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geometrical frustration and long-range
interactions in a subwavelength lattice
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D. Burba®', G. Juzelianas ®, I. B. Spielman ®%?

& L. Barbiero®*

Geometrical frustration and long-range couplings are key contributors to create quantum phases with
different properties throughout physics. We propose a scheme where both ingredients naturally
emerge in a Raman induced subwavelength lattice. We first demonstrate that Raman-coupled
multicomponent quantum gases can realize a highly versatile frustrated Hubbard Hamiltonian with
long-range interactions. The deeply subwavelength lattice period leads to strong long-range
interparticle repulsion with tunable range and decay. We numerically demonstrate that the
combination of frustration and long-range couplings generates many-body phases of bosons,
including a range of density-wave and superfluid phases with broken translational and time reversal
symmetries, respectively. Our results thus represent a powerful approach for efficiently combining
long-range interactions and frustration in quantum simulations.

In a diverse range of systems from neutron stars' to nuclei*’ and electrons™’,
intrinsic strong long-range interactions are essential for stabilizing strongly
correlated states’. Large scale quantum correlations are an essential element
in a wide variety of phenomena’. These couplings between far-spaced ele-
mentary constituents can lead to interesting properties such as static
entanglement® and symmetry breaking'*"?, as well as efficient spreading of
highly non-local correlations in out-of-equilibrium configurations'. In
condensed matter systems this situation is further enriched by geometric
frustration which can compete with the electrons’ native screened Coulomb
interaction'”. Under these conditions, a large ground state degeneracy can
occur, topological'“"® and spontaneously-symmetry-broken phases'**’ can
take place. Here we describe a 1D lattice for ultracold atoms with effective
geometric frustration, and interactions extending over several lattice sites.
Our analysis is particularly relevant because the simultaneous presence
of long-range couplings, geometrical frustration and quantum fluctuations
challenge all current theoretical treatments™ % it is, therefore, crucial to back
theoretical predictions with accurate experiments. While very recent solid
state experiments tackle configurations where long-range couplings coexist
with kinetic frustration™, the injection of geometrical frustration remains a
distant goal. In this respect, promising initial results in specific geometries of
tweezer-arrays of Rydberg atoms have been obtained™*”, however, com-
plimentary experimental realizations for itinerant systems such as neutral
atoms in optical lattices™”’ are lacking. Without frustration, the role of long-
range interactions have been explored for magnetic-atom™”, polar
molecules”, and cavity QED’" systems. Without long-range interactions,

geometrical frustration has also been experimentally investigated only in
weakly interacting regime™”, while strong interactions have never been
explored. Even theoretical proposals to engineer geometrically frustrated
strongly correlated phases mainly concentrate on systems with contact
interactions™™* or, very recently, nearest-neighbor repulsion®. This work
provides a significant step forward by describing quantum gases in strongly
interacting regimes where quantum fluctuations, geometrical frustration
and long-range couplings strongly compete.

We consider the many-body physics of a recently realized class of
subwavelength 1D optical lattices*™ and show that they are a suitable
platform for combining geometric frustration and finite-ranged interactions.
These lattices use Raman transitions to couple N internal atomic states with
lasers of wavelength A slightly detuned from the Raman resonance condition
[Fig. 1a]. This setup is described by an extended Hubbard Hamiltonian (Bose
or Fermi) where the lattice period is reduced from A/2 to A/(2N). In contrast to
existing optical lattice systems—such as magnetic atoms™”’, weakly dressed
Rydberg atoms™, and polar molecules™*—where the spatial decay of the
interaction is fixed and tunneling processes occur between neighboring lattice
sites, our lattice allows for interactions and tunneling with a tunable range. In
particular, we show that: (1) the range and sign of tunneling processes can be
controlled giving rise to effective geometric frustration [see Fig. 1b]; and
(2) the interactions can be approximated by a power law whose exponent is a
function of the Raman coupling strength.

We then turn to a specific implementation based on bosonic *Rb and
identify a range of strongly correlated regimes through a matrix-product-
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Fig. 1 | Experimental concept. a Lasers induce two-
photon Raman transitions of intensity 2 that
cyclically couple N = 3 consecutive internal states
(labeled by m) with energy difference €,,.
b Subwavelength lattice with long-range tunneling;
all links emanating from the j = 0 site (with dressed
state index n = 0 and unit cell £ = 0) have their tun-
neling strength labeled. Top: synthetic dimension
picture with triangular plaquettes and the potential
for geometric frustration, with representative tun- €2
neling strengths labeled. Bottom: corresponding 1D
lattice with explicit long-range links. €1
m=1

m =20

(a) Internal states

(b) Dressed state lattice

(=-1 i ¢

3 2 1 0 1 2 3 4 5
Subwavelength lattice index j

states (MPS) analysis”'. When the N = 3 states of the F = 1 hyperfine ground
state are considered, we find a normal superfluid (SF) phase in the regime of
weak interaction and short range tunneling. Detuning from Raman reso-
nance introduces geometrical frustration leading to a chiral superfluid (CSF)
phase with broken time-reversal (TR) symmetry; similar CSFs have been
predicted in far ranging systems from cold atoms in p-orbitals®™* to
hadrons®. Extending the interaction range destabilizes the SF phases in favor
of a spontaneous symmetry broken (SSB) density wave (DW,,) insulator
consisting of alternating occupied and empty sites. These phases persist for
N=>5 internal states (modeling the F =2 hyperfine manifold of *Rb). The
effective lattice period decreases as N increases, making long-range repulsion
more significant. At filling factor 1/3 this stabilizes a period-3 density wave
(DW,3) never achieved in cold atoms setups with individual bosons always
separated by two empty lattice sites. Finally, we provide a detailed protocol
for state preparation and detection, providing complete experimental access
to all the interesting many-body regimes. Our results provide a solid and
alternative route to explore geometrically frustrated quantum matter in
presence of strong long-range correlations.

Results
Physical setup
We consider the one dimensional sample of ultracold bosons of mass m,
illuminated by a pair of counterpropagating lasers of wavelength A. This
geometry serves to define the two photon recoil wavenumber kg = 271/A and
energy Ep = h’ks/(2m,). The optical fields induce two photon Raman
transitions that cyclically couple N internal atomic states (labeled by the
indexm=0, 1, ..., N — 1) with strength Q. The cyclic coupling condition is
fulfilled by Raman-coupling the 7 =0 and the m = N — 1 states [show for
N=3 in Fig. la]. We explore the configuration of nearly-resonant
Raman coupling, where each transition is detuned by a small amount
8 = €1 — hdw,,_, from resonance; as shown in Fig. 1a, €,,, is the energy
difference between consecutive states m and m + 1, and dw,, is the corre-
sponding Raman frequency-difference.

This scheme can be described by the light-matter Hamiltonian density
Hy (%) = Hy(x) + Hy(x), with contributions from Raman coupling

N-1
He(x) = —Q Z eZikRX<}L+1(x)(2>m(x) +H.c, (1)

m=0

and detunings

N-1
Ha() = > 8,80,08,,). @)
m=0

both expressed in terms of bosonic field operators <2>,'n(x) and &SM (x). These
describe the creation and annihilation of a particle in internal state

m=0,1,...,N— 1at position x. Owing to the cyclic coupling, we label the
. ST 2 ~t

internal states periodically so that gbjn (x) = ¢,,, (), and we adopt an
energy zero such that the detunings sum to zero, y ,, 8,, = 0. The operator

Hy effects a tight-binding lattice in a synthetic dimensional space where
each internal state m corresponds to a synthetic lattice site™. In this synthetic

dimension picture, the Raman coupling in H includes a Peierls phase 2kpx

on each hopping term, while the detuning term 7, captures on-site
energies. In analogy with conventional tight-binding lattices in real space,

we rewrite H|,; in a dressed state representation using the synthetic-
dimension momentum states basis

N-1 )
W) = o> NG ), )
m=0

with n € {0, 1, --- , N— 1}. This transformation diagonalizes the Raman
coupling operator

N—1
Hy() =Y e, (0¥, (%) ()
n=0
with energies
&,(x) = —2Q cos (2kgx — 27n/N) (5)

describing the usual cosinusoidal tight-binding dispersion with minima
shifted from zero “crystal momentum” by the Peierls phase 2kgx. In terms of
the real-space coordinate x, H r(x) defines a set of N cosinusoidal adiabatic
potentials with period A/2. The potentials corresponding to neighboring
dressed states are separated from each other by a subwavelength spacing
a=2/(2N), asillustrated in Fig. 2. The potential minima are located at spatial
positions x;=aj given by the subwavelength lattice site index j =+ N&,
itself defined by both the unit cell £ of the underlying A/2 lattice as well as the
dressed state n.

In the synthetic-dimension momentum representation the detuning
Hamiltonian density

N-—1
Ha) = D YpuWhsan®)¥,(x) (6)

n,An=0

has off-diagonal terms that induce long-range tunneling. For odd N this can
be expressed in a conventional tunneling form
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Fig. 2 | Subwavelength Raman lattice. a, b Lattice for N = 3 and N = 5 internal states
respectively, both computed for Raman coupling Q = 3.5Eg. In both cases the top
panel plots the adiabatic potentials and the bottom panel displays representative
Wannier functions w(x — ja); colors mark the dressed state index.

with matrix elements

1 M=l .
Yan = 5 Z_ 8me2mmAn/N (8)
m=0

given by a discrete Fourier transform of the detunings. For even N the An
sum runs from 1 to N/2; for An = N/2 the tunneling matrix element must be
divided by 2 to avoid double counting. In any case, these complex valued
tunneling matrix elements can be expressed as the product y,, =
[y anl €xp(i,,,) of astrength |§,, | with y, = 0 (since>_,,,8,, = 0) and a Peierls
phase @a, with ¢p, = —¢_a, (since 6, is real valued). We focus on sym-
metric patterns of detuning (i.e., 8,,, = 0_,,,), in which case y,,, is additionally
real-valued, but still can be long-ranged with a combination of positive and
negative contributions.

Band structure and tight binding description
The preceding discussion concluded with a continuum description of our
sub-wavelength lattice; to describe the many-body physics of this config-
uration we now construct the 1D lattice model for atoms in the lowest Bloch
band. Without interactions this provides an exact description of the low-
energy physics, and for large enough Raman coupling interaction-mixing of
higher bands can be neglected.

In the absence of detuning, the lattice consists of N independent
sinusoidal potentials each with the ground-band Wannier states shown in
Fig. 2. In general the operator

b= [ @it = apil ©)

describes the creation of an atom in the r-th Bloch band of the n-th sublattice
with Wannier amplitudes w,(x) computed for a sinusoidal-lattice”, and as
above j =1 + N¢. In what follows we focus on the lowest (r = 0) band and
succinctly label these operators via b; , using the subwavelength lattice index
j alone.

—0.10 L 1 |
0 A/6 A/3 A/2
(b)
0.04 | - O ~1 = —0.06ER,y2 = 0.03ER
O v =—0.06ER,y2 = 0.06ER
0.02 - 71 = —0.06 ER,v2 = 0.09ER

Jaj /| Er

—0.04 '
A/10

[en]

A}5 3)/10 A}z

Range, d

2)/5

Fig. 3| Subwavelength tunneling J ,; as a function of distance d. Computed directly
from Wannier functions (markers, including native tunneling as marked), or from a
Gaussian variational ansatz presented in Methods (curves, excluding native tun-
neling). a N = 3 internal state case, computed for Raman coupling 2 = 3.0ER and first
detuning Fourier component y,/Ex € {0.02, 0.1, 0.18}. b N = 5 internal state case,
computed for Raman coupling Q = 3.5Ey, first detuning Fourier component

y1 = —0.06ER and second detuning Fourier component y,/Eg € {0.03, 0.06, 0.09}.

The native tunneling strength within these independent lattices

00 242
]I{l, =— / dx w*(x) [— hzjlx + eo(x)} w(x — aN)

(10)

couples states separated by |Aj| = N sublattice sites, depends only on the
Raman coupling strength Q, and is defined to be zero for |Aj| = N.

Additional couplings, which are significant for distances Aj <N, are
provided by detuning induced tunneling

+o00
T8 =~ / dx w* (x)w(x — aAyj) (11

that is proportional to the overlap integral between Wannier functions
associated with different atomic dressed states.

Figure 3 demonstrates that the combined tunnelingJ; = J Qg ‘Zj has
a variable sign and significant long-ranged contributions; markers are
computed directly from Wannier functions and curves use the Gaussian
approximation and y,; (see “Methods” for details). Panel (a) illustrates the
simple N = 3 case for three different values of y; (as we note in Methods, this
suffices to fully quantify the detuning induced tunneling in this case), with
fixed native tunneling. This case illustrates both the long-range character of
Jaj as well as the sign-inversion between short and long range. Panel (b)
turns to the case of N =5 internal states—specified by both y; and y,—
enabling more complicated tunneling configurations, such as shown where
y1 and y, have opposite sign.
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Contrary to atoms in the ground-band of an optical lattice, where the
tunneling strength—fixed by the shape of the Wannier function w(x)—is
strictly positive and the nearest-neighbor contribution dominates, Eq. (11)
along with Eq. (7) show that proper selection of detuning parameters 6,
allows for long-range tunneling with a combination of positive and negative
contributions. This enables effective geometric frustration even in 1D, and
in the following sections we explore the many-body interplay between
effective geometric frustration and interaction processes.

Interacting processes

The preceding section defined the single-particle tunneling contribution to
our system’s Hubbard model description. Here we continue by computing
the two-body bosonic interactions with strength given by the overlap
integral of atomic densities

+00

V=g [ dxlwFwlx - asj)P, (12)

—00

where the pre-factor g;p describes the strength of the contact interaction
that does not depend on the atomic internal state (a good approximation for
ultracold *Rb atoms in their ground electronic state®). Even for such simple
underlying interactions, effective interactions between laser-dressed atoms
generally include additional non-local contributions such as density assisted
tunneling and pair tunneling (see refs. 69,70 for examples in the
continuum). However, in the present case such terms are absent because
the transformation in Eq. (3) is independent of the spatial coordinate and
therefore leaves density-density interactions in Eq. (12) unchanged. As
suggested by the Wannier orbitals in Fig. 2, the overall strength and range of
Vaj can be tuned by modifying the effective lattice depth 2Q which
predominately affects the width of Wannier functions.

The detailed properties of V;are summarized in Fig, 4 (with numerical
values suitable for ¥Rb; see “Methods” for details), with markers denoting
explicit numerical evaluation of Eq. (12) for N=3 (red circles) and N=5
(blue stars) internal states. The solid curves plot the result of a variational
calculation using a Gaussian ansatz for the Wannier functions (see
“Methods” for details). Panel (a) confirms that V,; can be a significant
fraction of V, over the range of a few subwavelength lattice sites, and the
inset shows that, as expected for the underlying sinusoidal lattice, the overall
strength depends weakly on the Raman coupling strength Q with a nominal
Vo~ Q" scaling,

Comparison to other long-range interactions
For the usual case of ultracold atoms in the ground band of an optical lattice,
the on-site interaction V|, greatly exceeds longer ranged contributions
because Wannier functions are highly localized to individual lattice sites. As
a result, additional contributions such as dipolar interactions are required to
induce long-range interactions in cold-atom systems.

In conjunction with local interactions, long-ranged interactions can be
modeled by the power-law interaction potential

Viaj =850V + (1 = 8pj0) VoA (13)

In the dipolar case an applied electric or magnetic field induces interactions
with a =3%; this limits the range of many-body phenomena that can be
realized. Our scheme is not subject to this limitation and « is not fixed a
priori.

For many-body physics, the very long-ranged tail of this interaction
is often unimportant, making the interaction strengths at Aj=0, 1 and 2
the only relevant contributions’'. These can be quantified by the relative
strength V,,/V; of the power-law to local potentials, as well as the power
law exponent a = log,(V,/V,). The relative strength V,/V;, shown in
Fig. 4(b-top), confirms that for both N=3 and N=5 the long-range
contribution can be significant; because the interactions ultimately derive
from overlap integrals, we have 1> V,/V,20. Owing to the reduced
spacing between subwavelength lattice sites for increasing N, V,/V, is

Vaj / Vo

(b) Range, d
o0 M
o 04
Z
<
0.2 F
0'0 1 1 1
8 (0]
o o
6 o ©
s o
4 -
) W
0 1 1 1
2 3 4 5
Q/ERr

Fig. 4 | Long-range interactions. Computed directly from Wannier functions
(markers), or from a Gaussian variational ansatz (curves). In both cases, red and blue
mark N'=3 and N =5 internal states, respectively. a Dependence of interaction
strength V,; on distance d for Raman intensity Q/Eg = 2.5. (Inset) On-site interac-
tion strength. b Top: Relative strength of long-range interactions V;/Vj as a function
of Raman coupling Q. Bottom: Effective power law exponent « versus Raman
coupling Q.

larger for N =5 than N = 3. Figure 4(b-bottom) shows that the power law
exponent is not fixed (as it would be for dipolar or Van der Waals
systems), but crucially it can be tuned simply by varying €; for our
parameters « approximately resides in 5 Sa S8 for N=3and2Sa <3
for N =5. This highlights the flexibility of our setup compared to con-
ventional optical lattice realizations, and provides an avenue for realizing
interesting many-body phases.

More broadly speaking, tunable power-law like scaling of the
interaction’s range in two-level systems has been realized for spin-spin
couplings in trapped ion systems’” and predicted for transversely con-
fined hard-core dipolar bosons’. In contrast, our construction is
applicable to itinerant gases of both bosonic and fermionic ultracold
atoms, and, as we focus on below, it combines effective geometrical
frustration in the single-particle degrees of freedom with power-law like
scaling of the interactions.

Table 1 summarizes the interaction strengths Vj; , for the range of
Raman coupling Q) that we focus on. As compared to the typical <kgx5
nK = & x 100 Hz thermal energy scales for ultracold atoms in optical lattices,
this shows that for N = 3 interactions are relevant for Aj=0and 1; for N=5
the Aj=2 interaction is also appreciable. The Aj=1 nearest neighbor
interaction strengths largely exceed those of magnetic lanthanide atoms™”,
and instead are comparable those predicted for polar molecules™.

Communications Physics| (2025)8:141
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Table 1 | Interaction strength values

N=3 N=5
Vo Vi V2 Vo Vi V2
0/Eg Er h xHz Er h xHz Er h xHz Egr h xHz Er h xHz Egr h xHz
3.0 0.236 867 0.047 172 0.001 3 0.236 867 0.130 479 0.024 87
3.5 0.247 908 0.042 155 0.000 2 0.247 908 0.129 474 0.020 74
4.0 0.257 944 0.038 140 0.000 1 0.257 944 0.127 469 0.017 63
Exact form of interaction strengths is given by Eq. (12). Approximate analytical expression for interaction strengths is given by Eq. (41).
Many-body phase diagram 050 Fa
The combination of terms derived in the previous section can be assembled ’
into an extended 1D Bose-Hubbard (BH) Hamiltonian =
w 0.25
. ~ta I
H==3"> Jubbyn+bnb) 0.00 L .
j Aj20 :
(14)
Voo oo o 0.04 (b)
+ - mi(n = 1)+ > Vajiiiia|
j 4550 —~
; 308] 0.02
where #1; = b; b, off resonant couplings to higher bands can be neglected
in the regime of large Raman coupling (Q 2 3 for *Rb, see “Methods” for 0.00 | | |
details. For smaller Raman couplings, one would need to calculate
renormalized Hamiltonian matrix elements, which arise due to higher (c)
bands”. While extended BH models including either geometric frustra-
tion or long ranged interactions have been widely studied’*™, our rea- . 0201
lization embodied by Eq. (14) is the first proposal to include both long- <
range interactions and effective geometrical frustration. In what follows, 0.00 k
we use MPS calculations®' to obtain the resulting ground state phases for ’ 0.00 0 '05 0 '10 0 '15 0 '20
N=3 and N=5, and then we quantify the resulting phases using three ) ) : ’ )
quantities. 711/ER

First, the staggered density

ON =13 (~1)(G) — 7). (15)
j
wheresi = L' ;(71;), signals period-2 density modulations, and serves as
an indicator of spontaneously broken translational symmetry. In the
thermodynamic limit a true period-2 SSB ground state would generally be
an equally weighted superposition of these two symmetry broken
configurations, making dN;=0; in this case a higher order correlation
function would be required to extract this order. When studying this order
parameter we use an odd number of lattice sites which serves to explicitly
break the degeneracy between the two configurations. This order parameter
would be non-zero for either density-wave solids.
Second, the single particle Green function

St
g,(-l)(AJ) = (bj+Ajbj> (16)
quantifies the degree of spatial phase coherence; in 1D, an algebraic decay of
this quantity at long-range (i.e., quasi long-range off-diagonal order) reveals
the presence of gapless phases with SF properties.
Lastly we consider the correlation function

KJZ(A]) = (kj+Ajkj>7 (17)

where &; = i(leA);+1 — };j l;j +1) is the local current operator for the link
between j and j + 1. The long-range order of KJ?(Aj) indicates correlations
between currents on links a distance Aj apart, and is associated with
spontaneous breaking of TR symmetry. The same conclusions can be
derived by calculating directly the order parameter ;. Importantly, this
strategy requires the addition of a weak term ; in Eq. (14) which allows
breaking the ground state degeneracy associated to the currents going from
left to right and vice versa with the same amplitude.

Fig. 5 | Asymptotic correlation functions for N = 3 internal states as a function of
detuning Fourier component y,. a Staggered density SN; b One-body Green’s
function g') ; and c vector order parameter «2,,. ¢ and ¥2,, are defined in Eq. (18).

All three cases include Raman couplings Q/Eg = 3.0 (empty markers) and Q/Eg = 3.5
(filled markers). These were obtained in a L = 181 lattice site chain with 91 particles.

Our MPS calculations were performed on large systems with L ~ 180
sites (figure captions provide exact details), and all reported quantities were
evaluated in the L., = 100 central sites to minimize boundary effects (from
open boundary conditions). In all cases truncation errors <1077 were
achieved by using bond-dimensions up to 1000. We check for quasi-long
range order (LRO) by evaluating correlation functions at this maximum
possible range with j_, = (L — L.,)/2 and Aj= L, for example, one
would quantify long range phase coherence and current correlations in
terms of

n — M 2 _ 2
gier)l =& (Lcen)1 and Keen =K

‘min min

(Leen)- (18)

N =3 internal states

We begin our MPS analysis with N = 3 internal states and at a fixed particle
density of 7 = 1/2 atoms per subwavelength lattice site. Geometric frus-
tration is induced by selecting the Fourier transformed detuning y; of Eq. (8)
to be positive, which makes both ]‘f , ]g <0 while the bare tunneling ]?
remains, as always, positive [see Fig. 3a]. In this case, the extended BH in
Eq. (14) models a triangular ladder with both ferromagnetic and anti-
ferromagnetic tunnel couplings [see Fig. 1b, top panel] and long-range
interactions. Figure 5a shows that staggered density order (with 6N > 0) is
present for small y; and range of coupling strengths Q (different curves).
This indicates the presence of a SSB phase, but does not yet distinguish
between supersolid and density wave (DW) insulating phases. Next, Fig. 5b
shows that, by quantifying off-diagonal order, the one-body Green’s
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Fig. 6 | Extended Bose-Hubbard model phase diagram and extracted values of
Egs. (15)-(18). Both subplots were computed for N =5 internal states at 1 = 1/2
filling, Raman coupling Q/Eg = 3.5, a system size of L = 181 sites, and 91 particles.
a Phase diagram as a function of detuning Fourier components y; and y,.

b Asymptotic correlation functions' (one-body Green’s function g{!) , staggered
density 6N and asymptotic vector order parameter 2,,) dependence on y; for fixed

y1/Er = —0.06, corresponding to the dashed black line in (a).

function g'1) delineates these cases. At small y, there is no phase coherence,
implying that the system isa DW, insulator. Changes to y; proportionately
change the detuning induced tunneling amplitudes (here J; and /,), but have
no impact on the native tunneling (given by J3) nor the interaction strengths
Vaj- Therefore increasing y, increases the kinetic contribution to the
Hamiltonian, ultimately melting the DW insulator. Comparing (a) and (b)
shows that g{)) becomes non-negligible concurrently with the vanishing of
ON; as a result we conclude that no supersolid is present and the transition is
from DW,,, to conventional SF.

Lastly, Fig. 5¢ shows that the current-current correlation function x2,,
becomes non-zero for a range of y; and smaller Q (empty markers).
Comparing (b) and (c) shows that while this order parameter is only non-
zero when g!) > 0, the reverse is not true. This allows us to disambiguate a
conventional SF phase [g{)) >0 and x2,, = 0] from a TR broken CSF
[g® >0and &2, >0].

In the next section, we show that by increasing the number of possible
internal states from N = 3 to N = 5, CSF and more intriguing SSB phases can

be engineered.

N =5 internal states

Increasing to N = 5 internal states offers more control over the extended BH
owing to the independent tunneling parameters y; and y, (see “Methods”
for details). Consequently, more complex configurations of tunneling
amplitudes are possible. Here, we consider y; < 0and y, > 0 so that J, J$ >0
and J9,J3 <0 [see Fig. 3b]; this directly yields a geometrically frustrated
lattice structure. In what follows we fix Q/Ey = 3.5, however, we verified that
for 3.0 < Q)/Eg < 4.5 the simulation results change only quantitatively.

We first connect to our N = 3 results by obtaining the phase diagram in
the y,-y, plane at half filling (7 = 1/2) shown in Fig. 6a, and representative
values of the correlation functions are shown in (b) evaluated at y, = —0.06.
Individual phases are identified using the logic employed in the preceding
section.

For small y; and y, all tunneling coefficients J; are small compared to
the long-range repulsion Vyj; at half filling this stabilizes a DW,, phase.

(a) —=— ~y1/ER = 0.01
—— 41 /ER = 0.02
—— ~1/ERr = 0.03

S(k)

g'(A))

o

Aj 50 100
Fig. 7 | Period-3 density wave order. Computed for N = 5 internal statesat 7 = 1/3
filling, Raman coupling Q/Eg = 3.5, detuning Fourier component y,/Eg = 0.01, a
system size of L = 175, and 59 particles. a Local density () b structure factor S(k);
and ¢ asymptotic single particle Green function g{!)

cen*®

Making y; increasingly negative has the predominant effect of introducing a
proportionally negative J;. As with the N =3 case, this simply reduces the
ratio V; /] 9 of interaction to kinetic energy and melts the DW , insulator.
The resulting conventional SF phase restores the bulk translational sym-
metry and has quasi-LRO only in g), [see Fig. 6b]. In contrast, increasing y,
introduces significant effective geometrical frustration [see Fig. 3b]. The
associated increased kinetic energy still destabilizes the DW , insulator, but
favors a CSF where both ¢g(!) and 2, are non-zero. As a result this lattice
provides a unique opportunity for controlled studies of CSFs.

Period-3 order at 1/3 filling

As is visible in Fig. 4b, the N = 5 long-range interactions are significant even
beyond the Aj=1 nearest neighbor scale. Repulsive interactions that are
significant up to V,; tend to favor ordered phases with a period of Aj + 1.
We search for the impact of Aj=2 next nearest neighbor interactions by
reducing the particle density to # = 1/3, where these interactions would
favor a DWy,; insulator in the limit of zero tunneling. This expectation is
confirmed in Fig. 7a where, at small y, and for three values of y;, the
expectation value of the on-site number operator has a period-3 oscillatory
contribution.

Rather than quantify this structure in terms of a specific correlation
function suited only to period-3 density order, we turn to the density-
density correlation function Ci(B)) = (fizjf;) — (fi1 ) (7;) that is sen-
sitive to density fluctuations at a range of Aj and its Fourier transform

1 .
S(hk) = z;e’kﬂfcjmj), (19)
the static structure factor. Figure 7b shows that in this parameter regime the
structure factor has peaks at k = +271/3 indicative of local order associated
with spontaneously broken translational symmetry. The sharp peaks pre-
sent for y; = —0.01 are indicative of quasi-LRO, while the broad Lorentzian-
like peaks for more negative y; suggest an exponential decay of density-
density correlations and a lack of SSB. Finally, Fig. 7(c) shows that in the
small-negative y; SSB case gj(l)(Aj) vanishes exponentially, thereby
confirming the presence of a DW,; phase. For more negative y; long-
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range off-diagonal order is established suggesting a normal SF. Thus this
transition (as a function of y, and for small y,) from DW 3 to SFats = 1/3
filling is analogous to the DW , to SF transition at 7 = 1/2 filling in Fig. 6a.
This analysis rigorously proves that the strong long-range repulsion present
in our model enables the realization of period three DW insulators,
resembling 7, Mott insulators predicted in chiral clock models*.

State preparation and detection

The previous sections identified a wide array of quantum states of matter
that our setup can access. Although these phases are described by a spinless
single band extended BH model, the constituent atoms exist in a dressed
state representation, therefore conventional detection and measurement
techniques are not effective here. In the following sections we therefore
present alternative approaches to detect and prepare low energy states of
our model.

Measurement opportunities

This work has focused on distinguishing between conventional SFs, CSFs,
and DW solids (where the unit-filled Mott insulator would be DW) using a
range of correlation functions: the spatial densitz/ (n;), the static structure
factor S(k), the single particle Green’s function g](-1 (Aj), and the vector order
parameter x?(Aj). Given the deeply subwavelength nature of these lattices—
A6 for N =3 and 1/10 for N = 5—even today’s highest resolution quantum
gas microscopes®”™” are unable to directly resolve DW order in (7). For-
tunately, the underlying physical structure of our system offers a unique
opportunity to experimentally access our target observables.

Standard time-of-flight

In this section, we relate momentum distributions observed in time-of-flight
(ToF) images with the crystal momentum distribution n(k) characterizing
states in the subwavelength lattice. The crystal momentum distribution is
directly related to the Fourier transformed total one-body Green’s function

gV(@) = Y8 (4) via

n(k) = (' bRy = 3 e g (), 20)
Aj

where ZJ: (k) is the creation operator for a particle with crystal momentum k
occupying the r-th band of the subwavelength lattice. Notice that k is
dimensionless and the Brillouin zone (BZ) extends over a range of 27.

By employing the Stern-Gerlach effect during ToF the final observed
quantities are the internal state resolved momentum distributions

Pu(@) = D1 @D (@),

where {bln (q) describes the creation of a boson with wavevector ¢ in internal
state m. In this expression g has dimensions of inverse length and the
subwavelength lattice BZ has an extent of 2Nkg; therefore we introduce a
factor ¢ = (2m)/(2Nkg) to convert from these physical units to the dimen-
sionless units of the discrete lattice.

As we show in Methods, the state resolved momentum distributions are

= M n [c(q — 2kRm)} ,

N (21)

Pr(q)

where w(q) is the Fourier transformed Wannier function. As such, the
crystal momentum distribution, and therefore the single body Green’s
function g(Aj), can be obtained from the internal state resolved momen-
tum Adistributions, but not from the total momentum den-
sity p(q) = 3P (Q)-

Accessing n(k) provides a powerful tool for distinguishing the many-
body phases described in the previous section. Figure 8 shows that, owing to
quasi LRO in g"(Aj), SF phases (light and dark blue) give rise to sharp peaks
that vanish in insulating DW phases (red) where g’(Aj) decays exponen-
tially. More specifically the normal SF exhibits a single sharp peak at k=0,

—+— ~y/ER = 0.03
—— ~3/ER = 0.066
—+ 4o /ER = 0.085

-0.5

0.5

0.0
k/m

—-1.0 1.0

Fig. 8 | Crystal momentum distributions n(k). Computed for Raman coupling
Q/Eg = 3.5, a system size of L = 181, 91 particles and fixed first detuning Fourier
component y;/Eg = —0.06 in superfluid (second detuning Fourier component y,/
Eg =0.03), period-2 density wave (y,/Egr = 0.066) and chiral superfluid (y,/

Ex = 0.085) phases.

while the CSF has two peaks. The two peaks at incommensurate k in the
momentum distribution signal two minima in the dispersion relation. The
interaction favors the predominant population of one of the minima and, as
a consequence, the system enters a CSF phase with a non-zero local boson
current characterized by a finite chirality (k;).

These crystal momentum distributions provide little information
regarding the structure of DW solids, however, higher order correlation
functions do. For example, the second order function

" dk
n®(bk) = / 5, LAk + Ajn(k)) — (ak + Ak)) (k)] (22)

provides direct information regarding density order in gapped solids**".

Staggered readout

An alternate measurement protocol that is unique to this specific type of
subwavelength lattice transforms each dressed state into a specific internal
atomic state just prior to ToF; as above, this yields N independent
momentum distributions, each of which samples every N-th site of the
subwavelength lattice (recall that j=rn 4 ¢N, where n is the dressed state
index and £ is the A/2 unit cell).

In order to implement this mapping we introduce two new degrees of
freedom: (1) a new coupling Q¢ nearly identical with the Raman coupling in
Eq. (1) except that it lacks any spatial dependence [this might be implemented
with a radio frequency (rf) magnetic field, or with Raman transitions in a co-
propagating geometry]; and (2) a detuning proportional to the internal state
index, i.e., 6, = Agm, as would be given by the usual linear Zeeman effect.

Our protocol adiabatically transforms dressed states into internal atomic
states, where the adiabatic timescale T'is selected to be rapid as compared to the
ground-band atomic dynamics, but slow compared to the band splitting. In the
following, each step is correspondingly marked in Fig. 9a:

(i) In the first step we quench to zero the detunings 6, (used to generate
long-range tunneling) in a timescale 7, which is rapid compared to the
adiabatic timescale T used for the following steps. An adiabatic
timescale would cause detuning-induced Rabi oscillations, which
would ruin the one-to-one mapping between dressed and bare states.
Since the detuning quench is fast, it is not shown in Fig. 9a. This step
returns the system to N interpenetrating but decoupled lattices.

(i) Next, the spatially uniform coupling €, is ramped on while the the
Raman coupling Q) is simultaneously ramped off. This transforms each
independent Raman lattice with energy —2Q cos(2nn/N — 2kgx)
into a spatially uniform dressed state with energy —2Q,; cos(2nn/N).
Lastly, Q,¢is ramped off while the conventional detuning is ramped to a
final value of A.

We therefore conclude that this process transforms states in the |n)
dressed state into the |j = ) internal atomic state.

(i)
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Fig. 9 | Temporal dependence of various quan-
tities during staggered readout. Mapping from
dressed state to bare state is performed for times

t € [0, 2T]. a Ramping of different system para-
meters: (i) Raman coupling €, (ii) Position inde-
pendent coupling Q,, (iii) Detuning Ag. b Dynamics
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Furthermore, reversing this protocol allows us to transform a 1D quasi-
condensate prepared in a single internal atomic state into a corresponding
SF state in the subwavelength lattice. Finally, once the SF state is prepared,
the CSF and density wave (DW,,, DW3) states can be accessed through
adiabatic ramps that modify the system parameters to the required regimes.

Conclusions

In this manuscript, we showed that a recently realized class of 1D sub-
wavelength optical lattices* ™ lead to extended BH models with effective
geometric frustration and long-ranged interactions. These lattices Raman
couple internal atomic states, and a lattice potential emerges in a dressed
state basis whose spacing is reduced by a factor equal to the number of
coupled internal states. This configuration features significant interparticle
repulsion over the scale of several lattice sites, in the absence of dipolar or
Coulomb couplings. On short scales the functional form can be approxi-
mated as local repulsion combined with a power-law tail, the exponent of
which can range from —2 to —8 depending on the Raman coupling
strength and the number of internal states. Tunneling on the subwavelength
scale is induced by small deviations from the Raman resonance condition;
specifically, tuning the detuning parameters modifies the sign, Peierls phase,
and strength of tunneling connecting lattice sites spaced by distances equal
to number of coupled internal states.

Controlling the relative sign of the tunneling amplitude at different
ranges leads to regimes of effective geometrical frustration. This is in con-
trast with conventional optical lattice platforms where the range and sign of
hopping processes are fixed. Other approaches inducing geometric frus-
tration by periodically modulating one or more parameter in the single
particle Hamiltonian’ with interactions, this process induces many-body
dephasing which manifests as heating and then atom loss. In the present
work, spontaneous emission from the Raman lasers is the only intrinsic
heating process; for the example presented here, the associated 1/e lifetimes
would be about 500 ms or A 400 X (hV,)™'*, enabling quantum fluctua-
tions to remain stable for long times.

We explored the many-body potentialities offered by this setup with a
detailed numerical analysis using matrix product states across a range of
interactions and frustration. We found that geometrical frustration favors
CSFs with spontaneously broken TR symmetry; these are of great interest
both in condensed matter”” and high energy®® physics. The competing
presence of strong long-range repulsion favored insulating DWs"”*** with
spontaneous spatial symmetry breaking.

Although the parameters used in matrix product states analysis are
specific to Rb, our laser-coupling scheme can be applied to a large variety of

atomic species including both bosons and fermions. In the case of fermions,
the extended Hubbard model analogous to Eq. (14) still describes spinless
particles; owing to Pauli repulsion, only long-range interactions with p-wave
(and higher order) character are present”’. Embedding such a fermionic sub-
wavelength system in a Bose-Einstein condensate would be an intriguing
next step. In analogy with materials with phonon mediated interactions
between electrons, we expect the emergence of an oscillating bosonic-
mediated interaction between fermions of Ruderman-Kittel-Kasuya-Yosida
(RKKY)-type”™. Noticeably, cold atomic systems have only been able to
present preliminary results on the possible appearance of fermionic-
mediated RKKY-type interactions between bosons’*””. Our proposed setup
thus poses itself as a relevant source to engineer complex interacting pro-
cesses analogous of real materials.

Figure 4 modeled interactions in our lattice as an effective power-law,
valid for the first three subwavelength lattice sites. A similar procedure can
be followed to instead frame these interaction terms as a screened Coulomb
interaction, for example, of the repulsive Yukawa form, V; = Vye_y>'j /j
with y, = In[V, /(2V,)]. Therefore, our lattice might be applicable for
quantum simulation of plasma physics'* and screened electronic systems'”".
We considered interactions of the SU(N) that were the same for all atomic
internal states. This can be a good approximation in some cases (such as VRb
atoms) and nearly exact in others (such as ¥’Sr and '*Yb)'®. In other cases
the interaction strengths can differ greatly; for example, Feshbach reso-
nances can induce significant differences'”’. This would result in non-local
interaction driven tunneling processes like pair hopping that give rise to pair
superfluids (PSFs) in bosonic models'™'*.

In conclusion, our results represent an alternative proposal which can
finally shed light on the investigation of long-range frustrated quantum
systems.

Methods
Physical parameters
Here we summarize the explicit numerical values of the physical parameters
used in our many-body calculations (all taken for ¥Rb).
The one-dimensional interaction strength'” is

-1
4h*a,, | _ %2
a,

&b = mai
= 1.05%x107¥ Jm,

(23)

having used the constant C=1.4603'”, the reduced PlancK’s constant
7=1.05x 10 m’kg/s, the atomic mass m =86.9AMU = 1.44 x 10 > kg,
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the F =2 manifold s-wave scattering length a,, = 95app,, = 5.02 x 10~ m'®
and transverse confinement length a; = 1.25 x 10”7 m. We used the afore-
mentioned value of g;p for both N=3 and N = 5. This is reasonable since
a1 = 100agon, and a,, = 95apy, are fairly close to one another and thus the
presented results will not qualitatively change.

The single photon recoil energy

nk

Ey =—2=2437x10"%] (24)
2m
= hx 3678 Hz, (25)

and wavevector kg = 271/A both require additional knowledge of the optical
wavelength (here A =790 nm) used to create the lattice potential.

Interaction Hamiltonian

Here we consider properties of the interaction Hamiltonian for the case of
state independent [sometimes called SU(N)] interactions. This makes the
interaction Hamiltonian a function of the total local density
r () = Zm(};(x)(}m(x) = anpl(x)t]/n(x), which takes the same form
in the bare atomic basis (with creation operators ¥ (x)) and the dressed
basis (with creation operators (/)jn(x)) As a result, the interaction Hamil-
tonian is also unchanged with

H,, = ‘%/ dx = i (x)

N NI 5 (26)
=53 [ @ 0h b, 5,00
=53 [ ax il i, 09,0, o)

where : -+ : denotes the normal ordering operation.
Expanding the dressed field operators in terms of lowest band Wannier
functions

- Al
wl(x) = Z w(x — lay — na)by, , (28)
1
leads directly to the density-density interaction
. Vo . . .
Hine = Z - Ml — 1)+ ;) Vit aj (29
i j>

that appeared in the Hubbard model [Eq. (14)], where j = NI+ n denotes
lattice site index and Aj denotes distance between lattice sites.

Additional terms, such as density-induced tunneling (DIT), can appear
when interaction strength g; , becomes a function jand j'. In this case the
interaction Hamiltonian

Ho= 3328y [ &6/ 008, 090 (30)

is no longer invariant with respect to a change of basis, and the dressed state
Hamiltonian

Once again expanding the field operators in the Wannier basis, one
obtains

N 1 Afata A
Hy, = EZ Vij,k4lbi bj bby, (33)

where the sum is over all subwavelength lattice sites and interaction
strengths

Vi =8er [ Sw @), (34)

Coefficients such as Vi lead to DIT.

In the considered experimental situation, i.e., National Institute of
Standards and Technology (NIST) ¥Rb cyclic coupling experiment?,
interactions are homogeneous at the 0.995 fractional level making DIT
terms negligible.

Detuning induced tunneling

As mentioned previously, the synthetic dimension tunneling parameters
Yan = |Yanl €xp(i¢,,) are significantly constrained by the properties of the
discrete Fourier transform, as well as our restrictions on the allowed
detunings:

1. Yan = Yan+n owing to the periodicity of Fourier transforms.

2. Yo=0, because ), 4,, = 0.

3. ¢an=—¢_nan because the detunings J,,, are real valued.

4. For our current subwavelength lattice we focus on the simplification
8, =0_,,, making y,, real-valued and symmetric. Note that this
condition is violated for our staggered readout procedure for mapping
dressed states to bare states.

For example, for the N = 3 case, the two detuning constraints reduce the
number of free degrees of freedom to one, implying that y, alone quantifies
the detuning induced tunneling. Similarly the N =5 configuration has two
independent degrees of freedom, y; and y,.

For odd N these constraints allow Eq. (8) to be simplified as

1 N-1 )
Yoy = _Z 8m62mmAn/N
Nm=0

2 N—-1 N-1
=~ {_ (Z 8m> + Z 3, cos(anAn/N)] },

where we reindexed the sum to run from — (N —1)/2 to (N — 1)/2 and
combined exponentials at positive and negative m into cosine terms. This
shows that &y, «++ , §n—1)2 are the independent degrees of freedom. This
expression can be inverted to provide a relation between a desired set of y,,
and the experimental parameters J,,,.

(35)

Variational Gaussian Wannier approximation
Here we derive the approximate Wannier functions yielding the continuous
curves in Fig. 4. In brief, these begin with a simple Gaussian approximation
for a wavepacket centered on a single lattice site, and then we use a varia-
tional ansatz to optimize the width.

We begin with the dimensionless (with energy in units of Ex and length
in units of k') Hamiltonian

H=k - [cos(2) — 1] (36)

N«

A~ 1 N A . N
Ho =33 e | SOOI, 00,0 (D
for a particle moving in a lattice potential of depth s = 4Q)/Ex. The second order
contains every possible combination of field operators, where series expansion around x = 0 yields the harmonic oscillator Hamiltonian
. ~2 R
Enntmm = Z 8 ijj Ul:'j/ U Ujpn- (32) H~k + i (37)
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Fig. 10 | Model parameters’ dependence on Raman coupling 2. Plotted quantities
are computed directly from Wannier functions (markers), from Gaussian varia-
tional ansatz (solid curves), or from standard Gaussian ansatz (dotted curves).

a Normalized detuning-induced nearest neighbor tunneling —/%/y,. b Interaction
strength V,;in units of recoil energy E. ¢ First energy gap AE in units of recoil energy
Eg. d Variational parameter f. Dashed vertical lines mark the critical lattice depth
s. = (e/2)% for arguments below s, the variational parameter  becomes complex.

with oscillator frequency w = 24/s, length £=5s"" and ground state
wavefunction

si/8

WO(X S)— 1/4 7x2\/—/2 (38)

Changing Egs. (10), (11) and (12) to dimensionless quantities, this gives
explicit relations for: native tunneling

—/ dxwz(x)I:Iwo(x— TT)

o 5/4 (39)
=—— [2\/.;4-5(2—71’24—2@71/‘/;)],
detuning induced tunneling
]A’ / dx Wi (x)wy(x — d)
(40)
— Vs /47
and interactions
o= [ el — P
g 1ok (41)
Sl/ —d2f5)2
= —12e i

where we have introduced the dimensionless displacement d=mAj/N
between the center of the Wannier orbitals. We include an expression for the
native tunneling J<, but note that the Gaussian ansatz leads a nonphysical
dependency on the zero of energy (because Gaussian wavepackets at
neighboring lattices sites are not orthogonal).

The dashed curves in Fig. 10b plot the on-site interaction computed
using this expression along with the numerically computed points. The
agreement is poor.

We improved the accuracy of wavefunctions of this form using the
variational principle where we replaced s — s and minimized the energy
functional

&= / dxwo(x,ﬂzs){—ai - %[cos(Zx) — 1]}w0(x,ﬂzs)

I AR “
T2 TP\
with respect to . This yields the condition
ﬁz = eiﬁ;ﬁ , (43)
which is solved by
p=exp|W (-5 ()
= exp 2 \/g 9

where W(x) is the notorious Lambert W function'”""’; Fig. 10d plots 8 as a
function of laser coupling strength Q2. Because W(x) becomes imaginary for
arguments below —1/e, the expression for 3 is only defined for s > (¢/2)*,and
for large s, B approaches unity confirming that the standard Gaussian
approximation is accurate for very deep lattices. The solid curves in Fig. 10b
show the improved on-site interaction energy computed using this
correction factor.

First excited band

One can also accurately compute the first energy gap. To do this, we
approximate the excited state Wannier function with the first excited har-
monic oscillator wavefunction

/8
wy(x,s) = «/——x > ‘/—/2

gy (45)

and in analogy with Eq. (42) we obtain the excited state energy

«/{ —Bys

i

Subtracting the ground state energy yields the energy gap

s Flp o5

Our DMRG computations were performed for Q/Eg >3, where the
impact of higher Bloch bands of the sinusoidal adiabatic potentials are negli-
gible. Using Eq. (46), the first band gap can be approximated as AE/Eg = 5.8
(direct numerics give AE/Eg = 5.3Eg) which is large compared to the interac-
tion scales (with Vj/Eg $0.25, see Table 1), and the tunneling scales [J/
Er 505, see Fig. 10a]. Because the many-body physics under study require
temperatures kgT < (J, Vj), thermal excitations are also negligible.

J+3ﬁ+

(46)

Relation to continuum degrees of freedom

Here we relate the momentum distribution observed in ToF images with the
crystal momentum distribution of states in the subwavelength lattice. By
employing the Stern-Gerlach effect during ToF the final observed quantities
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are the internal state resolved momentum density operators

. At
Pi(@) = $,,(@)9,,(a), (47)
where g?)j”(q) describes the creation of a boson at momentum ¢ in internal
state m. In terms of the continuum dressed state field operators in Eq. (3) this
becomes

n 1 / i(gx—2mnm) 5 T
=— dx et x),
@ =52 ¥al0) (48)
leading to the final expression in the discrete Wannier basis
ot 1 i(qx—2mnm/N) Al
m():_ /dxe(q Wy (Xn brn (x) 4
$mq N ; (%01) by (49)
having made use of
X ot
WI(") = Z Wy ('xnl) bmmh (50)
rl
where
ny A
— m4 51
wo=x=(04)5 D

Here we again assume that only the ground band (r = 0) is relevant and thus
we write

@ = "2 S exp (6,,,(@) B, 52
n,l
_ Y.
= % ZJ: exp{i[q — 2kgm] ﬁ}b}(x) (53)

where ¢, ,,.(q9) = q(n+ N{) — 2kzgnm and we have made use of
the periodicity of the exponential function exp(2minm/N) =
exp(2mi(n + N¢)m/N). Implementing the dressed state transformation
gives

Br(q) = )b’ <2n o ;j,f“m). (54)
R

Because we defined crystal momentum to be dimensionless with a BZ 27 in
extent. We see that this expression links momentum ¢ in state m with a
crystal momentum 27(2/(2Nky) — m/N) where 2Nk is the extent of the
BZ in physical units, shifted by 27rm/N which can be interpreted as a result of
the recoil kick imparted by each two-photon Raman transition.

This result connects the internal-state resolved momentum density
operator and the crystal momentum density

2
@) =" ig — 2km), (53)

and shows that the probability is split equally between the N internal states.

Data availability
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