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Abstract We introduce the model of a networked
energy harvester for random ambient vibrations, made
of mechanically coupled oscillators. The networked
harvester is equivalent to a mechanical filter, and it can
be modeled as a chain of masses, coupled pairwise by
nonlinear elastic springs. Ambient mechanical vibra-
tions are modeled as a low-pass filtered white Gaussian
noise, and a piezoelectric transducer is used to convert
mechanical kinetic energy into electrical energy. We
derive the nonlinear equations of motion for the har-
vester, togetherwith formulas for the average harvested
power and power efficiency. An approximate analyti-
cal solution is presented and compared with numerical
simulations. Finally, we discuss the optimization of the
networked harvester, based on a gradient ascent algo-
rithm combined with Nesterov’s momentum method.
We show that, after proper optimization, the mechani-
cally coupled energy harvester scavenges more power
than a single mass-spring energy harvester.
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1 Introduction

As the demand for energy continues to escalate along-
side the global push for reduced carbon footprints,
innovative methods of energy capture are critical. In
the recent years, energy harvesting has emerged as a
pivotal technology in the pursuit of sustainable energy
solutions, enabling the conversion of energy dispersed
in the environment thatwould otherwise bewasted, into
usable electrical power [1–3].

By integrating energy harvesting technologies into
everyday applications, such aswearable devices, remote
sensors, and smart infrastructure, we can develop
autonomous, self-sustaining systems that can operate
indefinitely in various conditions, decreasing the need
for disposable batteries and contributing to reduce elec-
tronic waste [4–7]. This aligns with global sustain-
ability goals and reduces the ecological footprint of
deployed sensor networks. Energy harvesting can also
contribute to more reliable operation by providing a
continuous power source. This minimizes the risk of
unexpected device failures due to battery exhaustion,
ensuring that critical systems remain operational. By
harnessing ambient energy, devices can maintain func-
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tionality for extended periods without battery deple-
tion. This is particularly beneficial for applications
in hard-to-reach locations where battery replacement
is challenging, such as in infrastructure monitoring
or environmental sensing. Moreover, reducing battery
use, maintenance efforts and costs are decreased, as
frequent battery replacement can be costly and incon-
venient.

Candidate energy sources for supplying power
to wireless sensors and actuators networks include
mechanical vibrations [8–12], electromagnetic waves
[13,14], and thermal gradients [15–17]. Mechanical
vibrations are particularly important, because they are
ubiquitous, versatile, and they are characterized by rel-
atively high power density. Specifically, mechanical
vibrations may have natural origin, like wind, seismic
activity, or even animal and human motion, or may
result from man-made activities, like transportation
systems (road vehicles, trains and airplanes), house-
hold and industrial machinery, or structural responses
in bridges and buildings. They are versatile because
different transduction mechanisms can be exploited for
their conversion into electrical power, including piezo-
electricity [18–23], electromagnetic induction [12,24–
30], and magnetostrictive phenomena [31–34].

In essence, energy harvesters are mechanical res-
onators. If the frequency of external vibrations is
close to their resonant frequency, they will exhibit
large amplitude oscillations, collecting a significant
amount of energy.However, linear resonators are inher-
ently characterized by narrow bandwidth, meaning
that vibrations with frequencies far from resonance
give little contribution to the harvested energy. This
is an important limiting factor, because in most practi-
cal applications mechanical vibrations result from the
superposition of several spectral components, and their
power is distributed over a wide frequency interval. To
overcome the issue, different ingenious solutions have
been proposed in the past few years [35–40].

Recently, we have shown that the interposition of
a reactive matching network between the transducer
and the electrical load, increases the harvested power
and the power efficiency by a significant amount, even
for nonlinear, multi-stable systems [41–44]. The main
drawback of the proposed solution is that a relatively
large inductance is required in thematching network, to
compensate for the negative reactance of the mechan-
ical resonator, a well known limitation in matching
mechanical-to-electrical systems [45].

In this work, we propose a novel solution to achieve
similar results while avoiding the limitations men-
tioned above. We consider a networked energy har-
vester, composed of mechanically coupled resonators.
The networked harvester can be schematically mod-
eled as a chain of masses, coupled pairwise by non-
linear elastic springs, equivalent to a mechanical filter.
Like their electrical counterparts, mechanical filters are
designed to pass a range of signal frequencies, while
blocking others. The challenge is to design a filter with
a wide pass-band in the spectral region where most
of vibrational energy is concentrated, without sacrific-
ing too much oscillation amplitude at the central fre-
quency. The matching is entirely done in the mechan-
ical domain, by a proper choice of the masses and
the spring elastic constants (both linear and nonlinear),
therefore avoiding the need of large inductances.

In the last few years several works considered cou-
pled energy harvesters [46–53]. Both mechanical and
magnetic couplings have been proposed and experi-
mentally analyzed. In [46], the coupling is obtained
connecting the harvesters by a rod and exploiting
both rotational and translational displacements. In
[47], a two DOF structure is obtained considering
two cantilever-mass structures, a primary cantilever of
length l1 and a secondary beam of length l2 cut inside
the primary. In [48] a magnetic coupling between two
cantilevers is introduced by tip magnets. The authors
show that the magnetic interaction is equivalent to a
coupling through a spring. A similar arrangement is
considered in [49]. Other examples of magnetically
coupled harvesters can be found in [50–52]. The design
of these multi DOF structures can be viewed as a
mechanical impedance matching problem.

We derive semi-analytical formulas for the aver-
age harvested power and the power efficiency, that are
used to optimize the networked harvester’s parame-
ters. We apply a gradient ascent method, combined
with Nesterov’s momentum, for the system optimiza-
tion. The proposed optimization method is very effi-
cient and convergences very rapidly. We show that the
networked energy harvester offers significantly more
power than the simple single mass-spring system. The-
oretical results are validated through numerical simu-
lations.

The paper is organized as follows: In Sect. 2 we
introduce themodel for the networked energy harvester
based on coupled resonators. In Sect. 3 we present
some analytical results, and we discuss approximate
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expressions for the average output power and the power
efficiency. Section4 is devoted to introducing the sys-
tematic procedure for the optimization of the energy
harvester. The algorithm for the maximization of the
desired output function is presented, based on the gradi-
ent ascent method combined with Nesterov’s momen-
tum. Numerical results referring to a practical applica-
tion are discussed in Sect. 5. Finally, Sect. 6 is devoted
to conclusions.

2 Multi degree-of-freedom energy harvester
modeling

The schematic representation of a single mechanical
degree-of-freedom (DOF) energy harvester for ambi-
ent mechanical vibrations is shown in Fig. 1a. The har-
vester is composed of an oscillating structure, repre-
sented by a mass m and a spring with elastic poten-
tial U (q), where q is the displacement from the rest-
ing position, that captures kinetic energy from ambient
vibrations. Internal friction is accounted for by a damp-
ing coefficient denoted as γ . Mechanical vibrations act
as an external force fext(t), that excites oscillations
of the mass-spring structure. The oscillating system is
connected to a transducer, which is responsible for con-
verting the mechanical kinetic energy into usable elec-
trical power, that in turn is made available to the electri-
cal load through the output voltage v(t). Different con-
version mechanisms can be exploited, including piezo-
electric, magneto-restrictive, electrostatic, and electro-
magnetic [54,55]. Therefore, the transducer provides
a coupling between the mechanical and the electrical
domains of the harvester irrespective of the conver-
sion physical principle. Through the transducer, kinetic
energy is converted into a voltage proportional to the
displacement, while in turn, the electrical part exerts
a force on the mechanical domain, that is proportional
to the output voltage. The coupling is usually so small
that the relationships can be assumed linear [41].

In this work, we consider an extension of the energy
harvester described above, to the case of a multi-
ple mechanical DOF, as schematically represented in
Fig. 1b. The harvester is composed of n masses m j ,
coupled pairwise through springs with elastic poten-
tials Uj (q j , q j+1) ≥ 0 (for j = 1, . . . , n), where q j

is the displacement of the j-th mass. Notice that, since
the n-th spring is connected to the transducer, we have
qn+1 = 0.

Fig. 1 Schematic representation of an energyharvester for ambi-
ent mechanical vibrations. The piezoelectric element represents
the transducer. a Single DOF. bMulti DOF

Such a structure is a mechanical filter, that acts on
mechanical vibrations (including sound waves) in the
very same way an electrical filter acts on electrical sig-
nals. Electrical filters are designed to pass a range of
signal frequencies, while blocking others. Similarly,
mechanical filters are usually intended to reduce vibra-
tions and noise. Just like passive electrical filters are
composed by reactive elements (capacitors and induc-
tors), mechanical filters are composed by resonators
which, irrespective of the constructive technique, can
be represented by coupledmasses and springs.Our goal
is to design the filter that passes as many frequencies
as possible, transferring the maximum available power
to the electrical load.

Collecting the displacements into a single vector
q = [q1, . . . , qn]T , the Lagrangian function for the
n-tuple mass-spring pairs is

L(q, q̇) =
n∑

j=1

1

2
m j q̇

2
j −

n∑

j=1

Uj (q j , q j+1) (1)

Concerning the dissipative part of the system, to keep
the model reasonably simple, we shall assume that
the friction effects are negligible, except for the first
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mass. Although such an assumption cannot be rig-
orously justified a priori, our numerical simulations
show that the displacement for the first mass is sig-
nificantly larger than all others, thus justifying to some
extent the assumption. For small values of the damping
coefficient γ , the dissipation potential takes the form
D(q1) = γ q̇21/2. Therefore the Lagrange equations of
motion for the mechanical part read

m j q̈ j + γ q̇ jδ1 j + ∂Uj (q j , q j+1)

∂q j
+ ∂Uj−1(q j−1, q j )

∂q j

= Fj (t), j = 1, . . . , n (2)

where q0 = qn+1 = 0, U0 = 0, δi j is the Kronecker
delta, and Fj (t) is the resultant of the forces applied to
the j-th mass, in particular

Fj (t) =
⎧
⎨

⎩

fext(t) for j = 1
0 for j = 2, . . . , n − 1

−α v for j = n
(3)

with α being the electro-mechanical coupling constant
(in N/V or As/m). Thus (2) can be rewritten in the more
compact form

m j q̈ j + ∂Uj (q j , q j+1)

∂q j
+ ∂Uj−1(q j−1, q j )

∂q j

+ (γ q̇ j − fext(t))δ1 j + α v δnj = 0, j = 1, . . . , n
(4)

Assuming that the electrical load is a simple resistor
with resistance R (and conductance G = 1/R), the
output voltage satisfies the differential equation [42–
44]

v̇ = α

Cpz
q̇n − G

Cpz
v (5)

where Cpz is the electrical capacitance of the piezo-
electric transducer.

Finally, we consider the external force modeling
mechanical vibrations. Since in nature most ambient
vibrations are inherently random, we model the force
fext(t), as a stochastic process Zt . For notation, we
shall use upper-case letters to denote stochastic pro-
cesses, and lower-case letters for their values.

The typical frequency of ambient vibrations ranges
from a few Hz for human motion, to some hundreds of

Hz for domestic and industrial machinery [56]. Conse-
quently, a proper stochastic process modeling ambient
vibrations is a band limited white Gaussian noise, also
known as the Ornstein–Uhlenbeck process [57,58].
The Ornstein–Uhlenbeck process is the solution of the
stochastic differential equation (SDE)

dZt = −1

τ
Ztdt + D

τ
dWt (6)

where Wt is a Wiener process (the integral of a white
Gaussian noise), characterized by expectation E[Wt ] =
0, covariance cov(Wt ,Ws) = E[WtWs] = min(t, s)
andWt ∼ N (0, t), where symbol∼means “distributed
as”, andN (0, t) is the normal distribution, centered at
zero. The Ornstein–Uhlenbeck process with determin-
istic initial condition Z0 is characterized by the expec-
tation

E[Zt ] = Z0 exp

(
− t

τ

)
(7)

by the covariance

cov(Zt , Zs) = D2

2τ

[
exp

( |t − s|
τ

)
− exp

(
t + s

τ

)]

(8)

and by the power spectral density (PSD):

SOU(ω) = D2

1 + ω2τ 2
(9)

Combining together (4)–(6), introducing the conju-
gate momenta p j = m j q̇ j , and rewriting as a system
of first order SDEs, we obtain:

dQ j = 1

m j
Pj dt (10a)

dPj =
[

− ∂Uj (Q j , Q j+1)

∂Q j
− ∂Uj−1(Q j−1, Q j )

∂Q j

+
(
Zt − γ

m j
Pj

)
δ1 j − αV δnj

]
dt j = 1, . . . , n

(10b)

dV =
(

α

Cpz

Pn
mn

− G

Cpz
V

)
dt (10c)

dZt = −1

τ
Zt dt + D

τ
dWt (10d)
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Because noise inEq. (10) is un-modulated (or additive),
the solution of the SDE system does not depend on
the interpretation adopted: In what follows we shall
interpret all SDEs as Itô equations.

3 Theoretical analysis

Weare interested in the average power scavengedby the
energy harvester, and in the associated power conver-
sion efficiency. To calculate these quantities, we con-
sider the total energy stored in the harvester, which is
the sumof the kinetic energies of themasses, of the elas-
tic potential energies of the springs, and of the electrical
energy stored in the transducer:

E =
n∑

j=1

(
P2
j

2m j
+Uj (Q j , Q j+1)

)
+ 1

2
CpzV

2 (11)

Application of Itô formula [57,59] to Eq. (11), com-
bined with (10), yields (see appendix):

dE =
(
P1Zt/m1 − γ P2

1 /m2
1 − GV 2

)
dt (12)

Taking expectations,weobtain the power balance equa-
tion:

E

[
dE

dt

]
= 1

m1
E[P1Zt ] − γ

m2
1

E
[
P2
1

]
− G E

[
V 2

]

(13)

Adopting the passive sign convection, the first term
on the right hand side represents the average power
injectedbynoise into theharvester: Pin = E[P1Zt ]/m1.
The second term, represents the power dissipated by
internal friction: Pdis = γE

[
P2
1

]
/m2

1. Finally, the last
term is the average harvested power: Pout = G E[V 2].
Consequently, the power efficiency of the harvester is:

η = Pout
Pin

= m1G
E

[
V 2

]

E[Zt P1] (14)

These equations show that to evaluate the harvested
power and the power efficiency, we need to calculate
the secondmoments of the distribution of the stochastic
process Xt = [Q1, P1, . . . , Qn, Pn, V, Z ]T .

Let us denote the state vector of size 2n + 2

x = [q1, p1, . . . , qn, pn, v, z]T

and let B(x) be a neighborhood of the point

x = [q1, 0, . . . , qn, 0, 0, 0]T

As a preliminary result, we study the equilibrium
points of system (10) in the absence of noise, i.e. when
the SDE system reduces to a deterministic, homoge-
neous ordinary differential equation (ODE) system.

Theorem 1 If the potentialsU j (q j , q j+1) have a local
minimum at (q j , q j+1) for all j = 1, . . . , n, then sys-
tem (10) for D = 0 has an asymptotically stable equi-
librium point at x = x.

Proof Without loss of generality, we assume that
the local minimum is Uj (q j , q j+1) = 0. Thus,
Uj (q j , q j+1) ≥ 0 for all q j , q j+1 in a neighborhood
of the minimum. It is straightforward seeing that, if
D = 0, x = x is an equilibrium point of (10). To prove
that the equilibrium point is asymptotically stable, con-
sider the function V : R2n+2 �→ R:

V(x) =
n∑

j=1

(
p2j
2m j

+Uj (q j , q j+1)

)
+ 1

2
Cpzv

2 + βz2

where β > 0 is a real constant. By definition, V(x) > 0
for all x ∈ B(x), x �= x, andV(x) = 0.Using (10) (with
D = 0), we find

V̇(x) = − γ

m2
1

p21 + z p1
m1

− G v2 − 2β

τ
z2 (15)

Choosing β = τ/(8γ ) we obtain

V̇(x) = −γ

(
p1
m1

− z

2γ

)2

− G v2 (16)

Then V̇(x) < 0 for all x ∈ B(x) and x �= x, which
implies that V is a strict Lyapunov function [60], and
therefore x is asymptotically stable. �	

3.1 Linear system analysis

First, we consider the case of a linear mechanical sys-
tem, that corresponds to elastic potentials such that
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Uj = O(||x||2). Without loss of generality, we assume
that the equilibrium point is at x = 0. The SDE system
(10) can be rewritten in the compact form:

dXt = AXt dt + B dWt (17)

where Xt = [Q1, P1, . . . , Qn, Pn, V, Z ]T ∈ R2n+2 is
the state vector, B = [0, . . . , 0, D/τ ]T ∈ R2n+2 is the
diffusion vector, and A ∈ R(2n+2)×(2n+2) is the matrix
of the drift coefficients. Thanks to Theorem 1 and to the
fact that, for a linear homogeneous system, asymptotic
stability implies hyperbolicity, matrix A is stable.

The SDE system (17) is a multivariate Ornstein–
Uhlenbeck process [57,59], and consequently Xt is
characterized by a multivariate normal distribution.
The expectations are easily calculated. Taking the
expectation of (17) and using the fact thatA is stable, it
follows that, asymptotically for t → +∞, E[Xt ] = 0.
For the second order moments, using (17) and Itô for-
mula we obtain:

d(XtXT
t ) =

(
AXtXT

t + XtXT
t A

T + BBT
)
dt

+
(
BXT

t + XtBT
)
dWt (18)

Taking again the expectation yields

dΣ

dt
= AΣ + ΣAT + BBT (19)

where Σ = E[XtXT
t ] is the covariance matrix.

Matrix equation (19) can be recast in vector form
using vectorization. Let Σ i ∈ R2n+2, i = 1, . . . , 2n +
2, be the columns of Σ , the vectorization operation is
defined by stacking the columns of Σ into the vector
σ ∈ R(2n+2)(2n+2):

σ = vec(Σ) =
⎡

⎢⎣
Σ1
...

Σ2n+2

⎤

⎥⎦ (20)

Using the property

vec(AΣ + ΣAT ) = (I ⊗ A + A ⊗ I) vec(Σ) (21)

where I is the identity matrix of size 2n + 2, and ⊗
is the Kronecker product, Eq. (19) becomes the linear

ODE system

dσ

dt
= (I ⊗ A + A ⊗ I)σ + w (22)

where w = vec(BBT ).
We shall now prove that linear system (22) is well

posed, i.e. its solution is unique and the components of
σ are bounded for all t ≥ 0.

Theorem 2 Letλi be the eigenvalues ofA, and letvi be
the corresponding eigenvectors. Then matrix (I⊗A+
A⊗ I) has eigenvalues 2λi with eigenvectors (vi ⊗vi ).

Proof To prove the result we use the following two
properties of the Kronecker product:

1. Multiplication by a scalar: Let α ∈ R, A ∈ Rn1×n2

and B ∈ Rn3×n4 , then

(αA) ⊗ B = A ⊗ (αB) = α(A ⊗ B)

2. The product of two Kronecker products yields
another Kronecker product: Let A ∈ Rn1×n2 , B ∈
Rn3×n4 , C ∈ Rn2×n5 and D ∈ Rn4×n6 , then:

(A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD)

Applying these two properties we have:

(I ⊗ A + A ⊗ I) (vi ⊗ vi )

= (I ⊗ A)(vi ⊗ vi ) + (A ⊗ I)(vi ⊗ vi )

= (Ivi ) ⊗ (Avi ) + (Avi ) ⊗ (Ivi )

= vi ⊗ (λivi ) + (λivi ) ⊗ vi = 2λivi ⊗ vi

as required. �	
Because in a linear system the asymptotic stability

implies that the equilibrium point is hyperbolic, theo-
rem 1 implies Re {λi } < 0 for all i = 1, . . . , 2n + 2.
Then the linear system (22) is also stable, and σ is
bounded for all t ≥ 0. The equilibrium point of (22) is
found solving the vectorized Lyapunov equation:

(I ⊗ A + A ⊗ I)σ + w = 0 (23)

and because the matrix (I ⊗ A + A ⊗ I) is regular,
the solution is unique. The Lyapunov equation can be
solved usingGaussian elimination, with computational
complexity t1(n) = O(n6), or with the Bartels-Stewart
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algorithmwith computational complexity roughly esti-
mated as t2(n) = O(n3) (see the appendix below).

3.2 Nonlinear system analysis

We consider now the case where the elastic potentials
include higher order terms. Without loss of generality,
we continue to assume that x = 0 is the asymptoti-
cally stable equilibrium point, and we express the SDE
system (10) in the form:

dXt = (AXt + n(Xt )) dt + B dWt (24)

where Xt and B are the same state vector and diffusion
vector described above, whileA ∈ R(2n+2)×(2n+2) and
n : R2n+2 �→ R2n+2 are the linear and nonlinear com-
ponents of the drift, respectively.1 In most situations,
elastic forces are smooth and odd symmetric, at least
for not too large values of the displacement, therefore
we can consider n(x) = O(||x||3) ∈ C∞. For nonlin-
ear systems the asymptotic stability of x = 0 does not
imply that the equilibrium point is hyperbolic. There-
fore, we shall assume that the origin is also hyperbolic
as an explicit additional condition, thus implying that
matrix A is regular.

Because of the nonlinearity, in general we do not
expect that the stationary distribution remains a multi-
variate Gaussian process. Yet, for small enough dis-
placement, it is reasonable that the distribution will
remain close enough.

Theorem 3 Consider system (24), and assume that A
is stable, and that n(x) has odd symmetry, i.e. n(−x) =
−n(x). Then a centered, multivariate normal distribu-
tion solves the equation for the first moments.

Proof Taking expectation in (24), and using the mar-
tingale property of Itô integral we obtain the equation
for the first moment:

d

dt
E[Xt ] = AE[Xt ] + E[n(Xt )] (25)

Because of the odd symmetry, the Taylor series cen-
tered at the origin for n(x) includes only linear com-
binations of odd symmetric polynomials of the type

1 For the sake of simplicity, we still use the same symbol A to
denote the linear part of the drift.

∏N
j=1 x

r j
j , with

∑N
j=1 r j = 2k + 1, k ∈ N. For a

multivariate normal distribution centered at zero, odd
order moments, starting with order three, are null, and
the first moment equation reduces to

d

dt
E[Xt ] = AE[Xt ]

that has the asymptotic solution E[Xt ] = 0 as required,
because A is stable. �	

The equation for the second order moments is
obtained again using (24) and Itô formula, as

d(XtXT
t ) = (

AXtXT
t + XtXT

t A
T + XtnT (Xt )

+ n(Xt )XT
t + BBT )

dt + (
BXT

t + XtBT )
dWt
(26)

Taking expectations and using the martingale property
of Itô integral yields

dΣ

dt
= AΣ + ΣAT + E

[
XtnT (Xt )

]

+ E
[
n(Xt )XT

t

]
+ BBT (27)

Under the assumption that n(x) = O(||x||3), it follows
that n(x)xT = O(||x||4), and x nT (x) = O(||x||4).
Thus, in the differential equation for the second
moments, moments of order four appear. In general, the
equation for moments of order m can be derived using
Itô formula and taking expectations, but this equation
would always include themoments of orderm+2, lead-
ing to an open system, formed by an infinite number of
linear ODEs.

The system can be closed using a moment closure
technique [61]. Moment closure techniques are based
on the idea that all moments beyond a certain order can
either be neglected, or at least they can be written as
functions of lower order moments such as

mk+ j = g j (m1, . . . ,mk) (28)

where mk denotes the k-th order moment, and g j is a
given function. Different choices for functions g j are
possible, based for example on some a priori assump-
tion on the statistical distribution of the stochastic
process. In particular, we observe that for small val-
ues of the displacement, we expect that the distribu-
tion remains close to a multivariate normal. Moreover,
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since n(x) is odd symmetric, then the components of
x nT (x)) and of n(x)xT are even symmetric. Thus, we
assume that Xt ∼ N (0,Σ∗), and using the properties
of the normal distribution we express the fourth order
moments as functions of second order moments. Tak-
ing vectorization, (27) can be rewritten as

dσ

dt
= (I ⊗ A + A ⊗ I)σ + w + εh(σ ) (29)

where, as before,σ = vec(Σ) = vec(E[XtXT
t ]), ε > 0

is a parameter that measures the strength of the nonlin-
earity, and

εh(σ ) = vec(E[n(Xt )XT
t ] + E[XtnT (Xt )]). (30)

Theorem 4 For the nonlinear system (29) there exists
a neighborhoodBε(ε = 0) and a branch of equilibrium
points σ ∗(ε) ∈ Bε, such that

σ ∗(ε) = −(I ⊗ A + A ⊗ I)−1

(
w + εh

( − (I ⊗ A + A ⊗ I)−1w
))

(31)

Proof The proof is based on the application of the
Implicit Function Theorem. LetM = (I⊗A+A⊗ I)
and let

f(ε, σ ) = Mσ + w + εh(σ )

By theorem 2, and under the hypothesis that x is hyper-
bolic, matrix M is regular. Let σ 0 = −M−1w, then
f(0, σ 0) = 0, and the Jacobian matrix ∂f

∂σ

∣∣
(0,σ 0)

= M,
is also regular. The implicit function theorem guaran-
tees the existence of a neighborhood Bε(ε = 0) and
of a function σ ∗(ε) : Bε(ε = 0) �→ R(2n+2)(2n+2)

such that σ 0 = σ ∗(0) and f(ε, σ ∗(ε)) = 0, for all
ε ∈ Bε(ε = 0). For ε � 1, we have εh(σ ) ≈ εh(σ 0),
and (29) can be approximated by

dσ

dt
= Mσ + w + εh(σ 0)

that admits the equilibrium point

σ ∗(ε) = −M−1 (w + εh(σ 0))

as required. �	

Using the appropriate components of σ ∗(ε), we can
calculate the approximate average harvested power and
the power efficiency through (14).

3.3 White Gaussian noise limit

Starting from (6), it is easily seen that in the singu-
lar limit τ → 0, Zt becomes a white Gaussian noise.
The results presented in the previous section can be
extended to this limiting case. For τ → 0, the SDE
system (10) becomes

dQ j = 1

m j
Pj dt (32a)

dPj =
[

− ∂Uj (Q j , Q j+1)

∂Q j
− ∂Uj−1(Q j−1, Q j )

∂Q j

− γ

m j
Pjδ1 j − αV δnj

]
dt

+ δ1 j D dWt j = 1, . . . , n (32b)

dV =
(

α

Cpzmn
Pn − G

Cpz
V

)
dt (32c)

The energy stored in the harvester is still given by (11).
Using Itô formula and (32) (see appendix) yields

dE =
(

−γ
P2
1

m2
1

− GV 2 + D2

2m1

)
dt + D

P1
m1

dWt

(33)

Taking expectations,weobtain the power balance equa-
tion

E

[
dE

dt

]
= D2

2m1
− γ

m2
1

E[P2
1 ] − GE[V 2] (34)

The last two terms on the right hand side of (34) are the
same as in (13). Conversely, the power injected by the
whiteGaussian noise is nowconstant Pin = D2/(2m1),
so that the conversion efficiency for the energy har-
vester subject to white Gaussian noise becomes:

η = 2m1 G

D2 E[V 2]. (35)

Corollary 1 If the potentials U j (q j , q j+1) have a
local minimum at (q j , q j+1) for all j = 1, . . . , n, then
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for D = 0 system (32) has an asymptotically stable
equilibrium point at x = x.

Proof The proof is completely analogous to that of the-
orem 1, provided that β = 0 is substituted in the Lya-
punov function V(x). Note that in this case the Lya-
punov function corresponds to the energy stored in the
system. �	

Concerning the other results derived in the previous
section, even them remain valid in the white Gaussian
noise limit, where however x,B ∈ R2n+1 are given by:

x = [q1, p1, . . . , qn, pn, v]T , B = [0, D, 0, . . . , 0]T

while matrices A,Σ ∈ R(2n+1)×(2n+1) are modified
simply removing the last row and the last column from
the previous case.

4 Energy harvester optimization

In this sectionwe discuss the optimization of the energy
harvester. We shall present a procedure for finding the
parameter values, e.g. the masses and the stiffness of
the springs, that maximize a given output variable, like
the harvested power or the conversion power efficiency.
The problem is made challenging by the absence of
closed form formulas for calculating the output vari-
ables. A naive approach would consist of numerically
integrating the SDE system (10) (or the equivalent sys-
tem (32), in the case of white Gaussian noise), and
then evaluate the averages. Obviously, this approach
becomes unfeasible when a large parameter spacemust
be explored.

Recently, optimization methods have received
renewedattentionbecauseof their relevance inmachine
learning applications [62]. Optimization algorithms
can be roughly classified as first-order, higher-order,
and derivative-free methods. First-order methods, like
the gradient descent/ascent, rely on the knowledge of
the gradient of the objective function to help direct the
search for an extremum. High-order methods converge
faster but require more information and may face chal-
lenges related to the operation and storage of the inverse
of the Hessian matrix. Finally, derivative-free methods
are ideally well suited for problems where the deriva-
tive of the objective function does not exist or is difficult
to calculate, instead, they rely on heuristic or empirical
search rules [62].

In this work, we exploit the gradient ascent method,
complemented by Nesterov’s momentum, for the opti-
mization of the nonlinear energy harvester. However,
as an analytical formula for the objective function (typ-
ically the maximum output power, or the maximum
power efficiency) is not available, we shall compute the
derivatives numerically, using the approximate solution
provided by (31).

The goal is to maximize one of the components of
the covariance matrix Σ (or the vectorized version σ ).
We denote the objective function by σ ∗ : P ⊆ Rp �→
R, representing a nonlinear mapping between the p-
dimensional parameter space P , and the set of real
numbers, and we denote with μ ∈ P ⊆ Rp the vector
of parameters.

The problem is formulated as follows: find

μ∗ = argmax
μ∈P

σ ∗(μ) (36)

We startwith an initial guess for the optimumparameter
set μ = μ1, and the momentum v = v1 = 0, and we
solve the stationary Lyapunov equation (23) with:

A = A(μk+νvk ) = A(μk + νvk)

and

W = W(μk+νvk ) = vec
(
B(μk + νvk)BT (μk + νvk)

)

where the hyper-parameter ν is the momentum decay.
The solution of the Lyapunov equation σ k is used to
evaluate the nonlinear function h(σ k,μk + νvk), and
the nonlinear equation (31) is solved finding σ ∗

k .
To calculate the direction of steepest variation, the

derivatives are calculated as follows. First the i-th com-
ponent of the vector (μk + νvk) is changed by a small
amount

(μk + νvk)i → (μk + νvk)i + δ

Then, Eqs. (23) and (31) are solved again for this
new value, finding σ̃k,i , and σ̃ ∗

k,i , and the derivative is
approximated by the difference quotient:

∂σ ∗

∂μk,i
≈ σ̃ ∗

k,i − σ ∗
k,i

δ
(37)
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The procedure is repeated for each component of μk ,
and the velocity and the parameter vector are updated
according to:

vk+1 = νvk + θ ∇σ ∗ (38a)

μk+1 = μk + vk+1 (38b)

where the hyper-parameter θ > 0 is the leaning rate.
The procedure is repeated until each component of

the variation vector Δ = |μk+1 − μk | is less than a
fixed threshold, indicating that the objective function is
close to a stationary point, or until a maximum number
of iteration is reached.

Algorithm 1:Gradient ascent algorithmwith Nes-
terov’s momentum for the optimization of a non-
linear energy harvester.
Input : μ1, v1, initial guess for parameters values and

momentum.
Output: μ∗ = argmax σ ∗(μ).

1 Set the values for the hyper-parameters: θ , gradient ascent
step; ν momentum decay; Δmin, increment tolerance

2 Set parameters: δ, increment for differentiation; kmax,
maximum number of iterations

3 Set k = 1 and Δ such that: minΔ(i) > Δmin
4 while minΔ(i) > Δmin && k < kmax do
5 Value of the output function. Solve:

A(μk+νvk )Σ + ΣAT
(μk+νvk )

+ W(μk+νvk ) = 0 for

σ k = vec(Σ)

6 Solve: σ ∗
k = −M−1

(μk+νvk )
(vec(W(μk+νvk )) + εh(σ k))

7 for each element of μk + νvk do
8 Solve:

A(μk+νvk )i+δΣ+ΣAT
(μk+νvk )i+δ +W(μk+νvk )i+δ =

0 for σ̃ k = vec(Σ)

9 Solve: σ̃ ∗
k =

−M−1
(μk+νvk )i+δ

(
vec(W(μk+νvk )i+δ) + εh(σ̃ k)

)

10 Calculate:
∂σ ∗

∂μk,i
= σ̃ ∗

k,i − σ ∗
k,i

δ

11 end
12 Update: vk+1 = νvk + θ ∇σ ∗
13 μk+1 = μk + vk+1
14 k = k + 1
15 Δ = |μk+1 − μk |
16 end
17 Solve Aμ∗Σ + ΣAT

μ∗ + Wμ∗ = 0 for σμ∗ = vec(Σ)

18 Solve σ ∗
μ∗ = −M−1

μ∗
(
vec(Wμ∗ ) + εh(σμ∗ )

)

The gradient descent/ascent algorithm is very effi-
cient if the objective function is smooth enough. Local
minima, in the form of “narrow valleys” aligned with

the gradient direction are not a particular problem.Con-
versely, if the gradient crosses over the valley, many
steps must be taken in order to make progress along
the valley’s floor [63]. Another issue is the presence
of saddle points. Approaching a saddle, the gradient
becomes rather close to zero, and the method may
select too small step sizes and thus take a long time to
cross the nearly flat surface. Adding small amount of
stochasticity to the gradient, also called stochastic gra-
dient descent/ascent,may be beneficial to overcome the
problem, as well as to escape from local minima [63].

An alternative solution to improve convergence rate
is to use an adaptive learning rate that automatically
adjusts to the changing landscape, for example in the
form of a momentum that accumulates at each step
[64,65]. The Nesterov’s momentum method included
in algorithm 1 is one of such methods. For ν = 0,
we recover gradient descent. For ν �= 0, momentum
accumulates at each step of the gradient ascent, and
the learning rate adapts consequently. The gradient is
evaluated after adding momentum, which brings the
next step closer to the minimum/maximum.

5 Numerical results

In this section we report on the numerical analysis of
the networked energy harvesting systems, described by
the SDE systems (10) and (32), and we compare these
results with the theoretical predictions. We consider
both single andmultiplemass-spring energyharvesters,
composed by n masses connected through springs with
elastic potentials of the form:

U (q j , q j+1) = 1

2
k j (q j − q j+1)

2 + 1

4
k j (q j − q j+1)

4

(39)

where k j and k j are the stiffness constants (in N/m
and N/m3, respectively), and as usual qn+1 = 0. The
SDE systems have been integrated numerically using a
stochastic Runge-Kutta, strong order 1, numerical inte-
gration scheme. The numerical simulations were run
using time integration step dt = 1 μs, and time length
ΔT = 100 s. In each simulations we used random
initial conditions, and we have removed the initial 3 s,
roughly corresponding to the length of the transient,
resulting in 97 · 106 samples for each simulation. The
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Table 1 Values of the fixed parameters used in the simulations

Parameter Value

γ 0.12 kg/s

D 10−1 N

α 0.0042 N/V (Am/s)

mn,m 10 g

kn, k 1 kN/m

kn, k 1 kN/m3

Cpz 80.08 nF

R 1 MΩ

Fig. 2 Average output power for a single mechanical DOF and
multi mechanical DOF networked energy harvesters, as a func-
tion of the noise correlation time τ . Parameters are summarized
in Tables 1 and 2. Solid lines are theoretical predictions obtained
through the approximated method. Markers are averages from
numerical simulations

reported results have been obtained through averaging
over ten or more simulations.

For our analysis we have considered the masses mi

(i = 1, ..., n − 1) and the stiffness coefficients ki , ki ,
(i = 1, ..., n−1) as free parameters to be optimized.All
other parameters, including the mass mn and the stiff-
ness coefficients kn, kn (denoted simplym, k and k for
the single DOF harvester) are kept fixed. For simplic-
ity, we used ki = ki in magnitude, for all i = 1, . . . , n.
The values of the fixed parameters are summarized in
Table 1.

Figure2, shows the average output power, as a func-
tion of the noise correlation time τ for a energy har-
vester with one, two, and three mass-spring pairs,
respectively. Solid lines are the theoretical predictions,

obtained using the method described in Sect. 3, while
markers are numerical results, obtained averaging over
10 simulations. The very good agreement between the-
oretical and numerical simulations can be understood
as a consequence of the relatively small displacements,
effectively limiting the contributions of the nonlinear
terms. Masses and springs stiffness have been opti-
mized for noise correlation time τ = 0.01 s, where
the energy harvesters with two and three mass-spring
pairs clearly outperform the single mass-spring har-
vester. The power performances, and the values of the
free parameters used in the simulations, are summa-
rized in Table 2.

Irrespective of the number of mass-spring pairs, the
scavenged power of the harvesters decreases as the
noise correlation time τ increases, with maximum har-
vested power at τ = 0 s, corresponding to the white
Gaussian noise. This result is not surprising consid-
ering that, according to (9), the PSD of the OU pro-
cess has a cutoff frequency at ω0 = 1/τ and there-
fore, the power available for scavenging is a monotonic
decreasing function of τ . White Gaussian noise, with
its flat PSD, contains in principle an infinite amount
of power. Although this behavior is obviously not real-
istic from the point of view of physics, white noise is
still a valid approximation when the cutoff frequency is
very high compared with the harvester resonance fre-
quency. For the singlemass-springharvester, in particu-
lar, the scavenged power shows a pronounced decrease
with the correlation time. In contrast, harvesters with
multiple mass-spring pairs are more robust, therefore
being advisable whenever the noise correlation time is
expected to be high. From Table 2, we can see that
increasing the number of mechanical DOF in the net-
worked energy harvester offers diminishing returns. In
particular, increasing the number of DOF from three
to four offers a minimum gain in the harvested power,
whereas the increase in computational cost for the opti-
mization is significant. Therefore, there is no significant
advantage in considering very large numbers of DOF.

Our analysis shows that adding more mass-spring
pairs can improve the scavenged energy according
to two mechanisms. The first mechanism consists in
increasing the efficiency. Figure3 shows that for the
single mass-spring harvester, the power injected by the
noise is systematically higher than that for the mass-
spring pairs system (with the two curves converging
for τ > 0.01 s). Yet, being more efficient, the latter
offers higher average output power for all τ > 0.004
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Table 2 Power performances and values of the free parameters
used in the simulations. Values are calculated using τ = 0.01 s,
and k j = k j in magnitude

DOF Pout Pin η Parameters

1 6.85 mW 39.02 mW 0.18 m = 10 g

k = 1 kN/m

2 15.86 mW 33.75 mW 0.47 m1 = 65.1 g

m2 = 10.0 g

k1 = 2 kN/m

k2 = 1 kN/m

3 25.14 mW 137.22 mW 0.18 m1 = 17.1 g

m2 = 65.1 g

m3 = 10.0 g

k1 = 0.2 kN/m

k2 = 2 kN/m

k3 = 1 kN/m

4 26.00 mW 135.00 mW 0.19 m1 = 18.9 g

m2 = 32.2 g

m3 = 50.0 g

m4 = 10.0 g

k1 = 0.2 kN/m

k2 = 2 kN/m

k3 = 2 kN/m

k3 = 1 kN/m

s. The second mechanism is to increase the energy
“absorbing capacity” of the harvester. Again, Fig. 3
shows that the harvester with three mass-spring pairs
absorbs more power than the two stage system for all
τ , and absorbs more power than the single stage har-
vester for all τ > 2.64 ms. Because the efficiency of
the harvester with three mass-springs pair is about the
same as the single pair one, the higher output power
of the former can be completely ascribed to its higher
capacity to absorb energy from random vibrations.

We investigate the role of the nonlinearities in Fig. 4.
The figure shows the average output power calculated
with the method described in Sect. 3, compared with
the average power calculated through numerical sim-
ulations, as functions of the nonlinear stiffness coeffi-
cient. The average output powers are normalized to the
average power of the linearized system. Blue squares
are the average power calculated with the method of
Sect. 3, while black diamonds are numerical results,
obtained averaging over 30 simulations. Vertical bars
are the error (one standard deviation) from numerical

Fig. 3 Average input power for a single mechanical DOF and
multi mechanical DOF networked energy harvesters, as a func-
tion of the noise correlation time τ . Parameters are summarized
in Tables 1 and 2. Solid lines are theoretical predictions obtained
through the approximated method. Markers are averages from
numerical simulations

simulations. The top part of the figure refers to the sys-
tem with one mechanical DOF, while the lower part is
relative to the system with two mechanical DOF. For
both systems the noise intensitywas set to the relatively
high value D = 5 N, which leads to unrealistic high
harvested powers, to emphasize the effect of the nonlin-
ear terms. The figures shows that the approximate ana-
lytical method offers reliable results for a wide range
of values of k, even for the limiting case of high noise
intensity.

Finally, Fig. 5 shows the average output power as
a function of the mass m1, and of the spring compli-
ance 1/k1 (that is used instead of the stiffness k1 for
the sake of the figure’s clarity), for a two mass-spring
pairs harvester. For reference, the average output power
was calculated with a grid search, using a 100 × 100
grid of equally spaced points with 0 < m1,i ≤ 0.1 kg,
and 0 < 1/k1,i ≤ 0.01 m/N. Red and yellow markers
illustrate the application of the gradient ascent opti-
mization algorithm, for two different choices of the
initial parameters’ values μ1 = [m1, k1]T . The aver-
age output power is a rather smooth function, and as
a consequence the gradient ascent algorithm is very
efficient in finding the maximum and converges very
fast. As it is well known, convergence of gradient based
algorithms is strongly influenced by the learning rate
θ and the tolerance Δmin. There are no established cri-
teria to chose the hyper-parameters, rather one has to
rely on intuition and experience. In this case, our simu-
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Fig. 4 Average output power normalized to the power of the
linearized system, as a function of the nonlinear stiffness coeffi-
cients. Upper part: onemechanical DOF energy harvester. Lower
part: twomechanical DOF energy harvester, with k1 = k2. Noise
intensity is D = 5 N. Other parameters values are summarized
in Table 1

lations shows that the addition of momentum increases
the converge rate by about a 3%.

6 Conclusions

We have presented the analysis, design and opti-
mization of networked energy harvesters for ambient
mechanical vibrations. The proposed architecture can
be schematically represented as a set of inertial masses,
connected pairwise through nonlinear elastic springs,
forming a chain of coupled nonlinear resonators. The
networked harvester is equivalent to a mechanical fil-
ter, where the masses and the elastic constant of the

Fig. 5 Average output power versus the mass m1 and the com-
pliance 1/k1 for a two DOF energy harvesters. Noise correlation
time is τ = 0.01 s. Other parameters’ value are those of Table
1. Red and yellow markers are trajectories of the gradient ascent
optimization algorithm

springs can be optimized to maximize the scavenged
energy or the power efficiency.

The mechanical filter collects kinetic energy from
ambient vibrations, and convert it into electrical power
through a piezoelectric transducer. Ambient vibrations
are modeled as an Ornstein–Uhlenbeck, process, i.e as
a low-pass filtered white Gaussian noise. This is a rea-
sonable model for ambient vibrations in complex envi-
ronment, whenever most of the energy is concentrated
at low frequencies.

The equations of motion for the harvester have been
derived, and semi-analytical formulas for the aver-
age harvested power and the power efficiency have
been obtained using stochastic calculus. The theoreti-
cal predictions have been confirmed through numerical
Monte-Carlo simulations, showing an excellent degree
of accuracy.

An optimization algorithm based on the gradient
ascent method, combined with Nesterov’s momentum,
has been presented. The average harvested power has
been used as a goal function. Because the goal func-
tion is semi-analytical, a numerical procedure has been
developed to evaluate the derivatives and the gradient.
The goal function is a smooth function of the param-
eters, the gradient ascent method is very efficient, and
it shows excellent convergence. Application of Nes-
terov’s momentum guarantee a certain speed up of the
convergence, helping the algorithm tomove over crests
of the goal function’s landscape.
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Our analysis shows that the addition of fewmechan-
ical degrees-of-freedom offers significant advantages
both in terms of average harvested power and power
efficiency, without the drawbacks of previously pro-
posed solutions based on purely electrical impedance
matching. Finally, we discuss how the networked
energy harvester improves the scavenged power by
either increasing the harvesting efficiencies, or increas-
ing the amount of power absorbed from mechanical
vibrations.
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Appendix: Itô formula and the energy equations

Let Xt = [X1t , X2t , . . . , Xnt ]T be a vector of Itô pro-
cesses, solution of the Itô SDE

dXt = a(Xt )dt + B(Xt )dWt (40)

and let g : [0,+∞[×Rn �→ R, g(t, x) ∈ C2. Then
g(t, x) is also an Itô process, and it satisfies [57,59]

dg = ∂g(t,X)

∂t
dt +

n∑

i=1

∂g(t,X)

∂xi
dXit

+ 1

2

n∑

i, j=1

∂2g(t,X)

∂xi∂x j
dXit d X jt (41)

where dt2 = dt dWi = 0, and dWi dWj = δi j dt .
Equation (41) is called Itô formula.

From equation (10), we have:

dQi dQ j = dQi d Pj = dPi d Pj = dQi dV =
= dPi dV = dV 2 = 0 (42)

Using Itô formula, the SDE for the energy is:

dE =
n∑

i=1

[
∂E

∂qi
dQi + ∂E

∂pi
d Pi

]
+ ∂E

∂V
dV (43)

Combining together equations (10) and (11), the energy
equation (12) easily follows.

For the white Gaussian noise, using equation (32)
we have (dP1)2 = D2 dt , while all other equality in
(42) remain valid. Thus the energy equation becomes

dE =
n∑

i=1

[
∂E

∂qi
dQi+ ∂E

∂pi
d Pi

]
+∂E

∂V
dV+1

2

∂2E

∂p21
dP2

1

(44)

that after substitution gives equation (33).

Appendix: Lyapunov equation

Given two matrices A, W ∈ Rn,n , the matrix equation

AX + XAT = W (45)

is called Lyapunov equation.
Different algorithms exists for solving the Lyapunov

equation depending on the properties of A and W. A
naive approach is to take vectorization, thereby obtain-
ing the solution:

X = (I ⊗ A + A ⊗ I)−1vec(W) (46)

provided that matrix A is regular (see theorem 2).
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The linear system of n2 equations in (45) can be
solved using Gaussian elimination with computational
complexity t (n) = O(n6). This approach may be con-
venient for small n, due to its simplicity, but it becomes
unfeasible for large n.

The Bartels-Stewart algorithm [66–68] is the stan-
dard method for the efficient solution of the Lyapunov
equation. All real matrices have Shur decomposition

A = QTQT (47)

where Q is an orthogonal matrix, and T is a block tri-
angular matrix

T =
⎡

⎢⎣
T11 . . . T1r

. . .
...

Trr

⎤

⎥⎦ (48)

with T j j ∈ Rn j ,n j , being n j ∈ {1, 2}, j = 1, . . . , r
and

∑r
j=1 n j = n. Multiplying (45) to the left by QT

and to the right by Q, we obtain

QTWQ = TY + YTT (49)

Where Y = QTXQ. Next, we introduce matrices

QTWQ =
[
C11 C12

C21 C22

]
, Y =

[
Z11 Z12

Z21 Z22

]
,

T =
[
R11 R12

0 R22

]
(50)

where Z22, C22, T22 = R22 ∈ Rnr ,nr . The triangular-
ized problem can be solved by separating the blocks,
obtaining:

C11 = R11Z11 + R12Z21 + Z11RT
11 + Z12RT

12 (51a)

C12 = R11Z12 + R12Z22 + Z12RT
22 (51b)

C21 = R22Z21 + Z21RT
11 + Z22RT

12 (51c)

C22 = R22Z22 + Z22RT
22 (51d)

If nr = 1, then

Z22 = C22

2R22
(52)

Otherwise, if nr = 2

vec(Z22) = (I ⊗ R22 + R22 ⊗ I)−1vec(C22) (53)

Introducing Z22 in (51b) and in the transpose of (51c),
we obtain

C̃12 = C12 − R12Z22 = R11Z12 + Z12RT
22 (54a)

C̃21 = CT
21 − R12ZT

22 = R11ZT
21 + ZT

21R
T
22 (54b)

System (54) takes the form

D = UX + XRT
22 (55)

where U is upper triangular. Similarly to (52)-(53), X j

can be computed from a smaller linear system

vec(X j ) = (I ⊗ T j j + R22 ⊗ I)−1vec(W̃ j ) (56)

Algorithm 2: Bartels-Stewart algorithm for the
Lyapunov equation.

Input : A, W ∈ Rn,n ,W = WT .
Output: X = XT , solving (45).

1 Compute Schur decomposition T = QTAQ, with
QQT = QTQ = I, and establish
n1, . . . , nr , T11, . . . ,Trr according to (48).

2 Set C = QTWQ, and m = n.
3 while k > 1 do
4 Set m = m − nk .
5 Partition C into C11,C12,C21,C22 according to (50),

with C22 ∈ Rnk ,nk .
6 Set R22 = Tkk and

R11 =
⎡

⎢⎣
T11 . . . T1,k−1

. . .
.
.
.

Tk−1,k−1

⎤

⎥⎦ , R12 =
⎡

⎢⎣
T1k
.
.
.

Tk−1,k

⎤

⎥⎦

7 Find Z22 using (52) or (53).
8 Compute C̃12, C̃21 using (54).
9 Solve for Z12 ∈ Rm,nk and Z21 ∈ Rnk ,m using (56)

with p = k.
10 Store Y(1 : m,m + (1 : nk)) = Z12
11 Store Y(m + (1 : nk), 1 : m) = Z21
12 Store Y(m + (1 : nk),m + (1 : nk)) = Z22

13 Set C := C11 − R12Z21 − Z12RT
12

14 k = k-1
15 end
16 Return solution: X = QYQT
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Solving (56) for j = p − 1, . . . , 1 for both of (54) we
findZ12 andZ21. IntroducingZ12,Z21 andZ22 in (51a)
gives a new Lyapunov equation of size n − p, and the
procedure is then iterated for the reduced system.

Considering that both the Shur decomposition and
the while cycle require roughly n3 operations, the com-
plexity of the Bartels-Stewart algorithm is if order

t (n) = O(n3)
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