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1. Introduction

The pore structure characteriza-
tion (Blunt, 2001; Blunt et al., 2013; 
Dong and Blunt, 2009; Ghanbarian 
et al., 2013; Panini, 2022; Panini et 
al., 2024; Raeli et al., 2024; Salina Bo-
rello et al., 2022; Viberti et al., 2020) 
is fundamental in reservoir engine-
ering for a thorough characteriza-
tion and understanding of hydro-
carbon production, Underground 
Gas Storage (UGS), Underground 
Hydrogen Storage (UHS), CO2 sto-
rage or sequestration, Enhanced 
Oil Recovery, and groundwater 
flow. Porous media are complex 
systems presenting pore and grain 
dimensions varying over a wide 
range (Ghanbarian et al., 2013), 
that affect the transport properties 
of the medium (Huang et al., 2021); 
moreover, the flow phenomena 
comprehension requires hydro-
dynamic numerical simulations, 
most of them discretizing modified 

versions of Navier-Stokes Equa-
tions (NSE), among which lies the 
Lattice Boltzmann Method (LBM) 
(Krüger et al., 2017; Succi, 2001). In 
particular, multi-phase flow phe-
nomena are often modeled using 
the macro-scale (Liu et al., 2016) 
simulations, which do not capture 
the micro-scale effects of the flow; 
in contrast, they require observa-
tion at the micro-scale (Blunt, 2001; 
Venturoli and Boek, 2006). The Lat-
tice Gas Automata method (McNa-
mara and Zanetti, 1988), from whi-
ch LBM derives, has been used to 
estimate permeability, tortuosity, 
and effective porosity in synthe-
tic 2D porous media (Koponen et 
al., 1997, 1996). The application of 
LBM in geometric porous media 
characterization involves tortuosi-
ty and permeability in 2D and 3D 
(Blunt, 2001; Dong and Blunt, 2009; 
Eshghinejadfard et al., 2016; Ghas-
semi and Pak, 2011; Pan et al., 2006; 
Panini, 2022; Yang et al., 2017) test 

cases, simulating single-phase 
and two-phase flows (Ferréol and 
Rothman, 1995; Xu and Liu, 2018). 
Recent works also involve LBM in 
porous media simulating effective 
diffusion gas phenomena (Huang 
et al., 2021), non-stationary fluid 
flows in homogenized cases (Simo-
nis et al., 2023), including the water 
displacement by CO2 at reservoir 
conditions (Chen et al., 2019, 2018), 
advection-diffusion applications 
including chemical reactions (Liu 
et al., 2023), flow and solute tran-
sport problems (Boek et al., 2014), 
and computing diffusive tortuosity 
(Zahedi and Vakili, 2023; Zhang et 
al., 2021).

LBM is a family of popular meso-
scopic methods based on microsco-
pic fluid fictitious particle models 
and mesoscopic kinetic equations. 
The advantage concerning conti-
nuum modeling approaches, based 
on Darcy velocity, is the possibility 
of handling in a relatively simple 
way complex geometries (Meskas 
and Bao, 2014) including porous 
media domains. The LBM imple-
mentation is a valuable approach 
to pore scale simulation. Unlike 
computational Fluid Dynamics 
(CFD) methods, which numerically 
solve the conservation equations of 
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macroscopic variables (i.e., mass, 
momentum, and energy), LBM 
describes the evolution of the ve-
locity distribution of fictitious par-
ticles (Krüger et al., 2017; Song et 
al., 2022; Succi, 2001). The fluid is 
conceived as a set of fictitious par-
ticles that represent packets of fluid 
particles; the motion of particles is 
tracked by a distribution function 
over a discrete domain, compo-
sed of elements called lattices. The 
macroscopic variables (density, 
momentum, energy) are obtained 
by integrating over each lattice 
the particle distribution function 
combined with the velocity (Blunt, 
2001; Krüger et al., 2017; Liu et al., 
2016; Succi, 2001). To model the 
Navier-Stokes equations properly, 
a choice of a collision operator is 
necessary, depending on the appli-
cation e.g. distinguishing miscible 
and immiscible fluid interactions. 
The LBM is a relatively new 
method (Hardy et al., 1973) and it 
became popular over the years for 
its versatility and algorithm simpli-
city (Latt et al., 2021b, 2021a; Liu et 
al., 2023; Simonis et al., 2023). The 
greater advantages of LBM are: 
being suitable for massive paralle-
lization in computation (Latt et al., 
2021a; Liu et al., 2016), its applica-
bility to multi-phase or multi-com-
ponent flows, and the handling of 
complex geometries and complex 
boundaries (Sukop and Thorne, 
2006). On the other hand, the uni-
form grid has to be fine enough to 
capture the physical phenomena in 
porous media, and large enough to 
limit the high computational cost 
still required in LBM simulations 
(Chen et al., 2018). Compared to 
Pore Network Modelling (PNM), it 
has been demonstrated that, in the 
context of multi-phase flow in po-
rous media, LBM is more time-con-
suming, but, more efficient on the 
microstructure transport proper-
ties computation (García-Salaberri 
et al., 2015; Huang et al., 2021). 

Being a particle-based solver, 
LBM does not discretize direct-

ly the Naver-Stokes equation for 
fluid motion (Krüger et al., 2017). 
However, it satisfies the incom-
pressible Navier-Stokes equations 
(Huang et al., 2015; Succi, 2001) 
in the limit of small Knudsen and 
Mach numbers. Thus, LBM is sui-
table for simulating all phenome-
na that can be addressed with NS 
(Junk and Klar, 2000).  The Lattice 
Boltzmann Method can be seen as 
a discretization of the Boltzmann 
transport equation by a finite dif-
ference method (FDM) in space, 
on a uniform Cartesian grid, and 
in time derivatives by a fixed time 
step (Meskas and Bao, 2014). The 
regularity in space and time of this 
method are the main drawbacks. 
The most challenging part of using 
finite difference methods is the 
handling of the non-linearities of 
the operators and the complex geo-
metries in boundaries and internal 
discontinuities (Raeli, 2017; Raeli et 
al., 2018). However, Cartesian grids, 
defined as lattice for LBM and re-
presenting a group of particles 
in the mesoscale, are characteri-
zed by squared (2D) or cubic (3D) 
structures on which there are two 
natural choices to discretize diffe-
rential operators: vertex-centered, 
common for unstructured mesh 
but rarely used in LBM simulation 
(Pellerin et al., 2017), or cell-cente-
red (Krüger et al., 2017). 

This work aims to give an over-
view of the LBM method with a 
focus on the applications to mul-
ti-phase fluid flows (Liu et al., 2016) 
in underground porous media, in-
cluding the model discretization 
and the possible choices in boun-
dary conditions (Yin and Zhang, 
2012; Zou and He, 1997) and di-
stribution functions (Grunau et al., 
1993; Gunstensen et al., 1991; He et 
al., 1999; Lee and Liu, 2010; Shan 
and Chen, 1993; Swift et al., 1996). 
Moreover, a series of open-source 
libraries and software dedicated to 
LBM is presented. The list, poten-
tially huge, is focused on applica-
tion to porous media and is limited 

to the most used tools, based on 
citations and online availability 
(Chen et al., 2018; Latt et al., 2021b; 
Simonis et al., 2023). 

2. The Lattice 
Boltzmann Model

The Lattice Boltzmann Method de-
rives from the Lattice Gas Automa-
ta (LGA) (Frisch et al., 1986) method. 
The main idea is to simulate gases/
fluids as a collection of particles 
with random motions interacting 
in two main steps of streaming 
and collision (Liu et al., 2016). The 
first Lattice Gas Automaton model 
was developed in 1973 by Hardy, 
de Pazzis, and Pomeau (HPP). It 
simulates gas particles on grid in-
tersections, then each particle can 
populate one of the directions con-
necting the cells with a neighbour 
(Hardy et al., 1973). The description 
of fluids at the mesoscopic scale 
lies between the individual parti-
cle tracking (microscopic) and the 
continuum theory (macroscopic). 
The mesoscale simulations capture 
molecular details of the phenome-
na and guarantee an accurate de-
scription of the macro-scale physi-
cs because mass conservation and 
momentum conservation are en-
sured. Moreover, other constraints, 
such as miscibility and intermole-
cular fluid interactions, play a si-
gnificant role in multi-phase flows 
(Huang et al., 2015; Shan and Chen, 
1993; Swift et al., 1996).

The whole domain where the 
particles interact is called a lattice 
and it is discretized in a regular 
mesh. Each mesh element, repre-
senting the space occupied by a 
particle (or a group of particles), is 
called the lattice cell (or node). The 
velocity directions are also discre-
tized; the number of velocity di-
rections allowing movement from 
one lattice cell to another determi-
nes the number of neighbours for 
each lattice cell. 
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We can briefly describe the 
two molecular phases considered 
by LBM and deriving methods in 
independent steps (Krüger et al., 
2017) occurring during a time 
step:
1.	�Collision (or relaxation) step: 

particles are represented after 
collisions in function of their 
position and their equilibrium 
distributions. The macroscopic 
quantities are used to compute 
the equilibrium distribution. The 
collision is a local operation on 
the lattice cell. 

2.	�Streaming step: post-collisional 
distributions move to another 
subsequent spatial position ac-
cording to a predefined set of ve-
locity directions. The streaming 
is associated with neighbouring 
cells. 

The equations referring to LBM 
collision/streaming are detailed in 
Section 2.3. The LBM discretization 
schemes are usually identified by 
DdQq, where d = 1,2,3,…, stands 
for the dimension of the problem, 
and q is the number of neighbours 
involved for an internal cell. By 
way of example, D2Q9, which is 
characterized by 9 neighbours in-
cluding the one (at rest) in the cen-
tre of the lattice cell (Figure 1a), is 
the most used discretization in 2D, 
while D3Q19, which is characteri-
zed by 19 neighbours, is the most 
common discretization in 3D (Fi-
gure 1b). However, the chosen di-
scretization often depends on the 
minimum number of constraints 
necessary for being accurate; for 
instance, the D3Q7 model has been 
applied by (Huang et al., 2021) com-
puting the parameters to obtain the 
effective diffusivity of gas in porous 
media by the Fick’s law. 

For the sake of simplicity, we 
can figure out each lattice cell as 
the grid cell on which the compu-
tation lies. This ensures discretized 
positions for a single-particle di-
stribution function f(x, u, t) which 
represents the probability of a par-
ticle having velocity u to hold the 

position x at the established time t. 
The Boltzmann transport equa-

tion (1) describes the evolution in 
time of f(x, u, t) (Krüger et al., 2017; 
McNamara and Zanetti, 1988; Swi-
ft et al., 1996) redefining the distri-
bution function at the considered 
time. The equation is expressed as:

�
�
� �� � �� � � �f

t
f

m
f f f equ

F
u

� , � (1)

where u(x, t) is the macroscopic 
particle velocity; Ω(f, f eq) is the col-
lision operator describing the rela-
xation to the local equilibrium state 
of particles or, in other terms, the 
non-linear collisional dynamics, m 
represents the point masses of the 
particles set, and F the external for-
ce contribution. 

Macroscopic quantities such as 
density, velocity, and energy can 
be obtained by the distribution 
function as integrals combining the 
distribution function with the velo-
city. We omit the expressions here 
because they are widely presented 
in the literature (Blunt, 2001; Krüg-
er et al., 2017; Liu et al., 2016; Suc-
ci, 2001) for the interested reader; 
their discretized versions, as local 
sums, are reported in this paper in 
Subsection 2.2.

Any solution of the Boltzmann 
equation requires the expression 
of the collision operator. In this 
context, we define the equilibrium 
distribution function f eq as the par-
ticle distribution such that the local 

equilibrium is satisfied verifying 
the formula (Simonis et al., 2023):

	 Ω(f, f eq) = 0.� (2)

Different formulations for the colli-
sion operator have been proposed 
for the Lattice Boltzmann Equation 
(LBE) according to the scope of the 
resolution and the complexity of 
the problem:

Single Relaxation Time (SRT), 
also called Bhatnagar-Gross-Krook 
(BGK) (Bhatnagar et al., 1954), is wi-
dely used for monophase flow in 
porous media simulation; however, 
it is affected by numerical instabili-
ties and strong viscosity dependen-
cies on the boundary (Chen et al., 
2019; Pan et al., 2006).

Two Relaxation Time (TRT) and 
Multiple Relaxation Time (MRT) 
were introduced in order to im-
prove the stability of the method 
(Lallemand and Luo, 2000).

The equilibrium distribution 
(f eq) is a function of density ρ, gas 
constant R, temperature T, micro-
scopic velocity c, and macroscopic 
velocity u. Its expression is the Ma-
xwellian distribution function (He 
and Luo, 1997a) :

	

f

RT

eq
d

RT�

� �

�
�� ��

�2 2

2

2exp

c u

� (3)

where d is the dimension number. 
In the following sections (2.1-

2.3) we introduce the discretiza-

Fig. 1 – Lattice cell velocity directions examples D2Q9 (left) and D3Q19 (right – 
Panini, 2022).
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tion of equations (1) and (3) in 
single-phase adopting a single 
relaxation time. Boundary condi-
tions are addressed in Section 2.4. 
The generalization to multi-pha-
se models is addressed in Section 
3, where the most popular mul-
ti-phase LBM models are presen-
ted. 

2.1. The single-phase 
Lattice BGK discrete 
equation 

The Bhatnagar-Gross-Krook (BGK) 
or Single Relaxation Time (SRT) col-
lision operator is defined as

	
� f f

f f
eq

eq

,� � � �
�� �
� �

(4)

where f is the distribution function 
of particles, f eq is the equilibrium 
function defined in the previous 
section, and τ is a non-dimensio-
nal parameter called relaxation 
time, which is associated with the 
collisional relaxation to the local 
equilibrium and the kinematic 
viscosity of the fluid (Huang et al., 
2015). The value of τ influences 
the stability of the system. It can be 
determined in function of the Rey-
nolds number (Jadidi et al., 2022), 
but, more in general, its value has 
to overcome Δt ⁄ 2 and stands be-
low Δt to ensure stability (Krüger 
et al., 2017). Equation (4) can be 
interpreted as the tendency of the 
particles described by f to appro-
ach the equilibrium state f eq after 
a fictitious time step τ. Combining 
equation (4) with equation (1) we 
derive the BGK Boltzmann equa-
tion (BGKBE) as:

�
�
� �� � �� � �

�� �f

t
f f

f f eq
u F

u � �
(5)

The term f – f eq is the non-equili-
brium distribution f neq, used to con-
nect the mesoscopic to the macro-
scopic scales in Chapman-Enskog 
analysis (Ihle, 2009). We use the 
definition of material derivative 

Df

Dt

f

t
f�

�
�
� ��u  to rewrite equation 

(5) applying a first-order finite dif-
ference discretization:

Df

Dt

f x t t t f x t

t

O t

�
� �� �� � �

�

� � �

u u u� �

�
�

, , , ,

2� (6)

The lattice for a generic scheme 
DdQq is a uniform cartesian grid 
data structure, on which each cell 
has a limited number of neigh-
bours i = 0,…,q – 1 to which a parti-
cle moves following a tensor velo-
city ci, obtaining the displacement 
in space x + ciΔt at the subsequent 
time step t + Δt. So, we obtain the 
discretized Lattice Boltzmann 
equation with BGK collision (LBGK 
equation) from (6) as: 

f x t t t f x t

t
f x t f x t S x t

i i

i i
eq

i

� �� �� � � �
� � � �� � �� � � � �

ci� �

�

, ,

, , ,
��

(7)

where Si(x, t) is the source term 
induced by external forces (Lalle-
mand and Luo, 2000) such as gra-
vity or intermolecular interactions. 

The distribution function f(x, u, 
t), is discretized in each velocity 
direction (i), obtaining the so-cal-
led discrete velocity distribution 
function (fi(x, t)), which represents 
the probability of streaming in the 
i-th direction. As an example, the 
D2Q9 model (Figure 2) on two di-
mensions involves 9 neighbours, 
on which we associate 9 lattice 
velocity vectors ci, i ∈ {0, … , 8} to 

move by a Δx = 1 (lattice unit) in 
the direction of the neighbours 
respectively (microscopic veloci-
ties):
c0 = (0, 0), 	c1,3 = (± δx, 0),
c2,4 = (0, ±δy), 	c5,6,7,8 = (± δx, ± δy )�

(8)

For small Mach numbers, the expo-
nential function in equation (3) 
can be approximated to obtain a 
discretized lattice cell formulation 
by polynomials as:

f x t
c c c

i
eq

i
i

s

i

s s

,
( )� � � �

�
�

�
�

�

�
�

�

�
�� � 1

2 22

2

4

2

2

c u c u u

� (9)

where cs is the sound speed in lat-
tice space, obtained in isothermal 
conditions as c ps

2 � �, according to 
the equation of state presented in 
Section 2.2. Its value changes with 
the adopted DdQq scheme. In the 
most common schemes (among 
them D2Q9 and D3Q19) the va-

lue is set as cs =
1

3
 (Krüger et 

al., 2017). The discretization qua-
drature weights ωi can be derived 
taking into account the weighted 
association schemes (He and Luo, 
1997b):
–	� the sum of the weights is equal to 

1: ∑iωi = 1;
–	� the sum of the weighted discrete 

velocities is 0 for even velocities 
occurrences: 0 = ∑iωi ciα = ∑iωi ciα 
ciβciγ = ∑iωi ciα ciβ ciγ ciν ciμ = ⋯

–	� the sum of the weighted discre-
te velocities is related to the 
Kronecker delta and powers of 
sound speed lattice velocity for 
odd velocities occurrences: 

�

i i i i s i i i i i i

s

c

c

� �� �

� � �

� � �

� � � � � �
� � �� � � � �

�� �� �� �� �� �

c c c c c c2

4

,

��� � �,
More details are easily available in 
(Huang et al., 2015; Krüger et al., 
2017; Lallemand and Luo, 2000; 
Meskas and Bao, 2014; Succi, 2001; 
Sukop and Thorne, 2006). The re-
sulting weights reported for exam-
ples for the D2Q9 and D3Q19 sche-
mes are given in Table 1 and Table 
2 respectively. 

Fig. 2 – Lattice normal velocities in the 
D2Q9 scheme.
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2.2. Macroscopic 
variables computation
Once the LBE is solved and the 
values are calculated for the equi-
librium state fieq, we have to com-
pute the macroscopic fluid densi-
ty ρ(x, t) and momentum, which 
implies the macroscopic velocity 
u(x, t). The macroscopic fluid den-
sity follows the mass conservation 
principle over the lattice cell: 

	
� x x, ,t f t

i
i� � � � �

�
�
0

8

�
(10)

We can accordingly describe the 
macroscopic velocity using the mo-
mentum conservation principle: 

  
u t

t
f t

i
i ix

x
c x,

,
, .� � � � � � �

�
�

1

0

8

�
�

(11)

Together eq. (10) and eq. (11) de-
scribe the discrete conservation 
laws, that are locally conserved 
in any collision process and re-
computed during new solutions. 
In isothermal conditions, we can 
compute the fluid pressure as a 
function of the density and of the 
speed of sound presented in equa-
tion (9) according to the equation 
of state:
	 p = cs

2ρ.� (12)

2.3. Collision and 
Streaming
Analogously to the particle-based 
methods (such as LGA and CA), the 
LBM is performed by two main 
steps: collision and streaming. The 
equilibrium variables are compu-
ted into the collision step, simula-
ting the interactions among par-
ticles moving within each lattice 
cell. The resulting new distribution 
function finew is propagated to the 
neighbours to populate a new col-
lision step and this second localiza-
tion of particles is called streaming. 
We assume in lattice units Δx = Δt = 
1 (Krüger et al., 2017) and we omit 
for simplicity the source terms, 
then we rewrite equation (7) as:

 

f t

f t f t

i i

i i
eq

x c

x x

� �� � �
� �
�

�
�

�

�
� � � � � �

,

, ,

1

1
1 1

� � �

(13)

That is the Lattice Boltzmann di-
screte equation with the BGK col-
lision operator (discrete BGKLBE). 
In LBM the above non-dimensio-
nalization induces the CFL (Cou-
rant-Friedrichs-Lewy) coefficient 
to 1. The CFL condition in the nu-
merical discretization of partial dif-
ferential equations is a constraint 
for stability and convergence (Liu, 

2020). We can split the equation 
(13) in two steps:

f t

f t f t

f

inew

i i
eq

i i

x

x x

x c

,

, ,

� � �
� �
�

�
�

�

�
� � � � � �

�

1
1 1

� �

(collision)

,,

,
)

t

f tinew

�� � �
� � �

1

x
(streaming

�

(14)

where fi(x, t) is the pre-collision di-
stribution function, fi

eq(x, t) is the 
equilibrium defined in equation 
(9), finew(x, t) is the post-collision 
distribution that is imposed as 
pre-collision distribution for the 
subsequent time step fi(x + ci, t + 1) 
during the streaming phase. Stre-
aming and collision together (eq. 
(14)) describe how the population 
evolves within a lattice timestep (t 
+ 1) through direction ciΔt = ci.

2.4. Boundary 
Conditions

Computation of boundary condi-
tions in LBM simulation of porous 
media is often challenging (Xu, 
2014; Yin and Zhang, 2012; Zou 
and He, 1997). Moreover, LBM can 
be seen as a discretization of the 
Boltzmann transport equation by 
a finite difference method (FDM) 
(Meskas and Bao, 2014). Thus, it 
inherits the FD common problem 
of defining a mesh fine enough to 
capture complex geometries (Coco 
and Russo, 2018; Min et al., 2006). 
In porous media, the pore space 
geometry changes abruptly in the 
entire domain (Ghanbarian et al., 
2013; Raeli et al., 2024; Salina Borel-
lo et al., 2022), and the stability and 

Tab. 2 – Weights and lattice velocities for the D3Q19 scheme.

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

ωi 1/3 1/18 1/18 1/18 1/18 1/18 1/18 1/36 1/36 1/36 1/36 1/36 1/36 1/36 1/36 1/36 1/36 1/36 1/36

ci,x 0 1 –1 0 0 0 0 1 –1 1 –1 0 0 1 –1 1 –1 0 0

ci,y 0 0 0 1 –1 0 0 1 –1 0 0 1 –1 –1 1 0 0 1 –1

ci,z 0 0 0 0 0 1 –1 0 0 1 –1 1 –1 0 0 –1 1 –1 1

Tab. 1 – Weights and lattice velocities for the D2Q9 scheme.

i 0 1 2 3 4 5 6 7 8

ωi 4/9 1/9 1/9 1/9 1/9 1/36 1/36 1/36 1/36

ci,x 0 1 0 –1 0 1 –1 –1 1

ci,y 0 0 1 0 –1 1 1 –1 –1
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convergence of finite difference 
methods can be affected by inexact 
boundary conditions due to the 
propagation errors (Raeli, 2017). 

In the scenario of flow in porous 
media, LBM boundary conditions 
regard the populations of the fluid 
region. The boundary reflects the 
solid-fluid interface along the po-
res as well as the inlet/outlet zone. 
We omit in this work the periodic 
boundary conditions, due to their 
poor application in porous media. 

2.4.1. Solid-fluid interface
Along the pores, the physical in-
terface between grains and fluid 
is represented by solid lattice cells 
and boundary lattice cells. A sim-
plified example is presented in Fi-
gure 3. The grains act as solid walls, 
and zero bulk velocity is imposed 
both across and along the boun-
dary. This is the so-called no-slip 
velocity condition. It can be imple-
mented using the fullway boun-
ce-back method (Meskas and Bao, 
2014; Succi, 2001; Yin and Zhang, 
2012) or the halfway bounce-back 
method (Jiang et al., 2021; Meskas 
and Bao, 2014; Pan et al., 2006).

Both approaches assume that 
the boundary is located between 
solid lattice and boundary lattice 
cells (Krüger et al., 2017). The two 
approaches, fullway and halfway, 
provide similar results in steady 
state and significant differences in 
time-depending problems. 

In the fullway bounce-back, par-
ticles are streamed to the solid lat-
tice cells, where the collision step 
reflects their velocities; then, they 
are streamed back to boundary cel-
ls (Figure 4). 

As an example of fullway boun-
ce-back, we consider the 2D wall 
configuration in Figure 4 with the 
D2Q9 scheme. At a given time step 
three distribution functions (oran-
ge, green, and black coloured) 
would leave the computational 
domain; we follow the green one, 
f 2(x, y, t – 1), streamed to the new 

location. During the collision, it is 
inversed and f4new (x, y + 1, t) = f2 
(x, y + 1, t) is computed. During the 
streaming the particles come back 
into the region with the same, but 
opposite, velocities for the subse-
quent collision f2 (x, y, t + 1). This 
implies a total reflection of the ve-
locity f4 (x + c4, t + 1) =f2 (x, t) (Krüger 
et al., 2017), see equations (7)-(14). 
A fullway bounce-back condition 
is relatively easy to implement, we 
only need to check whether we are 
on a solid node or not (Krüger et al., 
2017). It can be used for complex 
geometries as porous media; howe-
ver, being first-order accurate, it 
can introduce further errors when 
the refinement is not fine enough 
to capture the pore geometry (Pan 
et al., 2006). 

Halfway bounce-back condi-
tions are second-order accurate 
(Huang et al., 2015; Krüger et al., 
2017). However, their implemen-

tation is more complicated becau-
se dependent on the geometry: the 
streaming step differs for popula-
tions propagating towards a solid 
node (bounce-back) compared to 
populations propagating towards 
an internal or boundary node 
(which implies normal streaming).

In Figure 5 the halfway boun-
ce-back criterium is depicted focu-
sing on f2 (the green arrow): during 
the streaming phase the particles 
reach the boundary in half of the 
time step. 

2.4.2. Inlet/outlet conditions
At the inlet and/or outlet, macro-
scopic boundary conditions of the 
fluid motion, such as known pres-
sure, known velocity, and known 
flow rate, have to be imposed. The 
macroscopic representation at the 
mesoscale involves a high number 
of degrees of freedom on the lattice 

Fig. 3 – Solid-fluid boundary approximation.

Fig. 4 – Fullway Bounce-Back boundary condition: the distribution functions are 
reflected with the same velocity during a time step.
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nodes (i.e. distribution functions at 
specific locations of the lattices). 

(Zou and He, 1997) proposed a 
method to compute the distribu-
tion functions from the known 
densities or velocities at inlets/
outlets boundaries obtaining an 
approximation about the second 
order. Their method is based on the 
idea of bounce-back of the non-e-
quilibrium part with some modifi-
cations. However, Zou and He con-
ditions are difficult to implement 
for complex geometries because 
they are strongly dependent on the 
wall orientation (Zou and He, 1997). 
Equations (10) and (11) are combi-
ned to obtain a linear system for un-
known fi . The linear system is then 
completed (if necessary) taking into 
account the bounce-back for the 
non-equilibrium part (Meskas and 
Bao, 2014; Zou and He, 1997).

For example, for a known pres-
sure condition, the density can be 
obtained by eq. (10). Considering 
the schematic example in Figure 
6 the distributions f4, f7, and f8 are 
unknown after streaming. From 
the mass and momentum conser-
vation laws (eq. (10) and (11)) sup-
posing that ux and uy are specified 
they are used to recover missing 
populations and the density ρ: 
f4 + f7 + f8 = ρ – (f0 + f1 + f2 + f3 + f5 + f6),
f8 – f7 = ρux – (f1 + f3 + f5 + f6)
f4 + f7 + f8 = – ρuy – (f2 + f5 + f6)

� �
� �
�

�
f f f

y

0 1 3

1 u �

(15)

In addition to (15) the configura-
tion depicted in Figure 7 imposes 
that the bounce-back rule is correct 
for the non-equilibrium part 

	 f f f feq eq
4 4 2 2� � � , � (16)

closing the linear unknowns sy-
stem.

Other possible cases managed 
with (Zou and He, 1997) approach 
are:
–	� Given ux and uy, find ρ and unk-

nown fi
–	� Given ρ and the velocity along 

the boundary, find the velocity 
normal to the boundary and the 
unknown fi.

The known flow rate of a fluid 
injected into the sample is also a 
laboratory condition of interest. It 
can exploit velocity and pressure 
Zou-He conditions along a surface 
direction (Boek et al., 2014):
	 q = – k/μ(∇p – gρ)� (17)
q is the flow rate per unit area, μ 
the dynamic viscosity, related to 
the kinematic viscosity by μ = νρ, 
where ρ is the density. This formu-
lation has been applied by (Boek et 
al., 2014) comparing LB simulation 
to the experimental drainage pro-
cess. In our perspective, this con-
dition would be applied to confirm 
the laboratory experiments on mi-
crofluidic devices (Massimiani et 
al., 2023). 

2.5. LBM parallelization

LBM in HPC has been significant-
ly popular in recent years when 
more performing architectures al-
low more complex geometries and 
detailed particle analysis. A parallel 
approach suits well to LBM becau-
se collision and streaming steps are 
independent in the single time step. 
In the beginning, The research on 
LBM was focused on improving the 
lattice model (Liu et al., 2017) mani-
pulating properly the time step re-
laxation in order to accelerate the 
local convergence. 

 Moreover, parallelization of 
LBM computation is possible in a 
multi-core approach through do-
main distribution: each core han-
dles a sub-domain (i.e. a part of the 
domain) independently until the 
communication is necessary. With 
the MPI Forum Message Passing In-
terface (Forum Message Passing In-
terface., 1994) approach the node 
has no shared memory, so this 
kind of parallelization is subjected 
to temporary barriers when the 
cores are not balanced properly in 
terms of computation charge, i.e. a 
core finishes the computation wai-
ting for the results from the others 
for a long time (Tesser, 2018). The 
optimization of data accesses in 
interprocess communication (Patil 
et al., 2014) allows a massive pa-
rallelization of super-computers 
(Feichtinger et al., 2015). Accelera-
tors in PDE resolution, and LBM in 
particular (Liu et al., 2017), provide 
a cache-optimization for direct re-
solutions on distributed domains 
passing through the so-called ghost 
regions to avoid the message pas-
sing lacks due to local memory. 
The ghost layers are data associa-
ted with neighbouring domains 
related to other cores (Balay et al., 
2023). However, enlarging the local 
memory including these regions 
avoids several interprocess com-
munication. Moreover, due to the 
independent computation of colli-
sions, that are local on each node, 
LBM suits well also for OpenMP 

Fig. 5 – Halfway Bounce-Back condition. 
The updated streaming involves Δt/2, 
then is reflected in the new collision of 
the subsequent time step.

Fig. 6 – Zou-He velocity boundary con-
ditions.
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(Chandra, 2001) parallelism (Krau-
se et al., 2020; Latt et al., 2021b), or 
GPU architectures (Kuznik et al., 
2010). This parallel nature of the 
method can be accelerated towards 
hybrid parallelization strategies 
(Heuveline et al., 2009), that typi-
cally involve a greater number of 
cores distributing the independent 
computation in parallel perfor-
ming shared memory. 

2.6.  LBM algorithm

The sketch of the algorithm for the 
single-phase LBM is given in Figure 
6: Figure 7. After a pre-processing 
phase including mesh construction 
and non-dimensionalization, the 
lattice distribution functions are 
initialized to the equilibrium sta-
te given by the initial conditions 
of velocity and density (Liu et al., 
2023). Successive cycles of collision 
and streaming are performed until 
the equilibrium is reached; at the 
end of each cycle, boundary condi-
tions are imposed and macroscopic 
quantities are updated. Results are 
dimensionalized in a post-proces-
sing phase.

3. The Multi-phase 
LBM algorithm

The multi-phase or multi-compo-
nent flow simulation with LBM 
requires significant modifications. 
Different fluid phases interact with 
each other, generating a fluid-fluid 
interaction, and with porous rock, 
creating a fluid-solid interaction. 
These interactions (such as wet-
tability) are taken into account as 
internal or external forces depen-
ding on the chosen method. We 
briefly describe the most common 
multi-phase method in this section 
(Huang et al., 2015; Liu et al., 2016). 
Other multi-phase LBMs have 
been then implemented: mixing 
the mentioned methods with CFD 
techniques (Huang et al., 2015; Li 

and Wagner, 2007), adapting them 
to more specific cases (Lee and Liu, 
2010), taking advantage of the fini-
te-differences approach on binary 
fluids (Xu, 2005), accounting for 
chemical reactions in porous me-
dia flows (Liu et al., 2023).

Multi-phase simulation allows 
us to perform contact angles and 
estimate capillary pressure-satu-
ration behavior and absolute and 
relative permeability. 

3.1. Color-gradient 
model

The first multi-phase LBM model 
here reported is the color-gradient 
model (Gunstensen et al., 1991), po-
pular in real rock geometry simu-
lations due to its easy implementa-
tion and its strict immiscible phase 
separation (Chen et al., 2019). The 
different colors (red and blue in ge-
neral), labeled in the name of the 
method itself, are associated with 
different distribution functions. 
This method born for immiscible 
fluid has been modified to better 
simulate different densities and vi-
scosities (Grunau et al., 1993). Com-
pared to the single-phase algorithm 
(Figure 7), the main difference oc-
curs during the collision step, as 

presented in Figure 8 (left). In fact, 
the collision step is followed by a 
second collision that “re-colors” the 
interaction of the fluid with each 
other in order to reach the new 
equilibrium distribution before the 
streaming phase.

The total distribution function is 
defined by fiR (red) and fiB (blue) as:

	 fi = fiR + fiB� (18)

Analogously, the density and the lo-
cal fluid velocity are computed by 
the distribution functions above:
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The relaxation times for red and 
blue τ(R, B) equations are indepen-
dent, moreover the collision opera-
tors Ω{R, B} are composed of three 

parts, the first �i

R B,� �1  as a function 
of the equilibrium and the relaxa-
tion time of the concerned fluid, 

the second �i

R B,� �2  which contri-
bute to mixing interfaces between 

fluids, and the third �i

R B,� �3  control-
ling the recoloring (Liu et al., 2016) 
in function of a parameter Φ(ρ{R, 

B}). Then, each lattice node involves 
the collision operator:

Fig. 7 – Single-phase LBM algorithm scheme. The different main phases, i.e. col-
lision, and streaming, are colored to highlight the modifications of the algorithm 
moving to multi-phases simulations (Figure 8, Figure 9).
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This method and its successors 
handle efficiently Multi Relaxation 
Time (MRT) implementations.

In (Gunstensen et al., 1991) the 
interaction between two immi-
scible fluids in porous media is 
presented on randomly genera-
ted rock samples; the invading 
fluid simulation exploited wi-
thout fluctuations confirms the 
LBM as a promising approach 
for multi-phase analysis. The co-
lor-gradient model is particularly 
efficient in the case of immiscible 
fluids flow, application given by 
(Chen et al., 2019, 2018) where 
the method is applied to simula-
te the displacement of water by 
CO2 injection in agreement with 
laboratory bubble test and capil-
lary pressure rise test at reser-
voir pressure conditions in po-
rous media. In (Chen et al., 2019) 
for a D3Q19 model a parameter 

� �
� �
� �

R B R B

R B

,� �� � � �
�

 is chosen.

3.2. Shan-Chen model

The Shan-Chen model (Shan and 
Chen, 1993), SC in the following, 
is the most common one (and the 
most cited) among the different 
multi-phase methods (Huang et al., 
2015) due to the adaptivity both in 
single-component multi-phase (SC 
SCM) (Shan and Chen, 1994) model 
and multi-component multi-phase 
(MC SCM) (Shan and Doolen, 1995) 
model. 

The main differences with re-
spect to the single-phase algorithm 
are sketched and simplified in Figu-
re 8 (right). In the multi-component 
Shan-Chen model, each component 
is described by its own distribution 

function fσ, for each σ representing 
the number of components. More-
over, inter-particle interaction is 
included in the forcing term Si pre-
sented in equation (7).

The Single Time Relaxation is 
applied to each component. The 
Shan-Chen force accounts for the 
attraction force calculated over the 
nearest neighbours of the pseudo-
potential function Φ(ρ) depending 
on fluid densities and weighted by 
a coefficient controlling the stren-
gth of fluid attraction. Then, the 
equilibrium velocity of each flu-
id  uσ

eq takes into account the flu-
id-fluid cohesion forces Fσ

f – f and 
the fluid-solid cohesion forces Fσ

f – s  
(Huang et al., 2015; Liu et al., 2016) 
depending on Φ(ρ), such that:

	
u u'

F
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Where u'
u
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 is a 

common velocity, Fσ
 = Fσ

f – f + Fσ
f – s + 

S the forces applied on the fluid σ, S 
external forces applied (i.e. gravity), 
�� �x x, ,t f t

i i� � � � ��  is the compo-
nent density, and τσ the associated 
relaxation time. The total density is 
given by: ρ (x, t) = ∑σρσ(x, t).

Despite its popularity, the Shan-

Chen model is affected by some li-
mitations on density ratios among 
phases and inter-particle forces 
specification. However, it is simple 
and intuitive to compute (Huang et 
al., 2015). 

An example of fluid displace-
ment in porous media with Shan-
Chen approach is given in (Huang 
et al., 2015). 

3.3. He-Chen-Zhang 
(or interface tracking) 
model

The He-Chen-Zhang (HCZ) (He et 
al., 1999) model has been propo-
sed to simulate single-component 
multi-phase flow, it is also named 
the interface tracking model, and it 
presents two distribution functions 
and two corresponding LBEs. In 
(He et al., 1999) the function of 
density is combined with new va-
riables in order to simulate incom-
pressible flows solving the Boltz-
mann equation; this distribution 
function g allows the computation 
of pressure. The two LBEs present 
also two relaxation times:
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τf related to the fluid mobility and 
τg related to the kinematic viscosity 
(Huang et al., 2015). The model suits 
with the sharp interface constraint 
maintaining incompressible flows 
solving f as the distribution of the 
index function ϕ, i.e. ϕ =∑i fi (x, t), 
and g as the distribution of the pres-
sure separately. Each LBE associa-
ted to them involves, respectively 
in S and S′, an additional term re-
suming the surface tension and the 
intermolecular forces dependent of 
the pressure and the density by a 
function ψ(ρ) = p – ρRT (Huang et 
al., 2015; Liu et al., 2016) (see Figure 

Fig. 8 – Color-gradient (left) and Shan-
Chen multi-component (right) models’ 
main modifications to the single-phase 
LBM flowchart scheme.
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9, right). Given ϕ the remaining ma-
croscopic variables are calculated 

through p g t
i i� � � � �� ��

1

2
u � � � ,  

and �u c F
s

� � � ��
1 1

22c
g t

s
i i i � ,  whe-

re Fs is the intermolecular force 
controlling the interfacial tension.

3.4. Free-energy model

The free-energy model, FE LBM, 
has been presented in (Swift et al., 
1996) for single and multi-compo-
nent fluids flow applications. Here 
we briefly resume the multi-com-
ponent approach represented by 
two independent densities, then, 
two independent sets of distribu-
tion functions fi and gi, each one 
computed according to a single re-
laxation time (SRT) with different 
τf, g. Similarly to the color-grandient 
model, the total density is compu-
ted as a combination of both fluids 
densities. Moreover, a key point 
of this scheme is the relation with 
the macroscopic density and mo-
mentum conservation laws, built 
such that the difference in density 
between the two fluids is conser-
ved following:

	 Δρ = ρf – ρg� (23)

In addition to (10) and (11) a new 
conservation law is introduced in 
any collision: 

	 Δρ = ∑i gi� (24)

The three conservation laws are 
used in equilibrium computation 
for fieq and gi

eq  respectively. More-
over, a specification of density dif-
ference amounts to a specification 
of pressure difference (Zou and He, 
1997). The two distribution fun-
ctions so affect both collision and 
streaming phases (applied twice in-
dependently), and the equilibrium 
requirement takes into account the 
density difference, as presented in 
Figure 9 (left) where the first equi-
librium computation is not con-
sidered as a “modification” from 
single-phase. 

3.4.1. Boundary conditions
The multi-component and mul-
ti-phase boundary and initial con-
ditions are not trivial due to the 
pressure modifications that affect 
directly equation (12) introducing 
different densities and new para-
meters related to different physical 
constraints (such as gravity and mi-
scibility) (Huang et al., 2015; Ihle, 
2009; Liu et al., 2016; Wang et al., 
2022; Xu and Liu, 2018).

A generalization to the mul-
ti-phase flow of the Zou-He con-
dition is possible. An example of 
the Zou-He condition applied to 
the Shan Chen model is given in 
(Huang et al., 2015) for 2D and 3D 
simulated cases on which equa-
tions (16) are built for fin and fiw 
representing the wetting and 
non-wetting phases respectively. 

An example of a multi-reflection, 
or multi-bounce-back, condition is 
given in (Pan et al., 2006).

4. Available Codes and 
Development

The LBM implementation is a com-
mon approach to model compressi-
ble and incompressible flows. The 
main drawback in LBM computa-
tion is the required uniform grid. 
On the one hand, this is a simplifi-

cation in terms of finite difference 
discretization (Raeli et al., 2018); on 
the other hand, it is hard to benefit 
in terms of memory and computa-
tion runtime. Some efforts to opti-
mize computation have been made 
in terms of mesh (Kang et al., 2002) 
approaching multiscale problems 
(Patil et al., 2014) and superimpo-
sed meshes or parallel domain di-
stribution (Latt et al., 2021b; Patil et 
al., 2014). 

Moreover, being collision and 
streaming steps independent in 
the single time step, LBM is natu-
rally conceived for a parallel ap-
proach. For this reason most of the 
open-source LB-based codes avai-
lable focus on C++ (OpenMP/Open-
CL/MPI) and Python languages. In 
Figure 10 a simplified list of GitHub 
open source codes responding to 
LBM keywords is sketched to give 
an idea of the programming langua-
ges’ statistics; among the listed codes 
around 10% focus on porous media 
flow simulation. In this section, we 
limit to a brief outline of the most 
common available LBM codes with 
their possible advantages.

4.1. Common software 
and strategies
The first library here presented 
is Palabos, pa-rallel la-ttice Bo-ltz-
mann s-olver, a C++ open-source 

Fig. 9 – Free-energy (left) and interface tracking (right) models main modifications 
to single-phase LBM flowchart scheme.
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library developed at the University 
of Geneve (Latt et al., 2021b). Pala-
bos presents an MPI parallel appro-
ach based on domain distribution 
among processes that allows mas-
sive parallelization data handling 
for large-scale fluid dynamic com-
putations (Mazzeo and Coveney, 
2008). It also guarantees a flexible 
built-in data processor function al-
lowing an efficient customization 
of the fields (scalars, tensors, physi-
cal) in parallel. Palabos developers 
list several joint works and codes 
based on the library on the websi-
te1. It boasts a rich list of references 
in other research, lots of them focu-
sing on porous media single-pha-
se fluid flow. Such as example, in 
order to study the diffusion coef-
ficients of a porous media a work 
based on Palabos and simulating 
carbon saturated fiber for gas dif-
fusion is presented in (García-Sal-
aberri et al., 2015). 

MPLBM-UT is a Python software 
based on Palabos taking into con-
sideration the multi-phase flow in 
porous media (Santos et al., 2022). 
Python interface is user-friendly. 
MPLBM-UT performs the Shan-
Chen model in two phases, BGK 
and MRT on single-phase simu-
lation. LBM is also applied to ad-
vection-diffusion problems in va-
rious fields such as multi-phase 
CO2 simulation (Ting et al., 2022), 
and chemicals (Misaghian et al., 
2023). In this last framework (Liu et 
al., 2023) the LBM has been applied 
for reactive transport coupled with 
a chemical reaction solver (PHRE-
EQCRM): Palabos library has been 

1 Publications-Palabos-UNIGE.

used for LBM computation, PHRE-
EQC solver handles the reactions 
with the porous medium, and the 
physical-chemical properties wi-
thin the flow domain. The coupling 
method guarantees both a high pa-
rallel computational performance 
and data communication efficien-
cy. 

In 2021 on the Palabos forum 
page, STLBM code was announced: 
a full C++ parallel algorithm code 
(Latt et al., 2021a) well performing 
on porous media LB simulations. It 
presents three different schemes 
and several multi-relaxation time 
operators.

The OpenLB project (Krause et 
al., 2020) is a C++ package that can 
be easily extensible to different 
physical models. The first release 
of the code was published in 2007, 
the latest one in 2020. OpenLB is 
applied in miscellaneous fields 
from heat transfer in porous me-
dia to turbulences. The authors 
and developers of this software 
have recently explored the homo-
genized LBM for fluid flow through 
porous media (Simonis et al., 2023). 
OpenLB was widely used in porous 
media flow simulation: in hydrau-
lic fractures problems (Wang et al., 
2015), in multiple relaxation time 
for lithium displacement in tung-
sten porous structure (Kawashimo 
and Nieto-Pérez, 2023), in applica-
tion to absolute permeability com-
putation (Chukwudozie and Tyagi, 
2013), in multi-phase water-air sa-
turation based on the Shan-Chen 
model (Xu et al., 2021), and in mul-
ti-component CO2 injection in ho-
mogenized CH4 saturated porous 
rocks (Wu et al., 2023). 

The MF-LBM code is a Fortran 
and MPI/OpenMP software for 
high-performance lattice Boltz-
mann (LB) applications on single 
and multi-phase flow in porous 
media. It also requires a (NVIDIA 
or Intel) Fortran compiler allowing 
higher FLOPS (operations per se-
cond) using GPU processors. Mo-
reover, several optimizations in 
memory handling are implemen-
ted in this code taking advantage 
of the hybrid computing strate-
gy. In (Chen et al., 2018) the code 
was applied in a variation of the 
color-gradient model applied to 
simulate the water displacement 
due to CO2 injection producing sa-
tisfactory trajectories with respect 
to the real geometry of the rock 
structure in reservoir conditions. 
In (Chen et al., 2019) MF-LBM 
software has been applied, adop-
ting a color-gradient MRT model, 
to simulate brine displacement in 
supercritical CO2 conditions for 
a sandstone. In this context, the 
code was applied to real rock ge-
ometries and demonstrated 99% 
parallel scalability employing 20 
NVIDIA V100 GPUs.

A simpler serial code totally 
in Fortran implementing LBM in 
porous media and handling mul-
ticomponent (Shan-Chen) simula-
tions is ListLBM2. It can constitute 
a valuable starting point for compi-
ling and running tests LBM before 
delving into more performing and 
parallel implementations. 

Another software valid in the 
HPC context is LB3D (Schmieschek 
et al., 2017), an MPI parallel For-
tran90 implementation simulating 
miscible and non-miscible fluid 
mixtures, developed by the Univer-
sity College London. It implements 
the multicomponent Shan-Chen 
model (Liu et al., 2016). It scaled 
linearly until 49,152 cores on a lat-

2 GitHub-sorush-khajepor/listL-
BM:ListLBMisasparselatticeBoltz-
mannsolverformultiphaseflowinpo-
rousmedia.

Fig. 10 – Lattice Boltzmann Method libraries and software available on GitHub.
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tice site of 1024 ×1024 ×1536 (Sch-
mieschek et al., 2017). 

A free-energy model-based code, 
developed by the Univesity of 
Edinburgh for interacting colloidal 
particles, and also taking into ac-
count porous media, is the Ludwig 
implementation3; the latest release 
is available from January 2024. 

Several other Python, MPI, and 
CUDA LBM software are available 
as (Łaniewski-Wołłk and Rokicki, 
2016).

5. Conclusion

In this work we outlined the Latti-
ce Boltzmann Method in single and 
multi-phase, we briefly introduced 

3 https://doi.org/10.5281/zeno-
do.12822477

the discretization of the Lattice Bol-
tzmann Equation, then, we focused 
on its application to porous media. 
The second part of this review 
presents the LBM scheme and its 
main modifications in multi-phase 
fluid flow simulation, describing 
the main popular methods for this 
application: the color gradient mo-
del, the Shan-Chen model, the He-
Chen-Zhang (or interface tracking) 
model, and the free energy model. 
These are recalled in some softwa-
re in the last section, in which we 
list the most popular and recent 
software available online for mul-
ti-phase flow simulations in porous 
media through LBM. Among them, 
OpenLB and Palabos are the refe-
rence software in this field for their 
easy adaptation.

This work aims to give a brief in-
troduction to the LBM and related 
implementation and its applicabi-
lity to multi-phase porous media 
flows. The mentioned software are 
not collaborating with this work 
and we are sure that the list is not 
complete, but we limited to the 
most popular ones. 
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