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criteria and 2D higher-order structural theories

M. Petrolo‘® *!, E. Tortorelli?, S. Saputo?, E. Carrera’
MUL? Lab, Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy

ARTICLE INFO ABSTRACT

Keywords: This paper combines higher-order two-dimensional (2D) structural theories and Hashin 3D criteria for
Composites the progressive damage analysis of composite structures. The structural model is based on the Carrera
Dan}llage Unified Formulation (CUF), which allows the implementation of any-order structural theory, and a layer-wise
Hashin

formulation is used. The current work employs first- to third-order Lagrange polynomials along the thickness of

g;\lj[ each ply. Numerical tests concern tensile loads and focus on a single element for verification and, then, on the
stress—strain curves and damage distributions of center-notched and over-height tensile specimens. Convergence
analyses are carried out, and the impact of increasing the scale of specimens on the computational costs is
assessed. Comparisons with numerical and experimental results from the literature are carried out. The results
show a good match with numerical references and experimental data. The use of higher-order 2D theories
leads to lower computational overhead with no accuracy penalties. In fact, higher-order kinematics can detect
3D stress and strain fields without the necessity of employing refined solid meshes. Furthermore, increasing
the specimen scale does not lead to higher computational costs.

1. Introduction within the structure. Still, it comes with a significant increase in com-
putational workload. DDM techniques usually consider discontinuities
Fiber-reinforced composites are an important class of materials in across cracks within the finite element mesh. A common approach is
the aerospace sector today due to their advantageous properties like the eXtended-Finite Element Method (x-FEM) [4,5]. Another technique
high specific strength and stiffness [1]. However, analyzing progressive for discrete modeling involves using cohesive models based on the
damage in fiber-reinforced composites is challenging due to the various Cohesive Zone Method (CZM). Discrete damage models based on co-
failure modes that occur under applied loading conditions and their hesive interface elements have been applied to the progressive damage
interactions. Failure modes are complex, and it is not straightforward to analysis of laminates under tensile loads and the interaction between

translate them into a numerical material model while maintaining the matrix cracks and delamination [6,7].
physics of damage progression and its impact on structural integrity. An alternative approach to reduce computational costs is based on
Therefore, the numerical modeling of progressive damage in compos- continuum damage mechanics (CDM). The cracks within the composite

matrix are distributed throughout the volume of the finite element, and
their effects are represented by damage parameters that influence the
stiffness of the material point within the global structure [8]. However,
the CDM approach shows a strong mesh dependency. To mitigate this

ites is a highly active research area, as indicated by the substantial

scientific literature produced over the past few decades [2,3].
Typically, computational models that simulate the progressive dam-
age in fiber-reinforced composites are divided into discrete damage
models (DDM) and continuum damage models (CDM). The first method problem, the crack-band theory is typically used, scaling the fracture
provides physically accurate damage mechanisms and their interac- energy with a characteristic length derived from the finite element’s
tions, considering the explicit geometrical representation of cracks dimensions [9]. The first to apply the CDM to study the creep rupture
of metals was Kachanov [10]. Some initial works on continuum damage
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Fig. 1. Reference frame and Q9 elements.

modeling of composite laminates include the works of Matzenmiller
et al. [11] and Ladaveze et al. [12]. Several recent studies employing
continuum damage modeling have investigated various aspects of com-
posite materials, ranging from the analysis of size effects in composite
laminates [13], the notched behavior of composite laminates under
tension [14], the progressive damage analysis of composite structures
loaded in compression [15], and the impact analysis of composite
plates [16].

In the continuum damage mechanics, the material degradation
rules are based on the failure criteria to predict damage initiation,
progressive failure properties, and ultimate failure strengths of com-
posite laminates. Continuous efforts are underway to develop failure
criteria to predict initial failure and microcracking in composite lami-
nates. Examples of these criteria include the maximum stress, Hashin,
Puck, Hoffman, Yamada-Sun, Tsai-Hill, and Tsai-Wu criteria [17-22].
Arruda et al. [23] introduced an innovative 2D orthotropic damage
model based on the Tsai-Wu criterion capable of identifying significant
failure mechanisms. In [24], a non-linear progressive damage model
is presented, combining the Hashin and Matzenmiller-Lubliner-Taylor
(MLT) failure criteria and applied to 3D woven composites. Other works
adopt 3D Hashin failure criteria [25,26].

The computational costs of progressive damage analysis for compos-
ite structures can be extremely high, even with the relative efficiency
of CDM models, especially for complex structures. This is often due
to the necessity of refined, usually 3D, meshes to achieve an accurate
stress field, which is crucial for the nonlinear material model. Various
techniques have been suggested in the literature to enhance the com-
putational efficiency of these analyses. A popular method is solid/shell
coupling, where the global structure is composed of shell elements, with
solid elements used only in regions where damage is likely to occur as
in the global/local approach [27,28].

The current work focuses on the improvement of the computa-
tional efficiency by using the Carrera Unified Formulation (CUF) [29]
with two-dimensional (2D) finite elements based on higher-order struc-
tural theories to obtain accurate 3D stress fields [30]. CUF capabil-
ities in the progressive damage model have been shown in recent
years by Nagaraj et al. [31,32] using CODAM2 [33] and a 2D Hashin
failure criterion. Trombini et al. [34] combined the Hashin 3D or-
thotropic model with refined one-dimensional (1D) finite elements
based CUF. The present work extends the development by consid-
ering the Hashin 3D orthotropic model and 2D finite elements. The
Layer-Wise (LW) approach is used to model the through-the-thickness
behavior of plates [35,36], where displacement field continuity is
ensured at each ply interface [36]. LW is useful for progressive damage
analyses as it improves the accuracy of transverse stresses, including

interface continuity. This work extends previous research by integrating
higher-order CUF-based LW theories with 3D Hashin failure criteria for
progressive damage analysis underlying the capability of LW formula-
tion based on the CUF to predict accurate 3D stress without requiring
refined 3D meshes.

This paper is structured as follows: Section 2 describes CUF and
finite element method for 2D models; Section 3 presents an overview
of the continuum damage model and failure criteria. Numerical results
are presented in Section 4. Then, the key conclusions of this study are
summarized in Section 5.

2. Structural theories and finite elements formulation

The two-dimensional (2D) model adopted in this work is based
on the Carrera Unified Formulation (CUF) [29]. CUF allows writing
the unknown fields and relating governing equations of any 1D or 2D
refined theory using fundamental nuclei (FN) [37], whose expressions
do not depend on the assumptions used, such as type and order of
the functions. Using the reference system shown in Fig. 1, the three-
dimensional (3D) displacement field, u(x,y,z), can be expressed as
a product between a 2D in-plane shape function, N;(x,y), and 1D
expansion function F_(z),

u(x,y,z)= F.(2)N;,(x,Yu,, t=1,....M i=1,...,p (@)

F_(z) are the expansion functions modeling the displacement field along
the thickness and having “M” terms. u,; is the nodal unknown vector.
N;(x,y) are the 2D shape functions, and p is the number of nodes of
each element. This work uses four- (Q4) and nide-node (Q9) elements.
The choice of F, and its order is an input of the analysis and is
usually done via a convergence analysis. F, defines the structural theory
adopted. The modeling strategy of this paper is layer-wise (LW), i.e., the
displacement variables are defined on each layer, and continuity is im-
posed at the interface. In the LW case, the displacement field becomes

uk(x,y.¢%) = FE(COub(x,y),  t=1,....M 2

k is the ply index and ¢ is the thickness domain, [—-1,1]. The current
work uses the Lagrange expansions (LE); first- (LE1), second- (LE2),
and third-order (LE3) polynomials are used. Further information on
applying Lagrange polynomials as an expansion function for 2D plate
modeling can be found in [29]. The 3D stress and strain components
are grouped as follows:

- T
o= {O—xx’ayy’gzz’axy’axx’ayz} 3)

— T
€= {exx’ €yys €225 Exys €xzo €yz}
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The linear strain—displacement relation is considered,

e=Bu (C)]
where the linear differential operator B is
[0, 0 o |

0 9, 0

0 0 o,
B= )

9, 9 O

9, 0 o,

0 9, 9,

The constitutive relation considering the damaged state can be written
as follows:

o =C"%¢ (6)

C*¢¢ is the secant material stiffness matrix. The equations are solved
using explicit time integration techniques and the central difference
scheme. More details on implementing the explicit scheme in CUF can
be found in [31].

3. Damage model

This paper adopts the 3D Hashin criteria for matrix and fiber tensile
failures [38]. The fiber damage initiation occurs when failure index F 1t
> 1, with

oy : 012 : 13 :
ro= () +or |(52) +(32) @

Xp is the fiber tensile strength, and S;, and S;5 are the shear strengths.
ay is the interaction coefficient for fibers and, unless otherwise stated,
is set equal to zero. A more comprehensive discussion on this parameter
is added in the result section. Similarly, F,,, > 1 for the matrix damage
initiation along the transverse direction, with

Oy + O 2 1 (o3 2 [o2 2
22 T 033 2 12 13
F,=|———=) + =0 —opo)+|=—) +( =— 8
" < Yr > S,i( 2~ o2%) <512> <513> ®
Y, is the matrix tensile strength, and S,3 is the shear strength. The
damage progression criteria exploit equivalent tensile displacements,
6efq’ and 6;’;’, for fibers and matrix, respectively,

6£=lcyl<ell)2+e%2+elz3 9

=1, \/(622)2 +(e3)2 + €], + e, + ey (10)

(-) is the Mcaulay bracket, 1 is the characteristic length set equal to
the cubic root of the Gauss point volume, 1.= (V;p)'/3. The Gauss
point volume is the portion of the element volume associated with
each Gauss point. For instance, with one Gauss point, the Gauss point
volume equals the entire element volume. With two Gauss points, each
Gauss point volume is half of the element volume. Furthermore, the
characteristic length relates the displacement to the equivalent strain
as 6,,= l.¢,,. The corresponding equivalent stresses in the longitudinal
and transverse directions are

olt = L.((o11)(€11) + 01261 + 013€13) an
q f1

5eq
oM = [.((o22)(€22) + (033)(€33) + O12€12 + 03603 + 013€3) a2)

eq 5mt

eq

Fig. 2 shows the constitutive equivalent stress—displacement rela-

tion in which the ultimate displacement corresponds to the damage
saturation,

gor 261

1
9 =X, ¢
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Fig. 2. Constitutive equivalent stress—displacement relation.

2G,,
—n 14
T 14)

G, and G,, are the fracture energies in longitudinal and transverse
directions, respectively; 7T is the peak value of the equivalent transverse
stress when the damage occurs, T= ‘TZZ PRE The equivalent stress
and displacement at the damage initiation are necessary to define the
damage evolution. In this paper, a parameter, d, is used as follows:

um _
6eq =

0
_ OO0 = %) (15)
594(5341 - 521])

5? =6, is the equivalent displacement at the damage initiation.
q 9| F=1
The stiffness matrix in the damaged state, cdam g

C Cpp Cp 0 0 0

clam = —| 16)

>N

A=1-(=dg)1=dp)Vvipva = (1 = dy)vazviy = (1 —dp)vizvsy a7
=2(1 =dp)1 = d, vy v3pvi3

The damage parameters d, and d,, refer to fiber and matrix, respec-
tively,

dy=1-(~-d;)1~ds) as)

d,=1-(1-d,)1-dg) 19)

d;, and d,,, refer to fiber and matrix traction, d,. and d,,. to fiber and
matrix compression. The matrix components are defined as

Cpy == =d, v l(1 —dE; Cpy = (1=d,)(1=d,)(vy +vy3v3)E,
Cyp=[1—(1=dpvyyvisl(1 —d,)E, Cpy=(1—dp)(vs +(1=d,)vyv3)E,
Cyy=[1—(1=d (1 = d )y vyl Es  Cyy = (1= d,)(vs + (1 —d)viyv5)E,

Cy = Al —d)(1 - d,)G), Css = 4Gy,

Ces = 4G 3
(20)
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Fig. 3. Stress—strain response of the single element under uni-axial traction.

The constitutive elastic stress—strain relation can be written as

o = Cdame 21

More information about damage evolution parameters can be found
in [31].

4. Numerical results

This section presents three numerical cases of tensile loading taken
from the literature. The aim is to evaluate the accuracy and efficiency
of the 3D Hashin damage model combined with 2D CUF theories
when compared with the CODAM2 damage model, 2D Hashin criteria,
experimental results, and Abaqus analyses.

4.1. Single element

The first numerical case considers a single element of 1 mm x 1 mm
to verify the damage model. The material system used is IM7,/8552 car-
bon fiber reinforced polymer (CFRP) with a ply thickness of 0.125 mm;
see Table 1. The structural model is a Q4 with the ply thickness
kinematics modeled using LE1 as in [31] with three loading cases.
The first case consists of the uni-axial traction in the longitudinal
direction with the fibers aligned to the y-direction. The second case
consists of the loading in the transverse direction with respect to the
fiber, i.e., fibers perpendicular to the y-direction. The last numerical
example considers a quasi-isotropic [90/45/0/-45],, laminate. Stress—
strain curves are shown in Fig. 3 with results from four models: Hashin
3D and CUF; CODAM 2 and CUF taken from [31]; CODAM 2 and LS-
Dyna taken from [14]; and Hashin 3D with Abaqus continuum shell

elements. Table 2 reports equivalent strains and stresses at damage
initiation (eg and 02 ) and the ultimate equivalent strain (e‘e‘q). Based
on the results obtained for the verification test of the single element,
the following considerations are made:

1. The peak stresses predicted by the present model match the
fiber and matrix material strengths, respectively. Once the max-
imum peak value has been reached, the load capacity decreases
linearly until the damage saturation strain is reached.

. For all three cases, the four modeling approaches provide very
similar curves.

4.2. Center-notched specimen

The second numerical case considers a center-notched specimen
under tension loading and based on [14], where size effects were
investigated. In this work, the notch length is C=25.4 mm, the gauge
width is W=127 mm, and the gauge length is L=508 mm. The boundary
conditions and geometry of the specimen are shown in Fig. 4, where the
specimen is clamped at one edge and a displacement along y-direction
is applied at the free edge. The material system used in each case is
IM7/8552 CFRP as in Table 1. The ply stacking sequence is [45/90/-
45/0],, with a ply thickness of 0.125 mm. The results are compared
with models taken from [14]; namely, LS-Dyna employing the CODAM2
and a Ladeveze-based damage model from Abaqus (ABQ-DLR), with
the fiber damage evolution by an exponential softening law in [14].
Furthermore, experimental results retrieved from [39] are used for
validation.
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Table 1
Material properties of IM7/8552.
E, (GPa) E, (GPa) E; (GPa) G;, (GPa) G;; (GPa) G,; (GPa) Via 78 Va3
150.0 11.0 11.0 5.8 5.8 29 0.34 0.34 0.48
X; (MPa) X (MPa) Y; (MPa) Y. (MPa) S15 (MPa) GT (kJ/m?) GI' (kJ/m?) G¢ (kJ/m?) GS (kJ/m?)
2560 11690 73 250 90 120 2.6 80.0 4.2
Table 2
Comparison of equivalent strain at damage initiation, strain at damage saturation and peak stress for the single element,[90/45/0/-45],,.
Hashin 3D/CUF CODAM2/CUF CODAM2/LS-Dyna HASHIN 3D/Abaqus
e'jq 0.028 0.028 0.027 0.027
€, 0.185 0.186 0.199 0.185
u?q (MPa) 1166.3 1166.2 1165.9 1165.8
Table 3
DOF and equivalent strains and stresses at damage initiation for the center-notched specimen.
74Q9-LE1 88Q9-LE1 132Q9-LE1 132Q9-LE2 132Q9-LE3 184Q9-LE1 Exp. min Exp.max
DOF 33660 39600 61380 120900 180420 79200
ef)q 0.675 0.643 0.548 0.555 0.563 0.526
rrgq (MPa) 407.6 392.1 334.4 341.8 342.5 323.2 335.4 345.2
>
’y Table 5
uy Peak strength values and percentage errors respect to experimental value for different
— scales.
Y X C I |] W Scale Model Peak strength (MPa) Error (%)
I 1 Experiments 590 -
CODAM2-CUF 598 1.4
ABQ-DLR 650 10.2
HASHIN 3D-CUF 611 3.6
2 Experiments 525 -
. L N CODAM2-CUF 520 -0.9
ABQ-DLR 530 0.9
Fig. 4. Boundary conditions and geometry of the center-botched specimen under HASHIN 3D-CUF 524 —02
tension. 4 Experiments 452 -
CODAM2-CUF 430 -4.9
Table 4 ﬁigl-—ﬁll:IRSD CUF :gg I:g
Dimensions (mm) of notch and specimen for different . .
scales. 8 Experiments 350 -
Scale C w L CODAM2-CUF 343 -2.0
ABQ-DLR 330 -5.7
1 3.2 15.9 63.5 HASHIN 3D-CUF 350 0.0
2 6.4 31.8 127.0
4 12.7 63.5 254.0 16 Experiments 260 -
8 25.4 127.0 508.0 CODAM2-CUF 279 7.3
16 50.8 254.0 508.0 ABQ-DLR 240 =77
HASHIN 3D-CUF 281 8.1

Fig. 5 shows the stress—strain curves using the 3D Hashin criteria
and showcasing the impact of mesh refinement with Q9 elements
increasing from 74 to 184. Furthermore, the expansion order along
the thickness also increases from linear to cubic. These results are
compared to the maximum and minimum strength values from exper-
imental results [39]. Table 3 shows the number of DOF of each model
and the equivalent strain and stress at damage initiation. Fig. 6 shows
a comparison with CODAM2 results from CUF [31] and LS-Dyna [14].
Fig. 7 shows the stress-strain curve of the specimen with 132 Q9 LE1
fora,=0and a; = 1.

The last set of results considers different specimen scales to inves-
tigate the influence of the dimensions on the computational cost. The
dimensions of the specimen for various scales are reported in Table 4
where C corresponds to the notch length, W to the specimen width
and L to the specimen length, and the 132 Q9 LE1 was used. Fig. 8
shows the maximum peak stress for different scales, models [14,31]
and experiments [39]. Table 5 shows the error with respect to the
experimental data of all models. Fig. 9 shows the DOF employed for
each scale and model alongside the computational time utilized. The

latter is normalized with respect to the computational time of scale 1
for each approach. The DOF difference between the present model and
that employed in [31] is due to the modeling approach in the latter in
which plies of the same orientation were combined with a single LE 1.

The results suggest that:

1. The Hashin 3D failure model provides results similar to CO-
DAM2, although closer to the experimental results. Overall, the
new approach’s accuracy is comparable to the other models. In
three scales out of five, the present approach has a lower error.

2. From 132 Q9 onwards, the peak stress remains in the experi-
mental range except when LE1 is used. The latter has a linear
distribution of displacements in each layer, leading to constant
transverse stress distributions. Depending on the problem char-
acteristics, e.g., thickness, orthotropic ratio, stacking sequence,
and boundary conditions, such a linear distribution may not be
enough for reliable modeling, as shown in previous works by the
authors [37].
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Fig. 5. Mesh and structural theory convergence for the stress-strain curve of center-notched specimen.

Table 6

Comparison of the pin opening displacement at damage initiation and the first peak force for the OCT with percentage error with respect to

the experimental F

max*

Hashin 3D-LE1 Hashin 3D-LE2 Hashin 3D-LE3 CODAM2-LE1 Experiments
POD (mm) 1.142 1.192 1.233 1.142 0.888
F,ue (KN) 12.08 12.39 13.09 12.11 9.72
Error F,,. (%) 24.3 27.5 34.7 24.6 -

450

400 -

Hashin 3D 88 Q9 LE 1 ———

o 300 - Hashin 30 132 QILE3
o Hashin 3D 184 Q9 LE 1 —O—
= 250 + CODAM2 88 Q9 LE1 —&— -
=] CODAM2 132 Q9 LE 3
) CODAM2 184 Q9 LE 1 —e—
q"} 200 -  CODAM2 (LS-DYNA) —— hl
b Expeﬁmems min
0 150 Experiments max i
100 hl
50 L hl
0 I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Strain [-]

Fig. 6. Stress-strain curves of center-notched specimen using Hashin 3D and CODAM2.

3. In Fig. 7, the stress-strain curves with and without the shear
stress contribution agree, showing that the shear effect on fibers
can be negligible.

4. The computational cost of CUF models is less affected by the
specimen size than the standard finite element approach as
demonstrated in 9. This is due to the possibility of using coarser
meshes and higher-order kinematics over the thickness, as shown
in a previous work [31].

4.3. Over-height compact tension test

The last numerical case refers to focuses on an over-height compact
tension (OCT) with a ply sequence of [90/45/0/ — 45]4,. The geometry
and boundary conditions are shown in Fig. 10(a) and refer to the
work [31]. Each pin is opened with a gradual displacement of up to
1 mm. The results are compared with experimental results from [40]
obtained using the Digital Image Correlation (DIC) technique. The mesh
has 392 Q9 as in [31]. The expansion order goes from linear (LE1) to
cubic (LE3) along the thickness.

Fig. 11 shows the force-displacement curves from the current
Hashin 3D compared with CODAM2 and experimental results. Table 6
reports the Pin Opening Displacement (POD) at the damage initiation
point and the maximum forces and percentage errors. As for the
previous test case, a comparison between a, = 0 and a, = 1 is
shown in Fig. 12, and similar results were obtained. Fig. 13 shows
the distribution of damage considering matrix and fiber damages at
the peak stress. CUF was used for both Hashin 3D and CODAM2 with
392 Q9; furthermore, results from CODAM2 with LS-DYNA and the
ABQ-DLR model based on the Ladeveze damage model were added.

The results highlight the following:

1. From the stress-strain curves in Fig. 11, it is evident that a
discrepancy exists between the initiation of damage as predicted
by the LE models and the experimental results, which can be at-
tributed to the absence of delamination modeling in the adopted
simulation.

2. The damage initiation of Hashin 3D-CUF and CODAM2-CUF
occurs at the same POD of 1.142 mm, as listed in Table 6,
showing a similar curve for both damage models. LE models
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Fig. 7. The stress-strain curve of center-notched specimen, 132 Q9 LE1, a; =0 and a; = 1.
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Fig. 8. Comparison of maximum peak stress obtained for various scales and using
different models for the center-notched specimen.

have higher peaks than experimental results, possibly due to the
absence of delamination modeling in the models adopted in this
paper. In [41], CUF was used for delamination problems with
a far better correlation with experimental results. On the other
hand, LE1 has a displacement field quite similar to those of the
other two numerical models from the literature, and thus, the
match is closer.

3. The numerical oscillations in the CUF models in the post-peak
curve are due to the absence of numerical damping and em-
ployment of fully integrated second-order elements Q9. The
numerical models have smooth curves, but the experimental
ones do not. As in [40], such behavior can stem from several
factors, e.g., the heterogeneous nature of the fiber failure in
the laminate, manufacturing defects, and interaction of failure
mechanism, including splitting and delamination.

4. The distribution of damage shown in Fig. 13 suggests that at
the same POD of 1.5 mm, a larger area near the crack begins
to damage earlier for Hashin 3D rather than CODAM2.

5. Conclusions

This paper has discussed 2D high-order structural theories for the
progressive damage analysis of composite structures. The focus is on
combining layer-wise plate finite elements and Hashin 3D criteria.
Starting from the CUF structural model and integrating failure crite-
ria can describe the damage behavior of composite structures. The
proposed approach’s accuracy and computational efficiency have been
assessed with numerical and experimental results from the literature.
The numerical cases have focused on tensile loads on notched and
over-height compact specimens. The following main conclusions may
be drawn:

Overall, the model proposed matches the results from the other
approaches and offers a significant improvement in computa-
tional efficiency if compared to 3D models.

The use of higher-order theories alleviates the need for mesh
refinement and allows using the same meshes as the specimen
scale increases. 2D elements have less severe aspect ratio con-
straints than 3D, and using higher-order kinematics can match
the accuracy of solid elements.

The use of Hashin 3D has led to larger damage areas if compared
to CODAM2.

The implementation of other failure mechanisms with the nu-
merical model, e.g., delamination, is of paramount importance to
match the experimental results.

Future work should concern the modeling of compressive behavior
and delamination. Furthermore, multiscale models may also be used
to evaluate the propagation of damage at the microscopic level.
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