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Information theoretic clustering, long-range correlation, power-law scaling and self-similarity concepts have
been broadly adopted for characterizing genomic features such as nucleotide composition, flexibility and
bending. In this work, the 24 chromosomes of the human pangenome minigraphs, recently assembled by the
Human Pangenome Reference Consortium (HPRC), are investigated to check to what extent self-similarity and
scaling features are preserved in comparison to the reference linear sequences of the T2T-CHM13 individual.
By taking the nucleotide self-similarity of the reference chromosomes as benchmark, it is shown that the

pangenome minigraph segments exhibit lower self-similarity of the nucleotide composition compared to the
linear sequence. The proposed information measures can be adopted to quantify the nucleotide self-similarity
patterns and complement standard alignment techniques towards the coherent definition of the genomic profile

of each species.

1. Introduction

While linear genomic sequences reflect the evolutionary complexity
of single individuals, structured graphs collecting genomic fragments of
multiple individuals compiled into a single data structure (pangenome)
could feature the whole genetic profile of a given species. Graph-based
approaches of branching and merging paths have been proposed to
gather together features of several individuals and shed light on the
evolutionary diversity of each species [1]. The definition of the optimal
pangenome architecture is a challenging endeavour of increasing inter-
est [2-4], which could benefit from the interdisciplinary perspective
provided by the computational and complex system’s approaches to
pattern analysis.

Several studies establish the pertinence of pattern recognition to
biological research and the applicability of pattern analysis in medical
genomics and cancer research. Ordered nucleotide patterns emerg-
ing from seemingly random structures are prominent features of the
interplay of nonlinear interactions among multiple heterogeneous com-
ponents in DNA and RNA sequences, underlying biological processes
such as duplication, segmentation, and unzipping [5]. Direct linear
discriminant analysis (DLDA) enhances classification accuracy in DNA
microarray gene expression data [6]. Transcription factor (TF) family-
specific features by integrating DNA and protein-level information facil-
itate accurate classification and insight into TF-TFBS interactions [7].
Integration of Gene Ontology-based similarities within Bayesian net-
works to analyse protein-protein interaction networks outlines the role
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of probabilistic modelling in elucidating complex biological relation-
ships [8]. A novel gene selection method using analytic hierarchy
processes for microarray data classification is reported in [9]. Clus-
tering can facilitate compression of sequences in increasingly growing
biological databases [10], complement standard alignment methods,
and shed light on the origin of physico-chemical interaction within
genomic strands [11]. Key genes in breast cancer progression through
genetic network analysis have been identified [12]. Patterns of dis-
tinctive nucleotide content in relation to local structure, composition,
and mechanical strengths of DNA and RNA molecules are scrutinized
[13]. Eukaryotic and prokaryotic genomes exhibit long range correla-
tions quantified in terms of power law exponents of the probability
distribution function of biological properties relevant to nucleosome
positioning and mechanical properties as bending, torsional flexibility
and propensity to form loops [14]. Shannon entropy of the basepair
cluster distribution are reported for the 24 human chromosomes of
the reference assembly GRCh37/hgl9 [15]. The genomic distribu-
tion of protein coding segments and the chromosomal distribution of
transposable elements (TEs) exhibit entropic scaling [16].

Entropy measures, self-similarity concepts, and scaling behaviour
are well-established tools for characterizing intrinsic genomic fea-
tures [17,18]. This work aims at investigating to which extent the
human pangenome minigraphs preserve long-range correlation and
self-similarity in comparison to the reference linear sequences. To that
end, the probability distribution of the nucleotide segments yielded by
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aligning the reference (GRCh38/hg38, T2T-CHM13) sequences and the
47 individuals assemblies, have been analysed for the 24 chromosomes.
The nucleotide composition of the pangenome segments has been
compared with the corresponding linear sequences. Quantifying the
self-similarity of the minigraph segments is not a purely speculative
issue as it can be adopted for optimizing segmentation, complementing
traditional alignment methods, and accelerating the definition of the
minigraph structure.

The remainder of the manuscript is organized as follows. Section 2
recalls the main steps of the pangenome construction and the numerical
approach to transform the nucleotides text into a numerical sequence;
Section 3 describes the information theoretical clustering approach;
Section 4 illustrates the main outcomes of the work. Close-to-ideal
power law scaling is obtained for the 24 chromosomes in the individual
T2T-CHM13 reference sequences, whereas deviations from ideality are
observed in the pangenome segments. Comments and future research
directions can be found in Section 5.

2. Data

The Human Pangenome Reference Consortium (HPRC)! graph frame-
works gather together segments extracted from genome sequences of 47
individuals [19]. Pangenomes are built by using different approaches:
Minigraph, Minigraph-CACTUS and Pangenome Graph Builder (PGGB).
The HPRC minigraphs are obtained by comparison to the reference
GRCh38/hg38? and T2T-CHM13® genomic data. The procedure oper-
ates via an incremental algorithm based on genome-to-graph alignment
to include the germline variants of the various individuals. An algo-
rithm similar to minimap2 is used to find local hits to segments in the
graph. A seed-and-extend approach first finds common seeds, i.e., short
segments common to the reference and the other genomic sequences,
then extends and chains the seeds together in order to find longer
and longer common segments. The resulting graph contains genome
segments shared among different individuals. The segments obtained
for the first 30 bases of chromosome 1 with the individual T2T-CHM13
taken as a reference are shown in Fig. 1.

The first step of the computational analysis carried out in this
work is the numerical mapping of the reference sequences and of the
pangenome segments, which are expressed in natural language texts,
combination of letters corresponding to the nucleotides: adenine (A),
thymine (T), cytosine (C) and guanine (G). The standard representation
of DNA and RNA bases by means of single characters was defined
by the International Union of Pure and Applied Chemistry (IUPAC).
The IUPAC nomenclature is a 16-character code representing single
specifications for nucleotides (A, G, C, T/U) or ambiguity among 2,
3, or 4 possible nucleotides [21]. The IUPAC code is, in principle,
case insensitive, but its established uses generally default to the capital
case. A numerical value is assigned to either a single base (e.g., G for
guanine, A for adenine) or a set of multiple bases (e.g. a couple R for
either G or A and Y for either C or T or a triplet for codons etc.). Further
generalizations of the IUPAC nomenclature have been proposed: one-
dimensional, multidimensional, real or complex representations [22].
In this work, the nucleotides are mapped according to the RY rule: a
puRine (R = A,G) is mapped to a positive value (+1), a pYrimidine
(0% C,T) is mapped to a negative value (—1) (Fig. 2). Next the
set of +1 and —1 is summed and a random walk y(x) (DNA walk) is
obtained where x indicate the position of each nucleotide along the
sequence. The RY rule is related to the DNA stiffness, which, in turn,
depends on the types of base steps. In particular, the pyrimidine-purine

1 https://humanpangenome.org/

2 https://s3-us-west-2.amazonaws.com/human-pangenomics/pangenomes/
freeze/freezel/minigraph/hprc-v1.0-minigraph-grch38.gfa.gz

3 https://s3-us-west-2.amazonaws.com/human-pangenomics/pangenomes,/
freeze/freezel/minigraph/hpre-v1.0-minigraph-chm13.gfa.gz
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segment  nucleotides chromosome  of fset rank

sl CTGAA SN:Z:chrl SO:@:0 SR:i:0
52 ACG SN:Z:chrl SO::5 SR:i:0
53 TGGC SN:Z:chrl SO:i:8 SR:i:0
s4 TGTGA SN:Z:chrl SO:i:12 SR:i:0
s5 TTTC SN:Z:foo SO:i:8 SR:i:1
56 CTGA SN:Z:foo SO:@:12 SR:i:1
s7 GTTAC SN:Z:bar SO:i:5 SR:i:2

AlC | G NENNEN C C NN G A NN G BN G A

CREBE G A A AC GG G CHNGRBNG A

C T GAACATTG|T G TG A

Fig. 1. First seven segments s1 to s7 of the minigraph corresponding to the first thirty
bases of chromosome 1 [20]. The construction is based on the Graphical Fragment
Assembly (GFA) reference standard. S identifies the segment, the other fields follow
the TAG:TYPE:VALUE format. SN corresponds to the name of the stable sequence
from which the segment is derived, SO to the offset on the stable sequence, SR to the
rank (O if on a linear reference genome), Z to string, i to signed integer. Nucleotide
composition and alignment of segments s1 to s4 are shown at the bottom of the table.

Symbol  Basis Meaning
A A Adenine
C C Cytosine
G G Guanine
T T Thymine
U U Uracil
R A or G puRine
Y C or T/U pYrimidine
M A or C aMino group
K G or T/U Keto group
S C or G Strong interaction (3 H bonds)
W A or T/U Weak interaction (2 H bonds)
H not — G A,C or T/U
B not-A, B follows A C,G or T/U
\Y not T/U A,Cor G
D not C A,G or T/U
N aNy A,C,G or T/U
L1l 41 41 41 +1 -1 41 -1 41 +1 -1 -1 41 -1 +1 +1

~@= Summation
~—+— Mobile averare n=4

CERNG A A AC GERG G CHNGHENNEG A

Fig. 2. (Top) IUPAC nomenclature with the 16-character alphabet. (Bottom) First bases
of chromosome 1 mapped according to the RY rule: puRines (A, G) and pYrimidines (C,
T) yield a sequence R =+1 and Y = —1 (first row on top) and then summed to yield
the DNA walk (blue curve). The red curve shows a moving average X; with n = 4bp.

(YR) and purine-pyrimidine (RY) base steps are respectively the least
and the most thermally stable with highest persistence [23,24]. The
RY rule has the advantage of helping to keep the nonstationarity of
the numerical sequence at a minimum. The nonstationarity might be
a serious drawback when long-range correlation, self-similarity and
other statistical quantities are investigated. The average concentrations
of A and T are about 0.30, those of G and C are about 0.20, hence
the average concentrations of puRines (A,G) and pYrimidines (C,T)
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Fig. 3. Frequency of the cluster lengths P(¢;,n) for chromosomes 1, 7, 14, 20 as defined in eq. (1) with n =10 and n = 20. The probability distribution is not normalized.

are very close to 0.50 along the sequence. Therefore, coding puRines
and pYrimidines to +1 / —1 yields a balanced numerical sequence. An
unbalanced coding rule would amplify the strong variability of the local
density distribution of the bases, giving rise to higher nonstationarity of
the corresponding random walk. From the information-theoretical per-
spective, the extension of the nomenclature to map multiple nucleotides
aims to assist and compress the representation of the rapidly growing
space of genomic data. Hence, the identification of clusters/patterns
of nucleotides gathering together information on meaningful DNA and
RNA features is a very relevant interdisciplinary challenge.

3. Method

Statistical clustering, broadly referred to as partitioning a dataset
into subsets according to some probabilistic criterion, is increasingly
adopted to make sense of large amounts of data and to identify clusters
naturally emerging from the data rather than by building artificial
partitions [25-27]. Center-based clustering finds extensive applica-
tions, despite the pitfalls of suiting better to convex shaped clusters
and requiring prior knowledge of the number of clusters. Density-
based clustering identifies the clusters as high-density values of a given
feature 6(x) surrounded by density values lower than a threshold §(x).
Each intersection between the feature function §(x) and the threshold
5(x) generates separate connected regions in the feature domain. The
threshold is usually taken as a constant over the whole feature domain,
with the drawback that if its value is either too low or too high,
several clusters will not show up. A constant threshold is an issue when
the relevant feature is a long-range correlated quantity, a situation
occurring in many real-world systems and in particular in biological
contexts. Information-theoretic measures have been implemented to
optimize the traditional clustering approaches giving rise to a fast
developing area of computational science known as information theoretic
clustering revolving around sample-by-sample estimates of the probabil-
ity distribution function and information measures, such as Shannon,
Kullback-Leibler (relative) and other entropy functionals [28].

The main steps and a few definitions of the information theoretic
clustering approach [15,29,30] are briefly recalled hereafter. Consider
a nucleotide sequence {x;} of length N and the local average X;, =
%Z:;]o x(i — n') with n € (1,N). For each n, a partition {C} of
non-overlapping clusters is generated between consecutive intersec-
tions of {x;} and {X;,} defined by the nucleotide positions where
the difference ¢;, = x; —X;, is equal to zero. Hence, each cluster
Jj is characterized by the random variable #; = [lx; — x;_;|l, with
the instances x;_; and x; referring to subsequent intersection pairs.
The random variable ¢; is the cluster length. The empirical distribu-
tion of the cluster lengths P(¢;,n) is obtained by ranking the clusters
N(&1,m), N (&, n), ..., N(¢;,n) according to their length for each n:

N(;,n)
Nc(”)

with N (n) = Zf(:l) N(¢;,n) the number of clusters generated by the

partition for each n. Let k = qu\lzl Nc¢(n) indicate the total number of

P(¢).n) = @

119

clusters for all the possible values of » and the normalization condition
holds as usual:

N Ne()

XY Pem=1,
n=1 j=1

where the index j runs over the clusters obtained by each partition with
size n with n € (1, N). By introducing P(#, n) in the Shannon functional,
the cluster entropy writes:

(2)

SclP] = - Z P(¢;.n)log P(£;,n) . 3)
Jj.n

The meaning of the cluster entropy can be discussed by approximating

the Shannon entropy in Eq. (3) in the limit of continuous variables,

yielding the differential cluster entropy. The probability distribution

function P(¢,n) of the lengths ¢ for each n can be written as:

P&,n)~ ¢ PF @&, n) ~ pu&,n! @

The function F (¢, n) in Eq. (4) accounts for the finiteness of the cluster
size and can be taken of the form: F(¢,n) ~ exp(—Z/n). For long-
range correlated sequence described as Fractional Brownian Motion,
the exponent D = 2 — H is the fractal dimension of the sequence with
H the Hurst exponent. The exponents D and H are widely used for
quantifying long-range correlations (power-law decaying distribution)
in complex systems. The differential entropy writes:

S(.n)~ Sy +log? + & )
n

where S| is a constant, logZ? is related to the term #~° and #/n is
related to the term F(Z, n).

According to Eq. (4), P(Z,n) exhibits two regimes characterized by
different slopes [15]. At short cluster length (# < n), the probability
distribution function is power-law sloped. For ¢ larger than n, the
probability distribution function decreases more quickly, approaching
an exponential behaviour related to the finite-size effects. The power-
law behaviour of the probability distribution P(¢,n) determines the
cluster entropy S(¢,n) to increase as log#P? and be n-invariant for
small values of #. Conversely, S(¢,n) increases as #/n, i.e. a linear
function of #, at larger ¢, as expected according to Eq. (5). Clusters with
lengths ¢ larger than n are not power-law correlated, due to finite-size
effects. Hence, they are characterized by entropy values exceeding the
curve log #”, which corresponds to power-law correlated clusters. The
power-law scaling of the cluster length distribution P(Z, n) is reflected
in the logarithmic behaviour of the cluster entropy S(¢,n) with #
the length of the clusters and » the moving average window. These
features are related to long-range order and fractality. The transition
from compositionally ordered to disordered cluster has been visualized
for the 24 chromosomes. The occurrence of long-range correlations im-
plies that the nucleotides self-organize and give rise to a compositional
self-similarity along the chromosome sequences [15].

The empirical probability distribution P(s;) of the pangenome seg-
ments with lengths s,s,,53,...,s; extracted from 47 individuals as
given in [20] is estimated by counting the number of segments
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Fig. 4. Percentage of puRines (R = A,G) and pYrimidines (Y = C,T) versus cluster lengths ¢; for the 24 chromosomes of the linear sequences of the T2T-CHM13 individual with
n=20. Symbols refer respectively to nucleotides A O, T ®, C ¥, G <.
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Fig. 5. Frequency count of the pangenome segments P(s;) for the minigraphs of chromosomes 1, 7, 14, 20, built with reference to the individual genome T2T-CHM13. Frequency

count is not normalized.

51550553, 45 S collected in the minigraph of each chromosome accord-
ing to their length:

N(s))
N

where N (s;) indicates the number of segments with length s; and Ng
indicates the total number of segments, with any length, corresponding
to each of the 24 chromosomes in the pangenome. Samples of the
segments s; for the first bases of chromosome 1 are shown in the table
of Fig. 1. The alignment between the T2T-CHM13 reference sequence
(centre) and other two sequences (above and below) is illustrated at
the bottom of the table. As a final note, we observe that the parameter
n does not show up in P(s;) (Eq. (6)) contrarily to the probability
distribution function P(¢ o) defined in Eq. (1). The reason is that P(s )
counts the segments defined by the pangenome minigraph construction
without using the moving average window n.

In the following Section, the information theoretic method based
on the Shannon entropy will be implemented on the 24 chromo-
somes of the pangenome minigraphs and of the reference individuals
(GRCh38/hg38 and T2T-CHM13). The analysis of the GRCh38/hg38
and T2T-CHM13 linear sequences is needed to assess the degree of
long-range correlation and how this is reflected in the compositional
self-similarity of the clusters in terms of percentage of the nucleotides
A, C, G, T. The main purpose is the assessment of the self-similarity and
power-law scaling of the reference individuals and the establishment of
a benchmark for the pangenome segments.

P(s)) = ©®)

4. Results

As above mentioned, the long-range correlation analysis is per-
formed on the pangenome minigraph segments by taking the reference
genomes of the GRCh38/hg38 and T2T-CHM13 individuals as bench-
marks. To this purpose, dedicated Python codes have been implemented
with the ability to extract and analyse the data from the repositories®.
The probability distribution function P(¢ 5 1), defined in Eq. (1), has
been estimated by counting the clusters generated in the linear se-
quences of the 24 chromosomes of the reference individuals according
to the method discussed in Section 3. The results referred to the
sequences of chromosomes 1, 7, 14, 20 of the T2T-CHM13 individual
are shown in Fig. 3. The curves are the probability distribution of the
clusters obtained by using the moving average partition for n = 10 and
n = 20. It is worthy to note that clusters with the same length can be
generated by different values of the parameter n. For example, consider
the probability distribution function of chromosome 1 shown in Fig. 3,
clusters with #; = 10bp have pdf corresponding either to the point Q
(with n 10bp) or Q' (with n = 20bp). However, Q' corresponds to
power-law correlated (ordered) clusters, since Q' lays on the curve that
scales as a power law, according to the description using continuous
variables #2, (¢ = 10bp < n 20bp). In contrast, Q lies on the

4 Python code and further results for other reference chromosomes can be
found at https://github.com/rntf/pangenome-clustering
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exponentially decaying portion of the pdf 7(¢, n) which originates from
¢; > n = 10bp. In summary, clusters with lengths shorter than » corre-
spond to ordered (long-range correlated) nucleotides, whereas clusters
with lengths larger than n correspond to disordered (exponentially
correlated) nucleotides. The behaviour of the probability distribution
functions shown in Fig. 3 is reflected in the compositional features of
the clusters. Power-law correlation implies self-similarity of the cluster
sequence structure not only at the numerical and geometrical level
but also in terms of chemical and structural properties. The nucleotide
composition in terms of percentage of A, C, T, G is shown in Fig. 4
for all 24 chromosomes. One can note that self-similarity holds over a
broad range of lengths #; for clusters generated with n = 20bp.

Next, we analyse the long-range correlation properties of the
pangenome minigraph segments. Fig. 5 shows the frequency P(s;), de-
fined by Eq. (6), respectively for chromosomes 1, 7, 14 and 20 extracted
by the human pangenome minigraph. The values of the frequency
P(s;) have been obtained by counting the segments generated in the
chromosome minigraphs according to their length. The first bases and
the first four segments are shown in Fig. 1 for the chromosome 1
minigraph. The frequency P(s;) exhibits a discontinuity with a slope
change at segments lengths on the order of 50bp, a fact that can be
related to the different segmentation methods respectively adopted
for segments shorter/longer than 50bp as described in [1]. Artificial
partitions unavoidably exhibit discontinuity reflected in the onset of
two scaling regimes. The nucleotide percentage in the segments with
length s5; < 50bp is plotted in Fig. 6 for all the 24 chromosomes. One
can note a large variability in the nucleotide composition in comparison
to what has been found for the linear sequences of the reference
chromosomes shown in Fig. 4. An analogous level of variability is found
for the other chromosomes as can be seen in the corresponding figures.
The compositional variability of the minigraph segments observed in
this work, taking as reference the T2T-CHM13, is also larger than the
variances of the GHRc37/h19 24 chromosomes, estimated in [15].

5. Conclusions

A systematic analysis of long-range correlation and compositional
self-similarity of the minigraphs corresponding to the 24 chromosomes
of the recently published human pangenome has been performed. The
probability distribution P(s;) of the segment lengths s; of the human
pangenome has been estimated to assess correlation and self-similarity.
As a benchmark, the probability distribution P(¢;,n) of the clusters
with length #; has been evaluated for the reference linear sequences of
the individuals GRCh38/hg38 and T2T-CHM13. The power-law scaling
properties and the nucleotide composition of the pangenome segments
have been compared to those of the long-range correlated clusters
obtained from the linear sequence of reference.

The aim of the work was to assess to what extent long-range corre-
lations are exhibited by the segments composing the minigraphs of the
human pangenome, and to find out whether the segmentation process
maintains the character of self-similarity observed in the corresponding
linear sequences. Our work reveals that the segmentation process does
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Fig. 6. Percentage of puRines (R = A,G) and pYrimidines (Y = C,T) versus segment lengths s; for the 24 chromosomes of the pangenome minigraph. The segments are obtained
by aligning the chromosomes of the 47 individuals to those of the linear sequences of the T2T-CHM13 individual. Symbols refer to the nucleotides A O, T @, C ¥, G ©.

not fully preserve the self-similarity of the segments as shown by the composition still exhibits self-similar features though to a lower extent
limited extent of the power law decay of the probability distribution compared to the continuously segmented clustering. This implies that a
function and the onset of two range of decays at short and long significant amount of genomic information or gene content is variable
fragment lengths. By reverting the numerical sequence of each segment among closely related individuals of a species and might help address

to the nucleotide alphabet, it has been observed that the nucleotide some open questions regarding the pangenome building principles.
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The number of individuals needed for a comprehensive pangenome
of a given species is currently debated, as it depends on the diversity
and resolution of genetic variation one aims to capture. Defining a set of
quantitative indexes derived from the scaling behaviour of the relevant
probability distributions can provide a theoretical estimation of this
amount. Additionally, the scaling behaviour derived from probability
distributions offers a promising tool for diagnosing genomic variability
and guiding decisions about the inclusion of additional genomes. The
main open question concerns the selection of criteria for segmenting
and constructing the pangenome structure. The analysis can be viewed
as a tool to quantify the intrinsic similarity between the individual
genomes constituting the minigraph. The geometrical self-similarity of
the minigraph segments can yield the compositional self-similarity of
the segments in terms of nucleotide percentage. These findings suggest
that the segment self-similarity, quantified through power-law corre-
lations and related exponents, could serve as a foundational criterion
for segmenting and constructing the pangenome. This approach might
have meaningful implications from a biological perspective: regions of
the genomes characterized by a high level of heterogeneity and disorder
are more likely to duplicate and mutate.

Further developments of the proposed approach have been en-
visioned. The generalization of the information theoretic clustering
approach would allow for more robust statistical inference about the
pangenome structure and included individuals. Estimates of relative
cluster entropy [29] could be used to quantify the distance between the
empirical probability distribution of the minigraph segments P(s;) and
the cluster distribution P(# o) of the reference linear sequences. The
minimum relative entropy principle could be adopted as a more strin-
gent optimization criterion for statistical inference about pangenome
structure. This study demonstrates the value of using self-similarity and
scaling laws in tandem with information theoretic tools as quantitative
metrics for pangenome analysis while emphasizing the need for refined
tools and models to address remaining challenges.
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