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A B S T R A C T

A light-weight numerical model has been developed for real-time prediction of the injected flowrate in a Gasoline 
Direct Injection (GDI) injector. The simplified model consists of two one-dimensional constant-diameter pipes 
connected by means of a divergent tube: it receives, as input values, a pressure signal, measured upstream the 
injector, and a reconstructed needle lift trace, obtained through empirical correlations. Pressure waves propa
gation in the hydraulic circuit is efficiently simulated, and a satisfactory prediction of the nozzle pressure can be 
obtained. The simplified model has been extended to account for injector coking effects by incorporating a 
correction, based on measurements of the flowrate entering the injector. The model has been validated for a wide 
range of working conditions and the computational time is of approximately 30 ms, making it competitive for 
ECU implementation. The predicted injected flowrate can be used to obtain an estimation of the measured 
injected mass, with an error below 1 mg for medium and big injections schedules (injected quantity > 8 mg): this 
estimation can be employed as a feedback signal for developing a closed loop control of the the injected mass.

1. Introduction

One of the most significant sectors for energy consumption is 
transportation, and as the number of people owning automobiles in
creases globally, so does the energy required for them [1,2]. Through the 
use of innovative combustion and engine torque management tech
niques [3–5], by developing new injection systems layouts [6], by using 
renewable fuels [7] or e-fuels [8,9], and by analysing GDI spray per
formance [10,11], also in ultra-high-pressure conditions [12,13], re
searchers are working to lower the fuel consumption and pollution 
emissions of automobiles.

In this context, gasoline direct injection (GDI) engines represent the 
primary thermal power generators in hybrid electric vehicles, consti
tuting a major propulsion system for automotive use [14]. These 
spark-ignited engines not only enable advanced combustion modes for 
improved efficiency [15], but also function as crucial testbeds for 
exploring e-fuels and biofuels, positioning themselves as primary can
didates for alternative fuel use in automobiles [16].

The injection rate, representing the mass flowrate of fuel through the 
injector nozzle holes over time, is a critical variable connecting the GDI 
system with the combustion process. It plays a key role for developing 
numerical diagnostic models [17] and real-time control of combustion 
mode [18]. However, achieving continuous and direct measurement of 

this variable within the combustion chamber of a running engine is 
inherently unattainable, leading to the necessity of indirect measure
ment methods. Even under such circumstances, the real-time measure
ment of injected fuel mass during one hydraulic injection, or during 
double injections [19], proves to be challenging. Hence, the develop
ment of a lightweight model for on-board measurement of the injection 
rate time history holds great value.

Presently, few methods for estimating GDI injection rates are avail
able. In Ref. [20], the injected flowrate has been directly reconstructed 
using correlations and complex equations taking into account injection 
parameters such as the energizing time, rail pressure and 
injector-downestream environment pressure, following a 
zero-dimensional approach, which provided satisfactory results in the 
considered measuring range. The approach presented in Ref. [21], based 
on an extensive dataset, utilizes artificial neural networks featuring two 
hidden layers to predict the injection rate. The inputs to the network 
comprise a limited set of scalar values, representing injection condition 
parameters and a specifically defined variable indicating the static 
injected flowrate under defined conditions. However, these inputs serve 
as control variables and lack comprehensive information concerning 
real-time injector internal hydrodynamics. Consequently, this method
ology closely resembles the use of a multi-dimensional lookup table 
[22], although with the advantage of reducing the experimental time 
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required.
The related works of real-time injection rate measurement extend 

beyond GDI systems and encompasses other fuel-related injection sys
tems. Given the similarity in application fields and the ballistic needle 
lift behavior shared by GDI and diesel common-rail injection systems 
[23], research in the latter may offer useful insights for developing the 
GDI injection rate estimation technique. Chung et al. [24] developed a 
0D (zero-dimensional) model for near-steady-state characterization of 
injection rates in common-rail injection systems, with the model 
assuming a constant pressure input signal. This neglects the real-time 
hydrodynamic response of the system [25]. Satkoski et al. [26] intro
duced a simplified physics-based injection rate estimator for a diesel 
common-rail system with direct-acting injectors [27], effectively eval
uating pulse-to-pulse interaction effects. However, this estimator em
ploys a 0D model, which cannot adequately describe the pressure waves 
travelling forward and backward along the fuel line. Soriano et al. [28] 
and Perini et al. [29] developed phenomenological models for 
common-rail systems, where the injected mass per shot must be given as 
one input, posing an additional challenge for injection rate measure
ment. Fei et al. [30] estimated the injection rate of a common-rail system 
using an extended Kalman filter, and Wei et al. [31] developed a 
high-gain observer to estimate the ammonia injection rate of a diesel 
urea-SCR system. While these techniques cannot fully consider the 
characteristic waves along the fuel line, even though they can accurately 
measure slowly varied variables such as rail pressure time histories, it is 
questionable if these methods can accurately estimate the injection rate 
under different operating conditions between cycles. Williams et al. [32] 
developed two machine learning algorithms to estimate the injection 
rate of a diesel common-rail injection system with only one input signal 
of rail pressure. However, this sole input time history may generate 
considerable error in needle opening and closure instants under certain 
operating conditions, especially when residue pressure waves triggered 
by other injectors transmit into the rail. In Ref. [33], the injected 
flowrate of a piezoelectric injector has been predicted utilizing an arti
ficial neural network algorithm, receiving as input four different quan
tities: the injection pressure, the injector-downstream environment 
pressure and temperature as well as the command signal duration. It 
should also be noted that machine-learning techniques can present a 
lack in the interpretability, since they are often based on a "black-box" 
approach, and they require a huge amount of data for a proper training 
[34].

In summary, while various techniques show promise for estimating 
GDI injection rates, they either lack essential hydrodynamic information 
for accurate measurement or require additional signals that are chal
lenging to be measured during real working. Thus, there is margin to 
develop an injection rate estimation technique that is lightweight in 
computational load and capable of effectively estimating injection rates 
with sufficient physical information.

In this work, a fast-running 1D model has been developed for a GDI 
injector. From the analysis of a previously-validated complete 1D nu
merical diagnostic tool, a reduced version has been obtained by 
considering a simplified hydraulic circuit that is capable of reproducing 
the most relevant dynamic events occurring during an injection. Cor
relations to obtain a prediction of the needle lift trace are obtained, 
based on the nominal rail pressure value and the energizing time. The 
needle lift trace, together with a pressure signal measured in the hy
draulic circuit, represents the input datum of the simplified numerical 
model, which is capable of providing an estimation of the injected 
flowratefor control purposes. The possible presence of coking deposits, 
which reduces the injected flowrate, is taken into account by the fast- 
running model by analyzing the flowrate entering the injector, ob
tained from a measured pressure signal along the rail-to-injector pipe.

2. Experimental facilities

Tests were conducted using a Rabotti TEC201 Evolution test bench. 

It is equipped with an electric motor, which allows speed control up to 
4000 rpm. It also features a thermal regulation system for the tank and a 
low-pressure feed circuit that supplies pressurized oil to the high- 
pressure pump within a 0–40 bar range. The fuel injection system 
comprises the high-pressure pump, the rail, and various measurement 
devices such as pressure and temperature sensors, a Coriolis flowmeter, 
and an Injection Analyzer. The control signals for the injector and the 
rail/pump pressure control devices, specifically the pressure control 
valve (PCV) and the fuel metering valve (FMV), are generated by a 
custom-developed control unit. The rail pressure can be controlled in the 
50–2500 bar range; in particular, the pressure control strategy monitors 
the average value over an injection cycle, therefore, the larger is the 
injection, the higher is the pressure at the beginning of the injection, to 
compensate the more pronounced pressure drop due to large energizing 
time (ET) values. This flexible test bench allows the management of 
injection pressure, the number of injections, the ET of each shot, the 
injection frequency, and the configuration of the injector current profile 
(including voltage, current levels, and the duration of each phase of the 
driving command), being suitable for both GDI systems and common- 
rail ones. The employed calibration fluid is the ISO 4113.

The experimental setup is schematically illustrated in Fig. 1a, and a 
picture is reported in Fig. 1b. A high-pressure rotary pump supplies fuel 
to the rail connected to the injector through an 840 mm long pipe with 

Fig. 1. – Experimental apparatus.
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an internal diameter of 1.9 mm. Two piezoresistive pressure sensors are 
installed along this pipe: the upstream sensor (pup) is situated 320 mm 
from the rail, while the downstream sensor (pdown) is located 200 mm 
downstream from pup, closer to the injector.

The Injection Analyzer, a Bosch-method-based flowmeter (denoted 
as "IA" in Fig. 1a), measures the injected flow rate. The pressure signal is 
captured downstream of the injector tip, and the injected fuel travels 
through an 11-m-long pipe to prevent pressure wave reflections that 
could interfere with the injection process. A Coriolis flowmeter 
(SITRANS FC MASS2100 manufactured by Siemens), installed down
stream of this pipe, is employed to measure the average flow rate.

Some features of the main devices of the experimental layout are 
reported in Table 1.

A scheme of the GDI injector, manufactured by Bosch and featuring 6 
holes with a diameter of 220 μm, is represented in Fig. 2. In particular, a 
cross-section view of the injector is shown in Fig. 2a. The injector is 
normally closed, because the spring preload and the fuel pressure create 
a closure force, as reported in Fig. 2b. When the current signal activates 
the injector, a magnetic force generated by the solenoid pushes the 
needle upward, thereby initiating the injection process as illustrated in 
Fig. 2c. It is evident that, throughout the majority of the ET range, the 
injector operates under non-ballistic conditions.

When the current signal is turned off, the magnetic force ceases, 
causing the needle to complete its downstroke to close nozzle holes, 
thereby ending the injection. Due to the lack of a pilot stage, the GDI 
injector functions similarly to a fast two-way electro-valve with one inlet 
and one outlet port.

3. Injector numerical diagnostic model – validation and results

A detailed 1D numerical model of the injector, along with its feed 

pipe, has been created and validated in Ref. [35] using extensive 
experimental data from single injections at various nominal rail pres
sures (pnom) ranging from 80 to 150 bar, while the energizing time has 
been varied from 270 μs to 5000 μs, covering most of the working 
conditions of actual engines for passenger cars featuring a GDI system. In 
fact, the selected range of working conditions in terms of pnom and ET 
values includes the 1–85 mg range of injected mass. This diagnostic tool 
captures the essential elements of the high-pressure hydraulic circuit, 
the electromagnetic driving circuit, and the mechanical components. 
Fig. 3 presents a schematic of the injector numerical model. The circuit 
consists mainly of 0D chambers connected by 1D pipes. For boundary 
conditions, the pressure signal nearest the rail (pup), as well as the cur
rent (I) and voltage (V) signals to the solenoid, were chosen to minimize 
inaccuracies in modeling the rail, pump, and the electronic control unit 
ECU. The fluid is assumed to be isothermal.

The pipe model uses the generalized Euler partial differential equa
tions, solved with the Lax-Wendroff numerical method. The dynamic 
behaviour of the moving components is described by Newton’s law in its 
ordinary differential form, using a mass-spring-damper approach. The 
forces in the numerical model include hydraulic, mechanical, and 
electromagnetic forces. Specifically, the electromagnetic force from the 
solenoid, FE (referred to as "solenoid force (opening)" in Fig. 2c), acting 
on the needle is calculated as follows (sign minus is consistent with a 

Table 1 
Features of devices constituting the experimental layout.

Device Features

Pressure sensors FSO = 500 bar; accuracy = ±1.25 bar
Injection Analyzer Accuracy≤±0.1 mg/shot
Coriolis flowmeter Measuring range = 0.1 ÷ 30 kg/h; Accuracy≤ ±0.1 %
Rail-to-injector pipe Length = 840 mm; internal diameter = 1.9 mm

Fig. 2. – Scheme of the GDI injector.

Fig. 3. Scheme of the numerical model of the GDI injector.
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force acting along the opening direction of the needle): 

FE = −
1
2

Φ2dR

dx
(1) 

where dR
dx represents the change in circuit reluctance, denoted as R, 

relative to the needle lift, and Φ represents the magnetic flux, which can 
be expressed as: 

Φ=
1
S

∫t

0

[V(t) − RI(t)]dt (2) 

The variables V and I denote the applied voltage and current to the 
injector solenoid, while R and S represent the measured resistance and 
the number of windings in the solenoid. Therefore, based on Eq. (2), by 
knowing the measured voltage and current applied to the injector so
lenoid, the magnetic flux can be determined, and, from Eq. (1), the 
electromagnetic force is calculated for each ET and it is applied as an 
opening force to the needle, as represented in Fig. 3.

As the needle moves, a viscous force arises between the armature and 
the injector body due to a thin boundary layer. Flow in this narrow 

annular passage is laminar and conforms to Poiseuille’s law. Conse
quently, the viscous friction force acting on the armature can be quan
tified as [36]: 

Fvis =
η • Lc • v • π⋅da

δr
(3) 

where da is the armature diameter, Lc is the length of the annular pas
sage, δr is the radial distance between the armature and the injector 
holder, η is the flow dynamic viscosity, and v is the velocity of the 
needle. This force is taken into account while solving the mechanical 
equilibrium of the needle.

The key geometrical features of the GDI injector investigated and 
implemented in the numerical model are detailed in Table 2.

The model validation consisted of the comparison between both the 
numerical injected flow rate (Ginj) and the numerical pressure time 
history pdown with the corresponding experimental data. Additionally, 
numerical injector characteristic curves for different rail pressure levels 
within the specified range were generated and compared with the 
experimental curves.

Fig. 4 presents the comparisons of pdown and Ginj time histories for 
single injections under various working conditions. In these plots, 
symbols represent the experimental data, while lines represent the nu
merical results. The comparisons indicate that the numerical results 
align very closely with the experimental data across all tested condi
tions, demonstrating the model accuracy and reliability. The RMSPE 
(root mean square prediction error) for the pdown pressure signal is below 
3.8 bar for all the working condition, while the RMSPE for the Ginj 
prediction is always below 0.42 g/s.

Since the forces balance on the needle strongly depends on the 
pressure in the hydraulic circuit (cf. Fig. 2), the ET value above which 
the injector behaviour becomes non-ballistic (i.e., the first ET values in 

Table 2 
Main geometrical features of the tested injector.

Property Value

Number of holes [− ] 6
Nozzle hole diameter [mm] 0.22
Needle length [mm] 30.9
Needle ball diameter [mm] 2.7
Armature diameter (da) [mm] 10
Annular passage length (Lc) [mm] 4.45
Armature radial distance (δr) [mm] 0.12

Fig. 4. Comparison of the numerical and the experimental results for single injections.
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correspondence of which the needle reaches its upper stroke end, 
labeled as ETbl) changes with the injection pressure. Fig. 5 shows the 
numerical normalized maximum needle lift peak values featured by the 
needle for different ETs, for the considered pressure levels. In particular, 
symbols refer to the results given by the numerical tool, while lines 
represent linear correlations of the data. Finally, the star symbols 
represent the point in correspondence at which each linear correlation 
has reached the upstroke-end needle lift value (corresponding to ET =
ETbl). As can be inferred from Fig. 5, the higher is the pressure, the 
higher is the ET value for which the needle reaches the upper-stroke end. 
This can be easily understood because the pressure closure force 
continuously acts on the needle, opposing its movement. This is also why 
the injected mass, for the ballistic-ET range, decreases as the pressure 
increases (this behavior is different from that of a solenoid diesel 

injector, due to the presence of the pilot stage in the latter case).
From the analysis of the 1D numerical model it can be noticed that 

the pressure time history inside the injector circuit does not change 
appreciably. This can be ascribed to the simple injector internal archi
tecture. Fig. 6 reports, for different working conditions, the numerical 
pressure time histories measured inside the nozzle (solid line) and at the 
entrance of the injector (dashed line). It can be seen that corresponding 
solid- and dashed-lines pressure signals are affected almost by the same 
oscillations, and the main difference is a shift because the considered 
pressure time histories refer to different spatial locations: the finite ve
locity at which pressure waves travel in the hydraulic circuit, i.e., the 
speed of sound, justifies the time shift between the oscillations affecting 
the pressure time histories.

Such a wave propagation occurring through the injector and its 
feeding pipe can be efficiently modeled by considering a simplified 
model consisting of a 1D pipe (its features will be illustrated in the 
following section), and by monitoring a pressure time history along the 
rail-to-injector pipe, that is closely linked to the nozzle pressure (the 
latter is not usually measured when the injector is installed on the en
gine). In this way, a satisfactory prediction of the pressure time history 
inside the nozzle can be obtained, that is the one that influences the 
injected flowrate, without considering any moving part or electromag
netic component.

4. Simplified numerical model for control purposes

A light-weight numerical model, as illustrated in Fig. 7, has been 
developed to facilitate real-time monitoring of the injected flowrate, 
which is a critical input for the control system managing combustion 
within the cylinder. This model receives the experimental pdown pressure 
trace as boundary condition, along with the values of the nominal 
pressure value (pnom) and ET. 

A Simplified hydrodynamic model

In Fig. 7, the simplified injector hydrodynamic model is depicted, 
comprising a 1D pipe with a final restrictor that is opened following the 
needle lift trace. The 1D pipe, inclusive of a divergent section, simulates 
the pipe-like high-pressure circuit, delineated from the pressure sensor 
measuring pdown to the injector nozzle. No moving parts, such as the 
needle and the armature, are considered, therefore no equations of 
mechanics for mobile elements must be taken into account and solved. 
Similarly, no electromagnetic forces must be considered. The restrictor 
is employed to model the flow area constrained by the needle-seat 
passage and the nozzle: the needle-seat passage and the pressure drop 
across the nozzle holes predominantly restrict the flow during a hy
draulic injection according to the needle lift [37]. Finally, a constant 
pressure reservoir downstream of the restrictor represents the outlet 
environment in the hydraulic test rig. Table 3 reports the main features 
of the simplified GDI 1D model. As an alternative to pdown, the pup 
experimental signal could be provided as boundary condition: in this 
case, the pipe length L1 should be increased by 200 mm, that is the 
distance between pdown and pup pressure sensors in the hydraulic circuit, 

Fig. 5. Needle lift peak values in the ballistic working region of the injector.

Fig. 6. – Comparison between the numerical pressure traces at the injector 
nozzle and at the injector entrance.

Fig. 7. – Schematic of the simplified GDI Injector.
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letting the simplified model to correctly predict the pressure waves 
propagation.

The hydrodynamic behavior of the 1D pipe is described by the 
following generalized Euler equations, implemented with a small 
number of computational nodes. These equations include continuity law 
and momentum balance, incorporating source terms for variation in 
flow area and wall friction: 

∂
∂t

[
ρ

ρu

]

+
∂

∂x

[
ρu

ρu2 + p

]

=

⎡

⎢
⎢
⎣

−
ρu
A

⋅
dA
dx

−
4τw

D

⎤

⎥
⎥
⎦ (4) 

Independent variables x and t denote the spatial and temporal co
ordinates of the system, while ρ, u, p, D, and A represent the average 
cross-sectional density, velocity, pressure of the fuel along the pipe, 
internal diameter, and internal cross-section of the pipe, respectively. 
Additionally, τw stands for the 1D wall shear stress due to friction. In 
regions where flow area remains constant, dA/dx obviously becomes 
null.

The thermodynamic evolution is assumed to be isothermal and the 
fluid state equation simplifies to ρ = ρ(p); this relationship can be 
accurately modeled with data conforming to the ISO 4113 standard.

Eq. (4) is presented in the form of quasi-linear hyperbolic partial 
differential equations. In this system, the low Mach number prevents the 
generation of shocks. Consequently, it can be diagonalized into a set of 
non-linear convection equations as follows [38]: 

∂W
∂t

+Λ ∂W
∂x

= H (5) 

where Λ is the diagonalized Jacobian matrix of the system. Introducing 
the sound speed definition, i.e. a =

̅̅̅̅̅̅̅̅̅̅̅̅̅
dp/dρ

√
, Λ can be expressed as a 

function of eigenvalues λ1 and λ2: 

Λ =

[
λ1 0
0 λ2

]

=

[
u − a 0

0 u + a

]

(6) 

The characteristic variables W, presented in their differential form, 
are as follows: 

δW=

[
δw1
δw2

]

=

[
δρ − (ρ/a)δu
δρ + (ρ/a)δu

]

(7) 

The source term H is detailed as: 

H =

[
h1
h2

]

=

⎡

⎢
⎢
⎣

4τw

aD
− ρu⋅

(u + a)
a

⋅
dA
Adx

−
4τw

aD
+ ρu⋅

(u − a)
a

⋅
dA
Adx

⎤

⎥
⎥
⎦ (8) 

The wall shear stress is expressed as the sum of the Darcy-Weisbach 
friction shear stress and the unsteady friction shear stress of Kagawa 
type [39], with the detailed formulation available in Ref. [40]. The ac
curacy of injection rate measurement is strictly linked to the time step 
size. Given the ISO-4113 oil sound speed ranging from 1300 m/s to 
1500 m/s across the operational conditions, employing a time step 
within the range of 12 ÷ 13 μs and a space step of 1.81 cm represents the 
best threshold between accuracy of results and computational time, 

ensuring also the stability of the numerical scheme.
The restrictor, located downstream from the pipe, is modeled by 

applying Torricelli’s formula for quasi-steady-state flow, expressed as 
follows: 

Qout =CdAnl

̅̅̅̅̅̅̅̅̅̅̅̅
2|Δp|
ρmean

√

(9) 

where Qout represents the volumetric flowrate at the nozzle outlet, Cd is 
the flow coefficient of the restriction, Δp is the pressure difference be
tween the pressure of the final node at the downstream end of the pipe 
and the constant back pressure, and ρmean is approximated using the 
mean density value between values at the final node and in the back 
pressure reservoir. Finally, the restriction area Anl is defined by the 
needle lift estimation, which is discussed in Section 4.B.

A finite-difference single-step Lax-Wendroff numerical scheme is 
employed to discretize the system of hyperbolic partial differential 
equations given by Eqs. (5)–(8) to reduce dissipation error [38], and the 
numerical scheme between instant tn and tn+1 at the space coordinate j is 
expressed as follows: 

wn+1
i,j =

1
2
cn

i,j⋅
(

1 + cn
i,j

)
⋅wn

i,j− 1 +

(

1 −
(

cn
i,j

)2
)

⋅wn
i,j −

1
2
cn

i,j⋅
(

1 − cn
i,j

)
⋅wn

i,j+1

+ hn
i,j

(10) 

where c i denotes the Courant number, defined as ci = λi • Δt/Δx, with 
Δt and Δx representing the size of time and space steps of the compu
tational mesh. Additionally, i = 1, 2 specifies the characteristic di
rections as described in Eqs. (5)–(8).

Unlike the centered scheme used in the inner domain, the boundary 
conditions are modeled using the CIR scheme for simplicity [38]. The 
overall scheme is explicit, non-conservative, and one-step, achieving 
second-order accuracy for interior nodes and first-order accuracy at the 
boundaries.

According to Von Neumann stability analysis, the scheme is stable if 
the Courant-Friedrichs-Lewy (CFL) condition is met. Consequently, the 
maximum Courant number is maintained close to 0.9 to ensure stability. 

B Needle lift estimation

Fig. 8 represents the experimental current signal and the corre
sponding numerical needle lift trend given by the 1D diagnostic model 
for an injection with pnom = 80 bar and ET = 5000 μs. As can be inferred, 
the needle starts to move up after a certain delay with respect to the 
current signal rise, that is the nozzle opening delay (NOD in Fig. 8); 
similarly, at the end of the current signal, the needle closes the nozzle 
after a certain delay with respect to the end of current signal, that is the 
nozzle closure delay (NCD in Fig. 8). The needle starts its upstream 
stroke when the neat opening force overcomes the closure one, i.e., the 

Table 3 
Features of the simplified GDI model.

Property Value

Pipe length L1 [mm] 290
Pipe length L2 [mm] 120
Pipe length L3 [mm] 60
Diameter D1 [mm] 1.9
Diameter D2 [mm] 4.5
Restrictor maximum diameter [mm] 0.523
Restrictor discharge coefficient Cd [− ] 0.530

Fig. 8. – Needle lift trace and current signal to the solenoid.
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electromagnetic force at the solenoid armature, together to the opening 
pressure force, generates a force greater than the closure pressure force 
and the spring force; on the contrary, the closure phase begins when the 
electromagnetic force goes below a certain value, for which the closure 
forces acting on the needle become predominant with respect to the 
opening one. The needle moves up and down with certain velocities, 
labeled as vop and vcl in Fig. 8, respectively. Since the simplified model 
requires the needle lift trace and this is not measured experimentally, 
the numerical results of the 1D diagnostic tool are used to determine a 
set of robust correlations to provide, for fixed values of pnom and ET, all 
the parameters required to reconstruct the needle lift trace. The quality 
of the numerical needle lift traces taken as references were verified by 
means of the validation of the complete 1D diagnostic model (cf. Fig. 4).

Since the solenoid force is only a function of the electromagnetic 
characteristics of the injector (cf. Eq. (6)), it can be considered as con
stant for all the non-ballistic working conditions of the injector (this 
covers most of the cases for such injectors, due to the large ET values 
employed). Therefore, NOD, NCD, vop and vcl are mainly affected by the 
pressure regime inside the injector hydraulic circuit when the current 
starts to be supplied to the solenoid coil or when it stops. As far as the 
NOD is concerned, the higher the injection pressure, the greater is this 
delay, since the closure force against the needle movement is higher. The 
pressure control of the considered injection system can manage the 
average value of the pressure inside the rail, keeping it close to the 
nominal pressure value required by the ECU. Therefore, if an injection is 
characterized by a large value of ET, i.e., by a great value of injected 
mass, the pressure at the injection start is higher than that of a small 
injection, in order to compensate the more pronounced pressure drop 
featured by the hydraulic circuit during the bigger injection. This leads 
to the fact that NOD is also slightly affected by the ET, however, this 
dependency can be disregarded without introducing almost any inac
curacy in the needle trace prediction. Fig. 9 shows that the NOD values 
obtained from the experimental results, plotted as cross symbols and 
labeled as "Reference", are well correlated by means of a linear corre
lation. These experimental values can be obtained as the time interval 
between the start of the rise of the current and the start of the rise of the 
injected flowrate. The NOD values reported with the star symbols in 
Fig. 9 are those obtained by means of either extrapolation or interpo
lation of the experimental data. In particular, estimation results at 80 bar 
and 150 bar have been determined by performing an extrapolation of 
the correlation based on experimental data at 100 bar and 120 bar; the 
estimation of NOD at 100 bar and 120 bar are obtained by interpolating 
experimental data at 80 - 120 bar and 100-150 bar, respectively. This 
was made to prove the accuracy of the linear correlation, independently 
of the number of experimental points used to build it.

Similar considerations can be made for vop: this velocitycan be 
correlated to the rail nominal pressure level, as presented in Fig. 10. In 
this case, cross symbols refer to the mean needle velocity over the 
opening phase, obtained by the complete numerical model, labeled as 
"Reference", continuous line represents the correlation and star symbols 
refer to the estimated values of vop, following the same approach applied 
for the NOD.

For completing the needle lift trace prediction, it is also necessary to 
know the needle lift maximum value. For a certain pressure level, if ET 
≥ ETbl, the needle lift maximum value is equal to the needle stroke-end , 
while if ET < ETbl, linear correlations can be used for the needle lift peak 
value prediction. In Fig. 11 the linear correlations of the normalized 
needle lift peak value (ballistic needle) vs ET are shown, together with 
the star symbols that represent the needle lift peak value prediction 
based on numerical data obtained from the complete numerical model.

As far as the descent phase of the needle lift, for an injection with ET 
≤ ETbl it is enough to know the closing velocity of the needle, i.e. vcl, 
which can be provided by a correlation based on the nominal rail 
pressure level. This correlation is represented in Fig. 12, fitting the 
closure velocity values obtained by the complete numerical model and 
represented by the cross symbols, together with the estimated data given 
by the star symbols. Similarly to the opening velocity, the closure ve
locity is given by the average value of the derivative with respect to the 
time of the numerical needle lift trace along the needle closure phase.

Fig. 9. – NOD dependency with respect to pnom. Fig. 10. – Needle opening velocity dependency with respect to pnom.

Fig. 11. – Needle lift peak value prediction for the ballistic-behaviour region.
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If an injection has ET > ETbl, it is necessary to know the nozzle 
closure delay (cf. Fig. 8), together with the needle closure velocity (cf. 
Fig. 12) in order to fully predict the needle lift. Fig. 13 reports the NCD 
values determined for different ETs at the considered nominal rail 
pressures (symbols), the second order polynomial correlations obtained 
for each pressure level (continuous line) and the estimations (star 
symbols) of the NCD values.

As can be seen from Fig. 13, the experimental nozzle closure delay 
(data in symbols) starts to sensibly reduce with the energizing time for 
injections characterized by ET>1600 μs, up to ET≈ 3500 μs, and then 
tends again to increase. This decreasing-increasing trend can be 
explained by analyzing the pressure wave propagation across the hy
draulic circuit. Furthermore, differences between the pup and pdown 
pressure signals acquired along the rail-to-injector pipe, at a distance of 
200 mm one from the other, can be interpreted based on the analysis of 
this waves propagation.

In the top part of Fig. 14, data are shown for the injected flow rate, 
pup, pdown and pnozzle pressure signals, and the current signal (ET starts at 
around 1 ms), corresponding to an injection with pnom= 120 bar and ET=
5000 μs, whereas the lower part features a scaled schematic illustrating 
the propagation of pressure waves through the hydraulic circuit. Posi
tioned on the left side of the lower graph, the schematic of the hydraulic 
circuit aligns spatial coordinates along the vertical axis.

At the opening of the injector nozzle and the subsequent rise in 

injected flow rate, an initial expansion wave (labeled as (1)) arises in the 
nozzle (a pressure drop in pnozzle can be recognized at time t1) travelling 
from the injector to the rail throughout the hydraulic system. This 
propagation leads to a noticeable pressure drop first observed in the 
experimental signal pdown (at time t2), followed by a delay before it af
fects pup (at time t3). Hence, starting from these time instants, the tra
jectory of expansion wave (1) can be depicted, as illustrated in the lower 
graph of Fig. 14, spanning the spatial positions associated with pup and 
pdown.

The rail reflects the incoming expansion wave as a compression one 
(2); the pup signal features a rise at t4, earlier than that for pdown, which 
features the rise at t=t5: this proves that this compression wave is 
travelling toward the injector. Wave (2) can be traced up to the nozzle, 
justifying the pressure rise in pnozzle at t=t6. When this wave reaches the 
injector tip, it is reflected keeping its nature, and the compression wave 
(3), travelling towards the rail, is observed; in fact, the pdown pressure 
features a rise at t=t7 earlier than pup, which increases at t=t8. When this 
compression wave reaches the rail, it is reflected as an expansion wave 
(4), leading to a pressure reduction in pup (t=t9) and, subsequently, in 
pdown (t=t10).

This expansion wave is extended up to the injector tip, giving a 
pressure reduction inside the nozzle at t=t11. This wave is reflected as an 
expansion wave (5) moving toward the rail, as shown by the pressure 
drop occurring in pdown (t=t12) and, after a certain time, in pup (t=t13). 
This wave is reflected at the rail as a compression wave (6); in the 
meanwhile, the closing phase of the needle begins, therefore, since the 
flowrate entering the injector is greater than Ginj, a compression wave 
(7) is triggered in the needle seat area (t=t14) and travels towards the 
rail, as can be confirmed by the pressure rise in pdown (t=t15), that is, in 
advance with respect to that in pup (t=t16). Finally, when the nozzle holes 
are closed (Ginj = 0), a water-hammer (8) arises in the nozzle, leading to 
a sharp pressure increment in pdown (t=t17) and then in pup (t=t18).

Fig. 12. – Needle closure velocity dependency with respect to pnom.

Fig. 13. – NCD dependency with respect to pnom and ET.

Fig. 14. – Pressure wave propagation in the hydraulic circuit (pnom = 120 bar, 
ET=5000 μs).
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From this analysis it can be concluded that when compression waves 
(2) and (3) travel across the injector and reach the nozzle during the 
needle closure phase, leading to a pressure rise, the nozzle closure delay 
reduces (the closure force acting on the needle augments): pressure 
wave (2) enters the injector slighltly before t=3 ms in Fig. 14, then the 
phenomenon is evident for an injection with ET in the 1600÷1800 μs 
range. This also explain why experimental NCD in Fig. 13 does not show 
any remarkable decreasing trend for ET≤1600 μs (no other waves except 
the first expansion one travels across the injector-feeding pipe subsys
tem). On the other hand, if the expansion wave (4) has enough time to 
reach the injector (t≈4.5 ms, i.e. ET≈3500 μs), it, together with the 
reflected expansion wave (5), leads to a reduction in the pressure inside 
the injector: hence, the closure force diminishes and, when the current is 
switched-off, the needle requires a longer time to close the nozzle and to 
make the injection stop. Therefore, the pressure wave propagation, 
which only depends on the geometrical features of the hydraulic circuit 
(speed of sound dependency on pressure can be here neglected), affects 
the nozzle closure delay pattern, giving the reducing-increasing trend 
reported in Fig. 13. Based on this, even the closure velocity should be 
modified, for a fixed pressure, based on ET; however, it has been verified 
that the influence on the needle lift prediction of a constant closing 
velocity for all the ET values is marginal.

Fig. 15 reports the comparison between the needle lift traces ob
tained by means of the complete 1D numerical model and the estimated 
ones at various ETs (pnom = 120 bar). 

C. Effect of coking deposition on the equivalent orifice discharge 
coefficient

By means of the complete 1D diagnostic model of the GDI injector, 
the condition in which one or more nozzle holes result to be affected by 
coking deposits has been simulated by reducing the corresponding 
discharge coefficient. Due to the lack of experiments for these condi
tions, the numerical model pressure boundary condition has been 
substituted with a constant pressure value imposed on a fixed volume 0D 
chamber that models the rail of the injection system. When one or more 
nozzle hole features a reduced discharge coefficient, the needle lift trace 
does not change substantially, while the injected flowrate strongly di
minishes. To account for this phenomenon in the simplified 1D-model, 
the discharge coefficient of the equivalent restrictor should be prop
erly reduced. Six different obstruction levels have been considered in the 
complete 1D model, where the discharge coefficient has been directly 
modified from the nominal value, namely 0.9, to 0.2 for a progressively 
increasing number of injection holes, which ranges from 1 to 6 (as 
already mentioned, the nozzle has 6 injection holes). The results of these 
simulations, carried out with the complete 1D model and reported in 
Table 4, have been used to determine the values of the equivalent 
restrictor discharge coefficient of the simplified 1D numerical model and 

the ratio, expressed as a percentage, of such a value of Cd to the 
maximum one (Cd = 0.530, cf. Table 3). It has been verified that the 
analysis reported in Table 4 is independent of the nominal rail pressure.

The flowrate entering the injector can be monitored as a feedback 
signal to properly reduce the discharge coefficient of the simplified- 
model restrictor in order to account for nozzle hole- obstructions. In 
fact, based on the analysis of the pressure waves propagation in the 
hydraulic circuit depicted in Fig. 14, the expansion wave (1) triggered 
by the injection start initially is the unique wave travelling in the rail-to- 
injector pipe. Up to the time instant t5, when the compression wave (2) 
has reached the pdown sensor location, the instantaneous flow rate 
entering the injector, Ginj,in, can be worked out as [41]: 

Ginj,in(t)= − A
∫ t5

0

d(pdown)

a
(11) 

Equation (11) can be determined from the application of mass con
servation and the momentum balance equation to the pressure wave 
front. Fig. 16 shows the flowrate obtained from Eq. (11)(continuous line 
from 0 to t5, dashed line for t > t5) compared to the injector-inlet 
flowrate measured by means of a high-pressure instantaneous flow
meter (dash-dot line), here used as a reference, from which it is evident 
the very good agreement for t ≤ t5.

When ET > ETbl, the Ginj,in peak value corresponding to t = t5 in 
Fig. 16 keeps almost constant with respect to ET, and only changes with 
pnom. Furthermore, this peak can diminish-, due to the presence of coking 
deposits that causes a reduction of the nozzle hole discharge coefficient 
(the continuity equation links the flowrate entering the injector to the 
injected one). When the injector is not aged and nozzle holes feature 
their maximum discharge coefficient, the peak of the injector inlet 
flowrate can be experimentally determined and stored in the ECU: the 
values for different pressures have been reported in Table 5.

The pressure sensor located in the proximity of the injector inlet can 
be used, based on Eq. (11), to monitor the entering flowrate. By 
computing the ratio between the actual entering flowrate peak value 

Fig. 15. Needle lift estimation for various energizing times (pnom = 120 bar).

Table 4 
Discharge coefficients of the simplified model accounting for obstruction of 
nozzle holes.

Number of obstructed 
nozzle holes

Discharge coefficient (Cd) of 
the equivalent restrictor

Ratio with respect to the 
maximum value

0 0.530 100 %
1 0.502 94.74 %
2 0.465 87.72 %
3 0.418 78.95 %
4 0.363 64.42 %
5 0.288 54.39 %
6 0.195 36.84 %

Fig. 16. Comparison between the flowrate obtained with the pdown signal and 
that given by a flowmeter.
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with the stored one, it is possible to verify the obstruction level of the 
injector nozzle and therefore correct the discharge coefficient of the 
equivalent restrictor in the simplified model. The correlation reported in 
Fig. 17, gives the percentage scaling factor of the discharge coefficient 
(Δ%Cd), referred to the maximum value for a new injector (Cd = 0.530), 
with respect to the ratio between the actual Ginj,in peak value with 
respect to its maximum value (cf. Table 5), labeled as Δ%Ginj,in. Such a 
correlation is almost linear and unique for all the pressure levels.

5. Results and discussion

The simplified numerical model is employed to estimate the 
measured injected flowrate. Fig. 18 shows the comparison between the 
experimental flowrates (symbols) and the numerical ones (lines) at 
different ETs for 80 bar, 100 bar, 120 bar and 150 bar. As can be 
inferred, the prediction results to be more accurate at high ET values 
rather than at short injections. In particular, when the injector is ballistic 
(ET < ETbl) the prediction quality worsens. The reason can be ascribed 
to the fact that, in the simplified model, some of the dynamic effects, 
such as the interaction between the needle seat passages and the nozzle 
holes, are not modeled: this affects the pressure inside the sac, that is, the 
downstream pressure of the needle seat passage (in the presented model, 
this pressure coincides with the constant pressure of the Injection 
Analyzer discharge line where the injection occurs). Another dynamic 
effect, which is not modeled, regards the needle movement that modifies 
the sac volume during the injection, providing an unsteady contribution 
to the flowrate flowing through the needle seat passage. However, when 
ET > ETbl and the needle reaches its upstroke end, the needle seat pas
sage variations with time play a minor role and the flowrate virtually 

Table 5 
Entering flowrate peak values for different pressure levels.

pnom [bar] Ginj,in peak value [g/s]

80 7.72
100 8.81
120 9.67
150 10.90

Fig. 17. Correlation between the variation of the entering flowrate peak value 
and the discharge coefficient.

Fig. 18. – Comparison between the experimental flowrates and the ones provided by the simplified numerical model for different nominal pressures and ET values.
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depends only on the pressure drop across the needle seat passage.
Fig. 19 reports, for the four considered nominal pressure levels, the 

difference between the predicted injected mass (Mpred), given by the 
integration of the numerical flowrate resulting from the simplified 
model, and the experimental one (Minj), i.e. ΔMpred = Mpred − Minj, 
plotted with respect to Minj. As can be inferred, in line with Fig. 18, the 
injected mass prediction improves when ET augments and is at the 
moment not satisfactory for the injected quantities below 8 mg. If Minj >

8 mg, corresponding to most of the engine working conditions, the ab
solute error on the injected mass is lower than 1 mg. This satisfactory 
performance in terms of fuel quantity prediction can be used to set up a 
closed-loop control, where the energizing time provided to the injector 

can be corrected based on the error between the target mass value stored 
in the ECU and the prediction of the actual injected mass obtained from 
the simplified numerical model [42]. In Fig. 20, the RMSPE for the 
predicted flowrate is reported: in line with the results in Fig. 19, for 
injection schedules with small Minj, the error in the prediction is larger 
than that for big injections.

A detail of a possible closed-loop control is presented in Fig. 21, 
where the difference εMinj between the target mass value (Mtarget) and the 
predicted one is the input value of a PID controller. The PID output value 
is the energizing time correction, namely ΔET, that, summed to the ET 
value provided by the ECU look-up table, gives the corrected energizing 
time value, ETcorr, acting on the injector in order to compensate the 
injected mass inaccuracy.

Numerical simulations have been performed by employing a work
station equipped with an Intel Core i7-4770 CPU (3.40 GHz) featuring 
32 GB of RAM memory: the simplified model, implemented in MATLAB, 
provides a flowrate datum in around 0.033 s, while the complete nu
merical diagnostic model presented in Sect. 3 requires around 30 s: 
therefore, the simplified model shows promising potential for a ECU 
implementation for control and diagnostic purposes (even better per
formance can be obtained with a C++ implementation).

6. Conclusions

A light-weight numerical model has been developed for the injected 
flowrate real-time prediction of a GDI injector. This model is constituted 
by two 1D constant-diameter pipes connected by means of a divergent 
tube: at one extremity, the pressure signal measured along the rail-to- 
injector pipe is provided as boundary condition, while at the other ex
tremity, a calibrated orifice features a restricted area, based on a 
reconstructed signal of the numerical needle lift trace. The latter is ob
tained by means of correlations to determine the NOD, the opening 
velocity, the needle lift peak value (for low ETs the injector is ballistic), 
the closure velocity and the NCD: these correlations have been obtained 
from a previously validated 1D complete injector model.

The complete numerical model has been used to analyze the injector 
behavior in the presence of coking deposits, by reducing the discharge 
coefficient of one or more nozzle holes: while the needle lift trace shows 
negligible modifications, the injected flowrate diminishes. To take this 
effect into account in the simplified model, a correlation has been 
determined to correct the discharge coefficient of the restrictor. Such a 
correlation is based on the measure of the flowrate entering the injector, 
which is obtained based on the pressure signal measured upstream of the 
injector.

The numerical flowrate provided by the simplified 1D model resulted 
in very good agreement with the experimental one for numerous 
working conditions (pnom ranging from 80 to 150 bar, ET ranging from 
270 μs to 5000 μs), featuring a competitive computational time for ECU 
implementation (this time was around - 30 ms). The injected mass can be 
obtained from the determined injected flowrate by means of time inte
gration: this datum can be used to set up a control strategy that mitigates 
the injected mass inaccuracy. Such a prediction shows an inaccuracy 
below ±1 mg for measured injected quantities above 8 mg, while the 
injected mass prediction results to be unsatisfactory for Minj< 8 mg: the 
next objective is represented by a prediction improvement for the small 
injections.
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Nomenclature

0D zero-dimensional
1D one-dimensional
A pipe cross-section area
a speed of sound
Cd discharge coefficient
c Courant number
CFL Courant-Friedrichs-Lewy
d, D diameter, pipe diameter
ECU electronic control unit
ET energizing time
F force
FMV fuel metering valve
FSO fuel scale output
G mass flowrate
GDI gasoline direct injection
H source term vector
I current signal
IA injection analyzer
Lc length of the annular passage
L pipe length of the simplified 1D model
M mass
N needle lift
NCD nozzle closure delay
NOD nozzle opening delay
p flow pressure
PCV pressure control valve
Q volumetric flowrate
R resistance
RMSPE root mean square prediction error
R reluctance
S number of solenoid windings
t time
u flow velocity
V voltage signal
v needle velocity
W characteristic variables vector
x spatial coordinate
Δ% percentage scaling factor
ΔET energizing time correction
ΔMpred difference between the reference injected mass and the predicted one
Δp pressure difference
δr radial distance between the armature and the injector holder
Φ magnetic flux
Λ Jacobian matrix
λ1, λ2 eigenvalues
η flow dynamic viscosity
ρ flow density
τw wall shear stress

Subscritps
0 reference value
a armature
bl ballistic/non-ballistic treshold
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cl closure
corr corrected
down referring to the pressure sensor close to the injector
E electromagnetic
inj injected
inj,in entering the injector
j space coordinate
mean average value
nom nominal
n time instant
nl needle lift
nozzle referring to injector nozzle
op opening
out nozzle outlet
peak peak value
pred prediction
target target value
up referring to the pressure sensor close to the rail
vis viscous friction
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Data will be made available on request.
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