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Abstract This work introduces a novel approach for
characterizing the residual load bearing capacity of
fractured components based on the Phase Field frac-
ture model. The underlying idea involves exploiting
this well-established framework for fracturing materi-
als and applying it to mechanically loaded domains in
which fracture has already occurred. Hence, the con-
tinuous phase field here portrays the smeared repre-
sentation of known crack patterns, based on which
the unilateral contact interactions between the crack
lips are enforced through a suitable strain energy
decomposition. This allows for a theoretically robust
and implicit treatment of the originally discontinuous
problem while remaining in a continuum framework.
As such, the proposed approach avoids the numeri-
cally challenging definition and management of con-
ventional contact pairs, thus proving to be especially
promising for its application to domains with multiple
fragments. Besides presenting the theoretical founda-
tion and algorithmic convenience of the approach, its
accuracy and representativeness are proven against the-
oretical predictions and numerical results from Finite
Element models featuring conventional contact inter-
actions.

A. Chao Correas · D. Acquesta · M. Corrado (B)
Department of Structural, Geotechnical and Building Engineer-
ing, Politecnico di Torino, Turin, Italy
e-mail: mauro.corrado@polito.it
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1 Introduction

The presence of cracks causes the localized loss of
structural continuity in mechanical components and
heavily compromises their load-bearing capacity.How-
ever, the effective increase in compliance showcased by
fractured structures is not total, since it mainly mani-
fests under tensile and shear dominated stress condi-
tions. In contrast, cracks can still transmit compres-
sive stresses across, often to the same extent as in
pristine conditions. This occurs because of the unilat-
eral contact interactions arising so as to avoid inter-
penetration between fragments, which in turn result
in a non-negligible load-bearing capacity even for
largely fractured media. As such, the development of
robust methodologies able to reproduce the interac-
tions between the existent fragments is of great interest
for both capturing the post-fracture mechanical perfor-
mance and ascertaining the safety of critical structural
systems. Among others, one can mention the case of
multi-layeredmaterials, such as laminated glass,whose
post-fracture load bearing capacity is provided by the
interaction among fractured and intact plies (Biolzi
et al. 2018; Nielsen et al. 2022); and the case of micro-
structured materials, in which the fragments’ topol-
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ogy and layer arrangement are engineered to improve
mechanical properties (Yin et al. 2019).

The biggest difficulty in predicting the residual per-
formance of fractured structures resides in properly
reproducing the complex interactions between the dif-
ferent fragments, especially when they are numerous
and complex in shape. This renders necessary the use
of computational approaches to determine the mechan-
ical state of the fractured domain upon loading, among
which the Finite Elementmethod is a prominent choice.
However, conventional FiniteElement formulations are
not able to deal with unilateral contact interactions
between fragments, hence requiring an enrichment of
the formulation. In that regard, the most straightfor-
ward approach consists in modelling a discrete rep-
resentation of the fragments, i.e. one in which each
of them is treated as an individual deformable domain
subjected to some contact pressure along its boundary
so as to avoid penetrating the neighboring fragments.
These interactions can be then enforced in many ways,
inter alia cohesive interfaces or penalty-based contact
surfaces, although at the cost of considerably high com-
putational cost as well as increased pre-processing and
resolution complexity; so much so that, to the best of
the Authors’ knowledge, there are only very recent and
simplified studies specifically devoted to the structural
assessment of fractured domains using this approach
(see e.g. Bedon and Fasan 2024). Conversely, such dis-
crete models have been extensively exploited to study
the mechanical behaviour of Topologically Interlocked
structures (e.g.,Williams and Siegmund 2021; Koureas
et al. 2022), also incorporating friction interactions
between the fragments. Indeed, such a kind of struc-
tures can be understood as a very specific case of “frac-
tured” ones in which the fragment shapes are engi-
neered to obtain a certain mechanical behaviour.

Regarding the available literature specifically aimed
at assessing themechanical behaviour of naturally frac-
tured structures, there can be pointed out the study
by Biolzi et al. (2019). In particular, they provided a
preliminary estimation of the residual mechanical per-
formance of partially fragmented multilayered glass
structures by exploiting the Rigid Body Spring model,
initially introduced for masonry structures (Casolo
et al. 1999, 2004). This is a heuristic approach which
assumes that each fragment is represented by a rigid
discrete element whose effective deformation is mod-
elled through the deformation of some interfacial
springs which, in turn, also govern the interactions with

the surrounding fragments. This allows for a reason-
ably cheap preliminary modelling of the phenomenon,
even in the event of friction, yet at the cost of limiting
the analysis to small displacements and unrealistically
simple fragment geometries. Likewise, since the inter-
actions between fragments are one-to-one, the compu-
tational cost also scales with the number of fragments
considered.

Aiming at sorting out some of the drawbacks
and limitations showcased by the aforementioned
approaches, the present work explores the use of the
Phase Field fracture model to predict the residual
mechanical performance of fractured domains. Orig-
inally introduced by Bourdin et al. (2000) as a theoreti-
cally sound regularization of the variational reformula-
tion of brittle fracture by Francfort and Marigo (1998),
the Phase Field fracture model exploits the mathemati-
cal developments by Ambrosio and Tortorelli (1990) in
the field of image segmentation to approximately repre-
sent sharp discontinuities as localized transition bands.
In doing so, the Phase Field fracture model enriches
the displacement problem with a continuous and non-
locally driven scalar field, the so-called phase field,
which determines the material soundness and effec-
tive stiffness at each point within the domain. This
way, cracks are implicitly defined, potentially enabling
the numerical representation of any crack pattern, no
matter how complex, over any sufficiently refined non-
conforming mesh. Of special interest in this regard are
the results by Chambolle et al. (2018) and Vicentini
et al. (2024), which entail that the Phase Field fracture
model can asymptotically replicate unilateral contact
conditions with an appropriate selection of the func-
tion that modulates the stiffness based on the phase
field value. As a result, the Phase Field fracture model
emerges as a strong candidate for evaluating the resid-
ual behaviour of fractured components, particularly
when they are fragmented into multiple and contorted
pieces.

2 Review of the Phase Field fracture model
theoretical framework

The Phase Field fracturemodel (PFM) is a variation-
ally consistent and theoretically solid framework for the
modelling of fracture events. Rooted in the variational
revisitation of brittle fracture by Francfort and Marigo
(1998), the PFM cornerstone resides in the principle of
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Fig. 1 Schematic representation of: a a sharp fracture problem, b its PFM representation

minimum potential energy, which is assumed to gov-
ern both the deformation state of a structural domain
and the topology of the internal cracks. Despite the
novelty of this variational paradigm, the discontinuous
nature of fracture problems hinders the straightforward
numerical implementation for generic scenarios. This
limitation was soon overcome by Bourdin et al. (2000),
who, inspired by the developments of Ambrosio and
Tortorelli (1990), proposed the introduction of a non-
locally driven continuous scalar field that governs the
material state, the so called phase field. Besides giving
its name to the framework, this proposal entailed the
regularization of the originally discontinuous mechan-
ical problem, rendering it continuous and hence sim-
plifying its numerical implementation.

In order to introduce the PFM’s mathematical
description in a quasi-static context, let us take the
fracture problem illustrated in Fig. 1a, in which a struc-
tural domain Ω ⊆ R

N | N = {2, 3} of external bound-
ary ∂Ω ⊆ R

N and outward normal n : ∂Ω → R
N is

subjected to mechanical solicitations while containing
an internal sharp crack Γt ⊆ R

N . Therefore, such a
domain deforms per a displacement field u : Ω → R

N

that: (i) is continuous anywhere but across Γt , and
(ii) complies with certain Dirichlet and (homoge-
neous) Neumann boundary conditions along ∂uΩ and
∂ f Ω = ∂Ω \ ∂uΩ , respectively. Now, let us omit the

existence of Γt and enrich the mechanical problem
defined in terms of u by including the continuous and
scalar phase field α : Ω → [0, 1], so that α = 0
(α = 1) represents a pristine (broken) state. This way,
the PFM turns continuous the originally discontinu-
ous displacement problem by both regularizing the dis-
placement jumps into localization bands and smearing
the sharp crack setΓt within the domainΩ (seeFig. 1b).
Of course, this requires that αt = 1 ∀x ∈ Γt in addi-
tion to any further Dirichlet boundary conditions that
might apply over ∂αΩ .

From an energetic perspective, the system’s strain
energy Estr at each instant t is approximated by the
PFM as:

Estr
(
ut , αt

) =
∫

Ω

ψ
(
ε
(
ut

)
, aPF (αt )

)
dx , (1)

where the notation •t represents the magnitude • at the
instant t , ψ is the strain energy density modulated by
the stiffness modulation function aPF : α → [0, 1],
and ε

(
u
)
is the infinitesimal strain tensor defined as:

ε
(
u
) = ∇u + ∇Tu

2
. (2)

On the other hand, the PFM approximates the sys-
tem’s Griffith fracture energy Efrac as:
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Efrac(αt ) =
∫

Ω

GC

cw

(
wPF (αt )

�
+ �∇αt · ∇αt

)
dx ,

(3)

where GC is the specific fracture energy, � is the regu-
larization length and cw is a scaling coefficient defined
in terms of the dissipation function wPF : α → [0, 1]
as:

cw = 4
∫ 1

0

√
wPF(α) dα . (4)

Eventually, in the absence of prescribed body and
surface forces, the PFM approximates the system’s
potential energy P as:

P(
ut , αt

) = Estr
(
ut , αt

) + Efrac(αt ) , (5)

its local minimization determining the sequence of
states

(
ut , αt

)
that the system follows throughout its

quasi-static evolution. Of course, this minimization
principle is bounded by the admissibility conditions
that both u and α fields must fulfill anytime. For the
former field, admissibility is subjected to the fulfill-
ment of Dirichlet boundary conditions ut = Ut over
∂uΩ; for the latter field instead, admissibility requires
not only the fulfillment of Dirichlet boundary condi-
tion αt = At over ∂αΩ ∪ Γt (with At = 1 ∀x ∈ Γt )
but also of the irreversibility condition over αt . Fol-
lowing conventional procedures of variational calculus,
such admissibility conditions can be weakly enforced
by requiring that ut and αt always belong to the affine
spaces Vt and Bt defined in Eqs. (6) and (7), respec-
tively.

Vt =
{
ut : Ω → R

N
∣
∣ ut = Ut ∀x ∈ ∂uΩ

}
(6)

Bt = {
αt : Ω → [0, 1] | αt = At ∀x ∈ ∂αΩ ∪ Γt and

0 ≤ ατ ≤ αt ≤ 1 ∀x × τ ∈ Ω × [0, t)
}

(7)

Furthermore, in order for both ut + δu and αt + δα

to be always admissible, the corresponding variations
δu and δα are also subjected to certain admissibility
conditions. Particularly, these are weakly enforced by
always requiring that δu ∈ V0 and δα ∈ B0, V0 and
B0 being the homogeneous counterparts of Vt and Bt ,
respectively. Thereafter, for any pair of admissible vari-
ations δu and δα, the first order stability condition of the
irreversible system requires that δP ≥ 0, which after
developing writes as:

DuP
(
ut , αt

) [
δu

] + DαP
(
ut , αt

)
[δα] ≥ 0

∀ {
δu, δα

} ∈ {V0,B0} ,
(8)

with DφF(φ, . . .) [δφ] representing the first Gateaux
derivative of the functional F with respect to the func-
tionφ and in the direction of the variation δφ. It is worth
noting that Eq. (8) states that the first-order optimal
state is either stationary if the irreversibility condition is
not violated (δP = 0), or surrounded by higher-energy
and inadmissible states (δP > 0) if otherwise.

However, as reported by Bourdin et al. (2000), con-
ventional PFM definitions lead to the functional P not
being convex in

(
u, α

)
. This means that second order

stability considerations are required in order to ascer-
tain that the solution of Eq. (8) is a local minimum
(Marigo et al. 2016), hence adding complexity to the
problem resolution. However, this burden can be some-
what avoided by exploiting the fact that conventional
definitions of P are convex in both

(
u; α

)
and

(
α; u)

,
with the semicolon separating variables on its left from
fixed parameters on its right. This allows for iteratively
approaching the local minimum of P by alternate res-
olution of the two staggered first-order minimization
principles, one for ut (at a given α):

DuP
(
ut ; α

) [
δu

] = 0 ∀δu ∈ V0 , (9)

and another one for αt (at a given u):

DαP
(
αt ; u

)
[δα] ≥ 0 ∀δα ∈ B0 . (10)

Now, substituting P by its definition in terms of the
strain and fracture energy from Eqs. (1) and (3) and
developing theGateaux derivatives, one obtains the fol-
lowing weak form for the displacement problem:

∫

Ω

∂ψ
(
ε
(
ut

) ; aPF(α)
)

∂ε
: ε

(
δu

)
dx = 0 ∀δu ∈ V0 ,

(11)

with ∂ψ/∂ε being the dual magnitude of ε, also known
as the stress tensor σ . Likewise, the developed govern-
ing principle for α reads as:

∫

Ω

GC

cw

(
1

�

∂wPF(αt )

∂α
δα + 2�∇αt ·∇δα

)
dx+

+
∫

Ω

∂ψ
(
aPF(αt ) ; ε

(
u
))

∂α
δα dx ≥ 0 ∀δα ∈ B0 ,

(12)

where ∂ψ/∂α is commonly referred to as the crack
driving force. It is worth noting that the variational
principle in Eq. (11) enforces the domain Ω to be in
quasi-static equilibrium of forces provided a stiffness
distribution governed by α. On the other hand, Eq. (12)
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can be understood as a damage criterion that drives
the development of α (or lack thereof) provided a state
of deformation u. Of course, the fixed parameters in
each of the staggered variational principles must cor-
respond to their corresponding best guesses available.
Therefore, the staggered PFM is essentially analogous
to a multi-physics problem that couple two physical
sub-problems: one mechanical and one fracture-wise.

3 The Phase Field approach for assessing the
mechanical behaviour of fractured media

Ever since its inception, the PFM has been exten-
sively exploited to model the nucleation and evolution
of fracture in domains subjected to certain loading con-
ditions. In contrast to this, the present work pursues
another approach and seeks to investigate the PFM’s
capability to describe the residual mechanical perfor-
mance of already broken domains for which the sharp
crack pattern Γ0 = Γ is known. This way, the pro-
posed methodology can benefit from the theoretically
rigorous implicit definition of cracks that characterizes
the PFM, in turn allowing the study of arbitrarily com-
plex crack patterns over a non-conforming domain dis-
cretization. In such away, the interaction between crack
lips is implicitly managed by the PFM, hence avoiding
the complex implementation of conventional discrete
crackmodelling techniques, which require to explicitly
define each of the existing contact pairs or interfacial
interactions.

To that end, it is first required to determine the field
α that approximates the known crack set Γ in the
absence of mechanical solicitations, i.e. for u = 0.
From a continuum standpoint, this essentially consists
in solving the variational principle in Eq. (12) assum-
ing that ∂ψ/∂α = 0 and α = 1 ∀x ∈ Γ . Nonetheless,
the latter boundary condition does not hold its robust-
ness upon a Finite Element (FE) implementation since
the discretization procedure involves the element-wise
determination of the effective properties, and Γ is an
N − 1-dimensional locus of points (see Fig. 2a). As
such, the sought after lack of stiffness in the presence
of a crack can only be reproduced by the PFM if α = 1
is true within a stripe ΩΓ ⊆ R

N that contains whole
elements surrounding Γ . In particular, provided that
the finite elements have a characteristic size equal to
hΓ in the surroundings of Γ , ΩΓ can be defined as the
ξ hΓ − neighbourhood of Γ depicted in Fig. 2b. Math-

ematically, the definition of such a geometrical locus
writes as:

ΩΓ = {
x ∈ Ω

∣∣ d
(
x, Γ

) ≤ ξ hΓ

}
, (13)

where d
(
x, Γ

)
represents the minimum distance of a

point x to Γ , and ξ > 1 is a scaling parameter govern-
ing the extension ofΩΓ as amultiple of hΓ . Given this,
the affine space Bt of admissible α fields can be sub-
stituted upon FE implementation by B̂t , in turn defined
as:

B̂t = {
αt : Ω → [0, 1] | αt = 1 ∀x ∈ ΩΓ and

0 ≤ ατ ≤ αt ≤ 1 ∀x × τ ∈ Ω × [0, t)
}

,

(14)

which in the ξ hΓ → 0 limit reverts to Bt from Eq.
(7) after assuming that ∂αΩ = ∅. The irreversibility
condition for α is retained in Eq. (14) as a vestige of the
conventional PFM definition, yet it is not required for
the present approach since α is kept constant through-
out the mechanical loading. As such, α results to not be
herein associated with any instant t in particular, and so
its subindex t will be hereafter dropped to emphasize
its constant nature for a given ΩΓ . Hence, taking the
staggered variational principle in Eq. (12) and setting
u = 0, the governing principle for the α field approxi-
mating the known fractured state Γ particularizes as:
∫

Ω

1

�

∂wPF(α)

∂α
δα + 2�∇α ·∇δα dx ≥ 0 ∀δα ∈ B̂0 ,

(15)

where now B̂0 represents the homogeneous counter-
part of B̂t . The resolution of Eq. (15) yields the con-
tinuously defined α field that smears ΩΓ within Ω .
Consequently, the resolution of Eq. (15) will also be
hereafter referred to as the diffusion of α. Known α,
the resolution of the variational principle in Eq. (11)
then allows to determine the corresponding u field for
the given fracture pattern and prescribed loading and
boundary conditions. Remarkably, it results that the
staggering resolution procedure, which is commonly
used to approximate the solution to the PFM’s mono-
lithic variational principle, somewhat reveals itself to
be the rigorous regularized modelling of the actual
physical phenomenon herein.

At this point, it only remains to define the particu-
lar functions that govern the mechanical behaviour in
terms of the u andα fields, viz.ψ , aPF andwPF. Regard-
ing the two latter, the so-called AT1 model introduced
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Fig. 2 Schematic representation of a spatially discretized 2D domain overlaid with: a a 1-dimensional crack set Γt and b the corre-
sponding 2-dimensional geometrical locus ΩΓ defined in Eq. (13)

by Pham et al. (2011) will be hereafter used, this con-
sisting in:

AT1 :

⎧
⎪⎨

⎪⎩

aPF(α) = (1 − α)2 + k
wPF(α) = α

cw = 8

3

(16)

with k representing a small parameter (k << 1) that
avoids numerical instabilitieswhenα → 1.This choice
is mainly motivated by AT1’s ability to yield small-
supported α fields, i.e. so that α > 0 only in the vicinity
of ΩΓ , while presenting a reasonably simple mathe-
matical definition.

On the other hand, the α-modulated strain energy
density function ψ must ideally satisfy two condi-
tions: (i) that no tensile nor shear tractions can be
transmitted through cracks, and (ii) that compressive
stresses must be transmissible across cracks as in the
case of pristine conditions, in order to prevent the
crack lips from interpenetrating into each other. Such
a behaviour is achieved by introducing the dependency
of the mechanical response on α through the so-called
strain energy decomposition, of which many differ-
ent options are available in the literature (see e.g. De
Lorenzis and Maurini 2022). Nonetheless, among all
these, the Cleavage–Deviatoric split proposed byAmor
et al. (2009) is a reasonably simple andwell-established
choice that can fulfill all the aforementioned requisites,
although it only does so exactly in the sense of Γ -
convergence (Vicentini et al. 2024). Therefore, in order
for the proposed approach to still retrieve the sharp
crack limit as � → 0, the thickness of ΩΓ is ought
to be proportional to �, i.e. ξhΓ ∝ �. On the down-

side, the Cleavage–Deviatoric split has been proven
to feature some spurious effects upon the unconfined
lateral expansion of cracked regions (see e.g. Steinke
and Kaliske 2019), and so the simplicity of this mod-
eling choice comes at the cost of limiting the proposed
approach to laterally confined specimens under com-
pression. It is to be noted, however, that this limitation
is not intrinsic to the proposed PFM-based approach
but to the chosen energy decomposition, and this can
be overcome by using more intricate and complex
choices such as the directional split (Strobl and Seelig
2015; Fei and Choo 2019; Steinke and Kaliske 2019).
Nonetheless, for the sake of simplicity, let us stick to
the Cleavage–Deviatoric split in what follows.

3.1 Cleavage–Deviatoric strain energy decomposition

Generally speaking, the PFM’s strain energy split
divides ψ into a damageable term ψD affected by α,
and an α-independent residual term ψR . Their specific
definitions end up determining the interaction between
the mechanical and fracture aspects of the PFM, since
these modulate the effect that α have on ψ for a cer-
tain u. In particular, by separating the mechanical and
fracture inputs of ψ , i.e. ε and aPF, such a split can be
mathematically expressed in a generic fashion as:

ψ
(
ε, aPF

)
= aPF ψD

(
ε
)

+ ψR

(
ε
)

. (17)

For the particular case of a linear elastic material
whose pristine strain energy density is given by:

ψ0

(
ε
)

= λ

2
tr
(
ε
)2 + μ

(
ε : ε

)
, (18)
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with λ and μ being the material’s Lamé con-
stants, the Cleavage–Deviatoric energy split proposed
by Amor et al. (2009) defines the corresponding ψCD

D
and ψCD

R terms as:

ψCD
D

(
ε
)

=
[(

λ

2
+μ

3

)
tr+

(
ε
)2 +μ

(
ε
dev

: ε
dev

)]
,

(19)

ψCD
R

(
ε
)

=
(

λ

2
+ μ

3

)
tr−

(
ε
)2

, (20)

where tr±
(
ε
)

=
(
tr

(
ε
)

±
∣
∣∣tr

(
ε
)∣
∣∣
)

/2, and ε
dev

rep-

resents the deviatoric part of ε, which, representing the
identity tensor as I , gets defined as follows:

ε
dev

= ε − 1

3
tr

(
ε
)
I . (21)

Therefore, it becomes clear from Eqs. (17), (19) and
(20) that the deformations yielding deviatoric and/or
positive volumetric terms do not carry an increase of
strain energy when α = 1. In contrast, those only fea-
turing negative volumetric terms maintain their ener-
getic contribution regardless ofα.Moreover, the split of
the strain energy density into the damageable and resid-
ual terms leads to an analogous decomposition in the
stress tensor σ which can be mathematically expressed
as:

σCD
(
ε, aPF

)
= aPF σCD

D

(
ε
)

+ σCD
R

(
ε
)

, (22)

with the damageable σCD
D

and residual σCD
R

stress ten-
sors being defined as follows:

σCD
D

(
ε
)

=
(

λ + 2μ

3

)
tr+

(
ε
)
I + 2με

dev
, (23)

σCD
R

(
ε
)

=
(

λ + 2μ

3

)
tr−

(
ε
)
I . (24)

4 Effect of � on the resultant crack lips interaction

As stated by Vicentini et al. (2024), the Cleavage–
Deviatoric energy split can perfectly mimic unilateral
contact interactions between the crack lips only in the
sense of Γ -convergence, i.e. for � → 0. At the same
time, the regularization nature of the PFM also sup-
ports seeking such a limit because it leads to retriev-
ing the original sharp problem. However, in the event
of implementing the PFM in an FE context, the � → 0
limit can only be pursued at a prohibitive computational
cost since the �/h > 1 conditionmust bemet at least in

the vicinity of ΩΓ . Moreover, given that the PFM reg-
ularizes the sharp discontinuities into transition bands
of width proportional to �, making � → 0 results in
fields whose gradients’ L2-norm might tend to infin-
ity, hence potentially jeopardizing the use of numeri-
cal resolution methods. Therefore, exploiting the PFM
to assess the mechanical performance of already bro-
ken domains requires finding a delicate compromise in
the choice of �, so that it is sufficiently small to yield
accurate predictions yet large enough to be numerically
manageable. In this regard, the present section reports
a series of case studies that aim to shed some light into
the actual effect that changing the magnitude of � has
on the accuracy of the PFM-based approach for the
structural assessment of fractured media.

The subsequent case studies exploiting the PFM-
based approach were implemented using the open
source Finite Element library FEniCSx (Alnaes et al.
2015; Baratta et al. 2023) in a Python environment. For
the sake of simplicity, all simulations were performed
under plane strain conditions, and so N = 2. Likewise,
the domain discretization was done with first order tri-
angular elements whose characteristic size hΓ is at
most equal to �/4 in the regionswhere it is expected that
α > 0, hence following conventional PFM modeling
choices (see e.g. Bleyer et al. 2017). Everywhere else,
coarser meshes were used in order to reduce the com-
putational cost of the simulations, yet this was found to
hardly affect the simulation results. Moreover, in order
to retain the PFM’s regularization nature, ΩΓ will be
hereafter defined as the �/2-neighbourhood of Γ , i.e.
ξ ≥ 2 herein since 4hΓ ≤ �. In order to allow an
algorithmically efficient construction of the numerical
model regardless of the complexity of Γ , the defini-
tion of ΩΓ and the associated element size distribu-
tion will be optically encoded following the procedure
defined inAppendixA. Eventually, the lack of an inher-
ent size-effect in the governing principles in Eqs. (11)
and (15) allows to conduct the dimensional analysis
in a normalized fashion. As such, the ensuing numer-
ical simulations used E = 1.0

[
Force/Length2

]
and

ν = 0.2 [−], with E and ν being the Young’s modulus
and Poisson’s ratio, respectively.

For the sake of validation, the considered case
studies whose exact solution is not trivial, i.e. case
studies B and C, are also solved in Ansys Mechan-
ical by using hard and frictionless contact interac-
tions between the fragments. Algorithmically, these
are enforced using a penalty approach with a stiffness
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Fig. 3 Illustration of: a a domain with effectively infinite width
subjected to confined vertical compression and containing a cen-
tered horizontal crack; and the corresponding PFM approxima-

tion b before and c after diffusing α under u = 0 and d upon the
vertical confined compression test

of kpen = 5 · 105 [
Force/Length3

]
so as to ensure that

the obtained contact interpenetration remains several
orders ofmagnitude smaller than the obtained displace-
ments.

4.1 Case study A: Confined domain with a single
horizontal crack

The first case study carried out involves the scenario
illustrated inFig. 3a,where a rectangular bidimensional
domain of dimensions Lx ×Ly : (i) is laterally confined
in order to mimic an infinite width, (ii) contains a cen-
tered horizontal crack, and (iii) is subjected to verti-
cal uni-axial compression by an imposed displacement
equal to Uy over the upper edge. Given these charac-
teristics, the problem results pseudo-onedimensional in
that it is independent from the spatial coordinate x . This
implies that the only non-null component of the strain
tensor ε is εyy , thereby rendering this setup the simplest
for testing the PFM’s ability to reproduce the compres-
sive non-interpenetration across a crack. To that end, it
is here introduced a nominal vertical stiffness measure
Ky , whose definition is:

Ky = Fy

Lx

L y

Uy
, (25)

with Fy being the resultant reaction force (per unit of
thickness) applied along the upper edge. Of course, Ky

is a structural property which, for the case at hand,
remains constant regardless of Lx since Fy ∝ Lx .
Moreover, Ky = λ + 2μ = Ky0 for a pristine domain,
which is also true when considering perfect unilat-
eral contact interactions between the crack lips for the
given setup. On the other hand, should α be homo-
geneous within Ω and equal to 1, the stiffness mea-
sure would be Ky = λ + 2μ/3 = Ky1 per the Eq. (24).
As such, provided that λ = 5/18

[
Force/Length2

]
and

μ = 5/12
[
Force/Length2

]
, the PFM’s residual stiff-

ness predictions get here more accurate as Ky/Ky1

→ Ky0/Ky1 = 2. Remarkably, the homogeneous
nominal stiffness Ky1 is independent of the imposed
crack pattern, and so it will be hereinafter used to report
the obtained nominal vertical measures in a normalized
fashion through the Ky/Ky1 ratio.

The procedure for implementing the PFM-based
approach is illustrated in Fig. 3b–d. This essentially
consists in first identifying the subdomainΩΓ that cor-
responds to the �/2-neighbourhood of the centered hor-
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izontal crack, wherein α = 1 is set; everywhere else it
remains that α = 0 (see Fig. 3b) yet this condition is
not enforced thereafter. Using this binary distribution
of α as an initial guess, Eq. (15) is numerically solved
to diffuse α within the domain, yielding the continu-
ous distribution illustrated in Fig. 3c. Since the consid-
ered problem is monodimensional and the AT1 model
is used, α is smeared throughout a compact bandwhose
thickness is increased by 4� with respect to ΩΓ ’s (see
e.g. Marigo et al. 2016). The PFM approximation of
the displacement field u is then obtained as in Fig. 3d
by numerically solving the variational principle in Eq.
(11) with the provided mechanical boundary condi-
tions. Eventually, the resultant Ky is determined by
post-processing the results from the mechanical prob-
lem. Repeating this whole process for several values of
�/Ly ranging from �/Ly ∼ 10−3 to �/Ly ∼ 100 yields
the Ky/Ky1 results reported in Fig. 4. From these, it
is evident that very small values of �/Ly allow the
PFM to approach the sought after Ky/Ky1 = 2, with
�/Ly ≈ 0.01 already yielding a practical-wise admis-
sible Ky/Ky1 ≈ 1.94. In contrast, when �/Ly → 1,
the PFM problem approximates to the α = 1 homoge-
neous case, and so Ky/Ky1 → 1.

Remarkably, given the boundary conditions chosen
for this case study, the obtained results do not only
apply for the case of a single horizontal crack in the
domain, but also to those in which there are n hori-
zontal cracks vertically stacked and evenly spaced. For
such cases, the plot in Fig. 4 remains unvaried once the
magnitude reported in the horizontal axis is generalized
from �/Ly to (n + 1) �/2Ly .

4.2 Case study B: Confined domain with a single
straight piecewise inclined crack

The second case study here addressed involves a
straight piecewise inclined crack as shown in Fig. 5a.
For all the ensuing simulations, the following charac-
teristic dimensions are used: Lx = 0.27

[
Length

]
,

Ly = 1
[
Length

]
and ε = 0.01

[
Length

]
; as well

as three different crack inclinations corresponding to
ϕ = {30, 45, 60}◦. Please notice that the presence of
horizontal crack segments at the intersections with the
lateral boundaries is motivated by the no-flux boundary
condition in force for α, which mathematically writes
as ∇α · n = 0 ∀x ∈ ∂Ω (see e.g. Kumar et al. 2020).
As such, thePFMas awhole canonlydealwith smeared

Fig. 4 Effect of �/Ly on Ky/Ky1 resulting from a confined
domain with a single horizontal crack

cracks that are “perpendicular” to ∂Ω; any crack Γ not
complying with this condition cannot be regularized
by a phase field α from a strictly rigorous standpoint.
Therefore, given that the conducted analysis stands on
the ground of the PFM’s Γ -convergence, all the stud-
ied crack topologies are perpendicular to the domain
boundaries. The obtained PFM results in terms of the
Ky/Ky1 ratio for the different values of ϕ and �/Ly are
reported in Fig. 5b, along with the corresponding pre-
dictions by the contact-based Ansys model K FE

y /Ky1.
From these results, it becomes evident that larger values
of ϕ require smaller �/Ly ratios in order for the PFM-
based approach to yield results close to the contact-
based benchmark. A possible explanation for this effect
lies in that the minimum characteristic length of the
fragments gets smaller as ϕ gets larger, hence under-
mining the accuracy of the results by virtue of the Γ -
convergence. Likewise, it was observed that the rela-
tive sliding at the interface between fragments entailed
the necessity of more refined meshes in the vicinity of
ΩΓ so as to ensure acceptable mesh-independence of
the results. For complete disclosure, results in Fig. 5b
correspond to a mesh whose refined elements have a
characteristic length at most equal to �/8, which was
determined via a parametric analysis to yield reason-
ably mesh-independent results. In comparison, results
in Fig. 4 were obtained with refined elements with a
characteristic length equal to �/4 at most.

123



Chao Correas et al.

Fig. 5 Effect of �/Ly on Ky/Ky1 with ϕ as a parameter resulting from confined domains with a single straight piecewise inclined
crack

4.3 Case study C: Confined domain with honeycomb
crack patterns

The last case study here conducted involves the
honeycomb-like multi-fragmented domain under con-
fined compression that is illustrated in Fig. 6a. The
overall domain dimensions for this case study are

Lx = 1/
(
2
√
3
) [

Length
]

and Ly = 1
[
Length

]
,

whereas each of the three central fragments is half
a regular hexagon whose apothem is Ly/6. Per the
observations made in the previous subsection regard-
ing the necessity of smaller elements in the presence of
inclined crack segments, the mesh is also here refined
in the surroundings of ΩΓ to showcase elements with
a characteristic length no larger than �/8.

The obtained PFM predictions in terms of the
Ky/Ky1 ratio for various values of �/Ly are reported
in Fig. 6b, as well as the contact benchmark result
K FE

y /Ky1 from the correspondingAnsysmodel. In line
with previous observations, the PFM predictions do
converge to K FE

y /Ky1 as the �/Ly ratio tends to zero,
yet at a slower rate. This difference can be explained
by a smaller minimum fragment size for the case at
hand, which is equal to Ly/6 ≈ 0.167Ly , as opposed
to the approximate value of 0.28Ly for ϕ = 60◦ in

the previous subsection, for instance. Therefore, from
these results one can state that the PFM’s regulariza-
tion length � must be sufficiently small in comparison
with the characteristic length of both the domain and
fragments.

While conducting the simulations that yielded the
above mentioned results, it was observed that the com-
bination ofmore complex crack patternswith small val-
ues of �/Ly resulted in worse convergence rates for the
numerical solvers. A detailed analysis of the obtained
solutions revealed that the main culprit for this loss of
solver effectiveness was the presence of some spuri-
ous deformations observed withinΩΓ in the surround-
ings of crack vertices. This is in line with the diver-
gence issues already observed by Steinke and Kaliske
(2019) upon unconfined compression of completely
cracked domains. Additional analyses also showed that
such distortionswere stronger themore elementswhere
within ΩΓ , hence posing a topic to be further investi-
gated in future studies. Moreover, these localized phe-
nomena were observed to have a slight effect on the
displacement field, especially on its horizontal com-
ponent ux (see Fig. 7b). These results infer the need
of further modifying the definition of the strain energy
decomposition so as to robustly deal with cracks show-
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Fig. 6 Effect of � on the Ky/Ky1 ratio resulting from confined
domains with a honeycomb crack pattern

casing sharp angles. Nonetheless, the overall effect of
these distortions was deemed negligible, since the pri-
mary displacement component, i.e. uy , presents great
agreementwith respect to the contact-based benchmark
model, as shown in Fig. 7c, d. Remarkably, the results
therein reported imply that the agreement between the

two models is not only qualitative but also quantita-
tive, hence undeniably supporting the validity of the
proposed PFM-based approach for characterizing the
residual structural performance of fractured media.

5 Conclusions and future outlook

This work explores a novel approach for characterizing
the residual structural performance of fractured media
on the basis of thewell-established Phase Field fracture
model (PFM). To that end, the conventional staggered
resolution of the PFM’s variational principle is fully
exploited: first, the continuous distribution of the phase
field α for the known crack pattern Γ is determined
in the absence of mechanical solicitations; and then,
the domain is mechanically loaded and the displace-
ment field u is obtained for the given α. In this latter
part, the interaction between the different fragments is
implicitly managed by the PFM formulation by means
of the Cleavage–Deviatoric strain energy decomposi-
tion. This choice allows the proposed approach to rely
on a theoretically rigorous definition of the unilateral
contact interactions across cracks. Furthermore, the use
of a phase field to implicitly define the crack topol-
ogy and the interactions between the crack lips elimi-
nates the necessity for explicit definition of the contact
pairs, hence posing a great computational advantage in
the event of massively-fragmented domains. In addi-
tion to introducing the basic theoretical and procedural
aspects of the approach, this work has also reported its
application to three different case studies on the effect
that the regularization length has on the approach accu-
racy. For each of the non-trivial fragmenting patterns
here considered, a contact-basedAnsysmodel was also
implemented as a mean of validation. Remarkably, the
proposed approach showed great agreement with each
of the corresponding benchmark results, thus proving
its robustness and representativeness.

Despite its promising outlook and novelty, the as-is
proposed PFM-based approach still faces some chal-
lenges and limitations relevant to its practical use.
For instance, the Cleavage–Deviatoric’s necessity of
very small regularization lengths by virtue of the Γ -
convergence also involves Finite Element models with
very refined discretizations; although these are only
required in very localized and a priori known regions.
Therefore, the implementationofmore advancedmesh-
ing procedures able to deal with extreme element
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Fig. 7 Confined domain
with a honeycomb crack
pattern: normalized contour
plots for a ux and c uy ;
normalized evolution of b
ux and d uy over the x = 0
line (dashdotted line over
the contour plots). The PFM
results correspond to
�/Ly = 10−3

refinements is paramount herein. Likewise, the results
reported in the last case study clearly evidence that
the Cleavage–Deviatoric strain energy decomposition
is not universally robust nor intrinsically accurate
for representing non-interpenetration interactions upon
unconfined compression states, in linewith the findings
already reported by Steinke and Kaliske (2019). There-
fore, further developments of the PFM-based approach
here introduced will require implementing more com-
plex and adequate strain energy decompositions, such

as the directional split (Steinke and Kaliske 2019).
In this regard, the technique proposed in Appendix
A for optically encoding modelling information could
be exploited to declutter the spatial definition of the
a priori known local crack orientation system, hence
considerably streamlining an otherwise unfathomable
approach. On another note, given that the approach
approximates discontinuities while remaining in a con-
tinuum setup, its application is limited to cases inwhich
the sliding and relative movements between the frag-
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ments are small. Nonetheless, there are many cases
of practical relevance for which this condition still
applies, such as the post-partial-fracture characteriza-
tion of laminated glass components (see e.g. Veer et al.
2008; Angelides et al. 2022; Corrado et al. 2024). For
scenarios inwhich the fragment displacements are large
instead, another relevant yet radically different Phase-
Field-based approach was recently proposed by Lorez
et al. (2024) within a Eulerian Framework. Therefore, a
prospective line of research is to delve into the similar-
ities and differences of these approaches, so as to eluci-
date about their respective advantages, limitations and
even synergies. Finally, future studies could be oriented
towards exploring how crack propagation can be incor-
porated into the proposed PFM-based approach in a
theoretically rigorous manner, hence allowing it to rec-
oncile with the scope of conventional Phase Field mod-
els of fracture. Nonetheless, in order to successfully
manage such an extension of the PFM-based approach,
there are some crucial theoretical aspects that should
be addressed beforehand. These include, for instance,
how to properly deal with crack nucleation within a
PFM framework (see e.g. Kumar et al. 2020; Lopez-
Pamies et al. 2025), and the observance of dynamic
effects upon unstable fracture in the presence of ener-
getic barriers (see e.g. Chao Correas et al. 2024).
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AppendixA:Algorithmically-efficient technique for
optically encoding modelling information

This appendix describes the technique used for effi-
ciently prescribing complex field distributions on a
Finite Element model through digital-optical encod-
ing. The cornerstone of this approach lies in the raster
map behind every digital image, which is a data struc-
ture that stores point-wise discrete numerical values
corresponding to certain positions in space within a
uniformly spaced array, also known as pixels. Each
raster map is hence associated to a certain structured
and homogeneous spatial discretization, and so it can
be easily mapped to a Finite Element mesh if both
represent the same geometrical domain. Therefore, the
information stored in each pixel can be used to encode
modelling information to be passed to the correspond-
ing element nodes and integration points.

In this work, such a paradigm was for instance
exploited for imposing α = 1 within ΩΓ through the
procedure illustrated in Fig. 8. To that end, Inkscape
v1.3.2 (2023) was first used to generate a vector-
ized description of Γ based on Bezier curves, from
which the corresponding ΩΓ subdomain could be eas-
ily obtained by imposing the desired stroke thickness.
By convention, ΩΓ was coloured in black, and the
remaining pristine region was left in white. This binary
vectorized graphic was then exported to a Black and
White (B/W) rasterized imagewith sufficient pixel den-
sity, so that it could be read into the FEniCSx-based
Python code by the OpenCV v4.10.0 (2024) library.
From the ensuing array of integers corresponding to
the raster map, the Finite Element nodes falling within
ΩΓ were easily identified on the logical basis that the
associated pixel had a stored value of 0.

Another use here given to this digital-optical tech-
nique was to define the spatial distribution of char-
acteristic element sizes h, as illustrated in Fig. 9.
As previously stated, only the surroundings of ΩΓ

require very fine meshes in order to accommodate the
smeared cracks, while the bulk of the fragments can
be meshed coarsely for the sake of computational effi-
ciency. Therefore, the region where mesh refinements
are required can be easily obtained from the already
available vectorized representation of Γ by setting a
suitable stroke thickness, naturally larger than ΩΓ ’s.
By coherence with the procedure in Fig. 8, the black
and white regions correspond to the cracked and pris-
tine regions and, by extension, to the smallest hmin and
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Fig. 8 Schematic
description of the technique
used for the digital-optical
encoding of the ΩΓ

topology
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Fig. 9 Schematic description of the technique used for the digital-optical encoding of the spatial distribution of element sizes within
Ω . Please note that the conventional 8-bit encoding per channel and pixel is here used

largest hmax element sizes (see Fig. 9). Of course, in
the proposed PFM-based approach hmin corresponds to
hΓ . So as to provide a numerically-convenient contin-
uous definition of the element sizes in space, the black-
to-white transition was smoothed into a grayscale by
using the blurring effect. This was accompanied by
the definition of an interpolation function between the
shades of grey and element sizes, forwhich a simple lin-
ear relationwas here used. Finally, this informationwas
passed on to the Gmsh mesh generator (Geuzaine and
Remacle 2009) through the meshSizeCallback
function, which takes a position in space and returns
the corresponding local values of h.

The herein described digital-optical technique has
therefore proven to be highly capable for the definition

of complex spatial distributions into numerical mod-
els. Furthermore, since it delegates most of the mod-
elling complexity towell-established digital processing
pieces of software, the underlying codes for the numer-
ical models can remain mostly unvaried even when
being applied to radically different scenarios, hence
improving their reliability. Overall, this procedure ben-
efits from the use of rasterized images in two fronts: (i)
rastermaps are highly efficient data structuresmemory-
wise when it comes to storing spatial distributions of
information, and (ii) the ubiquity and popularity of dig-
ital images in the latest times has fueled an extensive
research and development of techniques for their gen-
eration and processing.
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