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A General Analytical Framework for Fast Solving Nonlinear MPC
Problems in the Linear Koopman Space

Lorenzo Calogero , Mattia Boggio , Carlo Novara , and Alessandro Rizzo

Abstract— The Koopman operator stands as a powerful
framework to transform nonlinear dynamical systems into
equivalent linear ones within a lifted state space. Its appli-
cation can be extended to nonlinear optimal control problems,
enabling their efficient solution in the linear Koopman space.
However, a systematic methodology to analytically derive a
suitable basis of Koopman observables and handle the operator
infinite-dimensionality is still lacking. In this paper, we propose
a comprehensive analytical framework to efficiently solve Non-
linear Model Predictive Control (NMPC) problems in the linear
Koopman space. We present a general procedure to derive a
basis of observables that lifts both the nonlinear prediction
model and nonlinear state constraints of NMPC, obtaining a
quadratic program in the Koopman lifted space (denoted as
Koopman NMPC, in short K-NMPC) that closely approximates
the original NMPC solution. Additionally, we propose a general
method to arbitrarily reduce the dimensionality of the Koopman
lifted space, lowering the K-NMPC complexity and handling the
infinite-dimensional case. We validate our K-NMPC approach
in simulation, showcasing its solid performance and execution
times, which are over ten times lower than classic NMPC.

I. INTRODUCTION

The Koopman operator has gained traction in the realm
of system modeling and control [1], due to its ability to
encapsulate the dynamics of nonlinear systems into a “lifted”
state space with linear dynamics. Original and lifted spaces
are mapped through a basis of observable functions, which
span an invariant subspace of the Koopman operator [2]–[4].

The Koopman operator can be used to tackle nonlinear
optimal control problems, including Nonlinear Model Pre-
dictive Control (NMPC) [5]. Specifically, the nonlinear pre-
diction model and nonlinear state constraints of NMPC can
be lifted into the Koopman space and transformed into their
equivalent linear counterparts, yielding nonlinear programs
(NLP) to be replaced by quadratic programs (QP), which
can be solved with superior efficiency and performance [6].

The Koopman operator unleashes its full potential when
the basis of observables can be derived analytically. While
analytical approaches have been explored in the literature,
they face inherent challenges that make their application

The authors are with the Department of Electronics and Telecommunica-
tions, Politecnico di Torino, 10129 Turin, Italy (e-mail: {lorenzo.calogero,
mattia.boggio, carlo.novara, alessandro.rizzo}@polito.it). The work of
L. Calogero was supported by the European Union NextGenerationEU
(NGEU)–Piano Nazionale di Ripresa e Resilienza (PNRR) Project and the
Italian Ministry of University and Research (MUR) under Grant 352/2022.
The work of M. Boggio, C. Novara, and A. Rizzo was supported by the
Sustainable Mobility National Research Center (MOST) and the European
Union NGEU–PNRR Project (Mission 4, Component 2, Investment 1.4–
D.D. 1033 17/06/2022) under Grant CN00000023. This manuscript reflects
only the authors’ views and opinions, neither the European Union nor the
European Commission can be considered responsible for them.

quite restricted. Eigenfunction-based methods [4], [7] find
closed-form observables only for few classes of systems and,
in general, Koopman eigenfunctions cannot be inverted to
recover the original system state (which is crucial to enable
control) [3]. Methods like Carleman linearization [8] derive
observables by expanding in series the system dynamics, lim-
iting to the polynomial space and not effectively exploiting
the original system structure. Moreover, analytical methods
often struggle to systematically address the case of infinite-
dimensional bases of observables [3], [7]. As a result, data-
driven techniques have emerged to obtain an approximated
finite-dimensional Koopman lifting; yet, they also come
with their own inherent shortcomings. Extended Dynamic
Mode Decomposition (EDMD) [9] – the leading data-driven
Koopman approach – relies on system measurements and
a handpicked dictionary of observables [3]. However, to
achieve a satisfactory accuracy, a very large dictionary is
typically required [5], and, in general, the resulting lifted
system cannot generalize beyond the initial data set. On the
other hand, automated techniques to learn the dictionary [10],
[11] lack interpretability and cannot incorporate human ex-
pertise in selecting potentially useful observables. Notably,
data-driven methods directly identify an approximated finite-
dimensional lifted system, rather than performing a tailored
reduction on the infinite-dimensional one [7].

In this work, we address the limitations of the existing
methods discussed above, namely, the systematic deriva-
tion of suitable Koopman observables and the handling of
infinite-dimensional Koopman lifted systems. We propose
a systematic procedure to analytically lift generic input-
affine nonlinear systems, starting from an initial set of
handpicked observables and iteratively generating the whole
basis. We also present a general approach to reduce infinite-
dimensional Koopman lifted systems to a finite dimension
of choice. To determine the lowest dimension achieving the
best accuracy for the lifted system, we evaluate its multi-step
prediction error for increasing dimensions.

The proposed method is employed to lift a general NMPC
problem, including both the nonlinear prediction model and
nonlinear state constraints, obtaining an equivalent QP-MPC
in the Koopman space – referred to as Koopman NMPC (in
short, K-NMPC) – which closely approximates the original
NMPC solution. In this context, reducing the dimensional-
ity of the Koopman lifted space directly reduces also the
computational complexity of the K-NMPC problem. Some
works have applied the Koopman operator to NMPC [12],
[13]; yet, they all rely on data-driven methods to lift the
prediction model only. By converse, our method features



a fully analytical and general framework, lifting also the
NMPC constraints, and incorporating dimension reduction.

Our approach is validated on the real-world case study of
mobile robot navigation in a cluttered environment. K-NMPC
manages to proficiently attain the control task, while always
respecting the original NMPC constraints. We demonstrate
that K-NMPC closed-loop trajectories closely approximate
those given by NMPC, with K-NMPC outperforming NMPC
in terms of computation time by over an order of magnitude.

Outline: Section II briefly recalls the Koopman operator
theory and presents our analytical method to derive the basis
of observables. Section III formulates the NMPC problem.
Section IV outlines the process of lifting the NMPC problem
into the Koopman space, yielding the quadratic K-NMPC
problem. Section V describes the general method to reduce
the dimensionality of the Koopman lifted space. Section VI
validates the K-NMPC approach in simulation. Our conclu-
sions are drawn in Section VII.

Notation: In the following, x = [xi]
n
i=1 ∈ Rn is the vector

with components xi ∈ R; (x)I is the vector collecting the
components of x ∈ Rn indexed by the set I ⊂ {1, . . . , n};
∥x∥W =

√
x⊤Wx is the weighted 2-norm of x; given x, y ∈

Rn, any relation x ⪋ y is considered component-wise, i.e.,
(x)i ⪋ (y)i, ∀ i ∈ {1, . . . , n}.

II. KOOPMAN OPERATOR THEORETICAL FRAMEWORK

Consider a continuous-time (CT) input-affine dynamical
system, evolving on the finite-dimensional manifold X⊆Rnx ,

ẋ(t) = f(x(t), u(t)) = f0(x(t)) +

nu∑
j=1

gj(x(t))uj(t),

x(0) = x0, t ∈ R≥0, (1)

where x ∈ X and u = [uj ]
nu
j=1 ∈ U ⊆ Rnu are the state

and input vectors, respectively. For system (1), the following
regularity assumptions are considered:

Assumption 1: a) f(x, ·) is piecewise continuous; b)
f(·, u) is locally Lipschitz continuous; c) f0(·) and gj(·),
j = 1, . . . , nu, are locally Lipschitz continuous.

Assumption 2: The input signal u(t) ∈ U , where U is
the space of piecewise continuous signals.

With Assumptions 1a-1c, the Picard-Lindelöf theorem
guarantees the existence of a unique solution

x(t) = x0 +

∫ t

t0

f(x(τ), u(τ))dτ ≡ φt(x0, u(t)) (2)

of system (1), in the time interval [t0, t0+ϵ] (t0 = 0, ϵ > 0),
starting from x0 [14]. The family of one-parameter maps
φt : X ×U → X represents the flow of system (1), which
generates the system trajectories x(t).

From system (1), evolving in the state space X , the
Koopman operator is used to obtain an equivalent bilinear
system, evolving in a lifted state space Z . These two systems
are put in relation through a set of functions ϕ : X → R,
called observable functions (or, more briefly, observables).

Definition 1 (Koopman operator [2]): Let F ⊆ C1 be a
Banach space of continuously differentiable observables ϕ :

X → R. The family of Koopman operators Kt,u : F → F
associated with the family of maps φt is defined as follows:

Kt,uϕ(·) = ϕ ◦ φt(·, u(t)), ∀ϕ ∈ F , (3)

where ◦ denotes the function composition operator.
Remark 1: In Eq. (3), the family of Koopman operators

is parameterized by t and the input signal u(t) ∈ U .
From Definition 1, we observe that the Koopman opera-

tor (3) provides the evolution of the observables along the tra-
jectories of system (1), i.e., Kt,uϕ(x0) = ϕ ◦φt(x0, u(t)) =
ϕ ◦ x(t) = ϕ(x(t)), ∀ϕ ∈ F ; these are denoted as lifted
trajectories. To obtain the dynamics of the lifted trajectories
(i.e., the lifted dynamics), we can compute, ∀ϕ ∈ F , the
time derivative of ϕ along the system trajectory x(t), i.e.,

ϕ̇(x(t)) =
∂

∂x
ϕ(x) ẋ = ∇xϕ(x) f(x, u) ≡ Lfϕ(x)

= Lf0ϕ(x) +

nu∑
j=1

Lgjϕ(x)uj , (4)

where L⋆ ≡ ⋆ · ∇ denotes the Lie derivative.
Now, consider a countable (possibly infinite) basis of

observables Φ = {ϕi(x)}No
i=1 ⊂ F , No ∈ R ∪ {+∞},

spanning the No-dimensional linear subspace FNo
⊆ F .

We denote with ϕ(x) = [ϕi(x)]
No
i=1 the basis Φ arranged as

a vector of observables.
Assumption 3: For system (1) and basis Φ, it holds that

Lf0ϕ(x) ∈ span(Φ), Lgjϕ(x) ∈ span(Φ) (5)

with j = 1, . . . , nu and ∀ϕ ∈ Φ.
By Assumption 3, FNo is an invariant subspace of the

Koopman operator [4].
Theorem 1: Let the CT system (1) and the basis of ob-

servables Φ = {ϕi(x)}No
i=1 be given. Let x(t) be the solution

of system (1) and z(t) the solution of the bilinear system

ż = Az +

nu∑
j=1

Bjzuj , z(0) = ϕ(x0). (6)

If Assumption 3 is satisfied, then the two solutions are
equivalent through the following map:

z(t) = ϕ(x(t)), x(t) = ϕ−1(z(t)), ∀ t ≥ 0. (7)
We denote system (6) as Koopman lifted system and z ∈

Rnz , nz = No, as lifted state. The Koopman lifted system
evolves in the lifted state space Z .

Remark 2: A sufficient condition for the existence of the
inverse map ϕ−1 in Eq. (7) is that the states x are included
as the first nx observables, i.e., (ϕ(x)){1,...,nx} = x. In this
way, x = ϕ−1(z) = (z){1,...,nx}.

Remark 3: For Assumption 3 to hold, an infinite-
dimensional basis Φ may be needed, yielding an infinite-
dimensional Koopman lifted system (6).

A. Finding the Basis of Koopman Observables

In Algorithm 1, we describe a general procedure to it-
eratively generate a basis of observables Φ = {ϕi(x)}No

i=1

for system (1), satisfying Assumption 3, and construct the
related Koopman lifted system (6).



Algorithm 1 Koopman observables basis and lifted system

Input: System (1); Φin = {xi}nx
i=1 ∪ {ψin,i(x)}Nin

i=1

Output: Φ; lifted system (6)
1: Φ← Φin, ϕ(x)← ϕin(x), No ← nx +Nin, i← 1
2: while i ≤ No do
3: Compute α(x) = Lf0ϕi(x)
4: Expand α(x) = a′⊤i ϕ(x) + αres(x), a′i ∈ RNo

5: Expand αres as a linear combination of nonlinear
terms: αres(x) = a′′⊤i ψα(x), a′′i real vector

6: Store each component of ψα(x) in the set Ψα
7: for j = 1, . . . , nu do
8: Compute βj(x) = Lgjϕi(x)
9: Expand βj(x) = b′⊤i,jϕ(x) + βj,res(x), b′i,j ∈ RNo

10: Expand βj,res as a linear combination of nonlinear
terms: βj,res(x) = b′′⊤i,j ψβ,j(x), b

′′
i,j real vector

11: Store each component of ψβ,j(x) in the set Ψβ,j
12: end for
13: Add the new observables:

Φ← Φ ∪Ψα ∪
(⋃nu

j=1 Ψβ,j

)
,

ϕ(x)← [ϕ(x)⊤, ψα(x)
⊤, ψβ,1(x)

⊤, . . . , ψβ,nu(x)
⊤]⊤,

14: No ← |Φ|, i← i+ 1
15: end while
16: for i = 1, . . . , No do
17: ai = [a′⊤i , a

′′⊤
i , 0⊤]⊤ ∈ RNo ,

bi,j = [b′⊤i,j , 0
⊤
|Ψα|, b

′′⊤
i,j , 0

⊤]⊤ ∈ RNo , j = 1, . . . , nu
18: end for
19: A = [a1, . . . , aNo

]⊤,
Bj = [b1,j , . . . , bNo,j ]

⊤, j = 1, . . . , nu
20: return Φ, A, {Bj}nu

j=1

The basis Φ is incrementally built. Φ is initialized with a
set of observables Φin, containing the system states {xi}nx

i=1

(so to ensure the existence of the inverse map ϕ−1, see
Remark 2) and, possibly, some other functions of choice
{ψin,i(x)}Nin

i=1 (arising from, e.g., nonlinear state constraints,
see Section IV). For each observable ϕi(x) ∈ Φ, i ≤ |Φ|, the
related lifted dynamics (4) is computed, separating the au-
tonomous (Lf0ϕi(x)) and input-dependent parts (Lgjϕi(x),
j = 1, . . . , nu). Each of these parts is expanded as a linear
combination of the current observables in Φ and a nonlinear
residual (αres, βj,res). The residuals are in turn expanded
as a linear combination of nonlinear terms (ψα, ψβ,j); such
nonlinear terms are appended to Φ as new observables of
the basis. The above procedure is iterated until a finite-
dimensional basis Φ is found, yielding no further residual
terms, or after a maximum number of observables has been
generated. The latter case is addressed in Section V through
the dimensionality reduction of the Koopman lifted space.

III. NONLINEAR MPC FORMULATION

Let us now consider system (1) as a CT nonlinear plant
to control, using Nonlinear MPC (NMPC). By considering
a control signal u(t) for plant (1) that is constant over each
time interval [kTs, (k + 1)Ts], k ∈ Z≥0 (thus satisfying
Assumption 2), where Ts is the discrete time step, we can

compute a discretization of plant (1) as follows:

xk+1 = xk +

∫ (k+1)Ts

kTs

f(x(τ), uk)dτ ≈ fd(xk, uk), (8)

where xk = x(kTs), uk = u(kTs), and fd is obtained by
approximating the integral in Eq. (8) with some discretization
method of choice [15].

We formulate the NMPC optimal control problem as
follows, for each k ≥ 0:

min
û,x̂

Np−1∑
i=0

∥x̂i − xr∥2Q + ∥ûi∥2R (9a)

s.t. ∀ i = 0, . . . , Np − 1,

x̂0 = xk, x̂i+1 = fd(x̂i, ûi), (9b)
ûi ∈ U , x̂i ∈ X , cx(x̂i) ≤ 0. (9c)

In Eq. (9), û = {ûi}
Np−1
i=0 and x̂ = {x̂i}

Np

i=0 are the inputs and
states predicted i steps ahead at time k, respectively, which
act as decision variables; Eq. (9a) reports the cost function;
Eq. (9b) reports the nonlinear prediction model constraints
(with prediction horizon Np), given by Eq. (8); Eq. (9c)
reports input and state constraints, where X , U are convex
and compact polytopes, i.e., X = {x ∈ Rnx : Hxx ≤ hx},
U = {u ∈ Rnu : Huu ≤ hu}, and cx : Rnx → RNcx is a
generic nonlinear function; xr is the reference state; Q ⪰ 0,
R ≻ 0 are weighting matrices. The optimal solution of the
NMPC problem (9) is denoted by (û∗, x̂∗).

The plant (1) is controlled via the one-step receding hori-
zon policy, i.e., at each k, the first optimal predicted input û∗0
is applied to plant (1) over the time interval [kTs, (k+1)Ts].

IV. KOOPMAN NONLINEAR MPC

The NMPC problem (9) can be solved in the Koopman
space by constructing a lifted QP-MPC problem in the lifted
state z, henceforth denoted as K-NMPC. Such problem is
significantly more tractable and faster to solve compared to
the NLP in Eq. (9). The NMPC solution can be retrieved
from the K-NMPC solution by means of the map (7).

To lift the NMPC problem (9) in the Koopman space, three
main steps have to be performed:
1) generate with Algorithm 1 a basis of observables for

the nonlinear system (1) and the nonlinear state con-
straints (9c), obtaining the Koopman lifted system (6);

2) convert the NLP (9) in the original state x into a QP in
the lifted state z;

3) reduce the dimension of the lifted state z, in order to
either reduce the QP complexity or render tractable the
case of an infinite-dimensional Koopman lifted system.

Step 1 is dealt with in Sections IV-A and IV-B, step 2 in
Section IV-C, and step 3 in Section V.

A. Observables Generation and Lifted System

The initial set of Koopman observables Φin is chosen as

Φin = {xi}nx
i=1 ∪ {cx,i(x)}

Ncx
i=1 ,

ϕin(x) = [x⊤, cx(x)
⊤]⊤. (10)



Thus, we choose the initial observables to comprise both the
system states x and the nonlinear state constraints function
cx(x) = [cx,i(x)]

Ncx
i=1 in Eq. (9c). If cx,i(x), i = 1, . . . , Ncx ,

is a linear combination of nonlinear terms, each term can be
individually set as an initial observable.

From Φin, we apply Algorithm 1 to obtain the basis of
observables Φ and the Koopman lifted system (6), i.e.,

Φ = Φin ∪ {ψi(x)}Nnew
i=1 ,

ϕ(x) = [ϕin(x)
⊤, ψ(x)⊤]⊤, (11)

where ψ(x) = [ψi(x)]
Nnew
i=1 are the newly generated observ-

ables; |Φ| = No = nx +Ncx +Nnew = nz .

B. Lifted System Bilinear Terms Relaxation

To obtain a linear prediction model for the K-NMPC, we
relax the bilinear terms of the Koopman lifted system (6)
by linearizing them around a point (z, u). Without loss of
generality, we set u = 0. Each bilinear term is linearized as

Bjzuj ≈ Bjz uj +
∂(Bjzuj)

∂z
(z, uj)(z − z)+

∂(Bjzuj)

∂uj
(z, uj)(uj − uj) = Bjz uj +Bjuj(z − z)+

Bjz(uj − uj) = Bjzuj , j = 1, . . . , nu. (12)

The relaxed lifted system is then a linear parameter-varying
(LPV) system, with parameter z, i.e.,

ż = Az +

nu∑
j=1

Bjzuj ≡ Az +B(z)u, (13)

where B(z) = [B1z, . . . , Bnu
z] ≡ B(z). The relaxed lifted

system (13) is discretized as in Eq. (8). Being the system
linear, the integral can be solved in closed-form, obtaining
the following linear DT system:

zk+1 = eATszk + (eATs − I)A−1B(z)uk

≡ Adzk +Bd(z)uk. (14)

C. K-NMPC Formulation

After having derived the discrete-time (DT) relaxed lifted
system (14), we can formulate the K-NMPC problem. Let
us rewrite the lifted state as z = [z⊤x , z

⊤
cx , z

⊤
ψ ]

⊤, where zx,
zcx , and zψ are the states related to the observables x, cx(x),
and ψ(x), respectively. Then, the K-NMPC optimal control
problem is the following, for each k ≥ 0:

min
û,ẑ

Np−1∑
i=0

∥ẑx,i − xr∥2Q + ∥ûi∥2R (15a)

s.t. ∀ i = 0, . . . , Np − 1,

ẑ0 = ϕ(xk), ẑi+1 = Adẑi +Bd,kûi, (15b)
ûi ∈ U , ẑx,i ∈ X , ẑcx,i ≤ 0. (15c)

In Eq. (15), û = {ûi}
Np−1
i=0 and ẑ = {ẑi}

Np

i=0 are the
inputs and lifted states predicted i steps ahead at time k,
respectively; Eq. (15b) reports the linear prediction model
constraints, given by the relaxed lifted system (14), where
Bd,k = Bd(ϕ(xk)); the constraints in the original state x (9c)

are expressed in the lifted state z as in Eq. (15c), using the
maps zx = x (for the linear ones) and zcx = cx(x) (for
the nonlinear ones); finally, in the cost function (15a), the
original state x is replaced by zx. The optimal solution of
the K-NMPC problem (15) is denoted by (û∗, ẑ∗).

The optimal solution of the NMPC problem (9) can be
obtained by computing the solution of the K-NMPC prob-
lem (15) and applying to it the map (7). It is worth noticing,
however, that, having relaxed the bilinearity of system (6),
solving the K-NMPC problem leads to an approximation of
the NMPC solution, i.e.,

x̂∗NMPC ≈ ϕ−1(ẑ∗K-NMPC), û∗NMPC ≈ û∗K-NMPC. (16)

V. DIMENSIONALITY REDUCTION OF THE
KOOPMAN LIFTED SPACE

As noted in Remark 3, an infinite-dimensional basis of
Koopman observables may be needed to exactly lift sys-
tem (1). In this section, we provide a general approach to
reduce the basis of observables and the Koopman lifted sys-
tem (6) to a finite dimension of choice. The proposed method
also reduces the dimension (and, thus, the computational
complexity) of the underlying K-NMPC problem (15).

A. Lifted System with a Reduced Number of Observables

Let us set a-priori the maximum number of observables
No < No (where No may be infinite) to be generated by
Algorithm 1. By setting No, the lifted equations associated
with the lastly generated observables will contain a residual
nonlinear term. In detail, let us denote the observables as

ϕ(x) =

 x
cx(x)
ψ(x)

 =

[
ϕ′(x)
ϕ′′(x)

]
, (17)

where ϕ′(x) : Rnx → Rn′
z , ϕ′′(x) : Rnx → Rn′′

z , nz =
No = n′z + n′′z . The reduced Koopman lifted system has
then the following form:

ż′(t) = A′z(t) +

nu∑
i=1

B′
iz(t)ui(t),

ż′′(t) = A′′z(t) +

nu∑
i=1

B′′
i z(t)ui(t) + fres(z, u),

z(0) = ϕ(x0), z = [z′⊤, z′′⊤]⊤. (18)

In Eq. (18), fres is a residual nonlinear term containing the
dynamics of the unlifted part of the system. This means that
the solutions of the exactly-lifted system (6) and the reduced
system (18) are still equal.

B. Reduced Lifted System Relaxation

As for the exactly-lifted case in Section IV-B, we relax
both the bilinear terms and the nonlinear residual of the
reduced system (18) by linearizing them around a point
(z, u). Without loss of generality, we set u = 0. Each j-
th bilinear term, j = 1, . . . , nu, is linearized as in Eq. (12),

B′
jzuj ≈ B′

jzuj , B′′
j zuj ≈ B′′

j zuj , (19)

while the nonlinear residual fres(z, u) is linearized as



fres(z, u) ≈ fres(z, 0) +
∂fres
∂z

(z, 0)(z − z) + ∂fres
∂u

(z, 0)u

≡ Jres,z(z)z + Jres,u(z)u+ b′′(z). (20)

The relaxed reduced lifted system is then an affine
parameter-varying (APV) system, with parameter z, i.e.,

ż′ = A′z +

nu∑
i=1

B′
izui = A′z +B

′
(z)u,

ż′′ = A′′z +

nu∑
i=1

B′′
i zui + Jres,z(z)z + Jres,u(z)u+ b′′(z)

=
(
A′′ + Jres,z(z)

)
z +

(
B

′′
(z) + Jres,u(z)

)
u+ b′′(z)

⇒ ż =

[
A′

A′′+Jres,z(z)

]
z+

[
B

′
(z)

B
′′
(z)+Jres,u(z)

]
u+

[
0

b′′(z)

]
≡ A(z)z +B(z)u+ b(z), (21)

where B
′
(z) = [B′

1z, . . . , B′
nu
z] and B

′′
(z) =

[B′′
1 z, . . . , B

′′
nu
z]. The relaxed reduced lifted system (21)

is discretized as in Eq. (14), obtaining

zk+1 = Ad(z)zk +Bd(z)uk + bd(z). (22)

C. Reduced K-NMPC Formulation

As done in Section IV-C, from the DT relaxed reduced
lifted system (22), we formulate the K-NMPC optimal con-
trol problem as follows, for each k ≥ 0:

min
û,ẑ

Np−1∑
i=0

∥ẑx,i − xr∥2Q + ∥ûi∥2R (23a)

s.t. ∀ i = 0, 1, . . . , Np − 1,

ẑ0 = ϕ(xk), ẑi+1 = Ad,kẑi +Bd,kûi + bd,k, (23b)
ûi ∈ U , ẑx,i ∈ X , ẑcx,i ≤ 0, (23c)

where Ad,k=Ad(ϕ(xk)), Bd,k=Bd(ϕ(xk)), bd,k=bd(ϕ(xk)).
Also in the reduced case, an approximation of the solution
of the NMPC problem (9) can be obtained from the solution
of the K-NMPC problem (23), as in Eq. (16).

VI. SIMULATIONS AND RESULTS

To validate the K-NMPC strategy, we carry out simulations
on the real-world case study of mobile robot navigation in a
cluttered environment.

A. Implementation Details

Simulations are performed with MATLAB® (ver. 2023b) on
a 13th Gen Intel Core™ i7 CPU at 1.7GHz. The K-NMPC
problem (23) is modeled with YALMIP [16] and solved with
MOSEK (interior-point). The classic NMPC problem (9) is
modeled with CasADi [17] and solved with Ipopt.

B. Mobile Robot Navigation in a Cluttered Environment

The mobile robot nonlinear model, employed for both
NMPC prediction and as plant to control, is the kinematic
unicycle model, i.e.,

ξ̇ = v cosψ, η̇ = v sinψ, v̇ = a, ψ̇ = ω, (24)

where (ξ, η) is the planar position, ψ the heading angle, v
the longitudinal velocity, a the longitudinal acceleration, and

Fig. 1. Simulation of mobile robot navigation in a cluttered environment,
reporting: robot closed-loop trajectories (NMPC , K-NMPC );
reference states xr ( ); obstacles safety ellipsoids.

ω the angular velocity; the system states and inputs are x =
[ξ, η, v, ψ]⊤ and u = [a, ω]⊤, respectively (nx = 4, nu = 2).
System (24) is input-affine, matching Eq. (1).

The control task is a regulation control problem, with 4

reference states {x(n)r }4n=1 (i.e., the robot target positions);
the transition between successive references, i.e., x(n)r →
x
(n+1)
r , is triggered when ∥xk − x(n)r ∥∞ ≤ ϵr, being xk the

current robot state and ϵr a fixed tolerance.
1) Nonlinear State Constraints and Initial Set of Observ-

ables: Nonlinear state constraints are given by the obstacles
the robot has to avoid. We assume that each obstacle can be
fully enclosed in a safety ellipsoid. Then, the constraints are

cx,i(x) =
(ξ − cξ,i)2

(lξ,i/2)2
+

(η − cη,i)2

(lη,i/2)2
≥ 1, (25)

where i = 1, . . . , Nobst, being Nobst the number of obsta-
cles; [cξ,i, cη,i]

⊤ and (lξ,i, lη,i) are the center and sizes of
the i-th safety ellipsoid, respectively. From Eq. (25), we can
define the initial set of observables Φin for system (24) as
described in Section IV-A, i.e.,

Φin = {ξ, η, v, ψ, ξ2, η2}, |Φin| = 6, (26)

which includes the states of system (24) and the nonlinear
terms (i.e., ξ2, η2) introduced by constraints (25).

2) Observables Generation and Lifted System: The basis
of observables Φ for system (24) and the related Koopman
lifted system are generated through Algorithm 1, obtaining
a finite-dimensional basis of 27 observables, i.e.,

Φ = Φin ∪ {vcψ, vsψ, ξvcψ, ηvsψ, cψ, sψ, v2c2ψ, ξvsψ,
ξcψ, v

2s2ψ, ηvcψ, ηsψ, vc
2
ψ, v

2cψsψ, ξsψ, vs
2
ψ,

ηcψ, c
2
ψ, vcψsψ, s

2
ψ, cψsψ}, |Φ| = 27, (27)

where cψ ≡ cosψ and sψ ≡ sinψ. Therefore, system (24)
admits an exact finite-dimensional Koopman lifted system,
with dimension nz = |Φ| = 27.



Fig. 2. Closed-loop state and input trajectories of the mobile robot navigation in a cluttered environment: NMPC ( ); K-NMPC ( ).

3) Dimension Reduction: Even if system (24) admits an
exact finite-dimensional lifted system, we would like to
further reduce its dimension as described in Section V, so to
have a less complex K-NMPC problem.

To determine the “best” dimension reduction, we em-
pirically evaluate the prediction accuracy of the reduced
Koopman lifted system, with respect to a trajectory of choice
x(t) of system (24), for increasing number of observables
ϕ(x)=[ϕi(x)]

No
i=1, with No=6, . . . , 27.

Through this procedure, we observe that, after 12 ob-
servables, a steep reduction in the prediction error occurs,
after which it does not further reduce and its value is
approximately 0 (i.e., it is close to the integration tolerances).

Therefore, we can confidently reduce the dimension of the
Koopman lifted system to nz = 12.

4) Simulation Results: The plant (24) is controlled
with K-NMPC (23) and, for comparison, also with clas-
sic NMPC (9). Controllers data is the following: Ts =
0.025 s; Np = 20; Q = diag([20, 20, 0.1, 10−3]⊤);
R = diag([10−3, 10−3]⊤); U = {u ∈ Rnu : ulb ≤
u ≤ uub}, ulb = [−5m s−2, −π rad s−1]⊤, uub =
[5m s−2, π rad s−1]⊤; X = {x ∈ Rnx : xlb ≤ x ≤ xub},
xlb = [−0.5m, −0.5m, −10m s−1, −∞]⊤, xub =
[5m, 5m, 10m s−1, +∞]⊤.

Figure 1 reports the cluttered environment and the robot
closed-loop trajectories. We see that K-NMPC manages to
successfully attain the control task and effectively avoids all
the obstacles. Moreover, K-NMPC and NMPC trajectories
are remarkably similar, as expected by Eq. (16). This is fur-
ther confirmed by Figure 2, reporting the detailed comparison
of the closed-loop trajectories for each state and input.

5) Execution Time: Execution time data has been col-
lected over 20 simulations: K-NMPC execution time is
within [2.79, 9.93]ms, with average value 4.66ms, outper-
forming classic NMPC by more than one order of magnitude,
being its execution time within [27.14, 126.60]ms, with
average value 57.68ms.

VII. CONCLUSIONS

In this paper, we presented a comprehensive analytical
framework to efficiently solve NMPC problems in the linear
Koopman space. We proposed a systematic procedure to
iteratively derive a basis of observables for generic input-
affine nonlinear systems. A general approach to reduce the
dimension of the resulting lifted system was also presented,
to handle the case of infinite dimensionality. This approach
was employed to lift a general NMPC problem, including
its constraints, obtaining an equivalent QP-MPC problem in

the Koopman space (K-NMPC), which closely approximates
the original NMPC solution. Simulation results showcased
the proficiency of our K-NMPC approach in attaining the
given control task, providing closed-loop trajectories that are
very close to the NMPC ones, and outperforming NMPC
execution time by over an order of magnitude.
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