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Abstract 

Proteins are involved in nearly all cellular functions, encompassing roles in transport, 
signaling, enzymatic activity, and more. Their functionalities crucially depend on their 
complex three-dimensional arrangement. For this reason, being able to predict their 
structure from the amino acid sequence has been and still is a phenomenal com-
putational challenge that the introduction of AlphaFold solved with unprecedented 
accuracy. However, the inherent complexity of AlphaFold’s architectures makes it chal-
lenging to understand the rules that ultimately shape the protein’s predicted structure. 
This study investigates a single-layer unsupervised model based on the attention 
mechanism. More precisely, we explore a Direct Coupling Analysis (DCA) method 
that mimics the attention mechanism of several popular Transformer architectures, 
such as AlphaFold itself. The model’s parameters, notably fewer than those in standard 
DCA-based algorithms, can be directly used for extracting structural determinants such 
as the contact map of the protein family under study. Additionally, the functional form 
of the energy function of the model enables us to deploy a multi-family learning strat-
egy, allowing us to effectively integrate information across multiple protein families, 
whereas standard DCA algorithms are typically limited to single protein families. Finally, 
we implemented a generative version of the model using an autoregressive architec-
ture, capable of efficiently generating new proteins in silico.

Keywords:  Protein structure prediction, Attention mechanism, Direct coupling 
analysis, Transformer

Introduction
Proteins constitute a diverse category of biological compounds constructed from a set 
of 20 amino acids. Within an organism, they serve various functions, including struc-
tural support, mobility, and enzymatic activities. The effectiveness of a protein is intri-
cately linked to its three-dimensional arrangement, known as its tertiary structure. This 
structure dictates the protein’s biological functionality when isolated and its interac-
tions with other molecules within the cellular environment. Under physiological condi-
tions, a protein’s three-dimensional configuration is uniquely determined by its amino 
acid sequence [1]. Understanding this dependence is theoretically and computation-
ally challenging due to the system’s complexity. Only recently, the problem of predict-
ing the fold of an amino acid sequence has seen a historic computational breakthrough 
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thanks to AlphaFold in 2021 [2], which led its authors to receive the 2024 Nobel Prize in 
Chemistry.

AlphaFold exploits decades of research in computational biology and recent devel-
opments in machine learning. The foundational idea, which has been the center of this 
research area for years, is that evolutionary information can be extracted and used to 
determine patterns in phylogenetically related protein sequences (viz. homologs). 
Indeed, in the course of evolution, their structure must be conserved to preserve the 
functionality of a class of proteins. Natural selection imposes constraints on single active 
sites or multi-amino acid motifs that are fundamental for the correct sequence folding. 
This leads to the idea of conservation and co-evolution [3, 4]. Given a Multiple Sequence 
Alignment (MSA) [5], single- and pair-wise frequencies of amino acids along different 
positions are enough to extract summary statistics that can be used to determine struc-
tural information by inferring the parameters of a Potts model, in what is commonly 
known as Direct Coupling Analysis (DCA) [6, 7]. The inference has been implemented 
in various ways and with various degrees of approximation during the last decade: mean-
field DCA [7, 8], methods based on Gaussian approximations [9], pseudo-likelihood-
based methods (PlmDCA, [10]). Although the original application was the prediction of 
protein residue contacts, other exciting applications have emerged more recently: infer-
ence of protein-protein interactions [11, 12], conformational plasticity [13, 14], inference 
of mutational landscapes [15–18] and in silico generation of sequences representative of 
the full statistics of the original protein family (bmDCA [19, 20], ArDCA, [21]).

A similar strategy to DCA methods is adopted by AlphaFold [2], where the self-atten-
tion mechanism allows for a direct representation of correlations over the MSA, albeit 
through multiple layers [22, 23]. The attention mechanism was originally introduced 
in the context of Natural Language Processing (NLP) to overcome the limitations of 
sequential encoder-decoder architectures [24]. The basic idea is that long-range correla-
tions within a dataset can be captured by a so-called attention map, encoding a custom 
functional relation between features of the dataset. For instance, in NLP the correlations 
to capture emerge at the semantic level [24], whereas in the case of structural protein 
inference from homology modeling, at the level of the individual residues as in the Evo-
former architectural block in AlphaFold, in which a contact representation of the resi-
dues in a sequence is updated by conservation and co-evolution information extracted 
from an MSA and processed through self-attention layers.

Background and aims
We analyze the factored attention layer defined by Bhattacharya et al. [25] as a simpli-
fied version of the dot product self-attention mechanism [22]. In a factored attention 
layer, the positional degrees of freedom of the amino acid sequence are decoupled 
from the color/amino acid degrees of freedom representing each possible amino acid. 
This factorization separates the signal from a specific protein family and the signal 
due to the nature of amino acid interaction shared across multiple families. In their 
work, they demonstrate that a factored attention model can be traced back to a gen-
eralized Potts model [26], and ultimately all the methods developed in the context of 
DCA [7] can be used to obtain a contact prediction algorithm.
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Interestingly, in [25] is shown that even if the number of parameters of the fac-
tored attention is significantly lower compared to the standard DCA models, their 
performance is almost equivalent. However, they limit their analysis to a contact 
score obtained in the same manner as for a generic Potts model, while here we push 
forward this analysis by studying the contact prediction obtained directly from the 
attention matrices of a factored attention model. More precisely, we show that the 
accuracy of the Frobenius and Attention scores is compatible across multiple protein 
families. We argue that this is a more direct way to understand the inner workings of 
more complex attention models, such as those used by AlphaFold. Moreover, we ana-
lyze the structure of the attention matrices to show their sparse nature in determining 
the structure of the protein family.

Another significant result found in [25] is that a factored model can be used to inte-
grate signals from different protein families that can therefore share parameters. In 
particular, they showed that a set of shareable parameters can be learned from a pro-
tein family and then used with multiple other families for contact prediction, with-
out loss in accuracy. Inspired by this, we introduce a multi-family learning scheme in 
which the shareable parameters are learned simultaneously on different protein fami-
lies and used for contact prediction. This application exploits the factored nature of 
the model, highlighting the fundamental assumption that the signal from a protein 
family can be divided into two contributions: a family-specific signal and a universal, 
shareable signal that arises from structures and interactions common to all protein 
families.

In addition, we investigated the model’s hyper-parameter space, finding that it is 
characterized by an iso-performance phase diagram defined by the overall number 
of parameters. More precisely, by defining H the number of heads and d the inner 
dimension of the factored attention model, we observed that on the H,  d curve 
induced by fixing the number of parameters, the contact prediction’s accuracy of the 
model is roughly constant (and improves upon increasing the total number of param-
eters, up to a certain threshold).

Finally, we introduced a generative version of the factored attention model by defin-
ing an autoregressive masking scheme inspired by the work in [21] where the same is 
applied to standard DCA. Sampling from the learned distribution produces generated 
MSAs that reproduce the same statistics as the natural ones. The effectiveness of our 
Attention-Based DCA architecture is assessed using different families of evolution-
ary-related proteins, whose alignments are sourced from the InterPro [27] (formerly 
Pfam [28]) database and structural data from the Protein Data Bank [29].

As shown in the Results Section, we argue that the attention mechanism and the Potts 
model are practically equivalent, in agreement with the recent theoretical evaluation 
using the Replica Method by Rende et  al. [30]. Moreover, when modeling homology 
data, the transformer architecture gives possible advantages for analyzing the univer-
sal biochemical information which, if fully characterized and defined in terms of value 
matrices, could aid deep-learning machines such as AlphaFold itself.

Throughout the manuscript, we will use a Julia [31] in-house implementation of the 
factored self-attention mechanism that we refer to as AttentionDCA, to align this work 
to the terminology used in the field of DCA methods.
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Methods
Factored attention

As in every Direct Coupling Analysis implementation, sequences in a protein family are 
represented by a Multiple Sequence Alignment and can be thought of as independent 
samples from a probability distribution that we model as a Gibbs-Boltzmann measure 
over a Hamiltonian function defined as a Potts model [7]:

where, a = (a1, . . . , aL) is a sequence of L amino acids ( ai take value in an alphabet of 21 
letters), J, and h are respectively the direct interaction tensor and the local field terms, 
while Z is a normalization constant, also known as partition function in the Statistical 
Physics jargon, given by:

where q = 21 is the length of the amino acid dictionary, corresponding to the 20 natural 
amino acids plus a gap sign used during the alignment procedure in building the MSA. 
The inverse temperature β , which usually multiplies the energy term, is set equal to 
one, which is equivalent to implying its dependence directly inside terms J and h. More 
details on the standard implementation of DCA models are discussed in the Supplemen-
tary Material Sections A, B and C.

At this generic stage, tensor J ∈ R
L,L,q,q encodes both positional and amino acid infor-

mation, while h ∈ R
L,q represents the local biases of each position in the sequence. To 

implement the factored attention mechanism discussed in [25], we discard the local field 
term, which is possible due to a gauge invariance of the parameters, and we write the 
interaction tensor mimicking the popular transformer [22] implementation of the atten-
tion mechanism for which:

where, using the jargon from NLP, Qh ∈ R
L,d , Kh ∈ R

L,d , Vh ∈ R
q,q are respectively the 

query, key and value matrices in one of H attention heads that build the interaction ten-
sor J. The softmax is performed column-wise and the resulting matrix Ah

ij , i, j ∈ 1, . . . , L 
(such that for all i ∈ 1, . . . , L , 

∑L
j=1 A

h
ij = 1 ) represents the self-attention of each pair of 

residues. The attention matrix in this form is meant to highlight the co-evolution rela-
tionships between different positions in a sequence. Alternatively, phylogenetic relations 
between different sequences in the same MSA can be learned through a column-atten-
tion mechanism; more on this can be found in Rao et al. [32] and Sgarbossa at al. [33].

(1)P(a) =
1

Z
e−H(a) ,

(2)H(a) = −
∑

i,j

Jij(ai, aj)−
L

∑

i=1

hi(ai) ,

(3)Z =
∑

a∈{1,...,q}L

e−H(a) ,

(4)Jij(ai, aj) =
H
∑

h=1

softmax(QhKhT )ijV
h
ai ,aj =

H
∑

h=1

Ah
ijV

h
ai ,aj
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The structure of the factored attention mechanism shares similarities with the Hop-
field-Potts model studied in [34–36], which also presents a low-rank decomposition of 
the Potts interaction tensor. However, a major difference between the Hopfield-Potts 
decomposition and that of Eq. 4 lies in the factorization between positional information 
contained inside matrices Q and K, depending on the specific protein family at hand, 
and the information contained inside matrix V which should capture the universal traits 
characterizing the interactions between the twenty natural amino acids. This turns out 
to be an interesting point for future development that plays an already crucial role in the 
multi-family version of the model discussed in the Multi- Family Learning subsection.

Another notable difference between the two models lies in their parameter infer-
ence techniques. The Hopfield-Potts model, which has the advantage of being ana-
lytically tractable, selects specific informative eigenmodes from the MSA’s correlation 
function to infer its parameters. In contrast, the factored attention model employs a 
pseudo-likelihood approximation, which can be seen as a precursor to the more gen-
eral Masked Language Modeling scheme, which is now widely used for training state-
of-the-art Large Language Models [37]. The full probability distribution is given by 
a factorization into single-site distributions conditioned to all the other sites in the 
sequence. The pseudo-likelihood of the model over a Multiple Sequence Alignment 
(MSA) D = {ami } ∈ R

L,M with M sequences (depth of the MSA) each of L amino acids 
(length of the MSA) can be written as

Finally, following a general procedure and in agreement with what is used in PlmDCA 
[10], we add an L2-regularization of the interaction tensor after an analysis of different 
regularization schemes. This penalizes large values of the Jij matrix to avoid overfitting 
the direct coupling score, as defined in Eq. 7. Thus, the total final likelihood is given by:

The decomposition of the interaction tensor given by Eq. 4 has the side effect of mak-
ing the total log-likelihood a non-convex-up function of its parameters, mainly due to 
the matrix products and the softmax function. Compared to models such as PlmDCA 
or ArDCA, this makes the maximization procedure much more challenging. To smooth 
out the complex landscape of peaks and troughs of the total likelihood during the maxi-
mization procedure, we implement an ADAM stochastic gradient ascent over mini-
batches of fixed size [38].

Once the parameters are inferred, the standard way to obtain a contact prediction is by 
computing the average-product-corrected (cf. Supplementary Material Sec. C) Frobenius 
norm of the symmetrized interaction tensor which is interpreted as a score of the direct 
interaction between any position pair (i, j) in the chain [39]:

(5)

L(J|D) =
1

M

M
�

m=1

L
�

i=1

log P(am|J) =

=
1

M

M
�

m=1

L
�

i=1







�

j �=i

Jij(a
m
i , a

m
j )− log





q
�

a=1

exp







�

j �=i

Jij(a, a
m
j )

















.

(6)L̃(J,D) = L(J,D)+ �

∑

i,j,a,b

J2ij (a, b) .
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where J̃ij(ai, aj) = 1
2

(

Jij(ai, aj)+ Jji(aj , ai)
)

 . The higher the Frobenius score, the more 

likely two pairs are to be an actual contact in the structure. This is indeed what is shown 
in [25]. However, as mentioned in the introduction, we implement an alternative scheme 
to compute a contact score in terms of the positional-dependent attention matrices. This 
attention score can be defined as

and it can be used in place of the original Frobenius score. This alternative attention 
score is motivated by its simplicity and direct connection to the attention mechanism, 
eliminating the need for complex or arbitrary definitions like the Frobenius score. As 
shown in the Results Section and thoroughly investigated analytically in Supplemen-
tary Material Sec. H, both methods exhibit comparable performance, with each offering 
advantages across different protein families.

The contact prediction accuracy of the model is evaluated by comparing the predicted 
contacts with a list of experimental contacts extracted from crystal structures from the 
Protein Data Bank database [29]. Following literature standards, two sites are considered 
in contact when the distance between the heavy atoms inside the amino acids is ≤ 8Å . 
Also, to avoid focusing on trivial contacts corresponding to sites close to each other in 
the amino acid chain, we consider only sites (i,  j) such that |i − j| ≥ 6 . We define the 
Positive Predicted Value (PPV) as the percentage of true positive (TP) contacts among 
the predicted ones: PPV(n) = TP(n)/n. The curve given by this measure, a function of 
n, represents the global accuracy of the model in inferring the contact map of a pro-
tein family. Throughout the manuscript, we will use the consolidated notation PPV@n to 
indicate PPV(n).

Finally, due to the non-convex nature of the optimization problem and the related 
occurrence of many local stationary points, different training runs started from ran-
dom initial set of parameters find slightly different solutions. For this reason, we per-
form multiple inference runs on the same protein family, producing a final Frobenius 
score by aggregating the results. Specifically, for each position pair (i,  j), the merged 
score is taken as the maximum score across all iterations. Performing approximately 
20 runs is sufficient to obtain a robust contact prediction. Furthermore, as discussed 
in Supplementary Material Sec. D, the variability in the contact score from single 
inference runs impacts only a subset of the predicted contacts, while a fixed core of 
contacts, whose number is proportional to the length of the protein family, remains 
consistently predicted. Figure S1 in the Supplementary Material shows the frequency 
of the core contacts through multiple runs for each protein family under study. In 
the  Results Section we compare PPV curves from single runs and merged multiple 
runs of AttentionDCA.

(7)Fij =

√

∑

ai ,aj

J̃2ij (ai, aj) ,

(8)Aij =

H
∑

h=1

symm
(

Ah
ij

)

=

H
∑

h=1

symm
(

softmax(QhKhT )ij

)
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Multi‑family learning

A long-standing goal of protein design is that of being able to selectively pick fea-
tures from different protein families and generate sequences at first in silico and then 
in  vivo so that the new artificial proteins reproduce those specifically chosen traits 
and functions [40, 41]. The first step toward this feat is that of designing a DCA model 
that can learn simultaneously from different MSAs. Standard DCA is not prone to 
this possibility, since there is no obvious way to determine a set of parameters that 
can be shared among different families since both the interaction tensor and the local 
fields are family-dependent. However, in the Factored Attention implementation of 
DCA, the Value matrix V ∈ R

q,q does not depend on the specific family. In [25] it is 
shown that a set of Value matrices learned in a specific protein family can be frozen 
and used during the learning of Query and Key matrices for another protein family. 
This pre-training scheme is mentioned in Sec. H of the Supplementary Material as 
an argument in the analysis of the contribution of the Value matrices in the model. 
Expanding the work in [25], we introduce a novel multi-family model in which the 
Value matrices are shared and learned across different MSAs simultaneously. Given 
NF  protein families, a simple implementation of this is obtained by defining a multi-
family likelihood LMF  given by the sum of the NF  single-family likelihoods coupled by 
the same set of Value matrices {Vh}h=1,...,H:

where each single-family likelihood is given by Eqs.  4 and  5. The set of parameters 
{Qh

a,K
h
a } , one for each family, and {Vh} , shared across all families, can be used to extract 

the contact score of each MSA used during the learning. The {Qh
a,K

h
a } matrices must 

each have the same number of heads so that it is possible to share a common set of {Vh} 
matrices among them. In the Results Section, we show the results of this PPV compared 
to those obtained from standard single-family learning. Pseudo-likelihood maximization 
is used to infer both the shared and family-specific parameters.

Generative model

The ability to efficiently generate realistic protein sequences is a key challenge in pro-
tein modeling, as it enables both functional predictions and protein design. The maxi-
mum pseudo-likelihood criterion used for inference in PlmDCA and AttentionDCA, 
however, neither provides a fast way to sample from the probability distribution nor 
ensures accurate sampling due to the factorization approximations. Because of this, 
to develop a generative version of the model we started from ArDCA [21], which is 
so far the state of the art for generative DCA architectures. In particular, it exploits a 
simple autoregressive model enforced by the exact decomposition

with

(9)LMF =

NF
∑

a=1

La({Q
h
a,K

h
a ,V

h},Da) ,

(10)P(a) = P(a1)

L
∏

i=2

P(ai|a1, . . . , ai−1)
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This form allows for fast computation of the single-site partition function and a quick 
autoregressive sampling from L single-valued distributions.

To exploit the already existing libraries of ArDCA and the architecture for Atten-
tionDCA, we apply a multiplicative mask to the interaction tensor to implement an 
autoregressive structure of the distribution, i.e. so that Jij is a lower-triangular matrix 
with zeros above and on the diagonal:

As discussed in Trinquier et  al. [21], the resulting interaction tensor cannot be inter-
preted as a matrix of direct couplings in the same way as in standard DCA, mainly 
because in the autoregressive implementation, the interactions of each position in the 
chain are conditioned only to partial sequences instead of being conditioned to all other 
amino acid positions. Therefore, the common technique to predict the residue-residue 
contacts is to extract coupling information directly from the epistatic score evaluated 
from the model. For amino acids bi, bj at positions (i, j), their epistatic score is defined as 
the difference between the effects of simultaneous mutations on both sites and the sum 
of the single site mutations when introduced in the wild-type a = (ai, . . . , aj) as in:

where the energy difference for a given mutation ai → bi is given by:

The ��Eij(bi, bj) replaces the interaction tensor Jij(ai, aj) in the Frobenius norm, cf. 
Equation 7, used to build the Epistatic Score ESij so that a contact map can be produced 
and compared with the true structure of the protein. It is worth mentioning that the 
choice of the wild-type sequence in the definition of the Epistatic Score (ES) is practi-
cally immaterial. In Supplementary Material Sec. E, we discuss how different choices of 
the wild-type reference sequence, including randomly generated ones, produce equiva-
lent results. This behavior, first noted in the context of ArDCA, highlights that the rel-
evant evolutionary information is fully encoded within the interaction tensor. As such, 
the ES efficiently captures this information, regardless of the reference sequence used. 
Figure S2 in the Supplementary Material shows that the PPV@L for each family remains 
unaffected by the choice of the wild-type sequence, underscoring the robustness of 

(11)P(ai|a1, . . . , ai−1) =
1

Zi(a<i)
exp

{

∑

j<i

Jij(ai, aj)
}

,

(12)Zi(a<i) =

q
∑

a=1

exp
{

∑

j<i

Jij(a, aj)
}

.

(13)Jij(ai, aj) =

{

∑H
h=1 softmax(Q

hKhT )ijV
h
ai ,aj

i > j

0 i ≤ j
.

(14)
��Eij(bi, bj) = �E(ai → bi, aj → bj)+

−�E(ai → bi)−�E(aj → bj) ,

(15)
�E(ai → bi) = E(a1, ..., bi, ..., aL)− E(a1, ..., ai, ..., aL)

= − log
P(a1, ..., bi, ..., aL)

P(a1, ..., ai, ..., aL)
.
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this approach. Finally, an alternative to using the Epistatic Score to produce a contact 
score from the generative model is that of sampling an artificial MSA to be fed directly 
to a non-generative version, either PlmDCA or AttentionDCA, to define a meaningful 
Frobenius Score. Both alternatives will be discussed in the next section.

Results
The model, in its standard and autoregressive implementations, has been tested against 
nine protein families whose structural data was taken from the Protein Data Bank [29]. 
Each family is represented by an MSA whose length L (number of amino acids per 
sequence) and depth M (number of sequences per MSA). Table  1 summarizes some 
of the main information regarding each family. These families were chosen to test the 
model against a variable dataset in terms of length, depth and effective depth Meff , i.e. 
the number of unique non-redundant sequences in the MSA as discussed in the Supple-
mentary Material Sec. B. As we show in the following, the effective depth turns out to be 
crucial in determining the accuracy of a model and in particular the contact prediction 
accuracy of the autoregressive generative version of the model, cf. subsection Autore-
gressive Generative Version.

The model is evaluated in its current implementations for contact prediction and in 
silico sequence generation. Future research will explore the performance and limitations 
of AttentionDCA and the factored attention mechanism in other key applications of 
DCA, such as mutational landscape inference and protein-protein interaction modeling.

Standard version

Parameter reduction and hyper‑parameters

Concerning the hyper-parameters of the learning process, we use a learning rate 
η = 0.005 and a minibatch size nb = 1000 , while the number of epochs varies depend-
ing on the depth of each MSA, cf. Table S1 in the Supplementary Material for details 
about the choice of parameters for each family. A more insightful analysis regards the 
hyper-parameters of the model itself, i.e. the number of heads H used to define the inter-
action tensor and the inner dimension d of the rectangular matrices Q and K. In stand-
ard DCA models, the size of the interaction tensor scales quadratically with the length 
of the protein family. However, empirically, the number of contacts in a protein is pro-
portional to its length L (and not to L2 ) [42], therefore we can expect the interaction 
tensor to be effectively sparse. In AttentionDCA, due to the low-rank decomposition of 
the interaction tensor, the scaling of the parameters is linear with the size of the family 
L: NAttentionDCA = 2HLd +Hq2 ; while for PlmDCA NPlmDCA = L(L− 1)q2/2+ Lq . The 
parameter compression ratio relative to PlmDCA can be computed by fixing the value of 
d and H:

While tuning the model’s hyper-parameters, we observe that, at a fixed compres-
sion ratio, the precision of the contact prediction is constant regardless of the choice 

(16)cr :=
NAttentionDCA

NPlmDCA
=

2HdL+Hq2

L(L− 1)q2/2+ Lq
.
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of H and d. Therefore the number of parameters determines the quality of the model. 
Although a similar analysis regarding the dependence of the contact prediction’s accu-
racy on the number of heads of the model is present in [25], our findings show that it 
isn’t the number of heads that influences the accuracy of the model, but its global num-
ber of parameters. However, increasing the compression ratio, i.e., lowering the distance 
between PlmDCA and AttentionDCA in terms of the number of parameters, does not 
improve the contact prediction’s accuracy indefinitely. Indeed, having the same number 
of parameters of PlmDCA results in sensibly worse results. This may be because the like-
lihood in this architecture does not have an absolute maximum due to the function’s 
non-convex nature. Increasing the parameters exacerbates this condition, making infer-
ence progressively more difficult. After some trials, we conclude that the optimal param-
eter compression lies between 5% and 20% . Focusing on families PF00014, PF00076, and 
PF00763 respectively, Fig.  1 shows the PPV evaluated at L, 3L/2, and 2L for different 
values of the head number H and the inner dimension d so that the parameter compres-
sion is fixed at values cr = {0.05, 0.15, 0.25, 0.35} . It can be seen how a plateau is reached 
for H > 10 , effectively highlighting the fact that performances remain constant at fixed 
compression, regardless of the hyper-parameters H and d. Another interesting feature is 
that for H � 10 , the value of the PPV is significantly lower than otherwise. This is due to 
a non-reliable inference of the parameters, as it can be seen that soon after the beginning 
of the gradient ascent, it hits a barrier and stops. The results shown in Fig. 1 are averaged 
across multiple realizations, even though for most points the error bar is too small to be 
noticeable.

A)

B)

C)

Fig. 1  PPV@L, 3 L/2 and 2 L (blue, orange and green curve respectively) for different values of the 
compression ratio r for families PF00014, PF00076 and PF00763 respectively in panels ( A), (B) and (C). In each 
plot the compression ratio is held constant while the Positive Predicted Value is calculated across different 
inference runs with varying numbers of heads H. Since the compression ratio is fixed, for each value of H 
there is a corresponding value of d given by inverting Eq. 16 at fixed cr
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Standard and multi‑family contact prediction

The standard way to perform a contact prediction for DCA methods is to compute 
the Frobenius norm of the inferred and symmetrized interaction tensor after a trans-
formation which brings the parameters in zero-sum gauge, the gauge that minimizes 
the Frobenius norm, and a consecutive average product correction [10] (discussed in 
the Supplementary Material Sec. C). Sorting the Frobenius score (FS) results in a list 
of contacts that can be compared to the actual known structure of the protein family 
to produce a PPV curve. Alternatively, the factored attention form of the interaction 
tensor suggests another way of determining the contacts of a protein family. Averaging 
the positional-dependent symmetrized attention matrix through each head results in a 
matrix of the form given by Eq. 8, the attention score (AS). After the average product 
correction, the contact prediction is given by the list of contacts (i,  j) sorted by high-
est Aij . As already mentioned, the non-convexity of the problem and the roughness of 
the energy landscape produce a noise in the final inference which can be smoothed out 
by averaging through different realizations. In particular in the case of the FS contact 
prediction we compute the regular Frobenius score for each realization and define the 
merged score for each position pair (i, j) as the maximum score through all realizations: 
Fij = max {F1

ij , F
2
ij , . . . , F

m
ij } . This approach yields a final, merged score that reflects the 

most likely outcome. In the case of the AS contact prediction, it is sufficient to aver-
age the resulting attention matrices of each realization. Following an analysis with an 
increasing number of realizations m, we identified an accuracy threshold at m = 20 , 
which was subsequently used for the simulations.

Figure  2 shows the comparison between the PPV curves extracted from different 
implementations of AttentionDCA and those from PlmDCA (black curve), which serves 
as a benchmark model, applied to families PF00014, PF00072 and PF00763. Gray curves 
represent an ideal perfect model which predicts all and only positive contacts, while the 
red and blue curves are respectively the FS PPV from the merged- and single-realization 
of AttentionDCA. These results have been obtained by setting the compression ratio 
between PlmDCA and AttentionDCA to 20% , and for each family, apart from fluctua-
tions in the single-realization curves, the results are in very strong agreement with Plm-
DCA, despite the significant parameter reduction between the two models.

In the multiple-family learning approach, we observed that the results achieved for 
contact prediction were consistent with those obtained in single-family learning. 

Fig. 2  Positive Predicted Value Curves for families PF00014, PF00072, PF00763 respectively. Each plot 
compares PPVs computed through the Frobenius Score (FS) and the Attention Score (AS), in particular: 
PlmDCA with FS (black curve); merged- and single-realization of AttentionDCA with FS (red and blue curves 
respectively); Multi-Family AttentionDCA with merged- and single-realization (green and yellow curves 
respectively); AttentionDCA with AS (orange curve). The gray curve represents the PPV of an ideal model that 
predicts all and only positive contacts, hence it depicts the prediction of the full structure of the family
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Complemented by the analysis on frozen Value matrices in [25] and replicated in Supple-
mentary Material Sec. H., this indicates that the shared parameter set effectively captures 
the essential bio-chemical information across different protein families without compro-
mising prediction accuracy. By training on multiple families with shared Value matrices, 
the model leverages common interaction patterns while retaining family-specific fea-
tures through separate Query and Key matrices. This setup not only maintains accuracy 
comparable to single-family models but also highlights the model’s flexibility in integrat-
ing diverse protein family data, thus offering an efficient alternative for multi-family pro-
tein analysis. Dark and light green curves in Fig. 2 represent the PPVs evaluated from the 
multi-family leaning discussed in subsection Multi-Family Learning. In particular, the 
learning has been performed in parallel among all families using a fixed number of heads 
H = 128 and varying the inner dimension d to match the single-family learnings at 20% 
compression ratio. The shown curves are obtained through the Frobenius score com-
puted on the Jij tensor which is given by Eq. 4 and parameters {Qh

F ,K
h
F V

h
shared}h=1,...,H , for 

F = {PF00014, PF00072, PF00763} . Figure S7 in the Supplementary Material depicts the 
same single- and multi-family analysis for the remaining protein families under study.

Attention heads

In the field of Natural Language Processing [43], the self-attention mechanism is used to 
learn custom functional relationships between the elements of a dataset to produce an 
encoded description of the input itself [44]. In the context of protein structure predic-
tion, the attention mechanism used in AlphaFold untangles the physical and evolution-
ary constraints between phylogenetically related sequences [45, 46]. Since the factored 
attention model is effectively a single-layer self-attention architecture, we expect the 
attention heads inside the Jij tensor to directly capture some level of structural informa-
tion that could be compared to the actual contact map obtained by the average-prod-
uct-corrected Frobenius norm of the interaction tensor. Ideally, one would expect each 
head to focus its attention on a specific spatial structure in the same way as a trans-
former head would specialize in different semantic functions when used in the context 
of NLP [47]. However, it is extremely difficult to determine if this is the case for protein 
attention due to the lack of an obvious interpretation key between the several possible 
structures arising in a protein and the variable number of heads. Also, given the form of 
Eq. 4, a single head generally produces an asymmetric attention matrix, hence it is hard 
to understand which are the structures emerging from each one of them. A solution to 
both these problems is to simply average out all heads into a single attention matrix as in 
Eq. 8.

The average attention matrix can be used to extract structural information by produc-
ing a list of contacts as discussed in subsection Standard and Multi-Family Contact Pre-
diction and shown by the orange curves in Fig. 2. However, the most direct way in which 
the average attention matrix can be interpreted is by comparing it to the actual con-
tact map of the protein family. Figure 3 compares the contact map built from a signifi-
cant fraction of predicted contacts and the heat map of the attention matrix for families 
PF00014, PF00072, and PF00763. In the contact maps, blue and red dots represent the 
positive and negative predictions, while gray dots show the actual structure of the family. 
Conversely, the heat maps are displayed on a grayscale, while the actual structure is given 
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by the red dots underneath. It can be seen that the maxima of the attention matrix, i.e. 
the darker dots, lie within the structure of the protein, proving that the attention model 
is focused on the structural contacts. As shown in Figures S8, S9 and S10 of the Supple-
mentary Material, a similar conclusion can be reached from other protein families.

Even though, as already mentioned, the specialization of individual attention heads is 
challenging to interpret, an important observable feature is the sparsification of struc-
tural information within each head. Supplementary Material Sec. G provides a quantita-
tive analysis of this sparsity. Specifically, Figures  S3 and S4 demonstrate that utilizing 
only a small fraction of the information from each attention head is sufficient to achieve 
contact prediction accuracy comparable to that of the full attention matrix. Figure 3C) 
shows the heatmap of the sparse attention matrix constructed by maximizing over the k 
highest elements from each head, using k = L.

Fig. 3  Various contact maps for families PF00014, PF00072, PF00763. A Contact map built from the Frobenius 
Score applied to the interaction tensor inferred by AttentionDCA. Blue and red dots represent positive and 
negative predictions respectively, while gray dots reproduce the structure of the family. B Grayscale heat 
map of the averaged attention matrix built using Eq. 8, from the {Qh , Kh}h=1,...,H matrices by AttentionDCA. C) 
Grayscale heat map for the sparse attention matrix constructed by maximizing over the k highest elements 
from each head, using k = L , cf. Supplementary Material Sec. G. Both in B) and C) structural information is 
depicted in red
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Autoregressive generative version

Even though the autoregressive version of our architecture can be used for contact pre-
diction, its main target is to efficiently sample the distribution to generate large MSAs 
matching the summary statistics of the natural MSAs used for inference.

As described in the Generative Model Section, the form of the interaction term 
Jij(a, b) of the autoregressive version does not allow for a meaningful mapping to direct 
interactions among amino acids. Therefore, the epistatic score measure defined in 
Eq. 14 must be used to define a list of predicted contacts and the corresponding PPV 
curve. Figure 4A) shows different PPV curves computed on families PF00014, PF00072 
and PF000763. In particular, it compares the performance of PlmDCA (black curve) 
and ArDCA (red curve), both acting as benchmarks, and those of the autoregressive 
AttentionDCA in the single- and merged-realization implementations (blue and green 
curves respectively). Along with the epistatic measure, another way to perform a con-
tact prediction is to produce a generated MSA, sampled using AttentionDCA, and feed 
it to PlmDCA or AttentionDCA itself (in its non-generative version). This last possi-
bility is represented by the yellow curve and it is among the best options for contact 
prediction within the autoregressive versions, either AttentionDCA or ArDCA. This 
can also be thought of as a way to test the accuracy of the generative capabilities of the 
autoregressive model, which exploits the exact decomposition in Eq. 10 to sample from 
L single-valued probability distributions. Moreover, the generativity can be assessed by 
comparing the summary statistics of natural and generated MSAs. The most informative 
summary statistics are given by the connected two-site correlations of amino acids in 
different positions of an MSA, defined in Supplementary Material Sec. A. Their compar-
ison is shown in Fig. 4B), along with their Pearson’s correlation coefficient, proving the 
accuracy of the model. The analysis on contact prediction and generativity of the autore-
gressive model is expanded on the remaining protein families in Figures S11 and S12 in 
the Supplementary Material. Finally, a PCA analysis can be performed to show that the 
principal components of the generated data are comparable to those of the natural data. 
Figure  5 shows the comparison between the two principal components of the natural 
data and the artificial data generated by ArDCA, used as a benchmark model, and by 
AttentionDCA on families PF00014, PF00072 and PF13354 (cf. Supplementary Material 
Figure S13 for the same analysis on other families).

For many families among the ones described in Table 1, the results of the contact pre-
diction from the epistatic score lie significantly below those from the Frobenius score of 
the standard version of AttentionDCA or PlmDCA. The reasons for this can be found 
in the dependency of the autoregressive version on the Meff of the family. If one were 
to reduce the effective depth of an MSA, after a certain threshold, the DCA inference 
would suffer a lack of observations and the contact prediction would get less and less 
reliable. Different DCA models and different inference techniques have variable Meff 
thresholds.

Figure 6 shows how the accuracy of different DCA methods decays as a function of 
the effective depth for families of various lengths. While PlmDCA exhibits the best 
resilience when the effective depth is lowered, having an adequate accuracy even below 
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Meff < 1000 , the autoregressive version of AttentionDCA degrades for Meff ≤ 2000 . 
Because of this, performances on shallow families such as PF00595, PF13354 or 
PF00035 are intrinsically worse than those from PlmDCA and the standard version of 
AttentionDCA.

Fig. 4  Results from Autoregressive AttentionDCA applied to families PF00014, PF00072 and PF00763. ES 
stands for Epistatic Score. For each family, the panels show the PPV curves and the connected two-site 
correlations. A The plots on the left compare the PPV curves from PlmDCA (FS, black curve), ArDCA (ES, red 
curve) with the single- and merged-realizations of AttentionDCA with ES (blue and green curves respectively) 
and the PPV from the FS of PlmDCA applied to a Generated MSA sampled from Autoregressive AttentionDCA. 
The gray curve represents the PPV of an ideal model that predicts all and only positive contacts, hence 
it depicts the prediction of the full structure of the family. B The plots on the right show a comparison 
between the two-site connected correlations of the natural and artificial MSAs generated by Autoregressive 
AttentionDCA and ArDCA (blue and red dots respectively)
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Discussion
During the past decade, since the development of DCA methods, it became evi-
dent that parameter reduction was essential to avoid overfitting the limited amount 
of information available in MSAs. Early approaches addressed this issue by adopt-
ing low-rank decomposition techniques [36], enabling models to represent the 
high-dimensional interaction tensors more compactly while retaining the essential 
coevolutionary signals. Similarly, sparse models [48, 49] introduced regularization 

Fig. 5  Principal Component Analysis on protein families PF00014, PF00763 and PF13354. Comparison 
between natural data and artificial data generated by using ArDCA and AttentionDCA

Fig. 6  PPV@L as the Meff of the family varies, computed using PlmDCA (FS), ArDCA (ES), AttentionDCA (FS) 
and Autoregressive AttentionDCA (ES). Families PF00014, PF00076, and PF00763 are shown
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schemes to focus on the most informative residue-residue interactions, further miti-
gating overfitting and improving the robustness of contact predictions. More recently, 
collective efforts to enhance DCA have increasingly incorporated machine learning 
techniques and attention mechanisms. These advancements range from shallower 
implementations, such as the one discussed in [25], to fully deep models leveraging 
transformer architectures [32, 50–52], ultimately culminating in breakthroughs such 
as AlphaFold [2].

In this study, we present a comprehensive analysis of the single-layer factored self-
attention mechanism, offering a thorough comparison with the standard pseudo-like-
lihood approximation used in PlmDCA. Our exploration spanned a diverse dataset, 
encompassing nine protein families meticulously curated from the Protein Data Bank. 
The primary feature of a factored attention layer compared to a Potts model is the 
low-rank decomposition that ensures a significant parameter reduction without sac-
rificing structure prediction accuracy. In particular, the attention mechanism learns 
structural determinants directly at the level of the attention matrices which can be 
directly used as a contact score, as shown in the Standard and Multi-Family Contact 
Prediction subsection. An additional strength of the factored attention mechanism 
lies in its ability to differentiate between positional and amino acid epistatic signals 
in an MSA. As described in the Multi-Family Learning subsection, this leads to the 
possibility of integrating universal amino acid interaction information from different 
protein families by sharing common sets of parameters in what represents the first 
example of a multi-family DCA method.

While the parameter reduction and the multi-family modeling of the current imple-
mentation do not enhance the contact prediction or the computational complexity 
of the model, they offer a theoretical improvement and a novel flexible framework 
that can be adapted and tailored for specific biological problems. Applications may 
include analyzing interactions between structural or functional protein subdomains, 
mapping interactions between different proteins, reconstructing phylogenetic rela-
tionships, and exploring mutational landscapes.

Beyond its primary application in contact prediction, the factored attention 
layer seamlessly transitions into a fully generative architecture by implementing an 
autoregressive masking scheme, cf. subsection Generative Model. The heterogenei-
ties observed in the principal component analysis of the generated datasets and the 
results in both contact prediction and sequence generation tests prove the versatil-
ity of our autoregressive factored attention model across various tasks, as shown in 
Figs. 4 and 5. Although the generative performance of AttentionDCA does not sur-
pass that of similar architectures such as ArDCA [21], this model provides valuable 
insights into the generative properties of the factored attention mechanism and lays 
the groundwork for its potential applications in future studies.

The theoretical and experimental findings from [25] and [30], along with our in-
depth analysis of the potentiality of the factored attention mechanism for protein 
contact prediction and sequence generation, constitute a step forward in bridging the 
gap between the remarkable achievements of attention mechanisms in computational 
biology and the depth of our understanding about their inner workings.
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Among the many challenges for future developments, it will be crucial to understand 
the biological information that can be stored inside Value matrices and how this varies 
when learned from single or multiple protein families. Likewise, it will be interesting 
to determine whether single attention-heads can focus on specific structures or if it is 
always needed to integrate the information from all heads to produce a meaningful rep-
resentation of a protein.
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