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Abstract: This work shows a three-dimensional (3D) layerwise model for static and free
vibration analyses of functionally graded piezomagnetic materials (FGPM) spherical shell
structures where magnetic and elastic fields are completely coupled. The 3D magneto-
elastic governing equations for spherical shells are made of the three equations of equi-
librium in three-dimensional form and the three-dimensional divergence equation for the
magnetic induction. Governing equations are written in the orthogonal mixed curvilinear
reference system (α, β, z) allowing the analysis of several curved and flat geometries (plates,
cylindrical shells and spherical shells) thanks to proper considerations of the radii of curva-
ture. The static cases, actuator and sensor configurations and free vibration investigations
are proposed. The resolution method uses the imposition of the Navier’s harmonic forms
in the two in-plane directions and the exponential matrix methodology in the transverse
normal direction. Single-layered and multilayered simply-supported FGPM structures
have been investigated. In order to understand the behavior of FGPM structures, numeri-
cal values and trends along the thickness direction for displacements, stresses, magnetic
potential, magnetic induction and free vibration modes are proposed. In the results section,
a first assessment phase is proposed to demonstrate the validity of the formulation and
to fix proper values for the convergence of results. Therefore, a new benchmark section is
presented. Different cases are proposed for several material configurations, load boundary
conditions and geometries. The possible effects involved in this problem (magneto-elastic
coupling and effects related to embedded materials and thickness values of the layers) are
discussed in depth for each thickness ratio. The innovative feature proposed in the present
paper is the exact 3D study of magneto-elastic coupling effects in FGPM plates and shells
for static and free vibration analyses by means of a unique and general formulation.

Keywords: smart structures; functionally graded piezomagnetic materials; static analyses;
free vibration frequencies and modes; magneto-elastic coupling; exponential matrix method;
layerwise formulation; 3D shell model

1. Introduction
In aerospace structures, innovative materials can be employed in the design of the

next generation of aircraft and spacecraft or in health monitoring. In this framework,
smart structures (in particular, piezomagnetic smart structures) are always of great interest.
The main peculiarity of smart structures is their own dual behavior: a sensor, when a
mechanical load produces a magnetic field in output, and actuator, when a magnetic field
produces specific values of deformations [1–6]. For this reason, a complete study the
behavior of piezomagnetic smart structures is crucial in several applications such as those
in the aerospace, biomedical, civil and automotive fields.
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The present work is devoted to a closed-form solution for the 3D magneto-elastic
static and free vibration investigations of spherical shells. The present three-dimensional
magneto-elastic model allows to analyze different geometries such as plates, cylindrical
shells and spherical shells made of at least one functionally graded piezomagnetic material
(FGPM) layer. These analyses are possible thanks to the use of an orthogonal mixed
curvilinear reference system and specific considerations regarding the radii of curvature of
the proposed structures.

Researchers from all over the world have always demonstrated a strong interest in
smart structures. For this reason, different analytical and numerical formulations for beams,
plates and shells have been proposed in the past years. However, all these works have
gaps in terms of generality, since they presented formulations developed only for particular
geometries of structures and, therefore, a general model capable of analyzing plates, cylin-
ders, cylindrical shells and spherical shells by means of a unique formulation is missing. In
works [7,8], 3D free vibration and static analyses for functionally graded materials (FGMs),
anisotropic and linear magneto-electro-elastic (MEE) plates were presented considering a
semi-analytical finite element method (FEM). A series solution was assumed in the plane
directions and the FEM procedure was adopted in the thickness direction. Esen and Öz-
men [9] investigated the thermal vibration and buckling behaviors of a porous nanoplate
made of an FGM layer of barium-titanate and cobalt-ferrite. Haitao et al. [10] presented 3D
coupled equations of MEE structures derived from the Hamilton principle where the prob-
lem of single sorts of variables was converted into double sorts of variables: The dynamic
characteristics of simply supported FG MEE plates and pipes were studied. Hung et al. [11]
investigated the natural vibration of MEE FG porous plates. The methodology involved
a moving Kriging mesh-free method to analyze the MEE-FG porous plates composed of
piezoelectric and piezomagnetic materials with distributions of porosity. Li et al. [12]
considered a transversely isotropic FG MEE circular plate uniformly loaded. The displace-
ments and electric potential were modeled by polynomials in radial coordinates. In [13],
Pan and Han presented an exact solution for a simply supported multilayered rectangular
plate made of FG, anisotropic and linear MEE materials. The homogeneous solution in
each layer was obtained using the pseudo-Stroh formalism. Phoenix et al. [14] showed
the analysis of multilayered plates embedding piezoelectric/magnetostrictive layers using
layerwise mixed FEM derived from the Reissner mixed variational theorem. Ramirez
et al. [15] calculated free frequencies for orthotropic MEE graded composite plates via two
different approaches based on the concept of discrete layers. In [16], the frequency analysis
of edge-cracked MEE FG plates was investigated using the extended FEM; first-order shear
deformation theory, von Karman’s nonlinear strain-displacement equations and a modified
power-law were considered. In [17], a higher-order finite element model for the static
and free vibration analyses of thick and thin MEE plates was presented. Sladek et al. [18]
presented a meshless local Petrov–Galerkin method based on the Reissner-Mindlin shear
deformation theory for the analysis of FGM plates with a sensor or actuator MEE layer
localized on the top surface of the structures. In [19], Thai et al. showed a nonlocal strain
gradient isogeometric model for free vibration analyses of FG nanoplates made of MEE
materials. Vinyas [20] showed a finite element model derived from Hamilton’s principle
and applied to the vibrational behavior of porous FG MEE circular and annular plates. In
[21], a finite element model was proposed to analyze FG MEE structures when hygrometric,
thermal, magnetic, electric and elastic fields were coupled. In [22], a modified Pagano
method was developed by Wu and Lu for the 3D dynamic response of simply supported,
multilayered and FG MEE plates with three different lateral surface conditions. Xiao et al.
[23] investigated the characteristics of elastic guided waves in an infinite FG MEE plate.
The formulation was based on Hamilton’s principle with the Chebyshev spectral element
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method applied along the thickness direction to obtain the dispersion equation. In [24], a
Reissner–Mindlin model was developed for heterogeneous multilayer laminates made of
FG MEE material using the variational asymptotical method. A semi-analytical flexural
analysis of FG MEE plates was proposed in [25], with material coefficients mathemati-
cally expressed as arbitrary functions in terms of in-plane coordinates utilizing the scaled
boundary FEM in association with the precise integration method. Zheng and Wang [26]
presented a theoretical model to describe a magnetic force arising from an interaction be-
tween the nonlinear magnetization of structures made of soft ferromagnetic materials and
an external applied magnetic field. Thanks to the introduction of displacements, electric
potential, magnetic potential and their dual counterparts as state variables, Zhao and Chen
[27] proposed a symplectic analysis to solve the plane problem of FG MEE materials. A
coupled multi-physical cell-based smoothed FEM which took into account the coupling
effects among elastic, electric, magnetic and thermal fields was proposed by Zhou et al.
[28] to investigate the static behavior of FG MEE structures under thermal conditions. In
[29], Heyliger and Pan showed a mathematical formulation where the weak form of the
equations of motion/equilibrium and Gauss law for magnetism were adopted for the static
analysis of rectangular laminates with arbitrary edge boundary conditions. The same two
authors [30] also proposed an analytical solution for free vibrations of 3D, linear anisotropic,
MEE and multilayered rectangular plates under simply supported edge conditions; the
general solution was obtained via the pseudo-Stroh formalism. Shishesaz et al. [31] pro-
posed a general differential quadrature method based on classical plate theory where the
radial and circumferential stresses in an annular FGM plate with a uniform thickness under
a transverse axisymmetric load were investigated.

In the framework of curved structures, Bhangale and Ganesan [32,33] proposed the
free vibration analysis for FG MEE non-homogeneous cylindrical shells by using a semi-
analytical finite element formulation involving series solution in the circumferential and
axial directions and finite elements in the radial direction. Annigeri et al. [34] presented a
semi-analytical FE model for the influence of the piezomagnetic effect on the frequencies of
clamped-clamped MEE cylindrical shells. Buckling and vibration analyses of FG magneto-
electro-thermo-elastic circular cylindrical shells were investigated [35]. Ni et al. [36]
presented an analytical buckling solution for a cylindrical shell made of two-phase magneto-
electro-thermo-elastic composites under multi-physical fields. A solid-shell FE model for
free vibrations of FG MEE plates and cylindrical shells was developed by Shijie et al.
[37] on the basis of the assumed natural strain and enhanced assumed strain method.
In [38], Tsai and et al. showed a 3D solution for the static analysis of doubly curved
FG MEE shells considering an asymptotic approach. The same authors also proposed
a 3D asymptotic free-vibration analysis with open-circuit surface conditions [39] and a
static analysis under the action of mechanical loads, electric displacements and magnetic
fluxes [40] for simply supported, doubly curved FG MEE shells. Zenkour et al. [41]
proposed an electro-magneto-thermo-elastic analysis for an infinite FG hollow cylinder
in the framework of the thermoelasticity theory. Zhao et al. [42] studied FGM shells
with porosity using a FE formulation based on the first-order shear deformation theory
for the evaluation of static and dynamic behavior under thermal loads. In [43], a fully
geometrically nonlinear FEM formulation was proposed for the analysis of large deflections
of FG carbon nanotubes reinforced with MEE materials. The first-order shear deformation
theory and strain–displacement relations of large rotations were employed. Zhen and
Wang [44] developed a theoretical model for soft ferromagnetic shells to describe their
magneto-elastic behavior when a magnetic field was applied. Pezzulla et al. [45] developed
a 2D reduced model for hard-magnetic, thin, linear-elastic shells that could be actuated
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through an external magnetic field, with geometrically exact strain measures and assuming
a reduced kinematics model based on Kirchhoff–Love assumptions.

The present article is devoted to the analysis of the behavior of FGPM smart structures
using three-dimensional coupled magneto-elastic equations for spherical shell panels. The
proposed model is a general three-dimensional layer-wise model able to investigate the
magneto-elastic coupling in several geometries (plates, cylinders and cylindrical/spherical
shells) including different lamination schemes embedding classical and functionally graded
piezomagnetic materials. These investigations are possible by means of a unified and
general formulation. The 3D set of equations for the magneto-elastic problem is composed
of the three 3D equilibrium equations and the 3D divergence equation for the magnetic
induction for spherical shells. The present set of four 3D second-order differential equations
is solved considering harmonic forms in the in-plane directions for displacements and
magnetic potential and the exponential matrix method in the thickness direction. This
formulation is an extension of the electro-elastic model for piezoelectric multilayered
structures proposed in [46,47] and the magneto-elastic model for classical piezomagnetic
multilayered smart structures proposed in [48].

2. 3D Coupled Magneto-Elastic Equations for Spherical Shells
In the present section, a coupled model for the 3D magneto-elastic problem regarding

spherical shells is proposed. In the first two subsections, the three 3D equilibrium equations
and the 3D divergence equation for magnetic induction are presented for spherical shell
panels as a set of four second-order differential equations governing the 3D coupled
magneto-elastic problem. These equations are written specifically for FGPM structures in
an orthogonal reference system having two curved in-plane coordinates and a rectilinear
transverse normal coordinate. This reference system degenerates from that for spherical
shells to that for plates with easy consideration of the radii of curvature Rα and Rβ. In
Figure 1, all possible geometries are clearly indicated with the related reference middle
surface Ω0 and curvilinear-rectilinear orthogonal reference system (α, β and z). This set of
equations has four basic variables: the three displacements u, v and w and the magnetic
potential ψ. In the last subsection, the resolution method involving harmonic forms and the
exponential matrix method is described. Thanks to the proposed mathematical formulation,
FGPM smart structures can be investigated for static and free frequency problems.

2.1. Geometrical and Constitutive Relations

Geometrical and constitutive equations allow the connection between the magnetic
and the elastic field. These equations are written as follows:



εk
αα

εk
ββ

εk
zz

γk
βz

γk
αz

γk
αβ


=



1
Hα(z)

∂
∂α 0 1

Hα(z)Rα

0 1
Hβ(z)

∂
∂β

1
Hβ(z)Rβ

0 0 ∂
∂z

0 ∂
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1
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1
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∂
∂β

∂
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1
Hα(z)Rα

0 1
Hα(z)

∂
∂α

1
Hβ(z)

∂
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1
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


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 ⇒ εk = ∆(z)uk , (1a)


Hk

α
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∂
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∂
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∂
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ψk ⇒ Hk = −∆H(z)ψk , (1b)
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
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=
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+

−
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25(z) 0
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32(z) qk
33(z) 0 0 qk
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
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Hk
α

Hk
β

Hk
z

 ⇒ σk = Ck(z)εk − qkT(z)Hk ,

(2a)


Bk

α

Bk
β

Bk
z

 =

 0 0 0 qk
14(z) qk

15(z) 0
0 0 0 qk

24(z) qk
25(z) 0

qk
31(z) qk

32(z) qk
33(z) 0 0 qk

36(z)


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εk
αα

εk
ββ

εk
zz

γk
βz

γk
αz

γk
αβ


+

µk
11(z) µk

12(z) 0
µk

12(z) µk
22(z) 0

0 0 µk
33(z)



Hk

α

Hk
β

Hk
z

 ⇒

⇒ Bk = qk(z)εk + µk(z)Hk ,

(2b)

where εk is the strain vector, ∆(z) is the geometric matrix for displacements, uk is the
displacement vector, Hk is the magnetic field vector, ∆H(z) is the geometrical matrix for
magnetic fields for spherical shells, ψk is the scalar magnetic potential, σk is the stress vector,
Ck(z) is the elastic coefficient matrix in the structural reference system for functionally
graded materials, qk(z) is the piezomagnetic coefficient matrix for functionally graded
materials, Bk is the magnetic induction vector and µk(z) is the magnetic permittivity
coefficient matrix for functionally graded materials. Superscripts k and T in Equations (1)
and (2) identify a general physical layer of the structure and the transpose of a matrix,
respectively.

As can be seen in Equation (1), matrices ∆(z) and ∆H(z) involve the curvature terms
Hα(z) and Hβ(z) that can be written as follows:

Hα(z) =
(

1 +
z

Rα

)
, Hβ(z) =

(
1 +

z
Rβ

)
. (3)

In matrices ∆(z) and ∆H(z), the z dependence is obvious, as Hα(z) and Hβ(z) terms
are included. In the thickness direction, the z axis is rectilinear and no curvature is involved:
This feature means Hz(z) = 1. The variable z written in Equation (3) varies from −h/2 to
h/2 but it is also possible to include a shifted coordinate called z̃ that goes from 0 to h. h is
the global thickness of the structure. Terms Rα and Rβ are radii of curvature evaluated on
the reference surface Ω0 in the α and β directions, respectively.

In order to perform a closed-form solution for the proposed three-dimensional
magneto-elastic formulation, only 0◦ and 90◦ orthotropic angles are possible. Therefore,
the following coefficients in matrices Ck(z), qk(z) and µk(z) must be set to zero:

Ck
16(z) = Ck

26(z) = Ck
36(z) = Ck

45(z) = 0; qk
14(z) = qk

25(z) = qk
36(z) = 0; µk

12(z) = 0.
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Spherical Shell Cylindrical Shell

Cylinder Plate

Figure 1. Reference geometries for the proposed three-dimensional coupled elasto-magnetic formula-
tion (3D-u-ψ) and for proposed assessments and benchmarks.

2.2. Governing Equations for Static and Free Vibration Analysis

The present subsection is devoted to the presentation of the 3D governing equations for
the magneto-elastic problem for spherical panels. The set of equations comprises the three
3D equations of equilibrium and the 3D equation of divergence for magnetic induction.
The 3D divergence magnetic induction equation has been proposed in analogy with [46]
for the case of electric displacement.

The governing relations for the three-dimensional coupled magneto-elastic analysis of
spherical panels are as follows:

Hβ(z)
∂σk

αα

∂α
+ Hα(z)

∂σk
αβ

∂β
+ Hα(z)Hβ(z)

∂σk
αz

∂z
+

(2Hβ(z)
Rα

+
Hα(z)

Rβ

)
σk

αz = ρ(z)k Hα(z)Hβ(z)ük, (4a)

Hβ(z)
∂σk

αβ

∂α
+ Hα(z)

∂σk
ββ

∂β
+ Hα(z)Hβ(z)

∂σk
βz

∂z
+

(2Hα(z)
Rβ

+
Hβ(z)

Rα

)
σk

βz = ρ(z)k Hα(z)Hβ(z)v̈k, (4b)

Hβ(z)
∂σk

αz
∂α

+Hα(z)
∂σk

βz

∂β
+ Hα(z)Hβ(z)

∂σk
zz

∂z
−

Hβ(z)
Rα

σk
αα −

Hα(z)
Rβ

σk
ββ+

+
(Hβ(z)

Rα
+

Hα(z)
Rβ

)
σk

zz = ρ(z)k Hα(z)Hβ(z)ẅk,

(4c)

1
Hα(z)

∂Bk
α

∂α
+

1
Hβ(z)

∂Bk
β

∂β
+

∂Bk
z

∂z
= 0. (4d)

ρ(z)k is the mass density of each k layer. ük, v̈k and ẅk indicate the second derivatives in
time of the three displacement components. Partial derivatives in the α, β and z directions
are indicated as ∂

∂α , ∂
∂β and ∂

∂z , respectively. The same set of 3D equations is also valid in
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the static case considering the inertial loads equal zero (they are all the second parts of
Equations (4a)–(4c)).

2.3. Solution Procedure

The solution methodology for the three-dimensional magneto-elastic problem for
FGPM structures can be performed when geometrical relations (Equation (1)) and constitu-
tive equations (Equation (2)) are introduced in the 3D governing equations (Equation (4)).
In this way, the three-dimensional magneto-elastic problem is proposed in terms of the
basic variables u, v, w and ψ.

The resolution method consists in the imposition of harmonic forms for the four basic
variables in the in-plane directions α and β:

uk(α, β, z, t) = Uk(z)ejωt cos(ᾱα) sin(β̄β), (5a)

vk(α, β, z, t) = Vk(z)ejωt sin(ᾱα) cos(β̄β), (5b)

< wk(α, β, z, t), ψk(α, β, z, t) >=< Wk(z), Ψk(z) > ejωt sin(ᾱα) sin(β̄β). (5c)

The exponential term ejωt is equal to one when the static analysis is performed as
the mechanical loads and magnetic potential are in steady-state conditions. Terms
Uk(z), Vk(z), Wk(z) and Ψk(z) are the maximum amplitudes for each primary variable. ᾱ

and β̄ are two numerical terms expressed as follows:

ᾱ =
mπ

a
, β̄ =

nπ

b
, (6)

where m and n are the half-wave numbers and a and b are the in-plane dimensions of the
shell in α and β directions, respectively. Navier harmonic forms written in Equation (5)
fulfil the simply supported boundary conditions at each side.

The inclusion of harmonic forms (Equation (5)) leads to a magneto-elastic problem
where amplitudes Uk(z), Vk(z), Wk(z) and Ψk(z) are the primary unknowns of the problem.
Derivatives in the in-plane directions α and β can be exactly computed as trigonometric
function derivatives are well known.

Governing equations regarding the 3D coupled magneto-elastic problem for FGPM
structures become

Ak
1(z)U

k + Ak
2(z)V

k + Ak
3(z)W

k + Ak
4(z)Ψ

k + Ak
5(z)U

k
,z + Ak

6(z)W
k
,z + Ak

7(z)Ψ
k
,z + Ak

8(z)U
k
,zz = 0, (7a)

Ak
9(z)U

k + Ak
10(z)V

k + Ak
11(z)W

k + Ak
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k + Ak
13(z)V

k
,z + Ak

14(z)W
k
,z + Ak

15(z)Ψ
k
,z + Ak

16(z)V
k
,zz = 0, (7b)

Ak
17(z)U

k + Ak
18(z)V

k + Ak
19(z)W

k + Ak
20(z)Ψ

k + Ak
21(z)U

k
,z + Ak

22(z)V
k
,z + Ak

23(z)W
k
,z + Ak

24(z)Ψ
k
,z+

+ Ak
25(z)W

k
,zz + Ak

26(z)Ψ
k
,zz = 0,

(7c)

Ak
27(z)U

k + Ak
28(z)V

k + Ak
29(z)W

k + Ak
30(z)Ψ

k + Ak
31(z)U

k
,z + Ak

32(z)V
k
,z + Ak

33(z)W
k
,z + Ak

34(z)W
k
,zz+

+ Ak
35(z)Ψ

k
,zz = 0.

(7d)

Static and free frequency problems differ only for the Ak
1(z), Ak

10(z) and Ak
19(z) terms that

include inertial loads in the case of free frequency analyses. These inertial loads are zero
for static problems. Equation (7) comprises four differential equations of second order in z:
They contain amplitudes, their first derivatives in z (subscript, z) and their second-order
derivatives in z (subscript, zz).

In order to conclude the resolution procedure, the exponential matrix methodology is
adopted in the tranverse normal direction. In Equation (7), Ak

i coefficients depend on the z
because of the curvature terms and elastic, piezomagnetic and permittivity coefficients for
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FGPMs. The exponential matrix method can be applied if a system of first-order differential
equations with constant coefficients is obtained. For this reason, in the thickness direction,
a proper number of thin f fictitious layers for each k physical layer is introduced. Therefore,
a generic fictitious layer will be named as j and the total number of fictitious layers will be
M = k · f . In each j layer, elastic, piezomagnetic and magnetic permittivity properties and
curvature terms are defined as constant. If the mathematical formulation is proposed for a
common j fictitious layer, no differences are involved in the equations. In order to have
a set of first-order differential equations, the three-dimensional governing Equation (7)
is redoubled by also adding Uk

,z(z), Vk
,z(z), Wk

,z(z) and Ψk
,z(z) as primary variables. This

feature makes this resolution method very powerful as stresses, strains, magnetic field
components and magnetic induction components along transverse normal direction can be
exactly calculated.

The redoubling of primary variables in Equation (7) results in a set of eight differential
equations of first order in z having constant coefficients written; its matrix form is

DjX j
,z = AjX j ⇒ X j

,z = A∗jX j . (8)

The explicit matrix form of Equation (8) can be seen in [46]. The solution of Equation (8),
adopting the exponential matrix methodology, is

X j(hj) = exp
(

A∗jhj

)
X j(0) =

[
I +

N

∑
i=1

(A∗j)
i

i!
hi

j

]
X j(0) = A∗∗jX j(0). (9)

The exponential matrix exp
(

A∗jhj

)
= A∗∗j is computed considering the Taylor expansion.

The explicit form of the exponential matrix is written in square brackets in Equation (9).
Interlaminar continuity conditions have to be imposed to perform a layer-wise ap-

proach. This approach is mandatory in order to correctly depict the trends of basic variables
through the thickness direction, stresses, strains and magnetic induction. Interlaminar
continuity conditions are valid for both static and free frequency problems. The explicit
form is here written as follows:

uj−1
t = uj

b, vj−1
t = vj

b, wj−1
t = wj

b, ψ
j−1
t = ψ

j
b (10a)

σ
j−1
αzt = σ

j
αzb , σ

j−1
βzt

= σ
j
βzb

, σ
j−1
zzt = σ

j
zzb , B j−1

zt = B j
zb . (10b)

The interlaminar continuity conditions state the continuity at each interface for displace-
ments and magnetic potential (congruence conditions) and for transverse shear/normal
stresses and transverse normal magnetic induction (equilibrium conditions). t indicates the
top of the layer j − 1 and b indicates the bottom of the layer j. The interlaminar continuity
conditions can be written in matrix form as follows:

X j(0) = T j−1,jX j−1(hj), (11)

where matrix T j−1,j is the transfer matrix from the layer j − 1 to the layer j.
Considering a recursive introduction of Equation (11) in Equation (9), the complete

solution along the thickness direction of the structure can be computed as follows:

X M(hM) = A∗∗M T M,M−1 . . . T2,1 A∗∗1X1(0) = HmX1(0). (12)

Hm considers all the peculiarities of the structural configuration in terms of geometry
and material properties. In addition, it even includes the layer-wise approach thanks to
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the transfer matrices computed for each interface. Despite the chosen total number M of
fictitious layers, Hm computation always gives a 8 × 8 matrix.

Simply supported boundary conditions must be imposed at the edges of the structure
as follows:

ψ = 0, w = v = 0, σαα = 0 for α = 0, a, (13)

ψ = 0, w = u = 0, σββ = 0 for β = 0, b, (14)

Considering harmonic forms of Equation (5), these boundary conditions are automatically
satisfied at the edges.

Load boundary conditions have also to be imposed. Regarding the 3D static analysis,
two different load boundary conditions can be imposed: the first ones for the sensor config-
uration (Equation (15)) and the second ones for the actuator configuration (Equation (16)):

σzz = pzt , σαz = 0, σβz = 0, ψ = 0 for z = +h/2. (15a)

σzz = 0, σαz = 0, σβz = 0, ψ = 0 for z = −h/2, (15b)

σzz = 0, σαz = 0, σβz = 0, ψ = ψt for z = +h/2, (16a)

σzz = 0, σαz = 0, σβz = 0, ψ = ψb for z = −h/2. (16b)

As the presented model adopts a closed-form solution, the explicit form of the transverse
normal mechanical load is also harmonic:

pt
z(α, β, z) = Pt

z(z) sin(ᾱα) sin(β̄β). (17)

where Pt
z(z) is the maximum amplitude of the load in the z direction at the top of the

structure. All mechanical load conditions at the boundary for the free vibration problem
are zero at the outer surfaces.

A compact form for the load boundary conditions in the case of static and free vibration
analysis can be written as

BM(hM)X M(hM) = Pt (18)

B1(0)X1(0) = Pb (19)

considering BM(hM) and B1(0) as the 4× 8 load boundary matrices at the external surfaces
of the structure.

Introducing Equation (12) in Equation (18), Equations (18) and (19) can be compacted
as follows: [

BM(hM)Hm

B1(0)

]
X1(0) =

{
Pt

Pb

}
= P ⇒ EX1(0) = P . (20)

For static configurations, the solution of the linear system in Equation (20) evaluates basic
variables at the bottom of the first mathematical layer. Introducing recursively Equation (11)
in Equation (9), the computation of the unknown trends in the thickness direction occurs.

For the free vibration analysis cases, vector P is zero. Therefore, the minimum
eigenvalue of matrix E that makes the space null must be found out. Having found this
value, eigenvalues and the respective eigenvectors that depict circular frequencies and
connected vibration modes, respectively, for the structure can be computed. In the same
way, as described for the static case, the computation of unknown thickness modes along
the thickness direction, starting from the bottom of the first layer, can be performed by
introducing recursively Equation (11) in Equation (9).
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Free vibration analysis in closed circuit configuration considers zero imposed magnetic
potential at external surfaces (ψt = ψb = 0A). Free vibration analysis in open circuit
configuration considers zero imposed transverse normal magnetic induction at external
surfaces (Bzt = Bzb = 0T).

The proposed formulation has been implemented in the Matlab R2022a environment
within an in-house academic software called 3DES (3D Elasticity Solutions) which was
initially developed only for pure elastic problems and then subsequently extended to
multi-field problems.

3. Results
In this section, an “Assessments” part and a “New Benchmarks” part are proposed. In the

“Assessments” part, the proposed formulation is validated by means of comparisons with
other three-dimensional magneto-elastic results obtainable from the open literature. The
assessment part is mandatory in order to deeply know the potentiality of the proposed 3D-
u-ψ model (this acronym comes from the main peculiarities of the model: a 3D formulation
with displacements u and magnetic potential ψ as primary variables). The 3D-u-ψ model
has been assessed in terms of elasto-magnetic coupling, material and thickness layer effects
(for both static and free frequency analyses). This first step is also mandatory to set the
correct values of fictitious layers and the order of the exponential matrix to have convergent
results. Then, considering these values, a new benchmark step is proposed. In this second
subsection, new cases are shown involving all possible geometries (plates, cylindrical shells
and spherical shells) embedding at least one functionally graded piezomagnetic material
(FGPM). The aim of this section is to provide reference results for those scientists interested
in the smart piezomagnetic structures behavior. These results can also be used to validate
further 2D/3D numerical and analytical models regarding magneto-elastic problems.

3.1. Assessments

Five different assessment cases involving different geometries and material config-
urations are proposed in the present subsection. Material layer configurations can be
single-layered FGPM, single-layered magnetostrictive material and single-layered FGM.
Single-layered configuration was obtained as a degeneration of the FGPM configuration.
In addition, 3D models available in the literature regarding piezomagnetic structures are
not so numerous; some assessment cases can take into account only FG non-piezomagnetic
materials. The assessment cases proposed are always related to simply supported boundary
conditions for both static and free frequency analyses.

For both flat and curved panels, a total number of M = 300 fictitious layers has been
adopted and the exponential matrix has been truncated at the third order (N = 3) according
to the Taylor approximation of Equation (9). These two values, as stated in previous work
by Brischetto and Torre [49], are always sufficient to obtain convergent results.

The first assessment (A1) is an open-circuit (Bzt = Bzb = 0 T) static analysis of a
FGPM thick square plate. A transverse normal mechanical load Pzt = 1Pa is applied at the
top. The bottom of the plate is made of CoFe2O4(A) magnetostrictive material and the top
is made of BaTiO3 piezoelectric material. The FGP law along the thickness direction for
mechanical, piezomagnetic and magnetic permittivity coefficients is [8]

Vf =
(2z + h

2h

)p
with − z

2
≤ z ≤ +

z
2

, (21a)

Ei = (EiBaTiO3
− EiCoFe2O4(A)

)Vf + EiCoFe2O4(A)
, (21b)

Gij = (GijBaTiO3
− GijCoFe2O4(A)

)Vf + GijCoFe2O4(A)
, (21c)
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νij = (νijBaTiO3
− νijCoFe2O4(A)

)Vf + νijCoFe2O4(A)
, (21d)

qij = (qijBaTiO3
− qijCoFe2O4(A)

)Vf + qijCoFe2O4(A)
, (21e)

µii = (µiiBaTiO3
− µiiCoFe2O4(A)

)Vf + µiiCoFe2O4(A)
, (21f)

where Vf is the volume fraction of the top phase, Ei are Young moduli, Gij are shear moduli,
νij are Poisson ratios, qij are piezomagnetic coefficients and µii are magnetic permittivities.
Mechanical, piezomagnetic and magnetic permittivity values regarding CoFe2O4(A) and
BaTiO3 are collected in Table 1. Column A1 in Table 2 shows data for geometry, half-wave
number couples and load conditions for boundaries. In Table 3, three different exponential
terms (p = 0, 1 and 5) are considered for comparisons with the reference solution. In Table
3, reference solution results have been obtained taking into account both tabular results and
trends along the thickness direction given in [8]. The results shown in Table 3 are computed
in α = 0.75a and β = 0.25b in-plane coordinates. For all investigated variables, it is possible
to notice a very good accordance between the results provided by the reference solution
and the proposed 3D-u-ψ model. Thanks to this assessment case, magneto-elastic coupling
and the correct depiction of the thickness layer effect can be considered confirmed in the
case of static analyses for flat structures.

Table 1. Elastic, piezomagnetic and permittivity properties for materials used in assessment and new
benchmark cases.

CoFe2O4(A) BaTiO3 Metallic Ceramic CoFe2O4(B)

E1 [GPa] 154.57 116.33 70 380 154.32
E2 [GPa] 154.57 116.33 70 380 154.32
E3 [GPa] 143.57 111.93 70 380 142.83
ν12 0.3679 0.3071 0.3 0.3 0.3656
ν13 0.3987 0.3336 0.3 0.3 0.4013
ν23 0.3987 0.3336 0.3 0.3 0.4013
G12 [GPa] 56.5 44.5 26.923 146.154 56.5
G13 [GPa] 45.3 43 26.923 146.154 45.3
G23 [GPa] 45.3 43 26.923 146.154 45.3
q15 [T] 560 0 0 0 550
q24 [T] 560 0 0 0 550
q31 [T] 580 0 0 0 580.3
q32 [T] 580 0 0 0 580.3
q33 [T] 700 0 0 0 699.7
µ11 [10−6 H/m] −590 5 1.256637 1.256637 −590
µ22 [10−6 H/m] −590 5 1.256637 1.256637 −590
µ33 [10−6 H/m] 157 10 1.256637 1.256637 157

Table 2. Data for geometry, half-wave number couples and load conditions for boundaries for the
five assessment cases.

A1 A2 A3 A4 A5

a [m] 1 1 π
3 · 10 1 1

b [m] 1 1 1 1 1
h [m] 0.3 1 variable 0.2 variable
Rα [m] ∞ ∞ 10 variable 1
Rβ [m] ∞ ∞ ∞ ∞ 1
m 1 1 1 1 1
n 1 1 1 1 1
Pzt [Pa] 1 0 1 0 0
Pzb [Pa] 0 0 0 0 0
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Table 3. Assessment 1, static analysis of a simply supported open-circuit single-layered FGP square
plate. Maximum values through the thickness direction z in α = 0.75a and β = 0.25b.

3D [8] 3D-u-ψ 3D [8] 3D-u-ψ 3D [8] 3D-u-ψ

p = 0 p = 1 p = 5

u [10−12m] −2.18 −2.18 −1.75 −1.75 −1.66 −1.67
v [10−12m] 2.18 2.18 1.75 1.75 1.66 1.67
w [10−12m] 6.55 6.55 5.74 5.79 5.42 5.49
ψ [10−7V] 0.00 0.00 −23 −23 −26.1 −26.1
σαα [Pa] 1.26 1.28 1.15 1.17 1.10 1.09
σzz [Pa] 0.49 0.50 0.49 0.50 0.49 0.50
σαz [Pa] −0.396 −0.392 −0.391 −0.391 −0.395 −0.396
Bα [10−9T] 0.00 0.00 3.64 3.73 4.42 4.45
Bβ [10−9T] 0.00 0.00 −3.64 −3.73 −4.42 −4.45
Bz [10−10T] 0.00 0.00 −8.10 −7.92 −1.29 −1.25

The second assessment is devoted to an open-circuit (Bzt = Bzb = 0T) free frequency
analysis of a single-layered CoFe2O4(A) thick square plate. This configuration has been
obtained as a degeneration of the A1 material case. The material properties are shown in
the CoFe2O4(A) column in Table 1. The mass density of the material is constant through
the thickness direction (ρ = 1 kg/m3). In the A2 column of Table 2, data for geometry and
half-wave number couples for this assessment are shown. The reference solution used for
comparisons is the 3D model for electro-magneto-elastic plates by Chen et al. [50]. In Table
4, the first four circular frequencies in non-dimensional form for n = m = 1 are compared
with the ones computed using the proposed 3D-u-ψ formulation. The results shown in
Table 4 state an accordance between the two different formulations. The results shown for
this assessment permit to attest the validity of the 3D-u-ψ model for the magneto-elastic
free vibration analyses of piezomagnetic flat structures.

Table 4. Assessment 2, free frequency analysis of a simply supported open-circuit single-layered
square plate in CoFe2O4(A). Cmax is the maximum elastic coefficient of matrix C for the CoFe2O4(A)

material.

Mode 3D [50] 3D-u-ψ

ω̃ = ωa√
Cmax/ρ

I 1.97472 1.97472
II 2.33726 2.33726
III 3.18631 3.18631
IV 4.23897 4.23896

The third assessment regards an open-circuit static analysis of a FG cylindrical panel.
The bottom of the cylindrical panel is made of a metallic material (mechanical, piezomag-
netic and magnetic permittivity properties are reported in the metallic column of Table
1) and the top is made of ceramic material (mechanical, piezomagnetic and magnetic per-
mittivity properties are reported in the ceramic column of Table 1). The FG laws are the
same shown in the first assessment. Column A3 of Table 2 gives data for the geometry,
half-wave number couples and load conditions for boundaries. The reference solution
for this assessment is the quasi-3D layer-wise mechanical model proposed in [51]. Com-
parisons between the quasi-3D model in [51] and the proposed 3D-u-ψ formulation are
performed considering different Rα/h thickness ratios and different p exponential values.
As can be seen in Table 5, a very good match between the present 3D-u-ψ model and the
reference solution is highlighted. This assessment permits to validate the correct depiction
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of curvature terms and effects connected with the thickness of the layers for the case of
static analysis involving FGMs.

Table 5. Assessment 3, static analysis of a simply supported open-circuit single-layered FG cylindrical
panel. The transverse normal displacement is evaluated in the middle of the thickness (z̃/h = 0.5).

Rα/h 4 10 100

w [10−10m], p = 1

Quasi-3D [51] 0.0018 0.0170 5.2781
3D-u-ψ 0.0019 0.0170 5.2840

w [10−10m], p = 4

Quasi-3D [51] 0.0032 0.0314 7.9739
3D-u-ψ 0.0032 0.0313 7.9602

w [10−10m], p = 10

Quasi-3D [51] 0.0042 0.0404 9.2018
3D-u-ψ 0.0041 0.0403 9.1637

The fourth assessment is devoted to the free vibration analysis of a closed-circuit
(ψt = ψb = 0 A) single-layered FG cylindrical panel. The same FGM configuration used for
the third case is here adopted (metallic material at the bottom and ceramic material at the
top). The mechanical, piezomagnetic and magnetic permittivity properties are reported
in the proper columns of Table 1. Data for the geometry and half-wave number couples
used for this assessment can be seen in column A4 of Table 2. The FGM laws used for
this assessment are the same as those seen in Equation (21) for the first case, except for a
different definition of the volume fraction Vf and a different FGM law for the mass density
ρ:

Vf =
(

0.5 +
z
h

)p
with − z

2
≤ z ≤ +

z
2

, (22a)

ρ = (ρCeramic − ρMetallic)Vf + ρMetallic , (22b)

where ρCeramic = 3800 kg/m3 and ρMetallic = 2702 kg/m3. The reference solution is the 3D
model by Zahedinejad et al. [52]. In Table 6, the first circular frequency in non-dimensional
form is compared for different a/Rα thickness ratios and different p values. The results
proposed by the 3D-u-ψ formulation are very similar to those proposed by the 3D reference
solution [52]. For this reason, curvature terms and thickness layer effects can be considered
as validated also in the case of magneto-elastic free vibration analysis for curved structures.

Table 6. Assessment 4, free frequency analysis of a simply supported open-circuit single-layered FG
cylindrical panel.

ω̃ = ωh
√

ρCeramic
ECeramic

p 0.0 0.5 1.0 4.0 10

a/Rα = 0.5
3D [52] 0.2113 0.1814 0.1639 0.1367 0.1271
3D-u-ψ 0.2129 0.1815 0.1637 0.1375 0.1298

a/Rα = 1
3D [52] 0.2164 0.1852 0.1676 0.1394 0.1286
3D-u-ψ 0.2155 0.1846 0.1671 0.1393 0.1302

The last assessment takes into account an open-circuit (Bzt = Bzb = 0T) free vibration
analysis of a single-layered FGPM spherical shell. The bottom layer is made of BaTiO3
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material and the top layer is made of CoFe2O4(B) material. The mechanical, piezomagnetic
and magnetic permittivity properties of both constituent phases are collected in Table 1; the
geometrical data and load conditions are collected under the A5 column in Table 2. The
FGPM laws adopted are the following:

Vf =
( z + h/2

h

)p
with − z

2
≤ z ≤ +

z
2

, (23a)

Ei = EiBaTiO3
(1 − Vf ) + EiCoFe2O4(B)

Vf , (23b)

Gij = GijBaTiO3
(1 − Vf ) + GijCoFe2O4(B)

Vf , (23c)

νij = νijBaTiO3
(1 − Vf ) + νijCoFe2O4(B)

Vf , (23d)

qij = qijBaTiO3
(1 − Vf ) + qijCoFe2O4(B)

Vf , (23e)

µii = µiiBaTiO3
(1 − Vf ) + µiiCoFe2O4(B)

Vf , (23f)

ρ = ρBaTiO3(1 − Vf ) + ρCoFe2O4(B)Vf , (23g)

where the two mass densities are ρBaTi03 = 5800 kg/m3 and ρCoFe2O4(B) = 5300 kg/m3. The
reference solution is the 3D asymptotic approach for the free-vibration analysis of spherical
shells by Tsai and Wu [39]. In Table 7, the first circular frequencies in non-dimensional
form for four different exponential laws and for three different h/a thickness ratios are
compared. Very good conforming between the results given by the present formulation
and the 3D asymptotic results in [39] is shown. In terms of percentage, the relative error
is always around 1% for each presented case. This last assessment allows to validate the
free-vibration analysis of curved structures involving FGPMs.

Table 7. Assessment 5, free frequency analysis of a simply supported open-circuit single-layered FGP
spherical shell. C11 and ρ are the elastic coefficient and the mass density of the CoFe2O4(B) material,
respectively.

ω̃ = ωh
√

ρ
C11

p 0.1 0.5 1 2

h/a = 0.05

3D [39] 0.03579 0.03446 0.03357 0.03270
3D-u-ψ 0.03400 0.03400 0.03312 0.03226

h/a = 0.10

3D [39] 0.07796 0.07502 0.07314 0.07139
3D-u-ψ 0.07688 0.07390 0.07198 0.07019

h/a = 0.15

3D [39] 0.12963 0.12480 0.12183 0.11919
3D-u-ψ 0.12768 0.12271 0.11960 0.11677

According to the presentation of these results and each comment at the end of each
assessment case, the 3D-u-ψ model can be considered validated for the static and free
vibration analysis for flat and curved FGPM structures. Correct results are obtained when
M = 300 fictitious layers and truncation at the third order (N = 3) of the exponential
matrix are employed. Considering these two values, elasto-magnetic coupling, thickness
and material layer effects are always properly evaluated for all thickness values and for
both static and free frequency investigations.
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3.2. New Benchmarks

In the present part, three new cases involving static and free frequency analysis of
flat and curved panels have been proposed. As concerns static analyses, displacements,
stresses, magnetic potential and transverse normal magnetic induction at several z̃/h
thickness locations are given in tabular form for several thickness ratios (from thick to thin
panels). In addition, the trend along the thickness direction of the same six tabular variables
is proposed in graphical form for moderately thin structures. In the case of free vibration
analysis, the first three circular frequencies are presented for different (m, n) half-wave
numbers and different thickness ratios. Even for this case, thickness modes are proposed in
graphical form for moderately thin structures. The aim of these new benchmark cases is to
investigate elasto-magnetic coupling and effects connected with the embedded materials
and the thickness of each layer for FGPM structures. As clearly stated in the assessments
subsection, the tabular and graphical results are computed using M = 300 fictitious layers
and truncation at the third order (N = 3) of the exponential matrix.

In the first benchmark (B1), the static analysis of a square FGPM plate is proposed. The
actuator configuration has ψt = 15A and ψb = 0A values imposed at the external surfaces
of the plate. The bottom of the plate is made of CoFe2O4(A) magnetostrictive material and
the top is made of BaTi03 piezoelectric material. The mechanical and magnetic properties
of both materials are collected in Table 1 under the related columns. The FGPM laws
adopted in the thickness direction are the same as those already proposed in Equation (21).
Geometrical data can be seen in Table 8 under the B1 column. In Table 9, the results
for variables u, w, ψ, σαα, σβz, σzz, Hz and Bz are proposed for different thickness ratios
(from thick a/h = 4 to thin a/h = 100 panels) and for three different p exponential terms
(p = 0.5, 1 and 2). In Figure 2, trends along the thickness direction for the same variables
of Table 9 are proposed for a/h = 10 and p = 0.5. Thanks to the opportune inclusion
in the model of the interlaminar continuity conditions, no discontinuities are present for
any of the presented variables: The mechanical and magnetic properties of the FGPM
plate vary with continuity along the thickness direction. The correct imposition of the
load boundary conditions for the actuator case can be seen in values of variable ψ at the
external surfaces (ψt = 15A and ψb = 0A). σzz is zero at the top and bottom of the structure
configuration because mechanical loads are not applied at the outer surfaces of the plate.
For this benchmark, elasto-magnetic coupling and effects connected with the thickness of
the layers are clearly shown in Table 9 and Figure 2 .

Table 8. Data for geometry, half-wave number couples and load conditions for boundaries for the
three benchmark cases.

B1 B2 B3

a [m] 1 π
3 10 π

3 10
b [m] 1 10 π

3 10
h [m] variable variable variable
m 1 1 variable
n 1 1 variable
Rα [m] ∞ 10 10
Rβ [m] ∞ ∞ 10
ψt [A] 15 / /
ψb [A] 0 / /
Pzt [Pa] 0 10,000 0
Pzb [Pa] 0 0 0



J. Compos. Sci. 2025, 9, 214 16 of 24

Table 9. Benchmark 1, simply supported FGPM square plate. Actuator configuration.

a/h 4 10 20 50 100

u (z̃/h = 1.00) [10−8 m]
0.29839 0.59401 1.1692 2.9114 5.8197

w (z̃/h = 0.50) [10−8 m]
−1.2881 −0.48023 0.67175 8.4369 36.130

ψ (z̃/h = 0.25) [A]
2.6235 1.4712 1.3718 1.3457 1.3421

σαα (z̃/h = 0.50) [103 Pa]
1.6978 3.0755 5.9588 14.772 29.510

p = 0.5 σβz (z̃/h = 0.25) [Pa]
109.23 67.964 65.612 65.050 64.973

σzz (z̃/h = 0.50) [Pa]
60.380 15.304 7.3940 2.9328 1.4647

Hz (z̃/h = 0.00) [T]
−29.510 −39.829 −73.875 −180.91 −360.75

Bz (z̃/h = 1.00) [T]
−0.00143 −0.00548 −0.01134 −0.02860 −0.05728

u (z̃/h = 1.00) [10−8 m]
0.5003 1.0082 1.9985 4.9867 9.9709

w (z̃/h = 0.50) [10−7 m]
−0.2889 −0.2246 −0.4477 −2.0749 −7.8948

ψ (z̃/h = 0.25) [A]
3.5109 1.6293 1.4933 1.4582 1.4533

σαα (z̃/h = 0.50) [103 Pa]
2.6201 3.9159 7.4746 18.460 36.856

p = 1 σβz (z̃/h = 0.25) [Pa]
153.30 65.347 61.511 60.634 60.515

σzz (z̃/h = 0.50) [Pa]
85.458 15.248 7.1931 2.8374 1.4160

Hz (z̃/h = 0.00) [T]
−51.746 −57.691 −105.15 −256.31 −510.78

Bz (z̃/h = 1.00) [T]
−0.00147 −0.00767 −0.01601 −0.04046 −0.08105

u (z̃/h = 1.00) [10−8 m]
0.6246 1.4079 2.8379 7.1132 14.232

w (z̃/h = 0.50) [10−8 m]
−6.1886 −4.4206 −9.9226 −49.793 −192.36

ψ (z̃/h = 0.25) [A]
5.6716 2.0803 1.8736 1.8214 1.8141

σαα (z̃/h = 0.50) [103 Pa]
3.3805 3.9648 7.4913 18.460 36.845

p = 2 σβz (z̃/h = 0.25) [Pa]
106.24 5.3358 4.8545 4.9598 4.9825

σzz (z̃/h = 0.50) [Pa]
73.809 3.4172 1.4976 0.5870 0.2928

Hz (z̃/h = 0.00) [T]
−93.338 −82.213 −147.25 −357.28 −711.54

Bz (z̃/h = 1.00) [T]
−0.00031 −0.01045 −0.02219 −0.05630 −0.11284
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Figure 2. Benchmark 1, simply supported FGPM square plate in actuator configuration. Thickness
ratio a/h = 10 and p = 0.5.

In the second benchmark (B2), a static analysis of a cylindrical shell made of FGPM
is presented. The sensor configuration considers a transverse normal mechanical load
imposed on the external surfaces (Pzt = 10, 000 Pa and Pzb = 0 Pa). The magnetic potential
is not imposed as zero at external surfaces but it is free. The material configuration is the
same as that proposed in the B1 case (bottom constituent is CoFe2O4(A) and top constituent
is BaTi03). Both the mechanical and magnetic material properties are given in Table 1 and
data for the geometry, half-wave number coupled and load conditions for boundaries
are summarized in Table 8. Mechanical and magnetic FGPM laws are the same as those
presented for the B1 case (see also Equation (21)). Table 10 shows the tabular results
for different p values and different Rα/h thickness ratios at specific z̃/h locations for the
following variables: v, w, ψ, σαβ, σαz, σzz, Hz and Bz. The same variables as those in Table
10 are shown for Rα/h = 10 and for p = 1 in Figure 3. The trends in Figure 3 are typical of
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FGM structures as mechanical and magnetic properties continuously vary in the thickness
direction according to the laws in Equation (21). Differently from multilayered structures,
no changes in slope and/or discontinuities are present. So, it can be stated that interlaminar
continuity conditions are correctly imposed. In addition, elasto-magnetic coupling and
effects connected with the thickness of the layer are perfectly depicted. Load boundary
conditions are satisfied considering the σzz values at the top and at the bottom of the
structure. No impositions at the outer surfaces on the magnetic potential profile are used,
as can be seen from the ψ trend along the thickness direction in Figure 3.
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Figure 3. Benchmark 2, simply supported FGPM cylindrical shell in sensor configuration. Thickness
ratio Rα/h = 10 and p = 1.
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Table 10. Benchmark 2, simply supported FGPM cylindrical shell. Sensor configuration.

Rα/h 4 10 20 50 100

v (z̃/h = 1.00) [10−6 m]
−0.7056 −0.3000 −6.0457 −11.468 −18.920

w (z̃/h = 0.50) [10−5 m]
0.2046 1.4672 4.6106 13.770 28.229

ψ (z̃/h = 0.25) [A]
−0.5205 −0.6817 −0.3053 0.8851 2.4881

σαβ (z̃/h = 0.50) [104 Pa]
0.7236 4.7170 15.026 45.488 93.712

p = 0.5 σαz (z̃/h = 0.25) [103 Pa]
7.7533 10.567 8.3150 3.7594 1.7441

σzz (z̃/h = 0.50) [103 Pa]
3.9494 2.7187 3.1550 4.3034 4.8268

Hz (z̃/h = 0.00) [T]
0.26302 0.63255 0.31337 −2.1552 −6.5278

Bz (z̃/h = 0.50) [10−7 T]
−35.586 −10.779 −3.3317 0.1724 0.6784

v (z̃/h = 1.00) [10−6 m]
−0.6805 −2.8823 −5.7722 −10.858 −17.828

w (z̃/h = 0.50) [10−5 m]
0.1979 1.4085 4.4111 13.139 26.915

ψ (z̃/h = 0.25) [A]
−0.5356 −0.6931 −0.3261 0.8115 2.3188

σαβ (z̃/h = 0.50) [104 Pa]
0.7295 4.7504 15.158 45.920 94.628

p = 1 σαz (z̃/h = 0.25) [103 Pa]
7.8032 10.623 8.3296 3.7407 1.7192

σzz (z̃/h = 0.50) [103 Pa]
3.9703 2.7505 3.2131 4.3812 4.9088

Hz (z̃/h = 0.00) [T]
0.2505 0.6032 0.3054 −2.0113 −6.1123

Bz (z̃/h = 1.00) [10−7 T]
−57.372 −15.305 −4.4697 0.1474 0.6637

v (z̃/h = 1.00) [10−6 m]
−0.6530 −2.7492 −5.4751 −10.248 −16.786

w (z̃/h = 0.50) [10−5 m]
0.1921 1.3535 4.2198 12.547 25.696

ψ (z̃/h = 0.25) [A]
−0.5482 −0.6967 −0.3357 0.7560 2.1815

σαβ (z̃/h = 0.50) [104 Pa]
0.7599 4.8888 15.505 46.834 96.459

p = 2 σαz (z̃/h = 0.25) [103 Pa]
7.7644 10.555 8.2808 3.7597 1.7696

σzz (z̃/h = 0.50) [103 Pa]
3.9505 2.7284 3.1948 4.3625 4.8896

Hz (z̃/h = 0.00) [T]
0.2429 0.5869 0.3147 −1.8588 −5.7136

Bz (z̃/h = 1.00) [10−7 T]
−74.540 −15.009 −2.5382 1.3616 1.2465
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In the third benchmark (B3), an open-circuit (Bzt = Bzb = 0 T) free vibration analysis
of a multilayered FGPM spherical shell is investigated. The bottom external lamina is totally
made of CoFe2O4(A) magnetostrictive material, the top external lamina is totally made of
BaTi03 piezoelectric material and the central lamina is made of FGPM. The thickness of
each external lamina is 0.2h and the thickness of the central lamina is 0.6h (h is the total
thickness). The FGPM laws in the thickness direction are the same as those presented for
the B1 case (see also Equation (21)). Mass density ρ has the following exponential law:

ρ = (ρBaTi03 − ρCoFe2O4(A))Vf + ρCoFe2O4(A) (24)

where ρBaTi03 = 5800 kg/m3 and ρCoFe2O4(A) = 5300 kg/m3. The mechanical and magnetic
properties of the two constituents are written explicitly in Table 1 under the CoFe2O4(A)

and BaTi03 columns. The data for geometry are reported in Table 8 under the B3 column.
In Table 11, the first three circular frequency values ω for different half-wave number
couples (m, n) and different Rα/h thickness ratios are given by considering p = 0.5 as
an exponential term. It is possible to notice that the curvature effect of the configuration
is clearly marked because the circular frequency related to the I mode decreases from
thick to thin thickness ratios. In Figure 4, the thickness modes related to the first three
vibration modes for (1, 1) half-wave numbers, p = 0.5 and Rα/h = 10, are shown in terms
of normalized values u∗, v∗, w∗, ψ∗ and B∗

z . The normalization is performed by dividing u,
v, w, ψ and Bz by their own maximum values. From Figure 4, the correct imposition of the
open-circuit conditions is clear in the B∗

z trend, together with the thickness layer effect and
the correct impositions of conditions for the interlaminar continuity.

Table 11. Benchmark 3, simply supported multilayered FGPM spherical shell. First three circular
frequencies for different (m, n) half-wave number couples. Open-circuit configuration.

Rα/h 4 10 20 50 100

ω [rad/s] for (1, 1) and p = 0.5

I mode 741.66 567.44 527.21 514.95 513.22
II mode 1292.61 1362.21 1381.78 1392.53 1395.94
III mode 2203.66 2442.88 2503.23 2532.23 2540.64

ω [rad/s] for (1, 2) and p = 0.5

I mode 1339.93 832.10 625.47 544.13 531.68
II mode 2007.38 2146.20 2182.52 2201.05 2206.67
III mode 3208.82 3693.13 3825.41 3883.67 3899.03

ω [rad/s] for (2, 2) and p = 0.5

I mode 1843.72 1145.43 762.92 574.99 542.11
II mode 2503.65 2706.50 2758.94 2784.32 2791.70
III mode 3889.33 4578.08 4784.84 4872.59 4894.20
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Figure 4. Benchmark 3, simply-supported FGPM spherical shell in open-circuit configuration. First
three thickness vibration modes for (1, 1) half-wave numbers. Thickness ratio Rα/h = 10 and p = 0.5.

4. Conclusions
The present work shows an exact 3D coupled magneto-elastic analysis for shells

and plates taking into account functionally graded piezomagnetic materials (FGPMs).
The present model solves the 3D governing equations for the elasto-magnetic problem
for spherical panels; the three three-dimensional equations of equilibrium are coupled
with the three-dimensional equation of divergence for the magnetic induction. Static
and free vibration problems are analyzed. The resolution method to solve the governing
equations of the three-dimensional elasto-magnetic problem considers harmonic forms in
the in-plane directions and the exponential matrix methodology in the thickness direction.
The three-dimensional elasto-magnetic problem is solved in a closed-form solution: Only
simply-supported structures can be solved. In the assessment part, the present three-
dimensional mathematical formulation was validated considering other 3D magneto-elastic
models from the literature for both static and free frequency investigations. Therefore, new
benchmarks were discussed and presented in terms of elasto-magnetic variables (tabular
and graphical forms) and in terms of circular frequencies. Different thickness ratios and
several exponential laws for FGPMs are considered for each benchmark case. The present
three-dimensional coupled elasto-magnetic model correctly describes all three-dimensional
features in the static case and it correctly calculates circular frequencies and thickness
vibration modes in the free vibration case. Functionally graded typical effects are perfectly
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evaluated thanks to a correct imposition of interlaminar continuity in terms of congruence
and equilibrium conditions. The use of FGPM layers always allows the continuity of
each variable through the thickness direction. The typical zigzag effect of multilayered
structures is shown for both static and free frequency analyses. For both static and free
frequency investigations, load boundary conditions are always satisfied. The present model
can be adopted to understand the 3D behavior of FGPM spherical shell panels with the
possibility to also analyze simpler geometries, such as plates and cylindrical shells, by
simply considering proper radii of curvature. A future development of the proposed 3D
model will be a 3D elasto-electro-magnetic model able to investigate the generation of a
magnetic potential due to electric or mechanical loadings. Future developments will also
consider the coupling of further physical fields such as thermal and hygroscopic ones and
the finite element extension in order to consider further boundary conditions different
from the simply supported ones, more complicated geometries and new materials different
from the isotropic or orthotropic ones. The proposed 3D model is very suitable for a
finite element extension because it is simple and light in terms of computational costs.
The proposed 3D analytical results will be used as validation assessments for the future
finite element extension where the Navier harmonic forms will be replaced by the shape
functions and weak forms typical of the finite element formulation.
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