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Abstract —This paper proposes a novel approach to evaluate structural theories based on
their accuracy and computational efficiency. The focus is on beam, plate, and shell
theories built using polynomial expansions of the displacement field. The structural
theories and related finite element matrices are obtained through the Carrera Unified
Formulation. Each displacement component can have different expansions, and the
choice of the generalized variables to include is an input for the analysis. Similar results
were obtained in previous works through penalization techniques applied to the finite
element matrices. This paper presents a novel approach to building finite element
matrices based on truncated expansions of the unknown variables, leading to smaller
matrices and lower computational costs. Best theories concerning accuracy and
computational costs are retrieved and presented through Best Theory Diagrams.
Numerical results consider verification with data from literature and the analysis of
structural problems with localized effects, such as pinched shell and end-effect problems.
The results show the importance of correctly choosing the generalized variables, which
may lead to reduced computational costs with negligible accuracy loss.

Keywords: Finite element method; beams, plates and shells; Carrera Unified Formulation;
Asymptotic-Axiomatic Method.

1. INTRODUCTION
The development of beam and plate/shell theories is a classical topic in structural engineering.
There is a preference for one-dimensional (1D) and two-dimensional (2D) models over more complex
three-dimensional (3D) analyses. Despite advancements in computational mechanics and computing
power, beam and plate/shell models remain popular due to their computational efficiency.
Beams find extensive applications in engineering, ranging from aircraft wings and helicopter
rotor blades in aerospace engineering to civil engineering structures composed of metallic and

concrete beams. Plates and shells are equally important, e.g., for aircraft panels and cylindrical
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structures in the aerospace field. Beam and plate/shell models can be categorized into two types:
axiomatic models, which assume the structural behavior, and asymptotic models, which derive beam
or plate/shell expansions of the governing equations considering characteristic parameters, e.g., the
thickness ratio.

The Euler-Bernoulli [1] beam theory (EBBT) is often used to analyze isotropic slender
structures; however, it does not account for shear effects. The Timoshenko [2] beam theory (TBT)
extends EBBT, including shear effects. Many scholars have proposed more advanced beam theories
to overcome EBBT and TBT limitations [3, 4]. Washizu [5] underlined the need for higher-order
theories and proposed a general expansion with N terms for the three displacement variables based

on polynomial terms:

Uy = Uy, + XUy, + ZUy, + XUy, + X204 27Uy, + - +x%20u,,
Uy, = Uy, + xuy, + zuy, +x*u,, +xzu, + z%u,, + o +x%zu, (1.1)
U, = Uy, + XUy, + 2Uy, + XU, + xZUy + 22U, + o Fx20U,,

The torsion of thin-walled beams has known many contributions, starting from Vlasov [6],
who introduced warping functions. Other examples of works on warping functions are those by
Friberg [7] and Mechab et al. [8]. Schardt [9] introduced the Generalized Beam Theory, which
enhances classical theories by using piece-wise kinematics of thin-walled sections to detect warping
and distortions. Ganapathi et al. [10] developed a three-node finite element (FE) that includes
transverse shear and torsion with warping. Levinson [11] proposed a theory incorporating warping
while respecting shear-free conditions on the lateral surfaces. Wang and Li [12] adopted the Levinson
beam theory in free vibration problems. Kant and Manjunath [13, 14, 15] studied laminated composite
beams by using higher-order models in the context of C° FE with first to fourth-order models. Kapania
and Goyal [16] proposed a two-node FE to study laminated beams with uncertainties in the ply
orientations. Bui ef al. [17] studied thin-walled composite structures with I-sections using higher-
order terms for all three displacement components. Carrera introduced the Unified Formulation
(CUF) for beams [18] where the cross-section kinematics may be modeled using various types of
functions, e.g., Taylor expansions [19] or Lagrange [20].

Many plate and shell theories have been proposed over the years [21]. The Thin Plate Theory
(TPT) and Thin Shell Theory (TST) are the classical models based on Kirchhoff’s hypotheses [22];
they neglect the transverse shear deformation and the through-the-thickness deformation.

A refinement, including the transverse shear deformation, is the Reissner—Mindlin theory [23,
24], which is also known as the First-Order Shear Deformation Theory (FSDT). More advanced
plate/shell theories have been used to study thick and laminated structures [25, 26, 27, 28, 29, 30].
Grigolyuk et al. [31, 32] presented excellent reviews on the principal contributions of the Soviet
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scientific community. Kant et al. [33] developed a nine-node Lagrange plate element with six degrees
of freedom (DOF) per node. Kant and Majunatha [34] introduced third-order plate theory for all
displacement components, while in Pandya and Kant [35], the transverse displacement was kept
constant. Sheremetev and Pelekh [36], and later on, Whitney, Pagano [37], and Reddy [38] proposed
models to fulfill the top and bottom boundary conditions. Reddy and Liu [39] developed refined shell
models to account for the parabolic distribution of transverse shear stresses in static and dynamic
analyses. Awrejcewicz et al. [40] made an historical dissertation on who first proposed these types of
theories for two-dimensional structures. Bhiramaddi [41] considered circular cylindrical shells by
including higher-order terms for in-plane displacements, whereas the stretching of the structure was
not considered. Other researchers have proposed models with parabolic approximations of the
transverse displacement component, e.g., Hildebrand ef al. [42] and Khare et al. [43]. CUF was also
developed for plate and shell formulations [44] Taylor, Lagrange, and Legendre expansions over the
thickness have been adopted [45, 46, 47].

As mentioned, the axiomatic approach employs variationally consistent governing equations,
achieving asymptotically exact results. Volovoi ef al. [48] investigated open cross-section and thin-
walled structures by applying the variational-asymptotic method, using 3D models as reference
results. Volovoi and Hodges [49] extended this method to beams with arbitrary cross sections.
Popescu and Hodges [50] considered shear deformations. Yu et al. [51] introduced the Variational
Asymptotic Beam Sectional Analysis (VABS) to address anisotropic beams, including initially curved
and twisted beams. Asymptotic models have also been developed for plates and shells [52, 53, 54].
Lee and Hodges [55] used FEM for the dynamic analysis of shells. Berdichevsky [56] investigated
sandwich shells.

This work aims to develop a method for evaluating the impact of each generalized variable of
higher-order beam, plate, and shell theories and based on the Asymptotic-Axiomatic Method (AAM)
proposed by Carrera and collaborators for [57, 58]. The best theories are obtained by retaining only
those variables having a significant role in the solution, offering the highest accuracy possible with a
given amount of DOF. all theories and their optimal distributions for free vibrations. In previous
works, a penalization technique was used to assess best theories. This paper, instead, presents a new
approach to building finite element matrices in which each displacement variable can be analyzed
using a distinct expansion function node-wise, enabling the selection of various polynomial-based
theories within a unified framework.

This paper is organized as follows: Section 2 provides an overview of beam, plate and shell

theories; Section 3 introduces CUF and the related FEM formulation; Section 4 presents the



governing equations; Section 5 concerns the AAM and the obtaining of related FE matrices; Section

6 presents and discusses the results, and conclusions are in Section 7.

2. CLASSICAL AND ADVANCED BEAM, PLATE AND SHELL THEORIES

1D Beam 2D Plate 2D Shell

Fig. 1. Reference systems for 1D and 2D structures

Let us consider the isotropic beam, plate, and shell structures in Fig. 1. A Cartesian reference
system is adopted for the beam and the plate. The beam’s cross-section, A, lies in the x-z plane, while
the beam axis, denoted as L, is aligned with the y-direction. In plates, the thickness line A lays along
the z-direction. A curvilinear reference system is considered in the shell case. The mid-surface is
denoted by Q and the thickness-line 4 lays along the z-direction. The shell has two radii of curvature,
namely, R, and Rg. A plate may be seen as a shell with infinite radii. For brevity, only the shell
formulation is described in this paper.

The three-dimensional displacement fields are given by the following vectors:

BEAM: u(x,y,z) = {ux (%, y,2),uy(x,y,2), u(x,y, Z)}T (2.1)

SHELL: u(a, B, z) = {ug(a,B,2),us(a, B, 2), u,(a, ﬁ,z)}T (2.2)

2.1. Classical beam theories

A beam is referred to a bar or a rod [59] if only the constant terms of the displacement field
are considered,

U (%,,2) = Uy, (¥)
uy(x,y,2) = uy, (y) (2.3)
u(x,y,z) = uzl(y)

One of the most known displacement-based theory is the Euler-Bernoulli [1] Beam Theory (EBBT),



Uy(x,y,2) = uxl(Y) Bu ) 9w ()

Uy Uy
Uy (6,7,7) =y, () — == - =2 (2.4)
u,(x,y,z) = uzl(y)

On the other hand, the displacement field of the Timoshenko [2] Beam Theory (TBT) reads:

Uy(x,y,2) = uxl(y)
uy(%,y,2) = uy, (¥) +¢,(0)x + p(¥)z (2.5)
u(x,y,2) = uy (y)

¢-and ¢ are the rotations around the z and x axes, respectively. The simplest beam model including
torsion [5] is

ux(x,y,2) = z6(y)
uy(x,y,z) = 0 (2.6)
uz(x,y,z) = —xB(y)

@ is the rigid rotation of the cross-section about the y-axis.

2.2. Classical plate/shell theories
The displacement field of the membrane theory [59] reads:
ua(a,[)’,z) = uﬁl(alﬁ)

ug(a,B,z) = uq,(a,B) (2.7)
u(a,B,z) = ug (a,p)

The Thin Shell Theory (TST) [22] has the following displacement:

auzl(a ﬁ)

uq(a,B,2) = uq, (o, B) —
ug(a, f,2) = ug, (a,B) — Mz (2.8)
uy(a, B,z) = uy, (a,B)

On the other hand, the First-order Shear Deformation Theory (FSDT) [23, 24] is

auzl(a ﬁ)

uq(a,B,2) = uq, (o, B) —
uy(a,,7) = ug,(a,B) — Mz (2.9)
uz(a,ﬁ,z) - uzl(a,ﬁ)

¢pand @, are the rotations around the £ and a axes, respectively.

2.3. Examples of higher-order theories
Adding terms to the displacement field is one way to build higher-order theories. For brevity,
a couple of examples for 2D models are presented here, as similar expansions can also be used for
1D cases. One of the earliest models was introduced by Hildebrand, Reissner, and Thomas (HRT)

[42], where the u. includes first and second-order terms,
6



uq(a, B,z) = ual(a’,g) + Zuaz(a,ﬁ)
uy(a,B,z) = ug,(a,p)+ zug,(a,p) (2.10)
u,(a, B,z) = uzl(a’,g) + Zuzz(alﬁ) + Zzuzg(a'ﬁ)

Khare et al. [43], instead, extended the model of Sheremetev and Pelekh [36] for composite shells,

ug(a,B,2) = ug (@, B) + zug, (@, B) + z%uq, (@, B) + z°uq, (a, B)
ug(a,B,z) = ug (a,B) + zug, (a, B) + z*up, (a, B) + z°ug, (a, B) (2.11)
uz(a'ﬁJ z) = uzl(a)ﬁ) + zuZZ(a,ﬁ) + Zzuz3(a'ﬁ)

2.4. Taylor-based higher-order theories
The present paper adopts Taylor polynomials to build higher-order theories. Complete and
reduced expansions are used, and this section provides some examples. A complete expansion adopts
the same terms for the three displacement variables. A second-order beam theory (TE2) can be

expressed as follows:

Up(%,9,2) = Uy, (V) + Xy, (V) + 20y, (V) + XUy, (V) + 22Uy (V) + 20Uy (V)
uy (%,,2) = uy,, () + xuy, (y) + zuy, (v) + x*uy, (v) + xzu, () + z%u, (y)  (2.12)
U, (x,9,2) = uy (y) + xuy, (y) + zuy, (y) + x°u,, (y) + xzu, () + z°u,, ()

In a FEM scenario, such a beam model has 18 nodal degrees of freedom (DOF). Similarly, a

fifth-order shell model (TES) is

Ug(@, B,2) = ug, (@, B) + zug, (@, B) + z%ug, (@, B) + 2%ugq, (, B) + z*uq (, B) + z°uq (a, B)
uy(a,B,z) = ug, (a,B) + zug,(a, B) + z%ug,(a, B) + z3ug, (a, B) + z*up_(a, B) + Zsuﬁ6 (a, B)

u (a, B,2) = uy, (a,B) + zug, (a, B) + z°u,, (a, B) + z°u,, (@, B) + z*u,, (a, B) + 2°u, (a, B)
(2.13)

Reduced expansions, on the other end, use only some terms of the expansion, and these terms

may differ for each displacement component, e.g.,

Ue(X,Y,2) = Uy, (V) + 2Uy, (Y)
BEAM: Uy (x,5,2) = Uy, (y) + xuy, (y) + xzu,, (y) + z2°u,, () (2.14)
U, (x,y,2) = uy (y)

U (@, B,2) = ug, (@, B) + 2%uq, (a,B)
SHELL: ug(a, B, z) = ug, (a,B) + zug,(a, B) + z3ug, (o, B) + z°ug, (a, B) (2.15)
u(a,B,z) = ug (a,p)



3. UNIFIED FORMULATION OF ANY-ORDER THEORIES
The present paper uses the Carrera Unified Formulation (CUF) to obtain the displacement
field, governing equations, and FE matrices of structural theories of any order.
In the CUF, to reduce a 3D problem into a 1D or a 2D one, a primary variable (f), such as
displacement, stress, or strain components, is given by expansion functions having “M” terms (f,
7=1,..., M). In a beam formulation, the expansion uses 2D functions, F:(x,z), defined over the beam

cross-section. On the contrary, in 2D formulations, F«(z) are defined through the thickness, i.e.,

BEAM: f(x,y,2) = E(x,2)f,(y) t=1,..,.M (3.2)
SHELL: fla,B,2z) = FE(2)f,(a,B) t=1,...M (3.2)

The Einstein’s summation rule is used. The displacement field, then, becomes

U (x,¥,2) = B (x,2)u, (y) witht=1,..., M,

BEAM: uy(x,y,2) = Fu (6, 2uy, () witht =1, ..., My, (3.3)
u,(x,y,2) = F,(x,2)u, (y) witht=1,.., M,
u(a,B,2) = F,(Dug, (a, ) witht =1,..., M,

SHELL: uy(a,B,2) = Fyupe(Dug (o, f) witht = 1,..., My g (3.4)
u(a,B,2) = B (Du, (a,f) witht=1,.., M,

M., My, and M, indicate the number of expansion terms for each displacement component. CUF

may be combined with FEM to discretize the displacements along the beam axis or over the plate/shell

mid-surface. Thus, the displacements can be expressed as follows:

U (x,y,2) = Ni(¥)Fr(x,2)qx,, witht =1,.., M, andi =1, ..., N,
BEAM: u,(x,y,2) = Nl-(y)FuyT(x, z)qy,  witht =1, ...,Muy andi=1,..,N, (3.5)
u,(x,y,2) = N\(WE,,(x,2)q, witht=1,..,M, andi =1,...,N,

S

S

uq(a,B,z) = Ny(a, BB, - (2)qe,, witht =1, .., M,  and i = 1,..., N,

SHELL: uz(a, f,z) = Ni(a,ﬁ)FuBT(z)qﬁﬂ witht =1, ...,Muﬁ andi=1,..,N, (3.6)

u,(a,B,z) = Ny(a,p)E, (2)q,,, witht=1,.., M, _andi=1,..,N,

~

N;and N; are the shape functions, the repeated subscripts 1 and j indicate summation, and N, is the
number of nodes per element. This work employs four-node Lagrange beam (B4) and nine-node

Lagrange shell (Q9) elements for the beam and plate/shell formulations, respectively.
4. GOVERNING EQUATIONS AND FINITE ELEMENTS
The stress and strain components are grouped as follows:
g = {Uxx Oyy Ozz Oxz Oyz ny}T € = {Exx €yy €zz €xz €Eyy Exy}T (4.1)
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g = {Uaa 0B  Ozz Oqz Opz GaB}T € = {eaa € €zz €az €Epz Eaﬂ}T (4.2)
The geometric relationships between strains and displacements can be defined as
€ =Du (4.3)

D is a matrix of differential operators; in the linear case,

Oa 0 1
_ . Hg HgRa
o, 0 0 0 o5 )
0 9, 0 Hg HpRp
0 0 @ 0 0 0
Dgpam = 9, 0 ai DsupLL = 9, — H;Ra 0 Z_CZ (4.4)
0 0, 0y 0 z HﬁlRB %8
dy, 9y ol Z_ﬁ oa Hp
B Hg 0

3()

where 8, = 22,9, = 2,9, = 92,8, = 22,9, = 22, H,

—1+—andH —1+—
Rp

Linear elastlc 1sotr0plc materlals are c0n51dered, leading to the followmg constitutive relation:
o =Ce (4.5)
C is the matrix of the material coefficients, see Bathe [60]. To derive the governing equations, the

Principle of Virtual Displacements (PVD) is employed,

OLint = 8Lext (4-6)

Concerning the strain energy,
BEAM :

SLine = [, 6€"0dV = [ (8€1x0xx + 8€yy0yy + 8€,,0,, + 86,0y, + 564,00, + 8€x, 0y, )dV
4.7)

SHELL :

SLine = [, 8€"0dV = [ (8€4a0aq + 8€550pp5 + 8€,,0,, + 5€5,05, + 5€4,04; + 8€qp0ap)dV
(4.8)

Through the displacement-strain relation, the CUF and the FEM approximations, and the
constitutive equations, the fundamental nucleus of the stiffness matrix and load vector can be obtained
[59]. For brevity, the remaining steps are omitted, and the explicit expression of the stiffness matrix
nucleus is given in Appendix A. In the case of the plate/shell formulation, the Mixed Interpolation of

the Tensorial Components (MITC) is used to alleviate locking [61].



5. ASYMPTOTIC-AXIOMATIC METHOD
The Asymptotic-Axiomatic Method (AAM) consists of using CUF to evaluate any structural

theory’s accuracy. The accuracy may be assessed on a single output, such as the maximum
displacement, or an ensemble of outputs, e.g., the first ten natural frequencies. The reference solution
may be various, e.g., an exact one - if available - or a high-fidelity numerical model. Figures 2a and
2b show a typical application of AAM. Four beam or shell theories are considered, each with various
terms or DOF. CUF provides the governing equations and FEM matrices to run static or dynamic
analyses, and the results from each theory are reported considering the error versus the reference
solution. Such analysis can be repeated for an arbitrary number of theories and various sets of inputs,
e.g., thickness ratios or boundary conditions. If all the combinations of terms up to a given order are
considered, Figs. 2c and 2d can be obtained. A fourth-order shell theory (TE4) based on a Taylor
expansion has, for example, 2'° reduced theories from combining the twelve terms of the expansion.

The red line in Fig. 2d shows the shell theory providing the minimum error for a given number of

terms.
. z2%uziq A
:J WS — -
u.‘..+.,{“u..-;+:'a..-, Ua =ZUaz + 2 Uas
- - 1k ug =ztgs + 2 ugy
11 10 Uy =Usy + 22Uz + 2 .
w 10
=@ 3, tn 9 |
g + 2%, = to =2Ua2
. 5 5 =2ug + 2 Uz,
= Uy =2 . = TF —uoi + 22
o 7 o e o d Uy =tz + 23 | [ =0
ol T / ug =zug
5 EH B C Wy =tz + 2 sy uq =0
4 0 ./ ug =zlga
3| ) b o iz
2t 2 a
1 1 )’
E rror Error
(a) Four beam theories (a) Four shell theories
o5 /B4 (Reference Solution) @ Best theories for the given problem
& W Complete expansions
41 15 TE4 (Reference Solution) @ Best theories for the given problem
;3 \ 14 N W Complete expansions
¥ N 13 1% g
©“ i? N w3 w 12 | |
§ 2 ~ Line of the complete expansions § [
S S 1(;) - Line of the complete expansions
20 = sk N 0
19 N TE2
TN L TE1
17 -,
15 RS 6 ]
13 RN 5
1" ~ TEI 4 -
9 . n 3 |
Z Pareto Front 2 |- Pareto Front
] > ! >
Error Error
(c) Best Theory Diagram (BTD) for beam models (d) Best Theory Diagram (BTD) for shell models

Fig. 2. Structural theories DOF and accuracy (a,b) and examples of Best Theory Diagrams (c,d)
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Total DOF: 135 /_\ Total DOF: 54

TE4: Uy = + Uz, + 22ug, + + 2, M, =5 Up = Uy, + 23Uy, M, =5
TE4: uy = [+ 2uy, +[uy]+ 2Py, + M,
TE4: u. = + 22Uz, + :211:( + 33“:. + :"u:,_ M,
09 15 DOF per NODE 6 DOF per NODE

Fig. 3. Example of a full and reduced plate theory

Il
ot

2

2 | _

Uy = Uy, + 2°Uy, + 27Uy, My, =3
1

5 Uy = Uz, i’\[u; =

I

Such a line may be seen as a Pareto front and is referred to as the Best Theory Diagram (BTD).
For a given number of terms, it is impossible to have a better accuracy than a theory on the BTD. For
a given accuracy level, obtaining it with fewer terms than a theory on the BTD is impossible. Once
obtained, the BTD is useful to test any given theory’s accuracy and computational efficiency. Figures
2c¢ and 2d compare the complete expansion theories with the best models. In the result section,
numerical cases are considered, and various theories are quantitatively compared. The present paper
proposes a novel approach to implement the AAM. In previous works, reduced models were obtained
through a penalization technique over the stiffness matrix. As a consequence, independently of the
DOF of the reduced model, the full matrix had to be computed. The novel approach, instead, leads to
the assembly of reduced matrices and, therefore, a reduced computational cost. As an example, a plate
case is considered in the following. Let us consider the Q9 element in Fig. 3. A TE4 structural theory
fourth-order Taylor uniform model is chosen as the reference solution, i.e., the Q9 element has 135
DOF and M,.= M,,= M,.= 5. Then, a reduced model is considered with six DOF per node and 54
DOF per element, i.e., M= 2, M,,= 3 and M,.= 1. Figure 4 shows the stiffness matrix and the load
vector for the Q9 element. Each sub-matrix Kj;, with, 1,j = 1,...,9, has nine sub-matrices, and each
sub-vector P; consists of three sub-vectors. Circles highlight the terms related to 1,j = 1. Figure 5
shows the circled sub-matrices and vectors. The grey rows and columns highlight the DOF included
in the reduced model. The intersections between grey rows - the red squares - and columns are the
matrix and vector components that must be computed. Figure 6 shows the 1,j = 1 sub-matrix and
vector for the reduced plate theory with six DOF per node. The global matrices and vectors can be
assembled through standard FE assembly procedures. The related linear static analysis must be solved
for each reduced model considered; e.g., if all reduced models stemming from the combination of

twelve terms are considered, 2'2= 4096 analyses are necessary.
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Fig. 4. Stiffness matrix and load vector of a Q9 element
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Table 1. TE4 beam theory

1 |x z X2 xz 22X Xz x? P ¥z X2 X2 A
ue | o o« o o o . o e o« e o e e o
u | o o o o . o o o o o o
w, | e o o o . o o o o o o

Table 2. Example of a reduced beam theory with 11 DOF

1 |x z X2 xz 22X Xz x? xt Xz 22 xP A
Uy | o o o o e o e o o o o o o e o
u, | o o e e o o o o o e o o o o o
u, | e o o o o . o o o o e o e o

Complete and reduced theories can be conveniently shown in tabular form. Table (1) presents
a complete TE4 beam theory with 45 DOF: black bullets indicate the generalized variables over the
three displacement components. Table (2) shows a reduced beam theory where only eleven terms are
included, with white circles indicating the inactive terms. Similarly, shell theories are shown in Tables

(3) and (4).

6. NUMERICAL RESULTS
This section considers four cases: a beam with a compact cross-section, a clamped plate, a
cylindrical shell under two pinching loads, and a shell under cylindrical bending. Concerning the
shear locking, the selective reduced integration method is adopted for the beam formulation, while

the MITC integration method is adopted for the plate/shell formulation.

Table 3. TE4 shell theory

ua L] L] L] L] L]

uﬁ L] L] L] L] L]

uZ L] L] L] L] L]

Table 4. Reduced shell theory with 10 DOF

uﬁ o o o o (]
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6.1. Verification

>

B

Fig. 7. Geometrical properties of the cantilever beam with compact cross-section [57].

The aim of this section is the verification of the results with a previous work of the authors
[57]. The present paper builds BTD by assembling the FE matrices and arrays from the fundamental
nucleus of each generalized variable. This section considers a cantilevered beam, previously analyzed
in [57], see Fig. 7. The cross-section is clamped at y = 0, and the material properties are E = 75 (GPa)
and v=0.33. The height of the cross-section, h, is 0.2 (m), while the length, L, is 2 (m). The FE model
consists of forty B4 elements, and a fourth-order Taylor expansion (TE4) is adopted over the cross-
section as the reference solution complete model. The evaluation of reduced models uses the

following error parameters:

TE4

TE4 -
Uy —Uy

Uz " "—Ug

erry, = ||~ e X100 err,, = ez %X 100 (6.1)
TE4_
err,,, = % x 100 (6.2)

Furthermore, consistently with [57], the following percentage variations are shown in Tables:

8y, = u;;; X100 &, = % X 100 (6.3)
O
8y, = =2 X 100 (6.4)

yy

The evaluation of the BTD should consider all 2*° combinations stemming from the forty-five
generalized variables of a TE4. The reduction of the computational overhead was obtained by

considering all three components of a given polynomial expansion simultaneously, e.g., all three
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generalized displacements of the z> term were either active or off. Additionally, the three constant
terms were always retained. Thus, the total combinations are 2'4=16384.

A point load, F-=50 (N), is applied at [0,L,0], see Fig. 7. Figure 8 shows the BTD for the
transverse displacement, u., computed at [0,L,0], i.e., the maximum transverse displacement. The
vertical axis reports the number of active terms, i.e., the nodal degrees of freedom, of each structural
theory evaluated. The horizontal axis reports the error of each theory; see Eq. 31. Each dot is a reduced
structural theory combining the forty-five generalized displacement variables of the TE4. Models
with the full linear (TE1), second- (TE2), third- (TE3), and fourth-order (TE4) expansions are
reported for comparison purposes. Eventually, the BTD is given by the envelope of theories having
the minimum error for a given number of terms. Similarly, Conversely, Figure 9 shows the BTD for
ayy calculated at [0,0,h/2]. Tables 5 and 6 show the generalized displacement variables of the best
theories composing the BTD. The first column reports the number of active terms. From the second
column onwards, a black circle indicates that all three generalized displacements related to a given
polynomial term are active; otherwise, the circle is white. The last column reports the error of the
structural theory. For instance, the best theory with eighteen unknown variables has an error of

0.147%, and its displacement field is

Uy = Uy, + ZUy, + X%Uy, + X2ZUy + 22Uy, + 20Uy
— 2 2 3
U, = uy,, + zuy, +x°u,, +xzu, +z°u, +z°u, (6.5)

— 2 2 3
Uy = Uy + ZUy, + XU, + XZUy + 27U, + 27Uy,

Table 5. Square cross-section beam, bending load, best theories for u,

NTerms |1 |x z|x* xz 22 | X x2 xz2 22 |x* Xz X2 x2 2% err[%]
45 ele ol o o o | e . . o | o . . . . 0.00
42 o o . . o | o . 0.00
39 o« o e . o o« | o . 0.00
36 o« o e . o o« | o . 0.00
33 o o . o o | o . 0.00
30 o« o e . o o« | o . 0.011
27 o« o e . o o« | o . 0.027
24 o o o o e | o . 0.069
21 o o e 0 o e | o o 0.101
18 o e o o e | o o 0.147
15 o o e 0 o o | o o 0.265
12 o e e 0 o o | o o 3.01
9 o o e o o o | o o 10.63
6 o o o o ° o | o ° 31.79
3 o o o o o o | o o 99 33
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The verification of the results considers the comparisons of the accuracy of the following

structural theories, retrieved from [57]:

U,(x,y,z) =0
Model 1b:  uy, (x,,2) = Zzu,,
u, (x,y,2z) = Uy,

Uy(X,Y,2) = XZUys
Model 2b: Uy (x,¥,2) = zuy,
uZ (xly!Z) = uzl + Zzuz6

Uy (X,7,2) = XZUys
Model 3b:  uy (x,¥,2) = zu,, + x*zuyg + 23Uy
— 2
U, (x,5,2) = Uy, +2%Uy

Ue(X,7,2) = XZUys + X3ZUyqp + X234
Model 4b:  uy, (x,¥,2) = zu,, + x*zuyg + z2°uy4

— 2 4 2,2 4
U, (%,,2) = Uy, + 27Uz + X Upqq + X°Z%Uy13 + 27Uy

Table 6. Square cross-section beam, bending load, best theories for g,y

(6.6)

(6.7)

(6.8)

(6.9)

err[%]

NTerms | 1|x z|x> xz 22 | ¥ x2z xz* 2
45 ele o]l o o o] e .« .
42 elo ol e o o] e .«
39 elo ol e o o] e o e
36 elo ol e o oo o e
33 elo ol e o oo o e
30 elo ol e o oo o o e
27 elo ol e o oo o o e
24 elo ol e o o] o o e
21 elo oo o oo o o e
18 elo olo o o] o o e
15 elo olo o ol o o e
12 elo oo o oo o o e

9 elo olo o o] o o e
6 elo olo o o] e o o
3 elo oo o oo o o

0.047
0.027
0.027
0.027
0.027

12.69

Table 7 shows the accuracy parameter for the transverse displacement and axial stress; duz, for

instance, is 100 % when a perfect match of transverse displacements with the reference solution is

found. All first-order models have the Poisson locking correction activated. The first column reports

the structural theories considered, while the second column has the number of variables of a theory

for the three displacement components. For instance, the ”2b” has one variable for u. and u, and two
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for u.. The third and fourth columns show the accuracy, and the last column shows each model’s total

degrees of freedom.

Table 7. Square cross-section beam, bending load, verification of accuracy of selected theories

Model My /My, /My, &8%[%] 62 [%] DOF
First-order

TEL[57] 3/3/3 100.7 87.3 1089

Model 1b[57] 0/1/1 100.7 87.3 242

Model 1b 0/1/1 100.7 87.3 242
Second-order

TE2[57] 6/6/6 99.7 89.6 2178

Model 2b[57] 1/1/2 96.7 89.6 484

Model 2b 1/1/2 96.7 89.6 484
Third-order

TE3[57] 10/10/10 99.9 97.5 3630

Model 3b[57] 1/3/2 97.1 98.5 726

Model 3b 1/3/2 97.1 98.5 726
Fourth-order

TEA4[57] 15/15/15 100 100 5445

Model 4b[57] 3/3/5 99.5 100 1331

Model 4b 3/3/5 99.5 100 1331

(a): Computed at [0,L,0]; (b): Computed at [0,0,h/2]

Figures 8 and 9 show the Best Theory Diagrams (BTD) obtained by considering u. and g,
respectively. The horizontal axis is the error of a given structural theory; the vertical axis reports each
theory’s number of terms or nodal degrees of freedom. Every dot is a structural theory obtained by
combining the generalized variables of a fourth-order beam theory. The solid line is the BTD, i.e., the
set of theories that provides the minimum error for a given number of unknown variables. For the
sake of comparison, lower-order theories are reported as well. The results suggest the following:

e There is a perfect match between the reference results and the present ones, i.e., the new
approach to building reduced models, based on the manipulation of the FE matrices, is
equivalent to the penalization technique adopted in previous works.

e As well-known, linear terms are crucial for bending beams. Second- and third-order ones are

not negligible due to the moderate slenderness of the beam considered.
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Fig. 8. Square cross-section beam, bending load, BTD for u,
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Fig. 9. Square cross-section beam, bending load, BTD for oy,

6.2. End-Effects

Fig. 10. Cantilever structure with a point load [62, 63]

The second case concerns the end-effects in a cantilever structure. Ghazouani and El Fatmi
[62] initially proposed this analysis, and it was further investigated by Carrera et al. [63]. Figure 10
shows the geometrical properties of the structure; L/h = 6 and b/h = 0.5. The material has the
following properties: E11 = 206.80 (GPa), Exx = E33=5.17 (GPa), Gi12= Gi3=3.10 (GPa), G23 = 2.55
(GPa), and vi2=v23=123=0.25. The plate is clamped at y=0, and a 1 (N) force is applied at [0, L, 0].
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The axial stress, gyy, is evaluated along y, at x = 0 and z =h/2. The results are compared with a higher-
order beam theory (1D-SV) [62], a 3D FEM solution (3D-FEM) [62], and a 1D CUF-based solution
(1D-TES) [63], which utilizes a fifth-order Taylor expansion. For all the analyses, ninety MITC9

finite elements are adopted.
y/L

0 0.1 0.2 0.3 04 0.5 0.6
20 T T T T T —"

O,y [Pa]

y/h

Fig. 11. 0y, along the axis from various models

Figure 11 compares the literature solutions with the present TES plate model. Given the perfect
match with solutions from the literature, TE5 is chosen as the reference solution to build the BTD,

1.e.,

TES5
Oyy~ ~Oyy
oTE5

err, =
yy yy

x 100 (6.10)

oyy 1s taken at [0,0,h/2]. Figure 12 shows the BTD. The constant terms of the three displacement
variables are kept active in each model to limit the number of combinations. Four best theories are
explicitly reported on Fig. 13.

Table 8 compares the accuracy of various models concerning y,, evaluated at [0,0,h/2]. Full
expansions and best models, as shown in Fig. 13, are reported. Figure 14 shows the stress distribution
along the axis from the reference solutions and the best theories.

The results suggest that:

e As well-known, end-effects are relevant only near the clamped region.

e The proper detection of the end-effects requires higher-order terms. The axial displacement’s
third- and fifth-order terms, z>uy4 and z°uye, are necessary to have errors lower than 5%.

e Best models with satisfactory accuracy require significantly less DOF than the reference

solution. Six terms are enough to detect the axial stress near the clamped region.
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Fig. 13. Cantilever structure, four best theories for g,

Table 8. Cantilever structure, gy, at [0,0,h/2] from various models

Model My, /My, /My, —oy,,[Pa] errf[%] DOF
Full expansion models
TEL 21212 72,239  30.106 2730
TE2 31313 72.256  30.088 4095
TE3 4/4/4 93.976  9.0734 5460
TE3 5/5/5 93.848  9.1979 6825
TE4 6/6/6 103.35 —* 8190
Best models from Fig. 13
Model 1 1/2/1 72.000 30.336 1820
Model 2 1/3/1 97.554 5.6114 2275
Model 3 1/4/1 102.45  0.8787 2730
Model 4 3/4/2 103.33  0.0186 4095

(a): Reference solution
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Fig. 14. Cantilever structure, g,, along y, at x=0 and z=h/2, from various models

6.3. Pinching loads

a/2 a/2

Fig. 15. Geometrical properties and loading conditions of the cylindrical shell under two pinching
loads [64]

A thin-walled cylindrical shell is considered; see Fig. 15. The geometrical data are a/Rz =2,
Ry/h = 100, and b=2 7 Rg. An isotropic material is considered, and its properties are E = 3x10° (psi)
and v = 0.3. The cylinder is simply supported at o = 0 and a = a. Two pinching concentrated forces,
P., are applied at [a/2, = b/4, h/2] and are equal to 10* (Ib). This benchmark was taken from the
classical work of Lindberg ef al. [64] with the solution obtained through the Fluegge equations [65].

The results consider the transverse displacement, u., and the dimensionless form is

U, = —1u, (6.11)

Due to the symmetry of the structure and loading conditions, one-eighth of the cylinder was
considered and discretized using a uniform 13x13 mesh. Although a convergence analysis was

performed, its details are omitted here for brevity.
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Figure 16 shows the dimensionless transverse displacement along two lines, BC [a/2,4,0] and
DC [a,b/4,0], respectively. The results from the literature are compared with complete expansion
theories. Since the results from TE3 and TE4 are identical, TE3 is set as the reference solution to

build the BTD. Figure 17 shows the BTD based on the transversedisplacement at [a/2,b/4,0] and the

following error:

7TE3

u -U.
err = % X 100
Uz
0 T T T T T 100 T T T T T T T T T
720 - =
50
—40 | . e
o -
-60 | o — 0
\.
_ 80 ~. - B
, O u, —50
-100 |- N
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—120 1 Exact X \ -100 = Exact X
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~180 1 1 1 1 I —200 I 1 1 I 1 1 1 1 1
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(a) Along DC [a,b/4,0] (b) Along BC [a/2,B,0]
Fig. 16. Shell under two pinching loads, u, from various models
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Fig. 17. Shell under two pinching loads, BTD
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Fig. 18. Shell under two pinching loads, four best models for u,
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The constant terms of the three displacement variables are always active in each model, as in

the previous cases. Figure 18 shows the explicit expressions of four best models, and Table 9

compares the results of the four best models with the full expansion ones. Figure 19 shows the

transverse displacements obtained through the best models.

Table 9. Shell under two pinching loads, u,, at [a/2,b/4,0] from various models

Model My, /My, /M,, i, err[%] DOF
Full expansion models

TE1(Com 2/2/2 -176.45  6.645 4374

TE1(No Com 2/2/2 -146.09  11.703 4374

TE2 3/3/3 -165.27 0.114 6561

TE3 4/4/4 -165.45 —a 8748
Best models from Fig. 18

Model 1 1/2/1 -9.8173 94.1 2916

Model 2 2/2/1 -140.94 14.8 3645

Model 3 2/2/2 -159.61 3.53 4374

Model 4 2/2/3 -165.27 0.114 5103

(a): Reference solution

The analysis of the results suggests that

e Opverall, there is a good match with the exact solution in most cases.

e The inclusion of normal stretching is crucial to obtain acceptable accuracy.

e The linear and parabolic terms of the transverse displacement are necessary to have errors

lower than 4%, while linear terms along the other two directions are enough.
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Model 2 (N° Terms=5) **~=***
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| |
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Model 3 (N° Terms=6)  ©
M?del 4I (N° Terms|=7) L

01 02 03 04 05 06 07 08 09
4B/b

(b) Along BC [a/2,$3,0]

Fig. 19. Shell under two pinching loads, u, from best theories

6.4. Cylindrical bending

1

The last numerical case considers the shell shown in Fig. 20, and previously presented by

Carrera et al. [66], where the penalization technique was adopted. Here, the new method has been
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employed. The structure is a thick shell with a radius-to-thickness ratio of Rg/h =4 and a =1 (m). The

shell is simply-supported along the edges in the a-direction and has a sinusoidal pressure p =
pzsin(%ﬂ), with p:= 1 (Pa). The material properties are E = 73 (GPa) and v = 0.34. The transverse

displacement, evaluated at [a/2,b/2,z], is adimensionalized as follows:

— _ 10Euzh®
;=

(6.13)

szE

Fig. 20. Geometrical properties and loading conditions of shell under sinusoidal pressure [66]
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Fig. 21. Cylindrical bending of a shell, BTD
The results are compared with a Navier-type closed-form solution with a Legendre-based
fourth-order structural theory [45]. The following analyses adopt ten MITC9 finite elements along
the f-axis and one along the a-axis. Figure 21 shows the BTD the best theory diagram and the error
is:
ZLD4

_ﬁz

Z
err = ||—mpmi—
uLD4

x 100 (6.14)

Figure 22 shows the explicit expressions of four best theories. Table 10 shows the results from
various models, including the best theories from Fig. 22.

The results suggest the following:
e The influence of higher-order terms is less relevant than in the previous cases.
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e Second-order terms along the thickness and third-order along the other directions are crucial

to improve the solution.

11 [
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Fig. 22. Cylindrical bending of a shell, four best theories for u,

Table 10. Cylindrical bending of a shell, 1, at [a/2,b/2,0] from various models

Model My, /My, /My, i, err[%] DOF
Literature [66]

LD4 5/5/5 2.1213 = b
Uniform models

TE1(Com 21212 1.6208 0.476 378

TE1 (o Corn) 21212 2.1112 23.59 378

TE2 3/3/3 2.0763 2.119 567

TE3 41414 2.1210 0.014 756

TE4 5/5/5 2.1214 0.003 945
Reduced models

Model 1 1/2/2 2.0778 2.055 315

Model 2 1/3/2 2.1135 0.366 378

Model 3 1/3/4 2.1210 0.012 504

Model 4 1/5/4 2.1214 0.003 630

(a): Reference solution; (b): N/A

7. CONCLUSIONS
This paper has presented numerical results concerning the selection of generalized variables
for beam, plate, and shell theories. The approach adopted is based on the Carrera Unified Formulation
and allows for the development of higher-order expansions, which may differ for each displacement
component and may consider arbitrary terms, i.e., it is not restricted to full expansions of a given
order and can skip terms. The proper manipulation of finite element matrices leads to the systematic

evaluation of the accuracy of structural theories stemming from any combinations of generalized
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variables. The theories providing the best accuracy with the minimum number of variables are

referred to as ’best” and are presented through Best Theory Diagrams. The numerical results concern

structural problems with significant localized effects, e.g., pinched shells or end-effect problems. The

following conclusions may be drawn:

As well known, properly choosing generalized variables is highly problem-dependent.
In all cases considered, the variables having a decisive role are much less than those of full

expansions, i.e., their proper selection can lead to significant reductions in the computational cost.
Third-order terms are often necessary for acceptable accuracy. Similarly, through-thethickness
stretching is necessary in most cases.

Future research efforts should explore applying the present approach to more complex

structures and nonlinear and multifield analyses. Furthermore, the possibility to vary the kinematics

node-wise will be investigated.
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A. FUNDAMENTAL NUCLEI FOR BEAMS, PLATES, AND SHELLS
1D beam:

Kuxuxsrji = C11 fL NjNidy fA Fuxs,xFuxr,dedZ + C55 fL NjNidy fA Fuxs,ZFuxr,zdde

(A)
+Cee fL N;yN;,dy fA Fy, sFy rdxdz

2D shell:

Kuqugstji = CNJENIE! Jo No Ny A [, s Fo e 3 d2
+C55Njn1Niml fg Npi Ny dadp fA B, sz:Fu v zHoHpdz
~Cs5 7 NFUNI™ o Nt Ny A [ Fy 5,0 Fu e Hp iz

~Cos e NN f N Ny A [, FoyoFo e oHplz (A2)
+Css 7 NN [ Nt Ny QB [, FogoFi 2 dz

Hg
+C66Nj7,lﬁ3Ni,r%3 fg Np3Nmszdadp IA FupsFugr Hg dz

2D Plate may be seen as a particular case of the shell formulation,
Kuxuxsrji = Cller,lxlNiT,glc1 fQ Np1Npqdxdy fA FuxsFux‘rdZ
+C55Njn1Nim1 fQ Ny N dxdy fA Fuxs,zFuxT,de (A3)

+C66er,l;NiT,rgl/3 fg Ny3Npyzdxdy fA Py sFudz
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