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ABSTRACT

This study investigates the combination of guidance and control strategies for rigid spacecraft attitude
reorientation, while dealing with forbidden pointing constraints, actuators limitations and system uncertainties.
Reasons are related to the presence of bright objects in space that may damage sensitive payloads installed
on the spacecraft, while saturations of attitude actuators may compromise the closed-loop system stability.
In addition, the spacecraft attitude dynamics is typically affected by parametric uncertainties, external
disturbances, and system nonlinearities, which cannot be neglected in the analysis. In this article, the problem
of spacecraft reorientation under pointing and actuation constraints is solved with a strategy combining
Artificial Potential Field (APF) and Sliding Mode Control (SMC). Following rigorous Lyapunov analysis, closed-
form expressions for APF/SMC gains are obtained, i.e. explicit mathematical expressions that directly provide
the control gain values without the need for iterative or recursive calculations, while accounting for angular
velocity and control torque limitations, external disturbances, and inertia uncertainties. The robustness of
the proposed control strategy against inertia uncertainties, external disturbances, and actuator constraints is
validated through Monte Carlo simulations in a high-fidelity attitude dynamics simulator, while yu-analysis is
used to assess local stability properties and quantify the system’s robustness margins. These results demonstrate
the practical feasibility of the proposed control method in real-world scenarios, highlighting its robustness in
complex, uncertain environments typical of space operations.

1. Introduction

The importance of the spacecraft attitude control problem has
prompted the scientific community to delve into this field of research
since the dawn of space missions. Indeed, the literature proposes
a variety of non-linear control techniques addressing unconstrained
attitude-maneuver control (Han, Zhang, & Yang, 2016; Kristiansen,
Nicklasson, & Gravdahl, 2009; Malekzadeh, Naghash, & Talebi, 2011;
Parrish & Ridgely, 1997). In contrast, attitude-maneuver control in-
volving pointing constraints has only been examined in a few recent
research works. Pointing constraints arise from the need to shield
sensitive payloads from bright sources of energy, thus leading to the
definition of forbidden zones in 3-dimensional space (Kim & Mesbahi,
2004). Then, the attitude controller must ensure that the instrument
does not enter the forbidden zones while maneuvering the spacecraft
to the desired orientation.

Solutions for spacecraft reorientation with forbidden zones can be
divided into path planning methods, trajectory optimization methods,
and Artificial Potential Field (APF) methods. A comprehensive review
of these methods and their applications can be found in Hua, He,
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Zhang, Wu, and Chen (2024) and Nicotra, Liao-McPherson, Burlion,
and Kolmanovsky (2020), and the references therein. The first two
approaches can guarantee high performance, but are unsuitable for
real-time onboard implementation because they require high compu-
tational cost. From this point of view, APF is a viable alternative due
to its computational ease. APF methods shape the environment with
artificial potentials by assigning a global attractive minimum at the
target reference and high values around the forbidden zones. Then, the
potential function is incorporated in the attitude controller design to
ensure the slew trajectories of the spacecraft runs along the gradient
of the artificial potentials, thus converging to the desired state while
avoiding the forbidden zones.

In the literature, a variety of potential functions have been proposed
to realize attitude maneuvers with pointing constraints, such as Gaus-
sian functions (Mclnnes, 1994), logarithmic barrier functions (Lee &
Mesbahi, 2014), and exponential functions (Avanzini, Radice, & Ali,
2009). Furthermore, many control schemes are proposed to comple-
ment the APF methods, such as PD control (Hu, Chi, & Akella, 2019a),
backstepping control (Lee & Mesbahi, 2014), and Sliding Mode Control
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(SMC) (Shen, Yue, Goh, Wu, & Wang, 2018). A lot of research has
been done over the years to improve the preliminary works on APF-
based attitude planning algorithms. The research efforts resulted in
new methods for solving earlier problems related to multiple pointing
constraint zones (Lee & Mesbahi, 2014), local minima and unwind-
ing phenomenon (Hu et al., 2019a), angular rate (Shen et al., 2018)
and control torques limits (Hu, Liu, Dong, & Zhang, 2020), and time
delays (Xu, Liu, & Hu, 2022).

In the works cited above, the overall potential is generated by
combining attractive potential towards desired attitude and repulsive
potential from forbidden pointing direction. Furthermore, the overall
potential is scaled through proper gains, which shape the size of for-
bidden zones and the magnitude of attraction force. However, none of
the previous studies provides analytical formulations for the regulation
of the gains of the attractive and repulsive fields, which is crucial for
achieving the desired balance between repulsive and attractive actions.
Furthermore, most of the works in the literature do not address the
issue of actuator constraints in spacecraft reorientation with forbidden
zones, which means that the results obtained may not be replicable in a
real-world system. In Hu, Chi, and Akella (2019b), a barrier Lyapunov
function is used to constrain the satellite’s angular velocity during the
maneuver, but no limits are imposed on the control torque. In Hu et al.
(2020), a numerical method is presented to ensure the boundedness
of the control torque, but the problem of limiting the maneuvering
angular velocity is not addressed. This could lead to saturation of low-
rate gyro actuators and, consequently, system instability. Similarly,
in Xu et al. (2022), the control torque is bounded by solving two
optimization problems, but no limit is imposed on the angular velocity.
An analytical strategy for limiting angular velocity is proposed in Tian,
Hu, and Shao (2022), but does not include control torque limitation. A
strategy to simultaneously satisfy the limits on control torque and angu-
lar velocity is proposed in Li, Wang, Zhang, and Duan (2021). However,
the control gains are obtained through a numerical method rather than
in closed-form expressions, which allow for easier implementation and
generalization.

In the context of autonomous attitude maneuvers for satellites, this
work proposes a method to obtain robust stabilizing control gains
through an explicit formulation to achieve maneuvers that comply with
pointing and actuator constraints, even in the presence of disturbances
and uncertainties. In particular, this paper proposes APF/SMC guid-
ance and control strategies to realize rest-to-rest spacecraft attitude
maneuvers complying with both pointing and actuation constraints.
In the literature, some recent works proposed strategies based on
the combination of APF/SMC to address the problem of spacecraft
reorientation under pointing constraints. However, none of these works
provide closed-form expressions to obtain control gains that stabilize
the system while respecting the actuation constraints. In Guan, Zhang,
Li, Guan, and Yiu (2023) and Tan, Zhang, Li, and Wu (2023), the
APF is introduced into the design of the sliding surface to complete
anti-unwinding reorientation with multiple attitude constraints, but
these strategies do not account for control torque or angular velocity
limitations. APF and SMC are combined in a similar way in Shen et al.
(2018) and Yang, Duan, Ben-Larbi, and Stoll (2021), but control torques
saturation are not considered in the first work, while the second one
does not consider angular velocity limitation. An APF/SMC strategy
that simultaneously satisfies angular velocity and control torque limits
is presented in Li, Guan, Guan, Zhang, and Yiu (2024). However, in this
work the control gains are obtained by numerical methods.

Compared to the works in the literature, closed-form expressions are
obtained in this paper for the selection of control gains of an APF/SMC
based guidance and control strategy for spacecraft reorientation under
pointing constraints. Furthermore, the analytical equations derived in
this work allow for the simultaneous satisfaction of angular velocity
and control torque limits, even in the presence of inertia uncertainties
and external disturbances. In particular, the APF gains are selected
so that the satellite’s angular velocity does not overload the actuators
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angular momentum, while the SMC gains are derived to ensure that the
control input avoids control torque saturation. Furthermore, analytical
equations are derived to adjust the repulsive gains in relation to the
width of the forbidden zone. These relations allow the repulsive field
to be precisely adjusted so that the repulsive action prevails above
the attractive one at a selectable angular distance from the forbidden
direction. In the proposed strategy, the attractive layer of the APF is
built with the quaternion describing the shortest rotation from actual
to desired orientation. Instead, the repulsive potential is based on
the quaternions describing the shortest rotation that would bring the
boresight vector onto the forbidden direction axis. Obviously, both sets
of quaternions above are calculated employing the forbidden directions
and the direction of the boresight vector. Furthermore, the proposed
APF strategy avoids the unwinding phenomenon and guarantees that
the shorter-path eigenaxis rotation maneuver is performed when there
are no forbidden zones affecting the calculation of the trajectory. The
APF strategy is combined with SMC, which is a nonlinear control tech-
nique with remarkable properties of precision and robustness (Utkin,
1992). The SMC design process consists in two steps. First, a sliding
surface (a sub-space of the system’s states) is selected with attractive
convergence properties. Then, a discontinuous control law is designed
to confine the system’s trajectories on the sliding surface. This work
employs boundary layer SMC (Slotine & Sastry, 1983) to avoid high-
frequency oscillations in the command line (chattering) and streamlines
a strategy for tuning the gains of the combined APF/SMC approach to
ensure compliance with actuation constraints. It is worth noting that
while the adoption of a boundary layer SMC may slightly weaken the
ideal convergence properties and robustness—since the sliding variable
is confined within a thin boundary layer rather than driven exactly
to zero—our careful tuning ensures that the norm of the vector part
of the quaternion error remains bounded. Moreover, the boundary
layer approach helps prevent excessive stress on the actuators, which is
particularly important given the system’s physical limitations. Further-
more, although higher-order SMC techniques (e.g., the Super-Twisting
algorithm) are known to reduce chattering through continuous control
actions, they can be particularly sensitive to low sampling frequen-
cies when implemented on digital computers (Boiko, 2009; Shtessel,
Edwards, Fridman, Levant, et al., 2014; Utkin, Poznyak, Orlov, &
Polyakov, 2020). Given the limited sampling rate imposed by current
onboard spacecraft hardware, first-order SMC with a boundary layer
provides a more reliable and practical solution for this application.
Another interesting aspect of this paper is the derivation of angu-
lar velocity and control torque constraints based on real actuators,
i.e. a pyramid cluster of Reaction Wheels (RWs). This aspect allows
to validate the integration of the proposed APF/SMC strategy with a
real system. Then, the guidance and control strategy is validated by
numerical simulations performed with a three degree-of-freedom (DOF)
orbital simulator. The latter includes the forbidden zones, the non-
linear equations of attitude dynamics and kinematics, the APF/SMC
algorithms, and the model of RWs cluster. Furthermore, hardware and
software constraints are taken into account in terms of variation of
the update (switching) frequency of the closed-loop system with the
combined algorithms. Robust stability verification is an important part
of space Guidance Navigation and Control (GNC) system design (Chan
& Mitra, 2017; Kron, Hamel, Garus, & de Lafontaine, 2010; Rodrigues,
Preda, Sanfedino, & Alazard, 2022). Some recent approaches, such
as Integral Quadratic Constraint (Megretski & Rantzer, 1997), allow
to perform robust stability verification of nonlinear systems. How-
ever, generally these methods require higher computational effort in
comparison with classical approaches (Chaudenson, 2013). In Pagone,
Novara, Martella, and Nocerino (2020), a novel practical approach to
address nonlinear system robust stability verification is discussed using
u-analysis (Young, Newlin, & Doyle, 1991). It is based on the classical
linear fractional transformation of the system, while system nonlin-
earities are accounted by considering input-output relationship with
the linearized plant. In this work, p-analysis is carried out to analyze
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the robust stability of the proposed closed-loop system, comparing the
results for the linearized model and the nonlinear model following the
approach discussed in Pagone et al. (2020). In this context, the u-
analysis is used as a practical approach to assess the system’s robustness
limits, effectively defining a performance index that quantifies how
much uncertainty the closed-loop system can tolerate before becoming
unstable. A simulation campaign is conducted as part of the robust
stability verification, proving the reliability of the results of y-analysis,
and evaluating algorithm performance and effectiveness in compliance
with system uncertainties.

In reference to autonomous spacecraft constrained attitude maneu-
vers domain, the main contributions of this paper are given by the
combination of both theoretical and numerical analysis as follow:

1. Derivation of control gain expressions: Closed-form expressions
are derived for the selection of stabilizing control gains in the
APF/SMC strategy, accounting for key factors such as the size
of the forbidden zones, the magnitude of inertia uncertainties,
external disturbances, and actuator constraints.

2. Assessment of sensitivity to uncertainties: The sensitivity of the
system’s local closed-loop stability to specific uncertainties and
partial nonlinearities is evaluated, giving insights into its robust-
ness under practical operative conditions.

Additionally, the proposed APF/SMC strategy is integrated within a
realistic system setup to assess implementation feasibility, supported by
a Lyapunov stability analysis that accounts for actuation constraints,
parametric uncertainties, and system nonlinearities. The effectiveness
of the guidance and control strategy is validated in a high-fidelity
simulation environment, based on a real satellite model (DEMETER
from CNES), which includes hardware constraints and a detailed actu-
ation system model with saturation limits and filtering effects. Finally,
the robustness of the proposed control strategy against system non-
linearities and parameter uncertainties is evaluated by u-analysis, and
verified through Monte Carlo simulations, demonstrating the strategy’s
effectiveness across a wide range of scenarios.

The article is organized as follows. Section 2 gives the notation
used throughout the article and specify the definitions and lemmas for
system stability. Section 3 describes the spacecraft attitude dynamics,
the cluster of RWs, and the pointing constraints. The guidance and
control strategy is in Section 4, where the proof of closed-loop stability
and the robust stability verification are also detailed. The simulation
scenario and the results are in Section 5. Finally, some concluding
remarks are in Section 6 (see Table 1).

2. Preliminaries

This section presents first the notation used throughout the article.
Then, it provides the definitions of stability and the lemmas that will
be used subsequently to prove the stability of the closed-loop system.

2.1. Notation

The following notations are used throughout the article. Let x =
(x1s ..., x,)T € R", then ||x|| and ||x||, indicate the />~ vector norm and
the /'—vector norm of x, respectively, with |x|| < ||x||;. Consequently,
IlAll, |A]l, are the />~ induced matrix norm and the /' —induced matrix
norm of A € R™", respectively. Given a further matrix B € R"™", the
notation A > B indicates that each element ¢;; and b;; of A and B,
respectively, satisfy a;; > b;;. On the contrary, A < B indicates that
a;; < by; for each i, j. Then, |x| = (|x], ..., |x,,|)T € R” indicates the
element wise absolute value of x. Consistently, given a scalar ¢ € R, |c|
indicates its absolute value. Instead, £ = x/||x|| indicates the normalized
unit vector, i.e. ||%]| = 1. Then, I, identifies the identity matrix of size
nxn, while 1, = (1, ..., DT € R" and 0, = (0, ..., 0)" € R” are vectors
of dimension n whose elements are all 1 and 0, respectively. Given ¢ € R
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Table 1
Nomenclature.
Symbol Description
q,® Real quaternions and angular speed.
a, Desired quaternions.
R Orientation of sensor axis and of jth
myp,.n; . PO . .
o forbidden axis in the inertial frame.
N Orientation of the sensor axis with respect
9 to the jth forbidden axis.
APF-based guidance outputs: attractive
@, @, ;, 0", q" and repulsive layers, reference angular

speed and quaternions.

Quaternions and angular velocity errors

e, . . .
with respect to reference ¢*,w*.

e(u

e

Control input, torque generated by the
u, T, h reaction wheels, and total angular
momentum stored into the wheels.

Torque and angular momentum of each

70, p -
reaction wheel.

I*,4; Inertia tensor and its uncertainties.

d External disturbances.

and 1, € R" as defined above, diag (c1,) indicates an n-by-n diagonal
matrix with the vector c1, on the diagonal.

Consider now x € R3. Then, x* € R**? denotes the skew symmetric
matrix of x: x* = [0, —x3, X,;x3, 0, —x|;—X,, x;, 0]. Furthermore,
let # € R? and § € R? be two unit vectors. Then, § = ang(%,$)
indicates the angle between % and  such that 7§ = cos(6). In addition,
q = [n, €']T € R* indicates an attitude quaternion (||¢|| = 1), where
n € R and e € R? are the scalar and the vectorial part of g, respectively.
The quaternion conjugate of ¢ is denoted with g = [, —e”]” and ®
indicates the quaternion multiplication. Finally, sign (-) assumes the
value —1 for negative input element and +1 otherwise. Frequently used
symbols are reported in Table 1.

2.2. Definitions and lemmas

Consider a dynamic system modeled as

x() = f(x(®), x()€XCR", @

where f is assumed to be locally Lypschitz and ¢(z, x) is used to denote
the solution of (1) at time ¢ with initial condition x(0) = x,. Consider
now a set G C X as a ball of radius p > 0 centered in the origin x = 0,
ie.

g={xeX: |xll<p}, 2
a scalar € > 0, y € G, and define:

* The point-to-set distance of x to G as ||x||g := inf{||x — y||}.
* The set B.(Q) :={x € X : |xllg <€}
- The set ¢(R,.G) := {$(t.x,) : t€R,, xo € G).

Now, let G C X be a closed positively invariant set for (1), N'(G) an
open neighborhood of G, and consider the following definitions:

Definition 1 (Stability of compact sets).

(i) G is stable for (1) if for all e > O there exists a neighborhood
N(G) such that ¢(R ., N'(G)) C B,(G).
(ii) G is attractive for (1) if there exists a neighborhood N'(G) such
that lim ,_., 17, xo)ll = O for all xo € N'(G).
(iii) G is globally attractive for (1) if is attractive for N'(Q) = X.
(iv) G is (globally) asymptotically stable for (1) if is stable and
(globally) attractive for (1).
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(v) G is finite-time attractive for (1) if there exist a neighborhood
N(GQ) and a function 7,(x,) € [0,0), called the settling-time
function, such that lim i1, llép(t, xp)llg = O for all x, € N(©).

(vi) G is globally finite-time attractive for (1) if is finite-time attrac-
tive for N'(Q) = X.

(vii) G is (globally) finite-time stable for (1), with settling time
1(xo) = inf{t e R, : ||§(t, xp)ll¢g = 0}, if is stable and (globally)
finite-time attractive for (1). [J

Then, the following Lemmas can be stated:
Lemma 1 (Theorem 4.2 in Khalil (2002)). If there exists a continuously
differentiable function V : N'(G) — R such that:
V(©0)=0and V(x) >0,V x € N(O\O, 3)
and the following holds along the trajectories of (1):
V(x) <0, Vx € N(©)\ G, (€)]

then the set G in (2) is asymptotically stable for the system (1) on the set
N(G). If N(G) = X, then the set G in (2) is globally asymptotically stable
for the system (1). [

Lemma 2 (Theorem 4.2 in Bhat and Bernstein (2000)). If there exists a
continuously differentiable function V : N(G) — R such that

V() =0and V(x) >0,V x € N(G\O, 5)
and the following holds for some ¢ > 0 and a € (0, 1) along the trajectories
of (1):

V(x) < —cV*, Vx € N(G)\ G, ()
then the set G in (2) is finite-time stable for the system (1) on the set N'(G)
with settling time

p<—L
"Te(l-a)
If N'(G) = X, then the set G in (2) is globally finite-time stable for the system
M. d

yi-o.

3. Modeling and problem statement

This section provides the attitude kinematics and dynamics of rigid
spacecraft. Then, it parameterize the pointing constraints and discusses
the actuators saturation issue. Problem statement is given in the end.

3.1. Attitude dynamics and kinematics

The attitude of the spacecraft is given in terms of attitude quater-
nions ¢ = [, €7]" € R, specifying the orientation of the body frame /3
(attached to the spacecraft and centered in its center of the mass) w.r.t.
the inertial frame 7 (Fig. 3). Then, the angular rate @ € R? expressed
in B frame describes the rotational motion of the spacecraft w.r.t.
I. Therefore, the attitude kinematics and dynamics of the spacecraft
actuated by RWs is as follows:

o= —%wTe
= % (o — wXe) 7)
! (—wa +‘r+d) N

@

where I € R¥3 is the inertia matrix of the spacecraft expressed in the
body frame B and defined relative to the spacecraft center of mass,
d € R3 is the external disturbance torque due to space environment,
H = Iw+ h € R? is the total angular momentum of the system, and
h, © € R? are the angular momentum stored into the wheels and the
control torque developed by the electric motors respectively. They are
expressed in /3 and linked by r = —h. Moreover, 7 is related to the SMC
output u € R3 by 7 = I'*u, where I"* is the nominal value of the inertia
matrix as explained below.
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3.1.1. Assumptions

This paper assumes that the inertia matrix of the spacecraft I
consists of the sum of a nominal (known) matrix I* € R¥3 and
uncertain (unknown) matrix 4, € R¥3, Furthermore, it is assumed that
4, is bounded as —4; < 4, < 4,, with known 4, € R33 consisting
of positive elements. Therefore, the uncertain inertia matrix I satisfies
I <1 <T,with I =1*-4; and T = I* + 4,. Of course, 4; < I* to
preserve the physical meanings of the inertia matrix. Also, the Matrix
inversion Lemma (Ma, 2013) is used to write I~! = (I* +A,)_1 =

_ A A - _ -1
I l+A,,with Ay =-TI* lA, (I[3 +I* IA,) I*"". Here, the assumption

—4; < 4; < 4; allows to define a bound 4, > 0 such that —4; <
4, < 4. Moreover, the non-conservative disturbance torques d are
caused by physical phenomena making them intrinsically continuous
and bounded (De Ruiter, Damaren, & Forbes, 2013). Therefore, an
upper bound d such that ||d|| < d is assumed to be known. Usually,
d can be estimated based on the features of both the spacecraft and the
orbit. Also, it is assumed that d = d, + d,, where d, € R? are secular
non-conservative torques and d, € R? are sinusoidal disturbances with
period corresponding to the orbit period. Also, the disturbance torques
are assumed to satisfy ||d,|| < d,, ||d;]| < d5, and d; < d,, while the
attitude maneuver times are assumed to be shorter than one orbital
period. Therefore, it can legitimately be regarded that the maximum
amount of angular momentum injected into the system by the external
disturbance is found after a quarter of an orbital period due to the
sinusoidal behavior of d,. Furthermore, both the spacecraft and the
RWs are assumed to have zero-angular momentum at the beginning of
the control process. Reaction-type actuators capable of dampening the
angular momentum of the system are always incorporated in the real
spacecraft, which makes the starting condition feasible and justifies the
hypothesis.

3.2. Actuation system

In this paper, the actuators for attitude control consist of four RWs
organized in a pyramidal configuration of the type shown in Fig. 1. The
orientation of the wheels’ spin axes w.r.t. body axes are described by
two angles: f is the angle w.r.t. the base of the pyramid, while « is the
angle between the projection of the spin axis of the first wheel in the
pyramid base and the x body axis (« = 0 in Fig. 1). Therefore, « and
p dictate the overall torque and momentum distribution of RWs in the
spacecraft body axes. Now, consider the wheels’ angular momentum
vector A = [hY,... ,hf]T € R* and the wheels’ torque vector 7% =
[z}’ ...,rjf]T € R*, both of them expressed along the wheels’ spin
axes. Furthermore, take 4 and r as the wheels’ angular momentum and
torque, respectively, expressed in body frame as in Eq. (7). Then, the
following relation links A% with 4 (and % with 7):

C,C —S,C —c,C SyC
— Zhw aCp afp atp atp
h h,, Z=|sc c.c -5 c —c,cphl, (€]
T =Z1W atp atp atp atp

5p Sp Sp Sp

where s, = sin(a) and ¢, = cos(e). Since Z € R4, in the following the
inverse of Z is understood in the sense of the Moore-Penrose pseudo-
inverse matrix Z*. It is well known that RWs suffer from the following
saturation constraints: |z;°| < T, |hf| < @, with 7%, hw representing
the maximum torque and the maximum angular momentum developed
by each wheel, respectively. Consequently, the maximum angular mo-
mentum and the maximum torque developed by the pyramidal cluster
of RWs are bounded by H and 7 as follows:

Iall < H, |l <7 )]

H and 7 can be obtained with the same procedure, which is well
detailed in Yoon, Seo, and Choi (2014) and requires the saturation
values of each wheel and the geometry of the cluster to be known. As
an example, below is the procedure for obtaining H. The first step is
to extract the polyhedron in Fig. 2 corresponding to the momentum
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Fig. 1. Pyramidal cluster of RWs (Ruggiero, Carnevaletti, Capello, & Park, 2023).

z

y

Fig. 2. Momentum (torque) sphere inscribed in the polyhedron of the momentum
(torque) envelope.

envelope, i.e. the capacity of the cluster of RWs to store angular
momentum. A single facet of the polyhedron is obtained by following
the two steps below.

(I) The angular momentum of two wheels is fixed at the saturation
values +h* and the other two wheels are left free to vary,
assuming all possible values within the domain bounded by the
saturation values.

(II) The angular momentum in wheels’ frame is transformed in B
through Eq. (8).

The other facets of the polyhedron are then obtained by repeating steps
(D and (II) with all combinations of two saturated wheels and two
free wheels. Finally, H is the radius of the sphere inscribed in the
polyhedron, i.e. the momentum sphere. In other words, the momentum
sphere is defined as the locus of the angular momentum vector of the
cluster with magnitude lower than H. Since the momentum sphere of
radius H is completely enclosed in the momentum envelope, satisfying
the first of the inequalities (9) ensures that ¥l < AVi=1,..,4 By
repeating the procedure with the torque values = and the corresponding
saturation values +7, the polyhedron corresponding to the torque en-
velope and the inscribed sphere of radius 7 corresponding to the torque
sphere are obtained. Hence, satisfying the second of the inequalities (9)
avoids the torque saturation of the wheels.

In particular, the constraint ||A| < H implies that the attitude
maneuver speed has to be kept bounded by some positive constant o,
i.e. ||o|| £ w to preserve the controllability of the satellite. Indeed, if a
reaction wheel is saturated, it cannot accelerate further, which means
that the spacecraft cannot be controlled around the axis of the saturated
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Bright object

Boresight vector

Forbidden direction

Reference object

r 4
Reference
direction
z y
X

Fig. 3. Spacecraft scheme with pointing constraint.

wheel. In order to determine w, consider the accumulation of angular
momentum over a quarter of the orbital period due to the disturbance
torque: h; = fOT/ *d(r)dt, where T is the orbital period and T/4 is
considered by virtue of the sinusoidal behavior of d,. Consequently,
h = h;—Iw holds true at any time instant, and exploiting the properties
of the /2—norm together with I < T it follows:
Ll (10)
11l
where the last inequality in equation above identifies the necessary con-
dition on w to avoid angular momentum saturation while maneuvering,
while h, = (d; + O.7O7d_2)§ due to the sinusoidal behavior of d,.

Al < Nagll+ Holl = ol <©=

3.3. Pointing constraints

Pointing constraints are introduced to prevent bright objects from
entering the sensor Field Of View (FOV) during spacecraft reorienta-
tion, whose objective is to align the boresight vector of the on-board
instrument along the reference direction pointing towards the scien-
tific object (Fig. 3). Referring again to Fig. 3, / is the unit vector
aligned with the boresight vector, 7; is the unit vector aligned with
the forbidden direction pointing towards the j—th celestial body, and
0; = ang(i, ;). Then, for each bright object a forbidden zone is defined
as a cone with the axis along 7 5 (forbidden direction) and a half apex
angle 6 > 0. The latter is defined such that if ’01.‘ > ¢, then the

unwanted object stays outside the sensor FOV. Now, 6; is put into
relation with M, 7 ; to formulate the pointing constraints. First, it is
reasonable to assume 7 to be known in B coordinates and 7; to be
known in I coordinates. Also, /i; in I coordinates can be obtained
through the rotation matrix R(q) = (7* + €’ €)I; +2ee” —2n¢* built with
the quaternions describing the orientation of B w.r.t. Z: ii; = RT#.
This allows to derive the attitude quaternions §; = [7; éj.T]T describing
the shortest rotation between s and 7;:

AT A T
a;=mla; l+a; o bj

a2 M= 1 e/ = ST an
b= A, 11 +a;. 71] L +a;. b7 11

g; will later be employed in the formulation of the repulsive layer of the
APF. At this stage, however, only 7; is utilized to express the pointing
constraint. Since §; represents the minimal angular path between the
vectors m and i, it follows that ii; = cos(0;/2). Therefore, |ﬁj‘ <q=
cos(0/2) implies Gj‘ > @ (bright object outside the sensor FOV). The
properties of attitude quaternions yield ||&|| = 4/1 — 7%, allowing to
define & = /1 — 7. Therefore, the pointing constraint |0 /-| > ¢ can be
expressed with the vectorial part of g; as follows:

[
§=\/1—c052§ (12)

&1l > &,
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3.4. Problem statement

The objective is to design a guidance and control strategy such
that ¢ — ¢, and @ — 03, where g, denotes the desired attitude
that guarantees the alignment of the boresight vector to the reference
direction. In addition, it is required that the guidance and control
strategy keeps bright objects outside the sensor FOV while performing
the attitude maneuver, i.e. that it guarantees ||&;|| > € V j as discussed
above. Finally, the attitude control law has to comply with the actuators
saturations, thus providing control signal which guarantees ||4] < %,
Izl < 7 while performing the attitude maneuver, at least for initial
conditions w, = hy = 05.

4. Guidance and control strategies

In this article, a combined guidance and control approach is adopted
to address the attitude control problem. The guidance algorithm is
based on APF and generates the reference angular rate »* which
describes an attitude maneuver guaranteeing that ¢ - ¢, and @ — 05
are achieved together with ||&;|| > & Therefore, if the attitude of the
spacecraft evolves with @ = w* the spacecraft achieves the desired
orientation g, while ensuring that the boresight vector successfully
avoids the forbidden zones for the whole duration of the attitude
maneuver. Then, the control algorithm is based on SMC theory and is
responsible for achieving w — w*. Therefore, the SMC computes the
control input u such that the control torque = = I*u steers the spacecraft
along the reference angular path generated by the APF (Fig. 7).

4.1. Guidance strategy

Here, the fully quaternion-based APF guidance strategy is estab-
lished to find the angular path that steers the spacecraft attitude
towards the reference avoiding forbidden zones. The angular speed
field w* is evaluated using (i) the quaternions describing the shortest
rotation from actual to desired orientation and (ii) the quaternions
describing the shortest rotation leading the boresight vector to the
forbidden direction. Furthermore, quaternions at points (i) and (ii)
are built by using data concerning the state vector of the spacecraft
(g, w), its geometry (i), the environment in which it moves (A ;) and
the desired final orientation (g,). Then, the reference quaternions ¢* is
obtained by propagating the actual quaternions g with w*. This strategy
assigns to the desired final orientation an attractive potential field and
a repulsive one related to each forbidden zone.

4.1.1. Attractive APF
The spacecraft approaches the goal thanks to an attractive field U,
built by combining parabolic and conic functions as follows:

U - {";‘neen2 sign, (n,) if llell <%
a

2 : “ (3)
Llle,| sign,(n) if llell > &,

where 7,, €, form the quaternion error ¢, = [5, €/] = g; ® q. For
lle,ll = €, the potential changes shape from conical (|l¢,|| > €,) to
parabolic (||¢,|| < €,). The relative attractive angular rate w, is obtained
through the gradient of U,, as follows:

B {alee sign, (1,)

€, . . pa—
azm sign, (n,) if |l |l > €,,
e

if lell <e
14

The chosen field U, combines the advantages of parabolic and conic
functions: (i) w, — 0 for ¢, — 0, i.e. for ¢ — ¢, and (ii) ||w,ll = @, =
const. for high pointing errors. The property (i) is given by the parabolic
function and allows to avoid any singularities for ¢, = 0. Instead, the
property (ii) is given by the conic function and allows to saturate the
angular rate of the spacecraft, thus avoiding actuators saturations for
appropriately chosen a,. Keeping in mind that the h—saturation of RWs
is avoided if ||w|| < o, it is selected a, = w/2. Moreover, a; = a, /€, is
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selected to avoid w,—discontinuities at ||¢,|| = €,. Finally, the threshold

€, = 15)

accounts for actuators limitations, being defined as the angular distance
the spacecraft covers to stop its angular motion with initial velocity
|lo|| = @/2 and maximum constant deceleration IITI ||z (the equations
of circular motion with constant tangential acceleration are considered
to compute €,).

4.1.2. Repulsive APF

An hyperbolic potential U, ; is built to shape each forbidden zone,
which results in a repulsive angular speed , = Z]'V: | @, ; (N number of
bright objects) leading the satellite to rotate the boresight vector away
from each forbidden direction. The true and the minimum safe angular
distance between the boresight vector and the forbidden direction
are specified by ||€;|| and & respectively, as derived in Section 3.3.
Consequently, o, ; is obtained from the gradient of U, ; as below. The
selection of ¢ is discussed in Section 4.1.3.

1 ¢ )
= =V, U . =——>_¢, = 16
T T Ve T T R 4T e (1o

4.1.3. Reference trajectory
The reference angular rate w* is obtained by combining both attrac-
tive (Eq. (14)) and repulsive (Eq. (16)) layers as follows:

N
®* = R(q) (ma + Z “’n,j) , 17)
j=1
where R(q) allows to obtain »* in B coordinates. Now, the follow-
ing Proposition describes the reference trajectory of the spacecraft
rotational motion resulting from w*.

Proposition 1. Take the reference angular rate »* in Eq. (17), with w,
and o, ; as in Egs. (14) and (16), respectively, and a; = @/2, a; = 0, /¢,,
¢ = azgz,  as in Eq. (10), €, as in Eq. (15), and ¢ as in Eq. (12). Assume
now that the forbidden directions are sufficiently spaced apart so that the
repulsive action is imparted by a single forbidden body at every point on the
celestial sphere. Assume also that ||¢;|| > ¢ is satisfied V j = 1,..., N by the
initial orientation of the spacecraft q(t = 0) = g5 = [n, eg 1. Finally, let us
recall the assumptions of Section 3.1.1 on the null angular momentum at
t = 0 and the boundedness of disturbances and uncertainties.

Then, w* describes an attitude maneuver which achieves ¢ - ¢,
i.e. ¢, — 05, while fulfilling ||&;|| > ¢ at any time of the control process.
Also, * avoids angular momentum saturation guaranteeing ||i| < H
during the attitude maneuver.

Proof of Proposition 1.

Let us first analyze a scenario in which there are no forbidden zones
affecting the attitude maneuver. In that case, Eq. (17) yields o* =
R(¢)w,, with w, as in Eq. (14) leading the spacecraft to the orientation
g, via the shortest rotation from any initial condition ¢,. Indeed,
Eq. (14) reveals that w, is directed along the eigenaxis describing the
shortest rotation between the true and desired attitude. Furthermore,
the function sgn, (5,) successfully avoids the unwinding phenomenon
related to quaternions’ dual coverage, ensuring that the shortest angu-
lar path is taken to complete the maneuver. Also, Egs. (14), (17) yield
[l0*|| < @/2, which fulfills Eq. (10) thus avoiding angular momentum
saturation and preserving the controllability of the spacecraft under the
validity assumptions of the Proposition. Therefore, APF-based guidance
returns an angular velocity profile ©* that can be reached by the
satellite and that cancels the attitude error if no forbidden zones impact
the guidance output.
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Let us now consider the satellite oriented close to a single forbidden
zone j so that o, = o, ; and

Z \2
llew, ;I = <”~ “> ®/2 18

due to Eq. (16) together with the above selection of ¢ and «,. In that
case, Eq. (17) reveals that w* is given by the sum of two contributions,
whose comparative strength depends on the value ||€;]| as follows:

ool = lloo, ;1| > llew, |l if [1€;]] < & (19a)
oo Nl = llw, ;1| = llag|l if 11| = & (19b)
oo Nl = llw, ;1 < llagl if 111 > & (19¢)

In order to justify Eq. (19), let us recall that ||w,|| < w/2 due to Eq. (14)
and the proposed selection of a; and «,. Furthermore, ||o,|| S @/2
depending on ¢ = = 1 according to Eq. (18). Consequently, Eq (19)
reveals that the behavior of the APF-based guidance is as follows. If
the boresight vector is at the borders of a forbidden zone, i.e. [l =
&, the APF guidance yields |lw,|| = |lo,|| to avoid further approach.
Furthermore, if the boresight vector is already inside the forbidden
zome, i.e. ||&]| < ¢, the repulsive layer of APF takes absolute priority
over the attractive part and the forbidden zone is disengaged. However,
due to Eq. (19b) this situation never arises if ¢, fulfills the validity
assumptions of the Proposition. Then, ||o,|| < [lw,|| in the proximity
of the forbidden zone. Here, w* is globally directed towards g; while
the crossing of the forbidden zones is avoided thanks to ||w,|| = [|@,l|
as [|&;]| — é. Also, Egs. (19b), (19¢) yield ||o*|| < [lw,|l+|lw,]| < @, while
the condition in Eq. (19a) never arises as explained above. Therefore,
if the satellite is oriented close to a forbidden zone, the APF-based
guidance returns a reachable w* such that the satellite safely moves
beyond the influence zone of the forbidden zone until recovers the
behavior described in the first case analyzed, i.e. ®*R(q) = w,. [

Proposition 1 proved to be true if the repulsive potential is gener-
ated by a single forbidden body, i.e. N = 1. To conclude this Section,
Corollary 1 gives the conditions to extend some results of Proposition
1 to the case where the repulsive potential is generated by multiple
forbidden zones, i.e. N > 1.

Corollary 1. The statement of Proposition 1 is modified as follows if the
spacecraft operates under the influence of multiple forbidden zones:

() »* describes an attitude maneuver which achieves ¢ — g, while

fulfilling

22
A sin“9/2
|o,] > 0 = 2arcsin L L (20)
= 1+21}J71 sin“9/2

=1 =3
. sin“0j/2
% i/

where 0; is the angle between the forbidden zone j and the axis of
the lnslrument 0; is the true angular distance between the boresight
vector and any forbldden direction j, and ¢ is the minimum safe
angular distance.

(ii) w* guarantees ||h| <
satisfied:

0
|0j|20ml—n=2arcsin (\/ﬁsm(i)) vVj=1,....,N 21

H, provided that the following condition is

Proof of Corollary 1.

For N > 1 the global repulsive action is obtained by summing up
the contributions of all forbidden bodies, so that the repulsive angular
speed generated by a particular forbidden zone j must be put in relation
with the following: -

N
w, + Z @ - (22)

J=Li#]
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Indeed, any w,; with j # j may be directed towards the forbidden
zone j, thus pushlng the sensor axis towards the forbidden zone j. The
following demonstrates that llw, ;|| takes values greater than the output

of Eg. (22) for (6;| < #, thereby proving point of Corollary 1. First,
Eq. (22) is bounded as follows due to Egs. (14) and (18):

— — N ~ 2
€
ol + 1 Zwr, 5452 (”6 ||> @3)
J#/ /ﬂ

Therefore, o, ; arrests the advancement of the instrument axis towards
the bright body if the following is satisfied:

N

— 7\ = = & \2
of £),0,@ <—> 24
2<||é,||> 543 2 @9

J#i

llo, 1l =

Due to the properties of attitude quaternions (see Eq. (12)):

0 0 0, 0;
=2 22 22 =12 27J - 270
=1-cos"= =sin" =, I =1-=cos”=— =sin"—. 25
é 5 =sin’Z, gl 5 5 25)
Therefore, Eq. (24) can be written as follows:
2 N 2 2 6. )
sin“6/2 sin“6/2 J sin“6/2
2J 21+Z 2J B3 sinz;s—Jz, (26)
sin’ 9/'/2 j=1 sin 9,’/2 2 N sinzﬂz
~ : 1+ (==
J# ;#/ sin“6;/2

which is equivalent to Eq. (20) thus certifying that the APF strategy
realizes 6 > # for each j= 1,..., N at any time of the control process.
As in the case N = 1, once beyond the influence of the repulsive fields
the satellite continues to rotate under the attracting field, thus realizing
q—4y.

Then, point is proved as follows. According to Eq. (4), the output
of the APF algorithm realizes ||A| < H if it satisfies ||o*]| < @. Also,
inserting Egs. (8) and (12) into Eq. (11) yields

N

F N2 —
€ [
Zl (neyn) 2 @7

According to Egs. (27) and (25), ||o*|| < w is ensured if the following
is satisfied:

NISI

lo*|l < lloo, ||+||Zw,,||

@ @, 20y | 225
rye = 2= 28
73S Y —y ) Z g 28)
j=1 sin“ =2 j=1 =<
2 2
Also, condition (21) is equivalent to
< 1 1
< 7 29
j=1 sin27’ Nsinzg
which satisfies the inequality (28) as showed below:
0 X 0
sin?= Z 1 7 <sin’Z ! 7 <1 (30)
2 j=1 sin? 2 3 2 Nsm

due to N > 1, and the proof of Corollary 1 is complete. []

Corollary 1 discusses the robustness of Proposition 1 respect to the
assumption that at any point on the celestial sphere the repulsive action
is exerted by a single forbidden zone. Also, it gives some conditions
which allows to extend the validity of Proposition 1 to the case when
the repulsive field is generated by the superposition of multiple forbid-
den zones. Furthermore, Egs. (20) and (21) reveal that H = Omin = 0
for N = 1, while N > 1 implies § < ¢ and 6,,;;, > 6. Both (¢ — §) and
(Omin —9) increases with N as shown in Figs. 4 and 5, respectively. They
consider 6 in Eq. (20), O, in Eq. (21), N = {1,2,3,4} and 0 € [5, 20]
deg. Furthermore, 6 in Fig. 4 is computed assuming 0; = Oy for any
j=1,...,N such that j # j.

Remark 1. Note that point of Corollary 1 is highly conservative, as it
is derived from Eq. (24). In practice, it is sufficient for ||, ;|| to exceed
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5

O5 10 [/ [deg] 15 20

Fig. 4. Decrease of 0 with respect to § due to different number of forbidden zones N.

25

N=1

0 . .
5 10 Q [deg] 15 20

Fig. 5. Increase of 6,;, with respect to  due to different number of forbidden zones
N.

the output of Eq. (22) for the satellite to disengage from the forbidden
zone j. Also, the validity condition of point of Corollary 1 (Eq. (21)) is
sufficient but not necessary for ensuring ||| < H.Evenif |0 il < Opin for
some j = 1,...,j (j < N), the APF algorithm can still achieve ||o*| < w,
ie. |h|| < H, provided that the remaining N — j values of 0; satisfy
Eq. (28).

Remark 1 holds practical relevance due to the exponential decay
of the repulsive field, whereby any single term of the summation in
Egs. (20) or (28) decrease steeply with 0;. This behavior is clearly
evidenced by Fig. 6, which shows the trend of sin?(¢/2) /sin® (9;/2)
against 6; for different values of 6.

Finally, the reference quaternions ¢* = [#*, ¢*] are computed by
integrating the equations below with w* from Eq. (17) and initial
conditions 4y = qo-

’;I* — —%m*Te*, é* — l (1’]*0)* _w*xe*) (31)

4.2. Control strategy

This section details the design of the SMC algorithm, which is
responsible for tracking the reference attitude trajectory computed by
the APF. Indeed, manipulating the attitude trajectories in such a way
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Fig. 6. Decay of the contribution of a forbidden zone j to the total potential with
increasing ¢, and for different values of 9.

that (¢, w) — (¢*, »*) guarantees the resolution of the problem statement
as stated in Proposition 1. As briefly mentioned in the Introduction, the
design process of a SMC consists of defining a control law to confine
the closed-loop dynamics on the sliding surface.

The sliding variable ¢ € R? is defined based on the linear combina-
tion of the states errors e, € R3, e, € R3 as follows:

e, =0 — ", eq=q_*®q, (32)
o =e, + Ae., A =diag(Al;), 1€R", (33)
where ¢, = [e, e/]" (¢, € R is the scalar part and e, € R? is

the vectorial part) is the attitude quaternion error and A € R>3 is
diagonal positive definite matrix with the vector A1; on the diagonal.
The sliding surface is the region where the sliding variable ¢ (Eq. (33))
is null. It is important to note that the control input explicitly appears
in the first time derivative of the sliding variable, as can be observed
by differentiating Eq. (33) and substituting the system dynamics (7).
This ensures that a first-order SMC approach is appropriate for the
given problem formulation, as it allows direct control of the sliding
dynamics. Therefore, the control input u € R? is defined according to
the first-order SMC algorithm (Egs. (34)-(35)):

u=-Isat(c), I' = diag (y1;), y € R", (34
i if |o| > .S ra

sat(c) = {Sjgn(") o125 o 7 Fenr, (35)
< if |o| < S, V3

where I' € R¥ is diagonal positive definite matrix with the vector y15
on the diagonal. Also, sat(c) is used in place of sign(c) typically found
in the classical SMC law in order to avoid chattering (high-frequency
switching near the equilibrium point ¢ = 0 due to discontinuity of
signum function). This is the boundary-layer SMC approach, which
worsens the tracking accuracy as the closed loop system cannot con-
verge on ¢ = 0 as guaranteed by classical SMC approach. Instead, the
closed-loop system under boundary-layer SMC approach converges to
the boundary layer ||o|| < o, where ¢ > 0 gives the width of the
boundary layer. Note that both the functions sign and sat apply to each
element of o, so that they belong to R3.

Now, the time evolution of closed-loop system is analyzed by con-
sidering two sequential stages by means of relevant Propositions as
follows. The first stage is addressed by exploiting Lemma 2 and con-
cerns the reachability of the boundary layer neighboring the sliding
manifold in finite time (reaching phase). Then, the second stage deals
with evolution of the trajectories within the boundary layer (sliding
phase) and is addressed by exploiting Lemma 1.
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Fig. 7. Scheme of the orbital simulator.

Proposition 2. Consider the dynamics system (7) with the control law u
(34)—(35) producing the control torque = = I*u. Also, consider the sliding
variable (33) with ¢* as in Eq. (31) and w* resulting from Eq. (17). Follow-
ing Proposition 1, consider only one forbidden zone (j = 1) contributing to
the repulsive factor in w*, so that |w*|| < @ holds at any time of the control
process. Now, suppose that the states of system (7) fulfills ||o|| < @, so that
the trajectories evolve along the set

S={(q.»): ¢eR, ||o| <@}, (36)

and consider the assumptions in Section 3.1.1. Further assuming that the
actuation system produces a maximum torque value 7 satisfying

(||1*’1 I+ ||4f,||) (aﬁ+2) +y@ + V24w

7> 17| — : (37)
L=114; Il
and considering
<||1*’1 I+ ||AT,||) (5ﬁ+3) +y@t +\2im
y=k - e RY, (38a)
L=114; I,
7 1 -4, I*
kel|l, % — ”_I _”l N (38]3)
W (et + 14, 0) (7 +d) + v +V2i@
l+e, 1+€
p=l+—t = (380)
e, €

the trajectories of the closed-loop system (7), (33)-(35), converge in finite
time t, < oo to the set

S; ={(g.) 1 lloll <o} (39

and stay there for any t > t,. Also, the control input u produced by

Egs. (34)—(35) with control gains (38) satisfies ||| <.

Proof of Proposition 2.

Before giving the details of the proof, note that the set of admissible
k— values is non-empty thanks to assumption (37). Furthermore, the
assumption |lw|| < @ is required to preserve the controllability of

the satellite, as explained in Section 3.2. Then, a quadratic Lyapunov
function V, is selected and its time derivatives are computed as follows:

V, = olo, VJ =2076. (40)
V, satisfies Eq. (3) of Lemma 1, while ¢ results from Eq. (33) as
6 = & — &* + Aé,. First, @ is obtained by inserting = = I'*u with u
as in Egs. (34), (35) into Eq. (7). Also, the Matrix inversion Lemma is
used to write as follows:

o= (1*" n A}) (~w*H — I*T'sat(c) — Ae,, +d)

. o 41)
=~ (Iy= 4,1") Tsat(@) + (1" + 4y ) (~o*H + ).
Then, &* in B frame is obtained as follows from Eq. (17):
@ = —w*R(q) (a)a + w,) + R(q)% (a)a + a),) , (42)

because it is considered only a single forbidden zones impacting w* in
accordance with Proposition 1. Finally, ¢, results as follows from the
kinematics equations:

é, = % (eyeq — €Se,) - (43)
By inserting Egs. (41)—(43) into ¢ above, Eq. (40) yields:
V,==20" (I3 - 4,1") I'sat(c)

+ 207 ( (I*fl +4f,) (-0 H +d) +

(44)
— 0*R(q) (a)a + a),yj) + R(q)% (“’a + 60,,,-)

1
+ EA (eyeq — €le.) ) .

Now, note that it exists a known 4; > 0 such that —4; < 4; < 4
for assumptions made in Section 2.2.1. Furthermore, consider that for
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|o| > S it follows that: (i) ||o|| > & due to the selection of S of Eq. (35),
and (ii) o7 - sat(c) = ||o|l; > ||o|l. Therefore, the first line of Eq. (44)
yields

— 1267 (Iy = 4; 1*) I'sat(@)l, < -2y (1 -4, 1*||1) lloll <0 (45)

because ||4; I*||; < 1 due to A_, < I* and y > 0. Then, the other terms of
V, are manipulated as follows. The second line of Eq. (44) is bounded
as follows:

207 (17 + 4y ) (0¥ H +d)

<11 (17 + 4 ) (o H +a) | 46)

<2 (17 1+ 14,1) (@7 +3 ) ol

due to validity assumption ||| < ®, actuation constraint (|| H| < H),
and assumptions in Section 3.1.1 (4, < 4,, ||d|| < d). Instead, the third
line of Eq. (44) is manipulated as follows:

207 (_‘"X R(q) (0, + @) + R(q)% (@0 + )>
. 47)

0w Jw,
+
5 I+ 1l o ||>

due to the orthogonality of the rotation matrices (|| R(¢)|| = 1). Also, the
validity assumptions of Proposition 2 enable ||| < @ and ||o*|| < @, so
that

<2llo" | <|le| (lwall + oo, ;1) + 1

—2
ool (lleogll + llo, ;1) < o

Then, from Eq. (14) it follows that:

* el < e
Jw, L. « .
<5 =Mk sign, (n,) = 5 (n,w — w™e,) sign, (n,). (48)
Due to ||| < @, a; = @, /¢,, @, = w, and |l¢,|| <€,, Eq. (48) yields
as follows:
dw, o _ @ l+¢,
= + L . 49
151 = @ (el + lleel) < - — 49)
* el > €
awa ée €e (ezéﬁ) .
=a - ———— | sign,(n,)
a7 ( lell e, ? e
0 ) e, el e i
- ”&” < eIl leelllle, €|l szazllee” (50)
ot llel lle,II? llel
_ln )+ llell @ 1+7E,
S oy < —=—.
llel 2 g
Instead, from Eq. (16) it is obtained as follows:
- T %
dor; o ¢\, ¢ 9 i€ [
o ~o\ier ) er o T e er
llé;ll llé; Il [l€; 1 llé;1I°
o, ¢ s [
SI— 1 <3 =g+ —— 114 (51)
[ENE &1’
171 + 1I€; _1+é _,1+¢
<Al ——= <Ao—= =0 —
[I1€; 1 € €
Then, the last line of Eq. (44) yields as follows:
o A (ege, — ee.) <llol" 1 Alllle,ll (le,| + llecll) 52

<llol” 4V2lle, | < 2V2iwllo]|
due to [e, | + llecll = /1= lle. I+ llecll < V2 and [le, || = [lo - o*|| < 2@.
n € € ell = ® =

By inserting Egs. (45)-(52) into Eq. (44), it is obtained as follows:
. = . 41 = —_—— =
v, <2 ( =y (1=, 1)+ (1 0+ 141 ) (B +4)

~ (53)
1+ S 1+¢é _
L ey Voiw ) loll.
€

€e

-2
)
2

10
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By inserting y as in Eq. (38), equation above yields V, < —2(k — l)VJI/ 2
for any ||o|| > o, with 2(k — 1) > 0 guaranteed by Eq. (38b). Therefore,
Eq. (53) realizes condition (6), Lemma 2 applies, and the trajectories
of the closed-loop system converge in finite-time to the set (39).

Consider now the torque saturation problem, which is avoided if the
control torque 7 fulfills ||z|| < 7 at any time of the control process. In
Section 3.1, the control torque was defined as ¢ = I'*u, thus implying
lIzll < II*|l||«]]. Therefore, the torque saturation is avoided if |lu| <
7/||I*||. The control law (34)-(35) produce a control input u such that
[lull = ||| = y. Introducing the upper bound of the admissible values of
k (Eq. (38b)) into the definition of y (Eq. (38a)), it can be found that y
is upper bounded as y < 7/|[I*||. The latter realizes ||u|| < 7/|[1*| due to
llull =7, so that |||l <7 is verified as ||z|| < [[I*|| llull < II*|| 7/IIT*]| =
. O

Proposition 2 and relevant proof state that 3 z, such that o] <
o V t > t,. Therefore, the trajectories of the system for t+ > ¢,
(sliding phase) are constrained to evolve according to the following
homogeneous linear time-invariant differential equation resulting from
Eq. (33):

lloll <o (54

e, + Ae, = o,

Before addressing the time-evolution of the system sliding phase, let us
point out the following Remark:

Remark 2. Since the reference quaternion ¢* is obtained by propagat-
ing the actual quaternion g with the reference angular speed w*, and
the last accounts for the unwinding problem as discussed in Section 3.1,
the quaternion error e, = q_*® g in Eq. (32) is such that e, € R*.

Proposition 3. Take the system (7), (32)—(35) constrained to evolve on
the set (39), which is verified Vt > t,. Also, take A € R* as in Eq. (33)
and consider the tracking error e, as in Eq. (32). Then, e, asymptotically
converge to the set

o
Se ={ee : ”ee” < ;}

as the system evolves according to the reduced dynamics (54), which is
verified Vt > t,.

(55)

Proof of Proposition 3.
Consider the quadratic Lyapunov function V, and its time deriva-
tives:

Vo=ele,, V.=el (ee,—ele,). (56)

V, satisfies Eq. (5) of Lemma 1, while ¢, is obtained from Eq. (43).
Note that the cross product eXe, produce a vector perpendicular to e,
so that V, = el'¢,e,,. Now, insert e, = 6 — Ae, Eq. (54) into V, to obtain
the following:

(57)

7 — o T T
Ve =—e,e  Ae. +epe . o.

Note that e, € R* as pointed out by Remark 2, thus e,,eeTAee < 0 for
any e, # 0 due to A > 0. Also, ||e€TAe€|| = |le.ll7lle.|l. Moreover, |lo|| <&
enables to write eZc < |le.|lo. Therefore, Eq. (57) becomes as follows:

V < —e,llell (Allecll =o) <OV Jlec]l > % (58)
which shows Eq. (6) of Lemma 1, thus proving the veracity of Propo-
sition 3. It remains to discuss the case where e, = 0 and |le.|| = 1, in

which Ve = 0 as evident by Eq. (58). Actually, this is not an attractor
for system (54), because it would return *e,, € [/1 -0, A+ E] for each
component i = 1,2, 3 of e,,. Therefore, the selection ¢ < 4 implies e, # 0
fore, =0, i.e. ¢, # 0 by virtue of Eq. (43), meaning that the trajectories
of system (54) escape from e, = 0 and |le.|| = 1. Also, note that the
selection & < 4 is necessary to provide the control system with sensible
tracking accuracy in accordance with Eq. (55). []
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In order to conclude this Section, some comments are provided
below. First, Proposition 3 can be proved true even without relying
on Remark 2, provided the sliding surface is modified as follows: o, =
e, + sign(e,)Ae,. With this modification, Eq. (58) is verified even for
e, €ER™. Furthermore, the situation e, =0 and |le.|| = 1 is unlikely to
occur since ¢* is obtained by propagating the actual quaternion g with
the reference angular speed »*, while the last one is usually small due
to actuators limitations.

4.3. Robust stability verification

Robust stability verification is carried out using u-analysis. It con-
sists of a typical linear tool for stability verification. First, the system is
exploited by the linear fractional transformation, as in Doyle (1982). As
shown in Fig. 8, the standard configuration M — 4 is considered, where
the uncertainty matrix A(s) is connected to the given system M(s),
defining the feedback connection F(M, 4). Following the Structured
Singular Value (SSV) principle, the feedback connection F(M, 4) robust
stability is guaranteed if

sup{us(M(j@)} <1 59
@ER
at each given frequency @, where u,(M) is the SSV, and it is defined
as:

(M) = .
KA = SUpaea (4 | det(I — M4) # 0}

where 4* is the set of values that takes account of the possible bounded
variation of A. In practice, it is not always possible to analytically
compute the SSV margin expressed in Eq. (59). For this reason, the
typical approach is to rely on numerical approaches, as shown in Gu,
Petkov, and Konstantinov (2005) and Young et al. (1991).

The robust stability of the closed-loop system is discussed consid-
ering ®* = 0 and the system (7) linearized around w = 0, ¢ =
[1, 03T]. These assumptions are justified by practical considerations.
First of all, satellites actuated by RWs typically exhibit sufficiently slow
dynamics (w small). Furthermore, the APF yields constant w* except in
the neighborhood of forbidden zones and of desired attitude. Finally,
assuming proper tracking behavior from the beginning of the control
process, it is reasonable to consider small quaternion errors, as they
are calculated by propagating the initial conditions with »* (small).
Therefore, the following linear system is considered as in Mancini
(2023):

1

e = Eew’

(60)

é =TIz (61)
Furthermore, Proposition 2 and relevant proof state that the closed-loop
system converges to the boundary layer ||o|| < o. This allows to exploit

the SMC control input as a feedback controller, given as

(& + Ae,
— )

Note that actual control law interpolates the discontinuous control law
for o; € [-S,8]1 (i = 1,2,3) with S < o (Egs. (34)—(35)), which
makes Eq. (62) conservative. Linearized closed-loop system is given
by combining Eq. (61) with Eq. (62) through r = I*u, where I* is
the nominal value of the inertia tensor. Following this procedure, it
is possible to exploit the system in the feedback connection F(M,4,),
where 4; € R is the uncertainty matrix taking into account the
uncertainties of the inertia tensor. Since the nonlinearities in the closed-
loop system cannot be neglected in the robustness stability analysis,
they are included using the simplified approach proposed in Pagone
et al. (2020). In particular, the nonlinear uncertainty is included by
evaluating the input-output gain of 4, ;, defined as the induced norm
of the nonlinear terms in the closed-loop system. The input-output re-
lationship with the linearized plant is evaluated through the following
equation:

(62)

u=

lwll

, 63
I¥lleo ©3)

lAnplle = sup
y#0
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A

X

Fig. 8. Standard M — A configuration.

which is also described by Fig. 8. This allows to incorporates robust sta-
bility analysis with the nonlinearities related to external disturbances
and gyroscopic terms (including wheels angular momentum). Rigorous
derivation of a global norm bound for 4y, is challenging and requires
extensive data across an infinite-dimensional space. Indeed, the pro-
posed approach is based on the approximation of the nonlinear terms
based on the model physical bounds and the specific characteristics of
the guidance and control algorithms. This provides a practical, albeit
local, approximation of the nonlinear uncertainties within the expected
operational envelope. The nonlinearities are accounted in two ways:

(I) The nonlinearities in system dynamics are incorporated includ-
ing the gyroscopic term (within the expected operational enve-
lope) and the linear contribution of wheels’ angular momentum

51 7, —=
14pallco = " lloh + 260 (64)

an

External disturbances are included with control input saturation
approximation (using the additive uncertainty representation)

r ‘fiﬁd)’

- ~1
o =11 (% -

=17 (- T
with —d < 6d < d. This approach provides a conservative
representation that encapsulates the expected control behavior
in presence of control input saturation.

(65)

Final formulation of the uncertainty system is given by

. 1
. é. ~e
é= [é;] = |:I‘2'Iw*u] + (4,0 + Agpe.

where 4,,, = 6,40 and 4., = &I are the diagonal uncertainty
matrices, with —||4,;4llc < 6,y < 14,4l @and 0 < 6, < 4. This prac-
tical approach allows to assess the system’s robustness limits, effectively
defining a performance index that quantifies how much uncertainty the
closed-loop system can tolerate before becoming unstable. However,
even if the proposed approach allows to extend the robust stability
considerations to the nonlinear system, it is not a rigorous analysis.
Therefore, a simulation campaign is carried out to complete the overall
verification process.

(66)

5. Numerical example

This section describes the simulation scenario and provides the
results of the numerical examples.

5.1. Simulation scenario

All tests are done on an orbital simulator that was implemented in
Matlab/Simulink environment and is schematized in Fig. 7. It simulates
the non-linear dynamics of the rigid satellite (Eq. (7)), the APF-based
guidance (Eq. (14)—(17)), the SMC algorithm (Egs. (32)-(35)), and the
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[ Icelestial sphere

I Forbidden zones

Trajectory

Trajectory without forbidden zones
@ Initial pointing direction

@ Desired pointing direction

Fig. 9. Trajectories of boresight vector on the celestial sphere.

RWs cluster (Eq. (8)) with saturation blocks and transfer function as
in Luzi, Peaucelle, Biannic, Pittet, and Mignot (2014):

H. (s)= 1.214s 4+ 0.7625
" 52+ 2.40s + 0.7625

These components are linked as shown in Fig. 7 and different switching
frequencies are considered to be compliant with the on-board hardware
constraints: the update frequency for the APF algorithm is 1 Hz, while
for the SMC algorithm is 20 Hz. In simulation environment, the control
input (34) is multiplied by I* to obtain the three axis control torque
7. Then, the latter is allocated to the four wheels by using the Moore-
Penrose pseudo-inverse Z* as follows: % = Z*r. The latter is sent
as input to the RWs model, which updates the angular momentum by
numerical integration of 4% = —z. Then, h* and % are transformed
in B coordinates through Eq. (8) and injected to the plant.

The orbital disturbances enter into the plant and are built up from
a bias (107® Nm) and a sinusoidal part with amplitude 5 - 10> Nm
and radian frequency 1073 rad/s, so that d = 8.7 - 1075 Nm. The
DEMETER CNES microsatellite (Pittet & Arzelier, 2006) is considered
for both the main body of the spacecraft and the RWs, with I* =
[30 =3 0; =330 —2;0 —2 40], 7% = 5-10~3 Nm and /% = 0.12 N'ms. Also,
a maximum uncertainty of 4; = 20% I* is considered for the inertia
tensor. The RWs cluster is mounted with « = 45° and § = 35°, resulting
in7T=82-10"3 Nm, # = 0.1968 Nms and @ = 3.7 - 1073 rad/s. Then,
three forbidden zones are modeled with #; = [-0.497, 0.713, —0.495]7,
i, = [0.033, 0.984, —0.177]7, A; = [-0.116, 0.843, 0.528]7, and @ =
15° each. The gains of the APF algorithm are derived as described
throughout the article, while k = 1.02, 4 = 0.01 are selected to compute
the SMC gain y = 2 - 107*. Instead, the width of the boundary layer
is set at 3 = 5 - 10~*. The initial attitude of the spacecraft is q, =
[-0.306, 0.530, 0.660, —0.436]", w, = 0,, the wheels are initialized
with zero angular momentum, and the boresight vector is taken as
M = 0.5774 - 15. The reference direction is assumed to be equal to s,
so that the desired orientation is g; = [1, 03T].

5.2. Simulation results

The objective of the simulations is to test the capabilities of the
proposed guidance and control strategy to perform attitude maneuvers
while dealing appropriately with pointing constraints, external distur-
bances and actuation constraints. Compliance with pointing constraints
is analyzed through the 3-D slew trajectories of the boresight vector
on the celestial sphere (Fig. 9), the ability to cope with external
disturbances is evaluated on the boundedness of the final quaternion
error, and fulfillment of the actuation constraints is verified through
the time trends of the torque and angular momentum produced by each
wheel in the cluster (Fig. 10).
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Fig. 10. Top left and top right: angular momentum and torque produced by each wheel
of the cluster, respectively. Bottom left: satellite quaternions evolution. Bottom right:
sliding variable.

Fig. 9 shows two rotation trajectories linking the initial orientation
(red marker) and the desired one (green marker), one depicted in
yellow and the other in blue. The yellow trajectory is obtained without
considering the forbidden zones in the closed-loop system, so that w*
is only produced by the attractive layer of the APF. This case study is
of interest to confirm that the attractive potential realizes the shorter-
path eigenaxis rotation, hence the shortest angular path is covered
to reorient the satellite as the yellow line demonstrates. Instead, the
blue trajectory is obtained with the forbidden zones in the loop. In
this case, the proposed APF/SMC strategy realizes a smooth and safe
slew trajectory as the boresight vector successfully avoids the forbidden
zones before converging on the reference direction. Then, the two
graphs at the top of Fig. 10 show the torques z* (left, in Nm) and
angular momentum A" (right, in N ms) developed by each wheel of the
cluster. The graphs refer to the maneuver marked by the blue line in
Fig. 9, and it can be seen that the proposed strategy successfully avoids
saturations for the entire control process. Additionally, a zoom-in of
the control torque evolution during the first 100 s of the simulation
is provided in Fig. 11. The bottom left graph of Fig. 10 shows the
evolution of the quaternions ¢, which successfully converges to the
identity quaternion during the maneuver as previously evident from
Fig. 9. Moreover, the graph shows that the unwinding problem is
successfully solved, as for 7, < 0 the trajectories converge to n = —1.
Also, the tracking accuracy in terms of steady-state quaternion error is
evaluated in Fig. 11, which shows that all components of the vectorial
part of the quaternions are confined within a range of +5 - 10~ with
respect to the reference, i.e. an error of approximately 10~3 degrees.
Finally, the bottom right graph of Fig. 10 shows the time evolution of
the sliding output ¢ in Eq. (33), revealing that ¢ is confined throughout
the control process. This certifies the effectiveness of the proposed
SMC algorithm to steer the satellite along the reference computed by
the APF, thus realizing a safe and accurate maneuver. Additionally, a
zoom-in of the sliding variable evolution during the first 100 s of the
simulation is provided in Fig. 11.

5.3. u-Analysis

Robust stability verification for the uncertain system (66) is carried
out through the p-analysis discussed in Section 4.3, and by means of
Matlab mussv function. Robust stability is ensured when SSV remains
strictly below unity. The resulting upper and lower bounds of the SSV
are illustrated in Fig. 12. The analysis is conducted in two steps. First, a
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Fig. 11. Top: steady-state error of the vectorial part of the quaternions. Middle: torques
produced by each wheel of the cluster during the first 100 s. Bottom: sliding variable
evolution for the first 100 s.

linear fractional transformation of the linearized system is considered,
accounting only for uncertainties in the inertia tensor, modeled as
A; = £20%I*. Subsequently, the analysis is extended to the nonlinear
system by incorporating uncertainties arising from nonlinear dynamics,
denoted as 4, ;. These are computed based on Egs. (63)-(65), yielding
lan,lle = llAnidll,, + ll4satll, = 0.5816. SSV behavior is shown in
Fig. 12. The results show that, while high-frequency behavior of the
nonlinear system aligns with the linearized model, a significant peak
appears at low frequencies, suggesting potential sensitivity issues in
steady-state conditions. The robustness assessment is performed by
evaluating the system response over a range of uncertainty levels,
comparing these results with those expected under nominal operating
conditions. This approach allows us to determine the maximum level
of uncertainty the system can withstand before instability occurs. In
particular, the blue line (referred to the uncertainties bounds consid-
ered in the design process) is considered as reference for closed-loop
local sensitivity behavior, while the implication of having different
uncertainties is evaluated. The p-analysis enables the assessment of
local stability robustness under the assumed uncertainty bounds and
helps identify critical levels of uncertainty. In particular, the critical
range for the inertia matrix uncertainty is identified between 20%7* <
AI* < 30%I*, beyond which robust stability can no longer be guar-
anteed. Additionally, the system maintains local stability even under
nonlinear uncertainties exceeding three times the expected level, and
under a 20% reduction in available control torque. Moreover, the effect
of different design of y is also evaluated in the lower plot. In particular,
two major practical implications can be derived: (i) higher uncertainties
makes the system less robust, proving the reliability of the design
relationship of y, and (ii) increasing the control gain y the system is
more sensitive in accordance with the system limitations. It is important
to note that the same behavior cannot be observed on the linearized
system. However, the conducted analysis is valid only for structured
uncertainties and certain assumed nonlinearities. For this reason, the
analysis does not provide any quantitative global conclusion, and sim-
ulation campaign is required as part of the verification process. In Fig.
13, the performance of the proposed design is evaluated considering a
simulation campaign under varying levels of inertia matrix uncertainty,
chosen as a representative critical case. Performance is assessed based
on the quaternion error, and the results align with the predictions from
u-analysis. When the design assumptions are met, the steady-state error
converges is ensured. However, for inertia uncertainties around 30%1*,
the system exhibits larger steady-state error, indicating a degraded
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Fig. 12. p-analysis: SSV bounds for linearized (left) and nonlinear system (right) for
different values of uncertainties. Blue line is referred to the uncertainties bounds
considered in the design process.

stability margin. This confirms the robustness limits identified through
u-analysis. Deeper insight on the simulation campaign for nominal
operating parameters is presented below to complete the verification
process.

5.4. Simulation campaign

The simulation campaign is carried out to complete the robust
stability verification process, thus evaluating algorithm effectiveness
in compliance with system uncertainties (i.e., inertia tensor, external
disturbances). The simulation scenario is designed starting from the
conditions given in Section 5.1 (nominal values), while considering
randomized variation of the simulator parameters around the nominal
values. Parameters value is summarized in Table 2. In particular,
Simulation parameters affect the simulation scenario by modifying both
initial conditions and location of Forbidden Zones, while System uncer-
tainties affect closed-loop system robustness. The simulation campaign
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Fig. 13. Simulation campaign (quaternions error). Numerical verification of closed-loop
system sensitivity to inertia matrix uncertainties.

Table 2
Simulation campaign parameters.

Simulation parameters Range
Initial quaternions A4gq, +10%q,
Initial angular velocity 4w, +107% rad/s
FZ Direction A4, #,,#3) +15 deg
System uncertainties Range
Inertia tensor 4, +20%1*
Disturbances d +d

consists of 500 simulations with random parameters combination, and
it allows to verify empirically closed-loop system robustness. Initial
non-static conditions (with , satisfying closed-loop stability assump-
tions) are also included to verify the extendability of the proposed
approach to multiple-pointing maneuvers. Fig. 14 shows the variation
of quaternions and wheels’ torque and angular momentum within the
simulation campaign. The results are represented using areas bound-
ing the variation of the considered quantities. The results verify the
capability of the proposed approach to successfully accomplish the
maneuver, while satisfying wheels saturation requirements. In partic-
ular, this is true for rest-to-rest maneuvers (Fig. 15), even when the
wheels are saturated (for short time) during the control process, it can
be noticed that the controller successfully acts avoiding and limiting
the duration of the saturation. For non-static initial conditions, wheels
need to cumulate higher values of angular momentum to complete the
maneuver. The simulation campaign allows also to verify the proposed
approach successfully addresses forbidden zones avoidance. The mini-
mum angular distance (expressed in deg) between the instrument and
the forbidden zones is shown in Fig. 16. Some critical cases are reported
(6%) in which the FZ are violated, with a maximum violation of
0.5 deg. Given the operating conditions related to the non-static initial
conditions and the overall performance of the control approach, this
slight infringement remains within acceptable limits for the application.

6. Conclusions

This paper proposes an approach based on APF and SMC for space-
craft reorientation with forbidden pointing directions and actuator
limitations. The APF/SMC design strategy allows to realize safe atti-
tude maneuvers, fulfilling pointing constraints while avoiding actuators
saturations. Indeed, both Lyapunov stability analysis and numerical
simulations proved the validity of the proposed guidance and control
strategy to manage parameters uncertainties, external disturbances,
bounded control, and system non linearities. The verification of the
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Fig. 14. Simulation campaign. Quaternions time variation, on top. Angular momentum
and torque produced by each wheel of the cluster, center and bottom, respectively.

closed-loop system robust stability is also carried out by means of u-
analysis, determining the maximum allowable uncertainty that leads
the closed-loop system to instability. A simulation campaign is car-
ried out as part of the robust verification process, validating em-
pirically p-analysis results, and evaluating the effectiveness of the
method in compliance with system uncertainties. Moreover, non static
initial conditions are considered in the simulation campaign to verify
the proposed method to be extendable to multiple-pointing maneu-
ver. However, to ensure practical applicability, cumulative angular
momentum dumping should be considered in the pointing sequence
planning. Future works aim to extend the proposed strategy to manage
challenging dynamic pointing constraints, including reaction wheels
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Fig. 16. Simulation campaign. Minimum angular distance from the forbidden zones.

desaturation strategy. Finally, future developments may consider a
discrete-time SMC formulation, which can offer improved performance
in digital control environments and may be particularly beneficial when
dealing with low sampling frequencies.
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