POLITECNICO DI TORINO
Repository ISTITUZIONALE

Relaxation for degenerate nonlinear functionals in the onedimensional case

Original

Relaxation for degenerate nonlinear functionals in the onedimensional case / Chiado' Piat, V.; De Cicco, V.; Melchor
Hernandez, A.. - In: NONLINEAR DIFFERENTIAL EQUATIONS AND APPLICATIONS. - ISSN 1420-9004. -
ELETTRONICO. - 32:4(2025), pp. 1-19. [10.1007/s00030-025-01058-2]

Availability:
This version is available at: 11583/2999524 since: 2026-03-31T20:56:07Z

Publisher:
Springer

Published
DOI:10.1007/s00030-025-01058-2

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

25 April 2026



Nonlinear Differ. Equ. Appl. (2025) 32:56
(© 2025 The Author(s)

1021-9722/25,/040001-19 - - . -
published online May 12, 2025 Nonlinear Differential Equations

https://doi.org/10.1007/s00030-025-01058-2 and Applications NoDEA

Check for
updates

Relaxation for degenerate nonlinear
functionals in the one-dimensional case
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Abstract. In this study, we approach the analysis of a degenerate nonlinear
functional in one dimension, accommodating a degenerate weight w. Our
investigation focuses on establishing an explicit relaxation formula for a
functional exhibiting p-growth for 1 < p < +00. We adopt the approach
developed in [6], where some assumptions like doubling or Muckenhoupt
conditions are dropped. Our main tools consist of proving the validity of
a weighted Poincaré inequality involving an auxiliary weight.
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1. Introduction

In this work, we focus on the study of nonlinear functionals in one dimension,
allowing for a degenerate weight w. We aim to provide an explicit relaxation
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formula for a functional that exhibits p-growth for 1 < p < +o00. More pre-
cisely, let us set

/ |Vu|Pwde  if u e AC(Q),
F(u):= Q

+ 00 ifue X\ AC(Q),

where €2 is an open bounded set in R, w is a nonnegative, locally integrable
function, and X is a topological space comprising measurable functions which
will be introduced later on. We then delve into its relaxation, aiming to provide
an explicit expression of the lower semicontinuous envelope of F', denoted as
F.

In the last decades, some works have aimed to study the above func-
tional by considering different functional setups; see for instance, [4,6-8,11].
In particular, the attention had been given to the case p = 2. This choice is
canonical as it relates to probabilistic problems since in this case F' is inter-
preted as a regular Dirichlet form, guaranteeing the existence of right contin-
uous stochastic processes, as treated in [1,10]. It’s noteworthy that the theory
of Dirichlet forms is general, with the natural ambient space being L?(Q, u),
where p:=w(z)dz. However, the association between right continuous sto-
chastic processes and F' usually requires the validity of a Poincaré inequality.
Recent extensions have involved the analysis of weighted Sobolev spaces, in-
corporating geometric aspects [2,3].

Since the identification of the functional F is subtle, some authors have
been used the density of C!-functions in weighted Sobolev spaces as an impor-
tant tool, see for instance, [5,6]. In this approach, however, some additional
assumptions on w, as described in [5], were necessary. For example, to prove the
density of C'-functions, it is sometimes assumed that w satisfies the doubling
or Muckenhoupt conditions [9,12]. Alternatively, in [6], have been adopted the
case where such requirements on w are not satisfied, p = 2, and where X is
not fixed a priori.

Let us now describe our approach to relax the functional F' that extends
to the case 1 < p < +oo the method used in [6]. We underline that we do
not choose apriori the space X because its precise structure depends on the
choice of w. Specifically, for a fixed w, we then construct a weight w, to
define X. This function plays a crucial role in compensating for degeneracy
present in w, and it permits to characterize the domain of F and analyze it
(see Fig. 1, for a precise example of such a function ,). In our reasoning, the
first step is to prove Poincaré inequalities involving w and . Specifically, we
consider the p-norm of the gradient term of a generic function v weighted by
w, while the p-norm of v itself is weighted by (zi)p)p’l. These inequalities are
referred to as Poincaré inequalities with double weight. Subsequently, assuming
that w is finitely degenerate (see Definition 2.1 below), we proceed to choose
X = LP((w,)P~"), and we show that AC-functions are dense, in a suitable
Sobolev space W C X (see formula (16) below). It is important to underline
that the space LP(w), and LP((,)P~') are not comparable, see Remark 2.7
below. As a consequence, we are able to determine the domain of F performing
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FIiGURE 1. In the first figure on the left hand side, we have
the profile of w(z) = (1 — 22)? for x € (—2,2), while in the
right hand side, we have its associated weight w-. In this case,
we note that N, =3

the relaxation in the strong topology of X. The resulting relaxed functional
F maintains the same form as F, but its domain consists of functions that
are of LP((w,)P~')-integrable type. Instead, the case where w is not finitely
degenerate is still an open problem.

This work is structured as follows. In Sect.2, we study the validity of
Poincaré inequalities with double weight, see Theorem 2.10 below. In Sect. 3,
we formulate and prove our relaxation theorem, see Theorem 3.1 below.

2. Weighted poincaré inequalities

Let Q be an open bounded subset of R, and for 1 < p < oo, we let 1% =1-
We define

1
P

/ |VulPwdz if ue AC(Q)
F(u) = Q

+ o0 if ue X\ AC(Q).

Here, X is an appropriate set of integrable functions, that will be chosen
in Sect.2. Further, let F : X — [0,4+0cc] denote the lower semicontinuous
envelope of F' w.r.t. the topology of X. We consider a weight w : R — R

satisfying
w>0ae., we L (R). (1)

From now on, it is not restrictive to assume that Q = (a,b) is a bounded open
interval, and we consistently interchange Q and (a, b) throughout the text. We
denote by I, o . the set

Ipow:= {:c € Q:3e > 0 such that w71 € L ((x —€e,z+¢€) }

The set I« is the largest open set in (2 such that wr s locally summable.
It is noteworthy that this set has already been considered in [6] for p = 2.
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In this work, we are exploring a p-version of the results studied in that work.
Without loss of generality, we can express I, o . as the disjoint union

Npw
Ip,Q,w = U (ap,ivbp,i)7 (2)
i=1
with 1 < N, < 400. Subsequently, for the sake of a lean notation, we set
ai:=ap;, bi:=bp i, Ny:=Np , and Iq =1, o . Our objective is to character-
ize the relaxation of the functional F' concerning L? (€, (i,)P~')-convergence,
where w is a suitable weight (see (4)). To achieve this, we reintroduce the
concept of a finitely degenerate weight, as discussed in [6].

Definition 2.1. (i) If Ig ., = 0, we put N, := 0.
(ii) If 1 < N, < 400 we say that w is finitely degenerate in ).
(iii) If N, = oo we say that w is not finitely degenerate in Q.

Furthermore, we define the set
Dom,, = {u N—R:ue Wli)’cl(IQ,w),/ |/ |Pwdx < +oo}. (3)
Io w
As we will see below, this set must be the core of the relaxed functional of F

with respect to LP(€2, (1,)P~!)-convergence.

_1
Remark 2.2. We note that, if w »—1 € L!((a,b)), then, obviously, w is finitely

degenerate in ) with N,, = 1. In this case
b
Dom,, = {u € AC([a,b]) : / |u/[Pw dx < +o0}

(see [5]) since AC([a,b]) = Whi([a,b]).
Lemma 2.3. (Fundamental convergence) Let (up)n C AC([a,b]) such that

(a) sup/ |uj, |Pw dz < 400,
heN I(]Yu,

(b) for everyi = 1,..., N, there exists ¢; such that a; < ¢; < b; and there
exist finite the following limits

lim up(c;) =d; € R.
h——4o00

Then there exists a subsequence (up, ) and a function u: Ig ., — R such that
(1) lim up, (z) =u(z) for every x € Ig .,
k—+o00
(11) w € Dom,,,,
(iii) [o/ [P wdr < liminf/ |uy,, |Pwdz.
Iow k——+o00 Iow

Proof. Let us notice that the proof of this Lemma coincides with the one given
in [6, Lemma 4.3]. We only need to notice that LY (Iq.) C Li .(Igw), and

loc
the conclusion of our Lemma follows. O
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2.1. An auxiliary weight

In what follows, we construct a suitable weight w, for 1 < p < 400 for
which it is possible to prove a Poincaré inequality involving w and (u,)?P~!.
Let w : Q = (a,b) — [0,00) be a function satisfying (1) and (2). We let
Wy : 8 — [0, +o00[ be defined as

a;+b; 1 -1
lim / —dy ifx =aq
I*)aj’ T wr—1 (y)

e
a;+b;
(f 2 . dy) if a; < o < 3aitbs
T 1 4
wP=L(y) L
(f‘”fb 1Ly >_ if Baithi < . o ait3b;

N L al ; —1 y 1 Z 2 < x < 2 2z
wp('r) = Baitt wpil(y) - 4 4 (4)
(ffieri i dy) if Lz%i <z <y

2 wrmi(y)

—1
v 1
lim / —dy ifx =10
x—b; %TH’L wﬁ(y)

0 if:CEQ\IQ’w.

Remark 2.4. Let us notice that w, heavily depends on p. In this part, i,
is defined as the inverse of an integral term, which allows us to use its nice
properties, such as continuity, that is needed to prove the Proposition 2.5.

In the next, we give an explicit example of the previous function .

In the relaxation of F', we will consider LP(2, (1,)P~!)-convergence. Be-
fore providing the precise details of how we relax F', let us gather some proper-
ties of the functions w, in the following proposition. The proof is elementary,
taking the definitions into account.

Proposition 2.5. (i) Suppose that W T s not locally summable in ), that
is, Inw = 0. Then w, = 0.

(it) For each i =1,..., Ny, W, is constant in |
[ai; 3ai:-bi]

, increasing in

3a;+b;
4 )

ai+3bi]
1
, decreasing in [%‘O’bi,bi] and absolutely continuous in each
interval. In particular, the following hold true:
0 <dp(z) < sup wWy(y) < oo V€ (a;,b;),
y€(ai,bi)
iflfﬁ}w(x) > 0 for each x € [, f],a; < a < < by,
rE|a,
and wy(a;) = 0 (respectively w,(b;) = 0) if and only if W ¢ Lt
((ai, “524)) (respectively w71 ¢ L1((%42, b)) ).
(iii) We have

A2
R w . 304 + bz a; + 3b1
(wp) = ( pl) a.e. in (ai, 1 ) U < 1 ,bz) . (5)
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(iv) Suppose that W € LY(Q). Then there exists a constant ¢ > 0 such
that

1

c

(v) Suppose that w is finitely degenerate in Q, that is, (2) holds with 1 <
N, < oco. Then there exists a constant ¢ > 0 such that

0< —< wWp(z)<c aexzel

0< Wy(z) < c ae xzef

(vi) Suppose that w is not finitely degenerate in §Q, that is, (2) holds with
Ny = o0. Then Wy € LS (Iow)-

Remark 2.6. Let us consider the following example already considered in [6,
Example 4.7]. Let us take a > 0 such that % > 1. Here, we also observe that
if w is not finitely degenerate in some open set €2, then it can also happens
that w, ¢ L'(Q2). Suppose that Q = (0,1) and let (a;,b;),i=1,...,400, be a
sequence of disjoint open intervals in (0,1) and m; be a sequence of positive
real numbers which will be fixed later on. Let w : (0,1) — [0,400) defined as
follows:
mi(x —a;)* ifa; <z< ‘“T'H”,
w(z):i= ¢ m(b; — ) if wtb <z < by,

0 otherwise.
Let us fix a; < x < BC‘iT'H”. Then by definition of w, we have

_1
(ap = m/" (& — a;)* !

ap—1
2(zx—a;) p
- (=)

where ap::ﬁ. Let us notice that 0 < % < %, and then

Wy(z) =

)

1

(0~ D7 (@ — )~ <aiyfa) < 027 ?ﬂfp(ll)(f,,_f")%l
2
Therefore,
dy(x) = m? (@), << 3%:@,
and

Hence, if we take the set {m; : i € N} such that

+oo .

Zmi”j (bl — ai)a” = 400 (6)

i=1
we get that w, ¢ L'((0,1)). An example of function w for which the latter
series diverges can be given in the following manner. Suppose that for each
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i€ N b —a; = and we choose m;:=2011* Since av > 0, we get that

1
T 2t
mP~" > 2% and thus (6) holds true.

Remark 2.7. We recall another example already considered in [6, Example
5.1] in order to see that the Lebesgue spaces LP(2, w) and LP(, (w,)P~!) are
independent. Let = (0,1), w : (0,1) — (0,00), w(x) = %, with -1 < a <
p—1,we L'((0,1)) and

L € L'((0,1))

wr—1

and so, by (iv) in Proposition 2.5, it follows that
129, (i,)7) = L7(9).
Therefore, if a € (0,p — 1), since w(z) < 1 for each z € (0,1),
L2, (i,)7Y) = L7() € LP(©, w);
if & = 0, since w(z) = 1 for each z € (0,1),
LP(Q, (w,)P~) = LP(Q) = LP(Q, w).
Let 1 <p<2;ifa € (—p+1,0), since w(z) > 1 for each x € (0,1),
L2, 10) = 17() 2 L7, w)

2.2. A Poincaré inequality with a double weight

In what follows, we derive a weighted Poincaré inequality that we use later on.
We first state some preliminary lemmas.

Proposition 2.8. Let us consider a firted w € Dom,,, i = 1,..., Ny, and let

I% + ﬁ = 1. Let us take n,x such that a; <n <z < ‘I’TH” The following hold

true:
ute) ~ ula)] /(0 < / ) Puly) dy)’l’ G
P <27 (u)P o, + [ P ). ®
Let us take n,x such that “£% <z <n < b;. The fozéowing hold true:
ute) — bl §fano < ( [ 1P uto) dy); )
)P iy )" < 27 <|u<x>|P<uvp<n>>P-1 + [ wwrew dy> (10)

Proof. By definition of Dom,, and by the immersion of W'!(Ig,,) into
AC(Iq.y), we also have that u € ACoc((as,b;)). Then for every x,n €|a;, ‘“‘QH”]
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such that a; <n <z < ‘“—H’i we have

) ‘ </ u' (y)[Pw(y dy) (/:w’:(y)dyy
(/ |/ (y)[Pw(y dy) </n;b w_’:(y)dy>;-

Let us noticing that, if a; < n < min{3%¢t% 2}, then (7) follows by (11) and
the definition of w. Furthermore, if % <n< “i;b", since we have that

1
</%‘;rbi 1 )p/ 1
—dy | £ —,
n wr (y) R/ (1)

(7) still follows by (11) and the definition of w,. Then, since

u(m)P < 2°7 (fu(@)? + |u(n) — u(2)?),
by (7), we then deduce (8). The remaining formulas (9) and (10) follow by
arguing in a similar way. 0

() —u(n)| =

Some consequences of Proposition 2.8 are summarized in the following
Corollary.

Corollary 2.9. Let us fir u € Domy,, and i = 1,...,N,,. Then the following
hold true:

(i) TullP (i ()= <27 (Ju (22) | (p ()P~ [ o () o) ).
for each n € (a;,b;). Furthermore, u € L? ((a,,b,), (wp)p b, and if N, <
+o0 then u € LP(§, (w,)P1).

a;jtb;
2

(i) Suppose  that

—da =400 (respectively, suppose that

b a; wr—T1
: 1
/ —da = +00). Then there exists
aitbi qpp—1
2
lim+(up (,)P~ ) (z) = 0 (respectively, lim (u? (,)P~*)(z) = 0).
r—a; g;—»bi_
a;+b;
2

——dz < oo (respectively, suppose  that
a; wr—1

(iii) Suppose  that

/M —dx < o00). Then
‘Liz i p—1

& ; bl}) (respectively, u € AC’([ai ; bi , bi]).

Proof. (i) Note that by (7) and (8) with = ‘“T“”, we can obtain the de-

sired inequality. We now aim to justify (ii). Let a; < n < z < “’T'H” Sup-
a;+b;
ithi

u € AC’([ai,

pose that —dx = +oo. By the definition of w,, we obtain that

a; wr-1
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lim, .+ W,(n) = 0. Furthermore, for each z € (a;, %), we have that by

(8) the following inequality holds true:

timsup (o) ()"~ <27 [ () Pwdy

’I’]*)ai i

+

%

tim_[u(y) [P (ip ()P~ = 0.

Hence, by letting lim as x — a,; in the previous inequality, then that

n—a;
b;

Now, let us suppose that / - ———dx = +00. Then, we immediately obtain
that

lim_[u(n)[? (d,())P~" = 0

n—’bi

a;+b; 1
2

(iii) Lastly, let us suppose that —dx < co. We now prove that

a; wr—1
u € AC([ai, “'"2"1”}). Since u € AC([a;+9, ‘”;bi]), for each ¢ > 0, it is sufficient
to prove that there exists the following limit

lim u(n) € R. (12)

o
n—a;

u €L} ((aa;b)> (13)

Indeed, let us notice that by Holder inequality, it holds that
a;+b;

|7 W< ( / * |u’<x>|Pw<x>dx>; ( /

On the other hand, by the fundamental theorem of Calculus for every n €
(ai7 ai;bi]

Let us first show that

.
Y

w(:c)_Plld:c) < 4o0.

a;+b; a;+b;
2

i

0

a;+b;

u(n) = u(ai ;_ bi) —/77 ’ o' (x)dz. (14)

Therefore, by (13) and (14),we then deduce the existence of the desired limit
(12). Let us observe that the remaining case is similar. 0

We now aim to prove the validity of a Poincaré type inequality with
respect to the weight function (iw,)? .

Theorem 2.10. (Poincaré type inequality on Dom,,) Let 1 < N,, < +o00. For
every u € Dom,,, it holds true that

)~ (%52

Ny

>f

i=1

(ﬁb(nﬁp_l(”YS(/j () Pro(y) dy. (15)

Ig,w
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Proof. Let us set 1 <i < N, and consider x = % in (7). Then one gets

+ b a;+b;
Q; i
) - (%52)

2
@)y < [ WwPe)dy
Hence, by integrating with respect to n gives that

a;+b; + b
2 a; + 0;
u(n) —u (2)

/.

Further, by letting the same reasoning, we get

' a; + b; R 1 b; — a; ,
_ LT » -
[,;bi u(n) —u ( 5 ) (@p(m)P™"dn < — / o [/ (y)[Pw(y) dy
Therefore, by combining both inequalities, we deduce that
and thus
Since u € Dom,,, then

/ um = (;b) (@ an < - 0 / )Pty dy,
f.
Nu b
S [ wwrewar= [ e < s,

p

a;+b;

() < 3 [T )Pt dy

i

b;

P b;
(i ()P di < / [ ()P (y) dy.

i

a; +b;
ut = (252)
Q,w

and our conclusion follows. O

In what follows, we consider the following set

W =W (Q,w) := Dom,, N LP(£, (d,)P~1). (16)

In the next proposition we prove that W endowed with a suitable norm is a
Banach space and some related properties.

Proposition 2.11. Let us consider W be defined as in (16), and endow it with
the norm

lallw = /1l g gy + 10 Wnry oy 0 € .
Then (W, ||ul|lw) is a Banach space. Further, if w is a finitely degenerate
weight, then
AC(Q)isdensein(W, || - |lw) (17)

in the following sense. For everyu € W there exists a sequence (uy)n, C AC(Q)
such that

lim up = u in (W, || - [lw), (18)
h—oo
that is,

hlim up, = u in LP(Q, (@,)P 1), and thJIrl up, = v’ in LP(Iqw,w). (19)
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Proof. Let us first prove that W is a Banach space. Suppose that (up), C
(W, |l - llw) is a Cauchy sequence. Hence, by definition, we have that (up)p C
LP(Iq 4, (Wp)P 1), and (u},)n C LP(Iq.,w) are Cauchy sequences. Since LP
(Iguw, (Wp)P~1), and LP(Iq, ., w) are complete spaces, it follows that there exist
u € LP(Iq y, (0y)P~ 1), and v € LP(Iq 4, w) such that,

up, — w in LP(Ig ., (0,)P71), and u), — v in LP(Iq 4, w), (20)
as h — +oo. In what follows, we need to prove that for each i = 1,..., N,,,
u € ACioe((as,b;)) and v’ = v a.e. in (a;,b;), (21)

and from which we conclude that u € Dom,,, and thus proving that W is

a Banach space. Let us fix i = 1,..., Ny, and let a; < a < (8 < b;. Since
1

w1 € L (In,), together to Proposition 2.5 (ii), it follows that

Lo 1. )). (22)

Wp

Then by (22), we get the continuous inclusions

LP((ev, B), (wp)P ") € L (e, B)), and LP((a, B),w) C L'((a, §)).  (23)
Indeed, if f € LP((c, B), (,)P~ 1), then

B 16
/ @)z < ( / If(w)lp(wp(w))“dw>

1
8 v
(/ (wp(x))ldx> < 400,
which proves (23). Therefore, by (20)

up, — u in L*((a, B)), and u), — v in L'((e, B)),

D=

and thus
u € AC([a, B]), and v’ = v a.e. in [a, 3],

from which we conclude that (21) holds true.
We now need to show that (17) is true. To this end, it is enough to show
that for each u € W, there exists a sequence (ap)n, C AC() such that

ay, — u in LP(Q, (1,)P~ ) and (@},)n bounded in LP(Iq 4, w). (24)

In fact, by (24) and the fact that W is a reflexive space, up to a subsequence,
we can assume that

up — u in W-weak.

Thanks to Mazur’s lemma, there exists a sequence (uy,)p such that, for each

h, there exist real numbers ¢, ; € R and h; € N for j =1,...,my,, with
mp Mh
Zch,j =1 and up = Zch,juhj € AC(Q),
j=1 j=1

such that (18) holds true. Thanks to (17), we only need to show that (24) is
true.
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Let us consider u € W, so that v’ € LP(Iq ,w). It is well-known that
there exists a sequence of functions (vy,)n, C CY(Iq.w) C LP(Ig ., w) such that

Ny b;
th - u/”ip(fﬂ,w,w) = Z/a lon — ul|pwdx — 0, as h — +o0. (25)
=1 i

In what follows, we define for each h € N, the function ﬂg) :(ag, b)) — R,
i=1,2,...,h as

a;+b;
2

W= () - [T awdn ce@b) o)

We now split the proof in three cases.
1st case. In this case, we suppose that N, = 1, and thus I ., = (a1, b1).

Consider (ﬂg))heN be the sequence defined in (26) for ¢ = 1, and let up: =2y, :

(a,b) — R be defined as

ﬂzl)(al) if x € (a,a4]
ap(z):=1 ) (x) ifz € (ar,b1)
V(b)) if € [by,b).

Then by definition, we notice that see that (u5), C C([a,b]) C AC([a,b]), and
thus (18) holds true. In the next, we will prove that (24) is true. Since (25),
and (26) hold true, we get that the sequence (u},);, is bounded in LP(Iq ., w) .
We now show the following:

b
/ [T, — ul? (wp)p_l dz — 0 as h — oo. (27)

Indeed, since W, =0 in Q \ I 4, we have that

b b1
/ iy — ul? (uA)p)pfl dx = / |ap — ul? (wp)p*1 dz.

ay

Hence, by our Poincaré inequality (15) with @ — u instead of u, and due to
Up, (‘“T'H“) =u (’“7'2”1), we deduce that

by
/ |, — ulP (w,)P~ " dx < / |ay, —u'|Pwdx
a

1 1o, w

= / lop, — /)P w dex.
Io w

Therefore, by applying (25), our desired conclusion (27) follows. We now pro-
ceed with the second case.

2nd case. Let us suppose that N,, = 2. Then Ig,, = (a1,b1) U (az,bs). We
suppose without loss of generality that b; < as and we distinguish the cases
b1 < ao and b; = as. Suppose that (ﬁg))h is the sequence as defined in (26)
fori=1,2.
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If by < asg, for each h € N, let us take up, = 1y : Q — R be defined as

(1)((11) if x € [a,a1)

~§Ll)(.’b) if x € [a1,b1)

(@)= BB 00 () gD(hy) i e € by, a)
~(2)( ) if € [ag,b2)

i'? (by) if & € [ba, b].

Tt is customary to demonstrate that (up), C AC([a,b]), ensuring the validity
of (18). In fact, we can derive (24) by employing a strategy similar to the one
used in the first case, while also noting that @, =0 in Q\ I 4.

In what follows, we consider the second subcase by = as. Let h € N such

that
1 bi —a; .
h<min{ 4a:zl,2}.

Let up, = 4y, : © — R be defined as

~(1)( 1) if x € [a,a1),
ﬁ(l)(m) if v € [ag, 21301),
h

u(x) ifxe [‘“'H“ b — 1),

M@—Q%ﬁ%; if x € [by— L),
ﬂh(x) - gp/w l(x)h

U(.’L’)ﬁ if (S [(7,27(12 + )

Wplaz+y

u(x) if v € [ag + +, 22Fb2),

i\? (z) ifxe[@+% by),

a$? (by) if x € [by,b].

Observe that (up), C AC([a,b]), and thus (18) can be obtained. We now need
to show (24). To do that, we prove that

by
/+bWMwMMMWHMHO%hH+m, (28)
al 1
2
and
b1
/ B |, |P wde < C < +o0. (29)
al 1
Indeed, we have
b1 b1 ,d‘) (1,) P
/ . |, — ulP ()P~ do = / P |1 - —2= | ()P e
g b= { If]p(bl — %)

Then by Proposition 2.5 the weight w0, is decreasing in [alf’bl ,b1], and thus

@ﬁfiDSL xe(h—iﬁo. (30)



56 Page 14 of 19 V. Chiado Piat et al. NoDEA
From here, we obtain that

bl bl
/ |y, — ulP (b,)P~ dz < / uP ()Pt dz — 0 as h — oo.

a1+b 1
14061 bi—+

2

Since the last conclusion can be also deduced in the interval (az, “TQH’"’ ), then
(28) holds true. We now need to prove (29). Notice that

o' () if v € [9F0 by — 1

h
=1 R PN 1/ —1
RSl R N (u'(m) ¥/ (@) + LS (DR Dp(2)) ) if 2 € [br — £,b1).

Wp(b1—+)

Therefore

by blf%
/ |ay, [P wdx = / [u/|P w dx
alzbl u1;rh

b1 1 , _ u(ﬁ;p)’( p\,/,uATp)fl pw )
+/b 7) <u wp—|—> d

Wy (b — % p

1
17w

bl bl 'UA}
< / |u/|Pw dax + 2P~ / |u'|P ——L—wdx
al-;bl al-gbl wp(bl — E)
L1 b 1

pp 171—;1 wl)(bl - %)

n

| (i, )|P (i) w dx) .
Since (30) holds true, we can then conclude that the second integral is finite.

Now, let us prove that the last integral is also finite. Now, since u? (w,)P~! is
bounded in (by —1/h, b1) (see Corollary 2.9 (i)) and w,(b1) = 0, we have that

b1 1 b1 1 532\ ?
/ 1 Abilup‘(wp)/‘p w£ dz :/ 190 v’ <(wpl)> wL dzx
b1—4 Wp(b1 — () ¥’ by—4 Wp(b1 — 3) D

n 3 h h wr—1 (p) ¥’
by 1 A )2
:/ — up(uip)pfli(wpl) dz
b—1 Wp(b1 — 3) wp-T
by 5 N2
S
wP(bl - E) .

bi—+ wp—1

Now, by (5) we have

wr—1 E’
and then
by 1 R w C, b1 .
[ el P do < — s [ ) de
bi—+ wp(bl_ﬁ (wp) P wp(bl_ﬁ) bi—+
CP

= bp (b1 — — ) —1p(by)| = C,
Wy (b1 — %) {w,,( 1 ) Wp ( 1)} P

Finally, we address the last case.
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3rd case. In the general case where I ,, = Uiil (as, b;) with b; < a;41 for every
i=1,...,N, —1, it is sufficient to replicate the arguments of the 2nd case for

eachi=1,..., N, — 1. ]

3. Relaxation for finitely degenerate weights

We consider X = LP(, (#,)P~!) where 1, is the weight as defined in (4). Let
us set

b
()= / lu'[Pwdz  if u € AC([a,b])
+o0 ifue X\ AC([a,b])

F

and consider the lower semicontinuous envelopes w.r.t. LP((w,)P~!)-
convergence, that is

F(u) = sc™ (LP((w,)"™1)) — F(u).
We set
D:={u € LP((a,b), (w,)P~ ") : F(u) < +o0}.
Let us recall that, if Io,, = 0, then w, = 0 (see Proposition 2.5 (i)). This
implies that L?((a,b), (w,)?~!) = {0}, D = {0} and F(u) = 0. In the next
theorem, we state an explicit formula for the relaxed functional F with respect
to the chosen convergence.

Theorem 3.1. Suppose that w is a finitely degenerate weight. Then
D = Dom,,

where Dom,, is defined by (3) and the following representation holds for the
relaxed functional

_ v [Pwdr  if u € Dom
F(u) = /fg,w v N
+o0 if u € LP(Q, (1p)P~1) \ Domy,.

Proof. Note that by Lemma 2.3 and Proposition 2.8, we deduce that D C
Dom,,. Furthermore, for every u € D one gets
u € Wige (Io,w) NP (Tow, ()P 1), P ()P~ € L (In,w) -

loc

In the next, we show that for every u € LP(€, (i,)? 1)
/ [u/|Pwdr < F(u).
IQ,w

By the definition of F, we directly suppose that F(u) < +oc. Therefore there
exists a sequence (uy,) C Dom,, such that u, — u in LP(8, (,)?~!) and

F(u) = hETwF(uh) = hEToo/Q [u, [P w de.
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Then, thanks to Lemma 2.3 we get up to extracting a subsequence that

/|u’|pwdw§hminf/|u'h|pwdx: lim /|u2|pwdx:f(u)

and we are done. To conclude, it remains to prove that

F(u) < / |u'|Pwdz, Vu € Dom,, (31)
Ig w

and thus Dom,, C D. In fact, this is a consequence of (17). Indeed, by prop-
erty (i) in Corollary 2.9 we have that that Dom,, C LP(£, (w,)?~'). Thus, if
u € W = Dom,, N LP(Q, (,)P~') = Dom,,, by (17), there exists a sequence
(un)n C AC([a,b]) such that (19) holds true. Hence, from (19), one has that

F(u) < liminf F(uy) < lim |up, [P wdz = / |u'|Pw dz,
h—oo h— o0 Io,w Io,w

and thus (31) holds true. O

We consider the following functionals defined on the space L?(Q, (,)P~1)

b . )
Fl () = /a [W'[Pwde  if u € C([a, b)),
+o0 if uw € LP(Q, (i,)P~1) \ C*([a, b)),

’ ’ . .
Py d [ WP wdn e Lip(lo.b).
+00 ifue LP(Q, (wp)P—l) \ Lip([a, b])7

b . )
O T S
“+00 if u € LP(Q, (Uf)p)pil) \ Wl’q((a’ b))?

where W14((a, b)) denotes the onedimensional Sobolev space with ¢ € [1, ],
which can be characterized as

Whe((a,b)) = {u € AC([a,b]) : v’ € LY ((a,b))}.

In particular, H'((a,b)):=W?'2((a,b)). Note also that, when ¢ = co, F2, and
F3 agree. Moreover, the corresponding lower semicontinuous envelopes w.r.t.
the LP(€, (w,)P~')-convergence

Fi(u) =sc™ (LP(Q, ()" 1) = Fj(u)  j=1,2,3. (32)

Corollary 3.2. For every u € LP(Q, (i,)P~!) we have
Fl(u) = F2(u) = F3(u) = F(u),
where Fi(u), j = 1,2,3 are the functionals in (32).

Proof. As in the proof of Corollary 4.20 in [6] it suffices to apply the classical
argument of approximation by convolution. (
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