
it turns out that

e(i+1)
n = 0l < [(oniss = (0 =P =2 [ ol da,
E1
from which
1T — vnllz20,1) < €l ll22(0,6(N. 1))

In order to conclude, it is enough to prove that (v,),, is bounded in L?. We have
(the norms are considered with respect to (0,e(N; + 1))):

[Wnllze < 195 = Opllze + 195022 5
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the second term on the right-hand side is bounded since (@, ),, is bounded in H?,
as pointed out above. As to the first one, we have to consider only the intervals
[(i — $)e, (i + & )e] where ¥, is quadratic (otherwise 7], — 7], = 0). Recall that on
each half-interval [£(i — 1), i] (and analogously on [ei,e(i+ 1)]), Ty, is the linear
part of the Taylor expansion of ¥,, with respect to the point e(i — %), therefore,

on this interval

- _ ~ _ SN
3 = Tl = (5 — 7)'| < S50

Thus )
107, = T llz2 < §€|I77Z||L2~

We conclude by applying Lemma [4.6] as already argued above.

b) Now we make use of (6.3) to get the existence of ¢ > 0 such that T € S (u(-,t))
for every ¢t € [0, o).
By (6.3) we can assume that there exists o > 0 such that

knmh >0 for every n € N.
It follows that for any fixed ¢t € [0, 0] we have k = k(t) := [t/7,] < ky. Hence,
In,kn = IEZB (un(,t)) = {io,io + 1}

Let i, (-,t) be the quadratic smoothing of u* according to Definition with
respect to the singular set given by the threshold ( = zg, i.e., the set I, ;. It
turns out that

(-, t) € H*(A,), with A, = (0,i0¢) U ((ig + 1), 1).
By Lemma [£.6] there exists C' > 0 such that for every n € N

[ ()l L20) <C5 (@n)az (- D)lL201) < C

Fix 6 > 0 and let ns be such that for n > ns we have ¢ = ¢, < §; then
i0€, (ip + 1)e € (T — §,T + J). We can now apply the interpolation Lemma
to each interval (0,7 — d), (T + d,1) and get the existence of C’ > 0 such that

||’I~Ln(-,t)||H1(A5) < C/, with As = (O,f— (5) U (f—l— 0, 1)

for every n > ns. Note that C’ can be chosen independently of § and ¢ € (0, o];
then, the weak-H?! limit of ,(-,t) on As, which must coincide with u(-,t) (by
Theorem satisfies

u( t)|| mras) < C for every § and t € (0,0].

It follows that u(-,t) € H! ((O, 1)\{5}) and |lu(-, t)HHl((O)l)\{f}) < C'. Now, it is
easy to see that for ¢ in a right neighborhood of 0 the function (-, ¢) has a jump
in 7; otherwise we could find a sequence ¢; — 0 such that u(-,¢;) € H*(0,1) and
lu(-, )l (0,1) is equibounded: this implies that u® = u(-,0), which is the L?
limit of u(-,¢;) (u € C'/2([0,+00); L*(0,1))), is also the weak-H' limit. Hence
u® € H'(0,1), which contradicts the fact that T is a jump point for u%. [
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Crease points An analogous result holds for the discontinuity points of
(u®)".

Theorem 6.5 (Crease point). Let & € (0,1), J; = (0,%), and Jy = (Z,1). Let
u®: [0,1] = R satisfy

u°|Ji €eC*(J;)  (i=12), «®eHY0,1), ieS(u").

Assume that )
1
00 [P < n = ol
0

Then there exists o > 0 such that S(u(-,t)) =0 and S(uy(-,t)) = {&} for every
te0,0].

Proof. Let us argue along the line of Theorem [6.4} By assumption F/(u°) < 2.
Hence, Lemma (b) gives that

2#S(u(-, 1) + #S(ug (1)) < 1.

Thus, the theorem is proved if we show that & € S(uy(:,t)) for ¢ in a suitable
right neighborhood of zero.

By assumption, F(u°) < 2; then, as in the first part of the proof of Theorem
we fix F(u?) < 3 < 2 and let z5 > 2o be such that 3/1(z3) < 2, and assume
that F,(un(-,t)) < B for every n € N and ¢ > 0. Moreover, let I, be as in
. Since, by , #I, < %25) < 2, the set I,, ;, has at most one element.

For every fixed n € N, let iy = |2/e]| (¢ = &5, and ig = ip(n)); by the defini-
tion of u? we have iy € I, 9. Set k,, = sup{h > 0: iy € I, for every k < h}.

a) Let us prove that

(6.4) liminf k, 7, =1 € (0, +0o0].
n—-+4oo
As in the corresponding part of the previous proof, we assume that k, 7, — 0
(in particular, k, € N). By the definition of k, we have ig ¢ I, +1, L€
[(Agukntl), | < %. As above, by (4.3) and the assumption t = o(e*), we have
[(Agubnt1), —(Acukr); | < z—\/‘% for every n sufficiently large. Thus (A ukn);, | <

2%. Let v, = ufn: [0,1]NeZ — R, and let ©,, be the usual quadratic smoothing

of v,, according to Deﬁnition@amd with respect to the threshold { = 2z3. Then
¥, has no singular point, i.e. it is in H2(0,1). Notice now that v, = u,(-,1),
with ¢ > 0 such that [t/7,] = k, (for instance t = t,, := k,7,); by Lemma
4.0| (applied with ¢ = 2z as a threshold for the quadratic smoothing) @, has
bounded second derivatives. The interpolation Lemma yields now that (0, )
is a bounded sequence in H2(0,1): up to a subsequence it has a weak limit v.
As in the proof of Theorem we can get v = u°, which contradicts that & is
a jump point for (u®)’.

b) Parallel to step (b) of the previous proof, we can now assume the existence
of o > 0 such that k,7, > o for every n € N. Then the quadratic smoothing
Un(+,t) of uy(-,t) for t € [0,0] has only £. = ipe as a singular point, since
k = k(t) := |t/mm] < k,. Therefore, by Lemma and by Lemma applied
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to each of the intervals (0, Zc) and (Z., 1), there exists C' > 0 such that for every
d > 0 and n sufficiently large, and for every ¢ € [0, o]

(Ol rr0,1) <O, () m2(a5) < C,

where As = (0, —3)U (£ +6,1). It follows that u(-,t) € H*(0,1)NH?(As) and,
by the arbitrariness of 4, we have u(-,t) € H*((0,1)\ {#})), too, with a uniform
bound for the H? norm on (0,1)\ {#}. This allows to conclude that 4 has to be
a jump point for u, (-, t) for every ¢ sufficiently small: indeed, otherwise we could
find a sequence t; — 0 such that u(-,t;) € H%(0,1), and the uniform bound on
the H? norm would imply that the L? limit u(-,0) = u® (hence the weak-H?
limit) is in H?(0, 1), which contradicts the assumption about #. [

7 Differential conditions on singular points

In this section we show that the second and third (spatial) derivatives of the
evolution function u(-,t) vanish on the jump points and on the endpoints of the
interval; on crease points we can prove that the second derivative vanishes. This
results will be used in the next section to prove the uniqueness of the evolution.

We expect that a crease point for wu(-,t) arises as a limit of a sequence
Zp = ipEn, of points where the difference between the right and left derivatives
of the discrete approximations is bounded away from zero. Lemma make
this precise.

As to a jump point in the limit function u(-, ), we expect (see also Figure
that it emerges from the convergence of two points where the second-difference
quotient is above the threshold. While we cannot guarantee that these quotients
exceed 1/¢2 (as in the example of Figure , we prove here that we can approx-
imate a jump point T by two distinct points whose difference quotients exceed
1/e, i.e., they belong to the singular set introduced in the following definition.

Definition 7.1. Let u = (u;); be a real function on [0,1] NeZ. Let

ID(wy={i€Z:1<i<N.—1, [(Acu);| >1/e}.

€

Before addressing the problem of the boundary conditions on singular points,
we need some preliminary results. Notice that if ¢ ¢ I (u) then

’ui_H —Ui Ui — Ui—l, _ ‘ﬂg_(’tﬁ) _ﬂ/_(zg)l <1

S 9

Consider an interval [a, 8], and assume that it contains no points of I (u,, (-, t)).
Since the number of singular points of @, (-, ¢) (i.e. in I2°(uy(+,t)) is uniformly
bounded with respect to n (and t), we can estimate a,, (z,t) — u,,(y,t), for any
z,y € |o, f], by ff |a(€,t)] d¢ up to an additive constant which counts the

n
singular points in the interval. More precisely, we have the following result.

Lemma 7.2. Lett > 0 and let (o, ) C [0,1] be an interval which contains no
points of 11 (un(,t)) Then, there exists a constant C, which depends only on
the constant M in (Hyp 2), such that:
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a) for every x,y € [a, B

B
[, (2, ) — i, ()] < C +/ a(E, )] de

(if © or y are singular points and x < y we consider the right derivative
in x and the left one in y);

b) for every x € [a, (]

[, (2, 1) < C(1+ (| (-, )| 2(0,) + (B = )72 ( )| 12(a,))-

Proof. a) Let x,y € [a, B], with < y; denote by 1 < z2 < ... < zy the
elements of I2° (un( , ) in the interval (z,y). By assumption, x; ¢ I (un(-,1));

thus, if we set v = 4, (-

|v;<xj> — o (a;)| < 1.

Consider the case N = 1 and let z < z; < y; since v € H?((av, z1) U (21, B)),
we have

[0 () = v'(y)] < /() = vl (1)] + [0l (1) = v (20)] + [0 (21) — o' ()]

1 y B8
< / " (€)]de +1 + / ()] dE < 1+ / ()] de.

This inequality clearly holds if o < o < y < 21, too, or 1 < z < y < [;
moreover, if x (or y) is a singular point of v, by v'(z) (v'(y)) we intend the
appropriate unilateral derivative. In the general case (N > 1) it turns out that

B
(7.1) /() — o' ()] < N + / 0(€)] de.

By (3.7) and (4.5)), the value N can be majorized through the constant M in
(Hyp 2) only.

b) The interval [«, 5] splits into the (N +1) intervals [a, z1], [z1, 22], ..., [N, B];
therefore, the length of one of them, say J, is at least (8 — «)/(N + 1 In (7.1))
let y € J and z € [ov, B]; then (8 —a < 1)

B
W' ()] < Jv'(9)] + N + / ()] dE < [0/ ()] + N + 0" | 2(0p)

[e%

By Lemma [6.3] applied to the interval .J
o' ()] < 12N [0 |2y + A2 0l L2
where A = |J|. Since (8 — a)/(N +1) < XA <1 we get the inequality in (b). O

Let us now address the problem of the boundary conditions on singular

points. Let w,, and w, be as in (5.1)), (5.1') and (5.4). Apply Fatou’s Lemma to
the estimate of Remark (b); then

T 1
/ Hminf(/ (W) za)* (2, 1) dx)dt < 2M.
0

. n—-+o0o
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Thus, for a.e. t € [0, 7]

1
liminf/ |(wWn)az)?(z,t) dz < +00
0

n—-+oo

(notice that the exceptional set of ¢ may vary if we consider a subsequence).
Fix such a ¢: then there exists a subsequence (wy,,), (possibly depending on
t) with

1
/ |(wnh)ww|2(x7t)d$ <C
0

for a suitable constant C'. By Remark (a) and the interpolation results for
Sobolev spaces (see, e.g., [27], Theorem 5.2), we get that (wn, )z, is bounded
in H2(0,1). Therefore, we can assume that (wp, )z (-,t) weakly converges in
H?(0,1). From Remark (¢) we deduce that the limit is " (0)ug, (-, t):

(7.2) (W )ee (1) = V" (0)ugs (-, t)  weakly in H%(0,1).

Recall that on each interval e[i — %,i + %}

(Wn)az (1) = (Aswﬁ)iv k=[t/T].

Then, the previous L? estimate can be written as

S el@auk i <.

i

It follows that |(A.wk );| < /C/e, and, by (3.11])),
(7.3) Wiy, (- 8) —wE | <eev/e  on [0,1],

for a suitable constant c.

Now we deal with crease and jump points separately.

Crease points Here, we assume that & is a singular point of wu,(-,t) for
every t in a right neighborhood of zero. A sufficient condition for this setting is
given in Theorem [6.5}

Lemma 7.3. Let & € S(uy(-,t)) for every t € [0,0]. Let wy, (-, t) be as above.
We can extract a further subsequence (not relabelled) in such a way that there
exists T, = ipe (with € = &y, ) with
T — I, lggir;gs(Asunh(-,t))ih > 0.

Proof. Let us consider two cases.

a) First assume that for every 6 > 0 and @ € N there exists n > 7 and
i € I} (un(-,t)) such that |ie — | < 6 (here & = €,,). By choosing § = 1/k (with
k € N), we get a sequence x = ixey,, of singular points which converge to &
and satisfy

e(Acup, (1), 21 (e=¢en,)

b) If the assumption in (a) does not hold, then there exists a neighbourhood
U of % such that for every n sufficiently large U N I (un(,t)) = (. Then, by
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Lemma (and the estimates of Lemma [£.6)), the sequence v, := @, (-, t) is an
equibounded sequence of piecewise-H ' functions on U. We can apply Theorem
there exists a subsequence (possibly depending on t) (v,, ) and a piecewise-
H' function v such that

Up, — v strongly in L%(0,1),

D’v,, — D’v  weakly” in the sense of measures.

Since the number of jump points of v,, is equibounded, possibly passing to a
further subsequence we can assume that for every k they stay in an arbitrarily
small compact neighborhood K of a finite set. On each interval of U \ K, the
L1(0, 1)-convergence of i, (-, t) to u(-,t) (see Theorem and of vy, =y, (-, 1)
to v (see above) yields that v = u,(+,t). We conclude that the equality holds on
U up to a finite number of points.

The lower semicontinuity of the total variation (see [25], Theorem 1.59) gives

0 < im (1) (8:8) = (u)—(#, )] = | DIv|(U) < L nf | DI, |(U).

If £ was not in .S, we could choose U in such a way that for k sufficiently large
Up,, has no jump point in U: the right-hand side of the previous inequality would
vanish, giving a contradiction. Select now U satisfying U N.S = {&}; for every k
we can choose a jump point xp = ire of v,, converging to £ and such that

1
£(Actin, (1)), = 1(eh,). (n) = (0h,)_(20)] 2 5/,
where N is an upper bound for the number of singular points. [

We are now in a position to prove the following result.

Proposition 7.4. Assume that & is a singular point of u,(-,t) for every t in
[0,0]. Then uz.(%,t) = 0.

Proof. Let xj, = ipe be as in the previous lemma. For h sufficiently large it
turns out that

| (Aeunh )ih

>

«
Ev [5 = th]v

for a suitable constant o > 0. We can assume that «/e > zo/+/¢; hence

20

ﬁlb’(*)

|(wah)lh| = “pla((AEunh)th < \/g

This, together with ([7.3]), entails that

0 20
Wi, (@, )] < Jwm, (20, 1) = (wy, iy | + (wp, )iy | < cleve + %1//(\*@
The weak convergence of wy, in H2(0,1) (see (7.2)) implies, in particular, the

uniform convergence on (0,1); since zt¢)'(z) — 0 as z — 400, we conclude that
Uge (2,8) = 0. O

)]
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Jump points Let us now address the problem of the approximation of a
jump point through a pair of singular points in I (see Definition [7.1)).

Let u® be as in (Hyp 3) of Section |§|; assume that T € S(u(-,t)) for every
t € [0, 0] (for instance this is the case of Theorem [6.4)).

Lemma 7.5. There exists a subsequence (un, ) of (uy) satisfying the following
property: for every t € [0,0] and for every h € N there exist two distinct indices
i1,42 € IF (un, (-, t)) such that |ie,, — | < 1/h and |ize,, — | < 1/h.

Proof. The stated property can be proved by showing that the following
assumption gives a contradiction: there exists § > 0 and @ € N such that for
every n > T there exists t,, € [0, 0] with the property that the set [T — 4,T + ¢]
has at most one point of the form ie,, with i € I (uy, (-, tn)).

Assume this is true; then, for every n > T we can find at most one point
&n = inen € (nZ) N (T — 6, T + §) with i, € I (un(,tn)) Let us prove that

(7.4) a subsequence of (@, (+,t,)) is bounded in the H'-norm
’ on a suitable neighbourhood U of 7.

Up to subsequence we can assume that (&,) has a limit £ € [T — 6,7 +4]. Let
us first consider the case &€ > T (the case £ < T follows by the same argument).
Fix v € (7, &): we can suppose that &, > v for every n. Apply now Lemma é
to the interval [T — ¢, ~] with ¢ = ¢,,: we get the uniform boundedness of @/, (-, ty,)
(the bound depends on §).

Consider now the case £ = Z. We can apply Lemma both to the interval
[T — 0,&,] and to the interval [£,,T + §] with ¢ = t,,; again, since the length of
the intervals are bounded from below, we get a uniform estimate for ., (-, ty)
on both intervals.

Thus, we have proved . From this we deduce that, up to a subsequence,
Un(-,tn) has a weak limit v in H'(U). Let us show that v = u(-,) for some
t € [0,0].

We can assume that ¢,, — ¢, for some ¢ € [0, o]. We have:

[un (s tn) = uC Doy < lunlstn) = un( Dl @) + llun () = ul Dl w) -

The first term on the right-hand side tends to zero by Proposition [£.5] while for
the second one we apply Corollary £.9] Therefore

Un (-, tn) — u(-, 1) in LY(U).

Thus, it is enough to show that wu,(-,t,) — (-, t,) — 0 in L}(U). Taking
Proposition (49) into account, this is implied by w, (-, tn) — Un(-,t,) = 0 in
LY(U). Notice now that on any interval [ie, (i + 1)) we have

[tn (2, t0) — Un (2, t0)| < |un((i + 1)e, tn) — un(ie, tn)]
= < i, (i + 5)e 1)

We have proved above that (., t,) is bounded on U independently of n; there-
fore, up, (z,t,) — Up(x,ty) — 0 uniformly on U. Thus, v = u(-,¢) on U.
We conclude that u(-,?) has no jump point in Z, against the assumption. O

In a perfectly analogous way to Proposition we can now prove the van-
ishing of the second derivative on jump points. As to the third derivative, we
need a stronger assumption on the function .
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Proposition 7.6. Assume that T € S(u(-,t)) for every t € [0,0]. Then
a) Uz (T,t) =0.
b) If

(7.5) lim sup 2%’ (2) < +o0.

z— 400

then (ugy)s(T,t) = 0 for every t € [0,0].

Proof. Let uy, and the indices i1,72 be as in the previous proposition. Set

x), = i1¢ and z7 = ize. We can follow the proof of Proposition (7.4 with x,
and 22 in place of 2y, (and o =1). Then (j = 1,2):

o (@l 01 < elevE+ 20/ ( ).

The uniform convergence on (0, 1) implies now that u,.(Z,t) = 0.
Assume now that i satisfies (7.5)). Then

|wnh(xfzh,t)\ < cer/e (j=1,2).

By Lagrange’s Theorem, there exists &, € (x) ,22 ) with

np? Nnh

|wh,, (€n, )] < eV/e

(notice that |iy —iz| > 1, hence |2}, — 2 | > ¢). Clearly, &, — T. By (7.2), the
sequence w;,, (-, t) weakly converges in H'(0,1) t0 uzzs(-,t); hence we have the
uniform convergence, and we conclude that (us;).(Z,¢) =0. O

8 Uniqueness of the minimizing movement

For the sake of simplicity, here we assume that the initial datum presents only
one singular point (jump or crease). We also assume that this point remains
singular in a time interval [0,0]. Recall that sufficient conditions for such a
behaviour are given in Theorem and Theorem

Let u be a limit function as in Theorem [ Assume that the initial datum
u? satisfies (Hyp 1) and (Hyp 2) of Section and (Hyp 3) of Section@ ie.

Hyp 1) There exists My > 0 such that [|ul|| 2 < M for any € > 0.
Hyp 2) There exists M > 0 such that F.(u?) < M for any € > 0.

Hyp 3) Let u°: [0,1] — R be a piecewise-C? function, and let u? be the
function defined in Remark (hence the singularities of u are on €Z).

The initial datum (u?); is the discretization of the piecewise-C? function

u? (ie. (u?); = ul(ig)).

We recall that

e u(-,t) € 7#2(0,1) for every t > 0 (Theorem ;
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o u,, € L*(0,T; H3(0,1)) for every T > 0 (Theorem ;

. u( ) € HY(0,T) for a.e. x € (0,1), and the weak derivative is given by
= —"(0)(tzz)ze (Corollary .

Moreover, u(-,t) satisfies suitable differential conditions on jump and crease
points (see Propositions and [7.4)).

Within this frame, the theorem below guarantees the uniqueness of the min-
imizing movement u.

Theorem 8.1. Let u be a limit function as in Theorem[[.7]. Assume that there
exists o > 0 such that either of the following assumptions holds:

a) S(u(-,t)) = {z} and S(uy(-,t)) = 0 for every t € [0,0]; moreover, ¥

satisfies (7.5)), i.e.
lim sup 2%’ (2) < +o0.

z—++00
b) S(u(-t)) =0 and S(uy(-,t)) = {&} for everyt € [0,0].

Then the function u is uniquely determined.

Proof. a) Consider the interval (0, Z) (the same proof holds for (Z, 1)). Notice
that (ugq )z, hence uy, is a square integrable function on Qr for every T > 0;
in particular, uu; € LY(Qr).

Since T is the only singular point, u(-,t) € H?(0,7) for every t € (0,0)
(actually, it belongs to H*). As a consequence, we can integrate by parts in the
integral below, for a.e. t € (0,0):

1
¥"(0)

/0 u(x,t)ut(x,t)dt:—/o w(z, t)(Ugs )zw (2, t) da

= /01‘ Ug (2, 1) (Ugs )z (2, ) do — u(um)xg

xr —
S / Uy (T, E)Uge (2, t) da + uzum|g
0

=_ /z(um(sc,t)ydx <0.
0

Here, we have employed the vanishing of the second and third derivatives on
the boundary of (0,1) (since uy.(-,t) € HZ(0,1)) and on the jump point T

(Proposition [7.6)).
Now, fix s € (0,0) and integrate the left-hand side with respect to ¢ € (0, s);
we can apply Fubini’s Theorem since uu; € L'(Qr); hence

0>/dt/ xtutxtdx—/ dx/ (z, t)ue(z, t) dt
/dx/ T u(z,t)) 2dt = 2/[u2(xs) u?(z,0)] dz

(indeed, u?(z,-) € H(0,T) and its derivative is 2uu;). We have proved that

lu(-, s)l 20z < l|lu(-,0)||L2(07) for every s € [0,0].
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This implies the uniqueness of u in a standard way: if u; and us were two
functions satisfying the same assumptions displayed above, then their difference
u = u3 — ug would have the same properties (equation u; = —Uzzz, on (0,7) is
linear), but u(z,0) = 0; therefore, ||u(-,s)|/z2(0,z) = 0, too, i.e. u = 0.

b) We argue on the line of the proof in (a); however, since & is the only

singularity, it turns out that u(-,t) € H'(0,1) and we can integrate by parts on
the whole (0,1):

1 L 1
) /O w(a, g, 1) dt = — /O (@, ) (s ) (2, 1)

:/0 Ug (2, 1) (Uge )z (2, 1) dm—u(um)z|(1)
1
0

(the third derivative vanishes on 0 and 1). Now, we split the integral on (0, )
and (#,1); on each of them wu(:,t) is H' and we can integrate by parts. For
instance, on (0, %):

' = — ’ U x 2 Xz Uy U X
/0 Uy (T, 1) (Ugz ) (@, 1) do = /OA( za 7t)) dz + ug e
= —/l(um(x7t))2dx <0.

0

Here we have applied the null boundary conditions of the second derivative on
0 and & (Proposition [7.4). We now conclude in the same way as in the case of
a jump point. [

Though we do not tackle the characterization of the minimizing movements
for the functional F', if we assume that the singular points remain fixed dur-
ing the evolution, the problem reduces to a convex one. Indeed, consider, for
instance, an interval (a,b) between two jump points, and define

+o0 otherwise in L?(a, b).

Loy b (2))? da if v 2(a
y(v):{zw (0) [, (v"(2))*d fve H*a,b),

As showed in [6], the minimizing movement from u° is given by the absolutely
continuous function w: [0, +00) — L?(a,b), with square integrable derivative,
which solves the problem

{w’(t) € —0F (w(t))
w(0) = u°.

Let u be the evolution function considered above (Theorem [8.1)); it solves

(8.1) {ut(xvt) = _¢N(O)uxm¢x($7t) in (a, b) X [O, O'],

-, 0) = u’; Uy (T, 1) = Ugge(x,t) =0 if £ =a and x = 0.
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Notice that for every v € H?(a,b) and ¢ € [0, 0]

b
F(0) = F(ul- 1) + 4" (0) / e (2,0) (0" (@) = U (,1)) do
= Z (u(,t)) + L(v—u(-1)).
Because of the boundary conditions satisfied by u(-,t), we can integrate by parts
and express the linear functional L as follows

b
L(v) = ¢ (0) / U (2, 1) (0() — u(z, 1)) dt

(in case of a crease point we have to proceed by splitting the integral as in the
proof of Theorem . Hence ¥ (0)ugzzz (-, ) is in 89(u(~,t)). We conclude
that, in this particular case, the solution of (8.1) gives the evolution of F.
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