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Abstract—To achieve real-time monitoring of spatial potential and field source voltage of overhead lines in complex terrain, this paper
proposes a numerical model for fast forward calculation of spatial potential and robust inversion calculation of field source voltage. The
main problem addressed is the computational complexity and accuracy issues associated with traditional numerical methods and
simplified engineering methods, which often fail to provide real-time and reliable results in complex terrain environments. This study
aims to develop a more efficient and accurate numerical model for real-time monitoring. Specifically, a simplified cross-section model
based on the constant boundary element method (BEM) and an unstructured discretization method is established. This model allows for
faster forward calculations of spatial potential. Additionally, a robust inversion method based on the optimization of the measurement
array structure is presented. This method ensures the accuracy and reliability of the inversion of field source voltage. The effectiveness
of the proposed method is demonstrated through both 2-D analytical cases and 3-D cases. The forward calculation time is significantly
reduced to less than one voltage cycle (50 Hz), which is crucial for real-time monitoring. Furthermore, the inversion uncertainty is less
than 3E-3 p.u., and the inversion error is less than 1.5%.

Keywords: Transmission line monitoring; voltage monitoring; noncontact monitoring.

1. INTRODUCTION

Currently, overhead transmission lines are in complex transmission environments, which are affected by different terrain [1] and
vegetation coverage [2]. The numerical model of the electromagnetic environment of transmission lines is an important foundation
for human protection [3], equipment design [4], state monitoring [5], and risk assessment [6]. The important applications of state
monitoring are forward evaluation of spatial potential distribution and inversion monitoring of transmission line field source
information based on spatial electromagnetic information.

Due to the influence of terrain and vegetation, there is no analytical solution for calculating the spatial potential distribution of
transmission lines [7], and only numerical or semi-analytical methods can be used. However, general numerical methods have high
computational complexity problems [8]. Meanwhile, inversion calculations are affected by the ill-posed characteristics of complex
modeling, making it difficult to obtain stable and reliable solutions [9]. Currently, there is no literature report on both solving the
problems of forward computational complexity and inversion computational reliability in complex terrain.

Many scholars have conducted relevant research on the forward calculation of spatial potential. 2-D charge simulation method
(CSM) was used in [10] to calculate the spatial potential under flat ground conditions for the first time, and this method became a
recommended engineering method for CIGRE [11] and IEEE [12] standards. However, this method lacks consideration for actual
complex terrain environments and simplifies calculations directly, resulting in significant errors [13]. The researchers in [14]
carried out a detailed study on the impact of vegetation such as trees and found that it can be equivalent to terrain calculation. The
work in [15] centered around analyzing the impact of towers at different heights of terrain on the magnetic field calculation using
integration method under linear terrain conditions. The study in [16] applied Finite Element Method (FEM) to studying slope
terrain and found that there was a significant increase in electric field near the ground compared to flat terrain. [17] improved FEM
calculation near line conductors using Kelvin transformation methods, saving more than 74% of time compared to traditional FEM.
A hybrid FEM method was developed in [18] to calculate the electromagnetic distribution inside the substation using surface
impedance method and simplified analytical solution. In [19], the fast multipole method (FMM) - BEM method was proposed to
solve the 2-D Laplace potential problem reduces the computational complexity of BEM from O(N?) to O(NlogN). The method of
moments (MoM) was applied in [20] to analyze potential, which is more suitable for semi-infinite domain problems and effectively
reduced the number of elements compared to FEM. A fast adaptive BEM was used in [21] to analyze the electric field under
complex terrain, the calculation time was shortened from 3 minutes to 2 seconds. [22] proposed an analytical model based on
conformal transformation for symmetrical mountain terrain, but only simple symmetrical shapes can be solved. [23] used Fourier
transform enhanced CSM to calculate the spatial potential of transmission lines considering flat ground conditions with space
charges. Currently, there is limited research on the calculation method of spatial potential for overhead lines in complex terrains,
and further exploration is needed. Overall, for complex terrain potential calculation problems in semi-infinite domains, the semi-
analytical BEM based on boundary decomposition numerical method is more suitable for general situations, with lower
computational complexity than the FEM based on domain decomposition.



Regarding the inversion problem of transmission line sources, it should be clarified that inversion is only possible when the
forward calculation is valid. It is worth noting that inverse analysis is primarily used for non-contact monitoring of field sources
[24], while most non-contact monitoring studies overlook the impact of complex terrain, leading to significant errors, especially
in scenarios that require real-time monitoring [25]. Meanwhile, commonly used inversion calculation methods often encounter the
ill-posed characteristics, such as error amplification and instability of solutions. To solve this, many studies have made beneficial
attempts. [26] designed spatial matrix operators using regularization methods of unstructured networks to solve inversion problems
of complex terrain. [27] adopted a stochastic optimization strategy to solve magnetic field reconstruction. [28] adopted
comprehensive method of interior method and metaheuristic algorithm to transform the line parameter reconstruction problem into
a nonlinear optimization problem. [29] proposed an enhanced relative phase method by utilizing the spatial phasor characteristics
of the field source, which improved the sensitivity of inversion. [30] considered electromagnetic inversion under complex terrain
and established a sensitivity matrix using the gauss-newton method. [31] developed an efficient inversion method for nonlinear
inversion problems of complex terrain field sources using rational Krylov subspace method. [32] and [33] proposed using iterative
methods such as paper swarm optimization (PSO) to solve nonlinear equations and obtain field source information. For complex
problems, iterative methods are relatively stable, but they also introduce high computational complexity [34], which remains a
challenging problem for real-time monitoring.

This study addresses the challenge of real-time monitoring of spatial potential and field source voltage for overhead lines in
complex terrain. According to the above review, traditional methods have high computational complexity or low accuracy, and are
difficult to monitor in real-time. To overcome these issues, a numerical model is proposed for fast forward calculation of spatial
potential and robust inversion calculation of field source voltage. The input parameters include geometric parameters of the
overhead lines, terrain data, and measurement array structures. The output results are the forward calculation of spatial potential
and the inversion of field source voltage. If terrain complexity is not considered, traditional methods suffer from significant
computational delays and reduced accuracy, making real-time monitoring unreliable. Our approach involves establishing a
simplified cross-section model based on the constant BEM and an unstructured discretization method. This model allows for faster
and more accurate forward calculations. Additionally, a robust inversion method is also developed based on the optimization of
the measurement array structure to ensure accurate and reliable inversion of field source voltage. This study aims to provide a
robust and efficient numerical model for real-time monitoring, thereby enhancing the reliability and accuracy of overhead line
monitoring systems.

This paper is organized as follows. Section 2 established a detailed model of the terrain and the lines, as well as a simplified 2-
D cross-sectional model. Section 3 presented the semi-analytical forward calculation method and unstructured discretization
strategy. Section 4 derived the inversion calculation model and established a performance analysis method. Section 5 adopted the
verification methods of 2-D analytical examples and 3-D simulation examples and discussed them. Section 6 summarized this

paper.

2. METHOD
2.1 The model of transmission lines and terrain

Firstly, according to general engineering design principles, it can be assumed that the three-phase transmission line is a catenary
with equal height suspension and uniform load, and an equivalent single conductor is used instead of split conductors. Assuming
the electric field is a quasi-steady field, the spatial media is linear and uniform. The measurement array has no significant effect
on the field source [11]. A coordinate system based on the center of Phase B on the ground as the origin, as shown in Fig. 1. The
math model for transmission lines is shown in (1), where subscript » represents Phase, e is the plane wind deflection angle of the
conductor, Dp is the span length, he is the height of the suspension point, and Sp is the maximum sag. e is the stress coefficient of
the conductor and can be calculated through Se.
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Fig. 1. Model of transmission lines in complex terrain.

Then, assuming that the shielding objects such as the terrain and vegetation are good conductors, the terrain satisfies the
relationship as shown in (2), and the range is limited to one span. Due to the presence of grounding towers, solutions at the end are
unreliable. The impact of the ground wire is relatively small, so it is ignored.

z=f(x,y) —&<z<—p ()
T2 2
Thus, the problem can be equivalent to a calculation in complex terrain. Meanwhile, we will take a 2-D cross-section as the
model to simplify. When the measurement point is located on the z=z; plane, select the intersection point of the cross-section and
the conductor at that location, and assume that the source conductor at the cross-section is infinitely long and parallel to the ground.
Establish a simplified calculation model as shown in (3). Since z is known at this point, the relationship between the terrain x and
y coordinates can be obtained from (2). It can be written as fi, where Ly, is the solution range. A typical value of Ly, can be taken
as 5hp. For measurement points in the near zone, the contribution of distant region components greater than Ly to the integral

equation is relatively small. The simplified model diagram is shown in Fig. 2.
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Fig. 2. Schematic diagram of 2-D simplified solution.

Let the solution region be Q, which includes transmission lines, terrain, and a semi-infinite solution domain, and is enclosed by
its boundary I; Let the semi-infinite boundary be 71, the uneven terrain be 7, the wire boundary be 75, and the boundary satisfy
(4).
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This problem satisfies the 2-D Laplace equation and boundary conditions is as (5). Among them, (X, y) represents the points
within the domain, ¢ represents the potential and ¢n represents the normal derivative of potential. The potential of the terrain is 0
and superscripts represent the given boundary values.
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2.2 Constant BEM

After establishing the model, the constant BEM was used for analysis. p1 is the collocation point within the domain £, and p; is
the field point on the 7. The boundary value problem described in (5) can be transformed into a boundary integral equation (BIE).
H replaces the normal derivative of the Green's function G. Then, discretize the boundary 7" into N constant elements and number
them, with the midpoint of each element as the node. The known boundary conditions are set as constant at each point on the
element and equal to the boundary values of the element node. The enlarged schematic diagram of the discretized model and
elements is shown in Fig. 3.

Below is the discretized BIE, which is integrated into a sum form as (6). For points pi and p; on the boundary I, their potentials
are i and ¢;, and the corresponding G(pi, p;) and H(pi, p;) are also written as Gjj and Hjj. The normal derivative of the potential is
abbreviated as ¢y;.
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Fig. 3. Discretization of the model.

When observing (5) and (6), it can be seen that the discrete nodes on the semi-infinite boundary 77 are far away from the field
source point, and the potential amplitude on 7, can be approximately calculated by the image method to be small. When calculating
the potential of measurement points near the field source, the contribution of 7 in (6) can be further ignored. The rest part only
has Dirichlet boundary conditions, all terms involving Gj; are unknown. Based on this, (6) can be further transformed into matrix
form as (7) and similar terms can be merged. [] and [G] are both N*N square matrices, while [¢n] and [¢] are N*1 vectors.
Obviously, the left side of the equation is the unknown term, and the left side of the equation is known. The system of linear
equations [A][x]=[b] has the same form and can be solved using similar methods. Among them, [A] is [G], [X] is [en], and [b] is
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Solving for (7) yields [¢n], which can be substituted into the BIE of the measurement point pn to calculate the potential of
unknown points within the domain (non-boundary). It can also be written in the form of (8), where the subscript m represents the
measurement value and its corresponding coupling matrix. The relationship between the unknown phase lines voltage and the
equations requires m to be at least three. In this paper, the research object is a single-circuit lines, and m can be taken as three to
establish the equation. (8) can also be extended to the case of multi-circuit lines.

[on]=[H [2]-[Cn][] (®)
Thus, the 2-D Laplace equation under Dirichlet conditions is solved using the constant BEM, and a semi-analytical solution for
the potential is provided for subsequent computer solutions. It is worth noting that this problem can be viewed as an outer boundary
containing three non-intersecting hole boundaries. The multiple-connected domain can be transformed into a simply connected
domain, for the electrostatic field is irrotational and independent of the choice of integration path.

2.3 Unstructured discretization

When directly solving for (7) and (8), the computational complexity is O(N%). When using equal interval discretization without
processing, to simultaneously meet the calculation accuracy of different sized objects, the discretization interval must be relatively
small, and the terrain solution radius Ln must be at least the width of the transmission corridor. The estimation of general
transmission line parameters and terrain parameters shows that equidistant discretization will easily result in large number of units
N, as shown in Fig. 4 (a).



The spatial potential predominantly weakens with increasing distance. Therefore, the highly sensitive area of the measurement
points is smaller than the entire solution area. Therefore, based on this conclusion, we can use unstructured discretization ideas to
accelerate the solving process, that is, using refined grids in the local "near-zone" where the measurement point is located, and
using rougher grids in the "far-zone" farther away from the measurement point. This is different from adaptive discretization,
where unstructured discretization is built around measurement points, while adaptive discretization is implemented around the
structure of the field source model.

For the specific problem of solving the spatial potential of transmission lines in complex terrain, unstructured discretization is
further optimized. Since the size of the lines is much smaller than that of the terrain, placing measurement points near the conductor
lines can effectively reduce the number of discretization elements of the terrain. At the same time, due to the small size of the lines,
there is no need for overly refined grids. The influence of line conductors on the ground electric field is mainly concentrated in the
width of the transmission corridor, so the subdivision of the ground can be gradually refined from the corridor radius according to
the distance. It can also be divided into three levels of subdivision: first level lines, second level transmission corridor and third
level the external shape.

This specific unstructured discretization approach can lead to the following discretization steps, as shown in Fig. 4 (b):

Step 1: Establish a progressively decreasing global grid based on the basic size relationship between the lines and terrain.

Step 2: Extract the corresponding elements from the global grid of Step 1 based on the distance range of the measurement points.

Step 3: Expand the grid outward and reconstruct the local grid with the elements of Step 2 as the core.

Step 4: Arrange progressively refined discrete points on the outer boundary of the local discretization to ensure the smoothness
of the discretization.

Step 5: Due to the consistency in the local and global grids, the information computed locally can be accurately mapped to the
global grid.
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Fig. 4. Comparison before and after optimization of discretization (a) equally spaced discretization (b) unstructured
discretization.

The time complexity of directly solving the boundary element method is O(N®), therefore, due to the simplification of
unstructured discretization, the number of solving elements N is greatly reduced. Further reduce the complexity of the solution and
achieve the goal of fast solving.

2.4 Inverse analysis

After establishing a forward solving model, this paper continues to study robust inversion. Due to the natural characteristics of
the BEM, there is little difference in geometric features between each element, especially in adjacent elements, which leads to
coefficient closeness in the generated linear equation system, directly resulting in the ill-posed characteristics of the coefficient
matrix [A]. Even small measurement errors can be amplified by the ill-conditioned coefficient matrix, resulting in unacceptable
results. The core of inversion calculation research is how to achieve stable and reliable reconstruction of field source values based
on measurement data contaminated by noise.
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Firstly, assuming that the field source voltage is unknown, based on the boundary solution calculation (7) and the measurement
point value calculation (8) in the forward solution model, the following inversion model (9) can be derived. Specifically, the
relationship between the field source potential [¢|] and the boundary normal derivative of the potential [¢n] is established by (7),
and the above relationship is substituted into (8) to establish the inversion between the measurement point potential [¢pm] and the
field source potential [¢|] as (9). Firstly, the matrix form equation for calculating the spatial potential under irregular terrain is first
established by (7). Then, the matrix corresponding to the Green's function in (7) is inverted and substituted into the coupling matrix
(8) for calculating the measurement point values. At the same time, the boundary condition with ground point values set to 0 is
applied to simplify the above expression. Inverting again leads to the expression of the field source voltage in terms of the
measurement point values as (9), and the coefficient matrix is denoted as [F]. Among them, the subscript « represents terrain, and
the subscript | represents line. The last equation in (9) provides the inversion matrix relationship between the measuring point
values and the field source potential values. Like (8), since the unknown is three-phase voltage, corresponding to a minimum of 3
measurement points. The inversion coefficient matrix [F] is a 3*3 matrix. When solving multi-circuit transmission lines problems,
(9) can be simply extended.

Observing (9), the properties of the inversion coefficient matrix [F] are composed of multiple coefficient matrices with complex
components, making it difficult to directly derive its behavior characteristics through derivation. According to the general formula
of the condition number [35], (9) satisfies the inequality relationship as (10), where A represents the change value, * represents the
true value, and x represents the condition number. From (10), the coefficient matrix error is not large, the calculation error of the
field source value is determined by the measurement error amplified by the condition number of the coefficient matrix. The key to
obtaining stable and accurate solutions is to reduce the condition number of the inversion coefficient matrix.
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For the sake of computational efficiency, we avoid using regularization methods, optimization strategies, and iterative methods
with high computational complexity, which are commonly used for large-scale problems. And use a relatively simple and low
computational complexity structural dependency method. The calculation of the elements in the inversion coefficient matrix [F]
involves only the geometric relationship calculation of the model, the measurement point array, the three-phase conductor and the
terrain determine the matrix condition number.

Next, optimize array based on the condition number. Considering operational safety and electrical insulation issues, the
maximum height of the array should not exceed the safe distance limit of the transmission line. As shown in Fig.5, set SNR as
40dB. By setting the horizontal distance D; between the outer points of the array and the y-axis, and the horizontal distance D,
between the inner points and the y-axis, set the height h; of the outer points and the height h, of the inner points of the array. Firstly,

(10)




calculate the condition number, fix D, and h,, and change D: and h; as shown in Fig.6 (a); Then fix Dy and h;, and change D, and
h, as shown in Fig.6 (b). Then calculate the maximum inversion error, fix D2 and h,, and change D1 and h; as shown in Fig.6 (c);
Then fix D1 and hy, and change D- and hy, as shown in Fig.6 (d).
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Fig. 5. Geometry of measuring point array.

When D is determined, the influence of D1 within a certain range on cond(F) is relatively small, but the higher the hy, the
smaller the cond(F). When D is determined, the closer the Do, the higher the hy, and the smaller the cond(F). Then analyze the
inversion error. D, has a greater impact on the error, and the closer the D, the smaller the error. For all measurement points, the
higher the height, the smaller the error. It is worth pointing out that when the horizontal position is constant, the height reaches a
certain value and then increases, and both the condition number and error do not change much. Choosing the highest position
outside the safe distance from the field source line can already meet the measurement requirements. Therefore, based on the above
principles, the values of the height and spacing of the array measurement points can be obtained when the measurement problem
behavior is good. Thus, the optimized array structure was determined.
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Fig. 6. The influence of array on inverse error and condition number (a) outer point position on condition number (b) inner
point position on condition number (c¢) outer point position on inversion error (d) inner point position on inversion error.

3. CASES VALIDATION
In the simulation, we established a 220 kV horizontal single-circuit three-phase transmission line model and set up a potential



measurement array consisting of three measurement points in the space below the transmission line. The structural parameters and
measurement point parameters are shown in Table 1.

First of all, we employed an analytical case of flat terrain to verify the accuracy of the proposed method, so as to validate the
reliability under simple scenarios (general engineering design). Next, in order to further verify the applicability of the model in
complex terrains, we introduced a semi-circular terrain analytical case. This terrain simulates the hills or obstacles that may be
encountered in reality. Finally, to simulate complex terrains more realistically, we adopted a random terrain generation method to
generate 3D terrain models with different roughness levels. These terrain models cover various terrain features ranging from gentle
to steep, in order to comprehensively test the applicability of the model.

The parameters transmission line and measurement point locations adopted in this paper comply with the requirements of IEC
61865 [36] regarding the electrical distance. The adopted analysis methods and processes conform to the recommendations in
IEEE Std 1597.1-2022 [38] concerning the mathematical level (verification of calculation techniques), implementation level
(verification of code implementation through MATLAB), and model level (verification of specific models with COMSOL
Multiphysics).

Specifically, we set up analytical cases and 3-D cases, and then compare regional potential, forward calculation time, field
source inversion uncertainty and inverse error to verify the effectiveness of the fast forward calculation of spatial potential and
robust inversion calculation of field source potential proposed in this paper. The code runs on a laptop with basic hardware
parameters of an AMD Ryzen 7 4800U processor integrated with Radeon Graphics core display, a base frequency of 1.80 GHz,
and a built-in memory of 16.0 GB. The MATLAB software occupies approximately 3.19 GB of memory when the code runs.

It is worth noting that the uncertainty calculation adopts Type-A standard uncertainty analysis as (11), where V; is the
amplitude for the i-#h measurement, is the average amplitude of this group measurements, and N is the number of measurements
taken in this group. The larger the number of measurements, the smaller the ua becomes. Considering the limited actual
measurements, N is taken as 10, and the results are expressed as per unit value, with the reference value being the field source
potential amplitude.

0, 07) = 5= LSy (11)

3.1 Analytical cases

Firstly, we select two kinds of terrain with analytical solutions for verification, namely flat ground as Fig. 7 (a) and semi-circular
terrain as Fig. 7 (b), and directly take a 2-D section here. Both terrains can be solved analytically using the image method. The
analytical solution for flat ground is (12), and for semi-circular ground is (13) [36], where pi represents the coordinates (x, y) at
center point of conductor i, the superscript '™ represents the image point, ¢ is the media permittivity, oy is the induction coefficient
for flat ground, a2 is the induction coefficient for semi-circular ground, Rc is the radius of the semi-circular ground, d is the distance
from the conductor to the center of the semi-circular ground. For the bundle lines, the conductor radius can be calculated with the
equivalent radius Req as shown in (12), where n; is the number of conductor splits, r is the radius of sub conductor, and R is the
geometric radius of sub conductor arrangement.
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Fig. 7. Analytical cases solutions using the image method. (a) Case 1: flat terrain. (b) Case 2: semi-circular terrain.

The following is analysis of the calculated results. The method used in this paper adopts all the theories described in Section 2.
The original method only uses constant BEM for forward calculation and selects contrast unit for inversion calculation analysis.
FEM is also employed for comparative analysis, and the inversion calculations are conducted using the method proposed in this



paper. The error analysis will be compared and calculated with the analytical solution of the image method. The calculations after
this section all use the same comparative analysis, which will not be mentioned again. To verify the performance of the method,
this paper verified the effects of forward calculation and inverse calculation.

TABLE 1
PARAMETERS OF CASES
Parameter Value
Voltage level 220 kV
Equivalent conductor radius 0.25m
Conductor diameter 21.6 mm
Conductor spacing 450 mm
Span 150 m
sag 6m
Lowest suspension height 20.0m
Phase spacing 11.6m
Three-phase arrangement Horizontal
Measurement cross-section Z=0m
Measurement unit abscissa -11.6,0,11.6 m
Measurement unit ordinate 18.0m
Contrast unit abscissa -21.6,-10,1.6 m
Contrast unit ordinate 10.0 m
Semi-circle ground radius 40m
Correlation length 4.0m
RMS Square roughness 15
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1) Forward calculation of potential distribution

Firstly, we use both the method proposed in this paper and the original method to calculate the potential distribution, as shown
in Fig. 8 (al) (a2) (a3) and Fig.9 (al) (a2) (a3), a comparison is made between the measurement point and the analytical solution.
As shown in Table 2, in Case 1, the maximum calculation error of our method is 0.15%, while the original method is 0.26% and
the FEM is 0.13%. In Case 2, the maximum calculation error of our method is 0.40%, while the original method is 6.70% and the
FEM is 0.44%. In Case 1 of ideal flat terrain, all three methods perform well, and the error between our method and FEM is
significantly smaller. In Case 2 of semi-circular terrain, the error between the proposed method and FEM is relatively small.
However, the error of the original method is relatively large, which is related to the ill-posed characteristics of the coefficient
matrix.
2) Forward calculation time



Then, we use the unstructured discretization method proposed in this paper and the original method to generate units, as shown
in Fig. 8 (b1) (b2) (b3) and Fig.9 (b1) (b2) (b3), the calculation time is compared. As shown in Table 2, in Case 1, the calculation
time of our method is 10.52 ms, while the original method is 41.35 ms and the FEM is 1.51 s. In Case 2, the calculation time of
this method is 10.38 ms, while the original method is 46.42 ms and the FEM is 1.60 s. Compared with other methods, the speed -
up ratio exceeds threefold. Clearly, the computation time of FEM is significantly longer than BEM. This is because FEM requires
the internal discretization of the air domain to generate mesh elements, whereas BEM only necessitates discretization on the
boundaries. Although BEM generates a dense coefficient matrix, it still offers higher computational efficiency than FEM in this
specific problem. The calculation time of our method is much shorter than the original method, and less than 20 ms (50Hz) of one
voltage cycle, which can achieve fast forward potential calculation.

3) Inverse uncertainty analysis

Next, we use our method and the original method to inverse the source voltage and calculate the Type-A standard uncertainty
at different SNR (signal-to-noise ratios). To visually represent the sum of the absolute values of the three-phase uncertainties, the
results are presented in a stacked bar chart, as shown in Fig. 8 (c1) (c2) (c3) and Fig.9 (c1) (c2) (c3). The larger the SNR, the
smaller the uncertainty. As shown in Table 2, when SNR=40dB and in Case 1, the maximum three-phase uncertainty of our method
is 1.91E-3 p.u., while the original method is 1.52E-2 p.u. and the FEM is 2.03E-3 p.u. In Case 2, the maximum uncertainty of the
three-phase in this method is 1.92E-3 p.u., while the original method is 1.52E-2 p.u. and the FEM is 2.28E-3 p.u. The uncertainty
of the method proposed in this paper is similar to the performance of FEM, and is an order of magnitude lower than the original
method.

4) Inverse error analysis

Finally, we use the method proposed in this paper and the original method to inverse the field source voltage and compared
the maximum three-phase average inversion error under different SNR (signal-to-noise ratio), as shown in Fig.8 (d1) (d2) (d3) and
Fig.9 (d1) (d2) (d3). The larger the SNR, the smaller the error. As shown in Table 2, in the case of strong noise with SNR=40dB
and flat terrain in Case 1, the maximum average inversion error of our method is 1.12%, while the original method is 7.29% and
the FEM is 1.17%. In Case 2, the maximum calculation error of our method is 1.12%, while the original method is 7.15% and the
FEM is 1.15%. The calculation error of this method is stable and significantly better than the original method, and is comparable
to the error with FEM. Compared to the original method, when using the inversion approach proposed in this paper, the condition
number of the transformation matrix is greatly reduced, effectively minimizing inversion errors in noisy environments.

Overall, compared to analytical solutions, our method shows good performance in terms of calculation error at measurement
points, forward calculation time, and uncertainties and errors in inversion; to FEM, this method requires less computation time,
with minor differences in other aspects; to the original method, there is significant improvement in all four comparative indicators
with the method proposed in this paper.

TABLE 2
RESULT ANALYSIS
Maximum forward Maximum Maximum average
. Forward . . .
Case Contrast calculation error at the .. uncertainty of  inversion error of
. . calculation time
measuring point three-phase three phases

Our method 0.15% 10.52 ms 1.91E-3p.u. 1.12%

Case 1 Original method 0.26% 41.35 ms 1.52E-2p.u. 7.29%

FEM 0.13% 1.51s 2.03E-3p.u. 1.17%

Our method 0.40% 10.38 ms 1.92E-3p.u. 1.12%

Case 2 Original method 6.70% 46.42 ms 1.54E-2p.u. 7.15%

FEM 0.44% 1.60s 2.28E-3p.u. 1.15%

3.2 3-D cases

Next, this paper will discuss the adaptability of the proposed method in 3-D scenarios. As our method is based on a
simplification to a 2-D cross-section, its adaptability to 3-D models depends on terrain variations in the z-direction. This paper
employs Karhunen-Loéve Expansion (KLE) [39]-[41] to analyze random terrain. KLE decomposes the random field into a series
of orthogonal basis functions through eigenvalue decomposition. The specific terrain generation method, as described in (14),
differs from a direct 3-D KLE. Instead, we use two 1-D KLE to generate the random terrain Y(x, z). Initially, a 1-D KLE Ykie1(X),
is performed in the xy-direction, followed by a second 1-D KLE Yk.e2(z), to simulate the terrain undulations in the z-direction.

In this model, the mean function of the random terrain is set to zero, and the covariance function C uses a Gaussian covariance
function. The eigenvalues  and eigenfunctions z of the covariance function C are computed. & represents normally distributed
random variables. E; and E; denote the number of terms in the KLE expansions. Sj and S; are arbitrary points. L is the Correlation
Length, indicating the range of spatial correlation. o represents the RMS Surface Roughness, controlling the variability of the
random field. ox corresponds to KLE1, and o, to KLE2.



Y(X,2) = Ve 00+ Yy, (2)
Yier (X) = Zl\/arel (X)ée1
e=1

Ve @)= 3 Jon 7, (2E, (14)

e,=1
2 |Si_S'|
C(S,,S;)=c’exp _Tj

Analysis of Case 3 and Case 4 is conducted in 1)-4), with 5) corresponding to the analysis when the Root Mean Square (RMS)
Surface Roughness ¢ changes. In Case 3, o,=1 and ¢,=0, the discussion is on terrain undulations only in the xy-directions with no
change in the z direction, as shown in Fig. 10 (al). In Case 4, 5,=1 and ¢,=1, the discussion covers terrain undulations in the xyz-
direction, as shown in Fig. 11 (al). The last subsection 5) analyzes the performance of the method when RMS Surface Roughness
o ranges from 1 to 5, with results for different o values presented only due to paper length limitations.

It is worth noting that the measurement points used in the inversion calculations are 3-D simulation results (with noise added),
conducted using COMSOL Multiphysics. To control comparison conditions, meshing no longer utilizes the software's fully
adaptive division but rather a constrained division with cell size restrictions to ensure that most terrain details are addressed. In the
software solution, geometric shape functions are set to quadratic Lagrange elements. Due to the presence of the random variable
¢, the same RMS Surface Roughness o can generate different random terrains.

The following is analysis of the calculated results, with specific details as follows:

1) Forward calculation of potential distribution

Firstly, we used BEM software to calculate the 3-D model, and the method proposed in this paper to compute the potential
distribution, as shown in Fig. 10 (a2) and Fig.11 (a2). As shown in Table 3, in Case 3, the maximum calculation error of our method
is 0.15%; In Case 4, the maximum calculation error of our method is 0.32%. The method proposed in this paper can still effectively
calculate the forward potential when applied to the 3-D scenario.
2) Forward calculation time

Secondly, we used the unstructured discretization method proposed in this paper and the 3-D model discretization to generate
units, as shown in Fig. 10 (b1) (b2) and Fig. 11 (b1) (b2), the calculation time was compared. As shown in Table 3, in Case 3 the
calculation time of our method is 10.03 ms, while the 3-D model solution takes 97.76 s. In Case 4, the calculation time of our
method is 10.64 ms, while the 3-D model solution takes 139.70 s. Calculation time of our method is much shorter than that of the
3-D model, and less than one voltage cycle, which can achieve fast forward potential calculation.

5 s 55 60 6 70 75 80 o
X(m) SNR (d8) SNR (dB)

(a2) (b2) (c2) (d2)
Fig. 10. Case 3: o,=1, 0.=0. (al) 3-D model geometry (b1) 3-D model discretization elements (c1) 3-D model electric
field (d1) 3-D model potential (a2) Forward calculation of potential (b2) Forward calculation of discretization elements
(c2) Inverse uncertainty analysis (d2) Inverse error analysis.
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3) Inverse uncertainty analysis

Then, we used the method proposed in this paper to inverse and calculate the uncertainty of the field source voltage at different
SNR. As shown in Fig. 10 (c2) and Fig. 11 (c2), the larger the SNR, the smaller the uncertainty. When SNR=40dB, the method
proposed in this paper performs well in both cases, with a maximum three-phase uncertainty of less than 2.55E-3 p.u., indicating
the robustness of the inversion calculation in this paper.
4) Inverse error analysis

Next, we added noise to the measurement points of the 3-D simulation model and used our method to inverse the field source
voltage. We also compared the maximum three-phase average inversion error at different SNR. As shown in Fig. 10 (d2) and Fig.
11 (d2), the larger the SNR, the smaller the error. As shown in Table 3, in Case 3 of strong noise with SNR=40dB, the maximum
average inversion error of our method is 1.35%. In Case 4, the maximum calculation error of the method proposed in this paper is
1.01%, further demonstrating the effectiveness of the inverse calculation of electric potential in this paper.

TABLE 3
RESULT ANALYSIS
Maximum forward Maximum Maximum average
. Forward . . .
Case Contrast calculation error at L uncertainty of  inversion error of
. . calculation time
the measuring point three-phase three phases
Case 3 Our method 0.15% 10.03 ms 2.52E-3p.u. 1.35%
3-D method — 97.76 s — —
Case 4 Our method 0.32% 10.64 ms 2.55E-3p.u. 1.01%
ase 3-D method — 139.70 s — —

5) RMS Surface Roughness analysis

Finally, we vary the o to compute the forward calculation time and the maximum error at the measurement points; when the
SNR=40dB, we calculate the maximum inversion error and the maximum uncertainty. The cases are divided into two kinds: 6570,
0~0 and 6,#0, ox=1. The condition 0x#0, 0;=0 indicates no terrain variation in the z-direction, clearly the 2-D simplified model
used in this paper is based on this assumption. Meanwhile, to discuss the adaptability and limitations of this method when there is
terrain variation in the z-direction, ¢;#0, ox=1 corresponds to cases with terrain variation in the z-direction. ¢#£0 corresponds to o
spaced at intervals of 1-5, used to discuss the performance of this method when the degree of terrain variation varies. Two points
are worth noting: first, even in cases where there is terrain variation in the z-direction, this method still retains some adaptability
because measurement points are chosen closer to the source and away from the terrain to ensure robustness of the inversion;
secondly, o does not correspond to the maximum terrain deviation, for instance, a randomly generated terrain with ¢,=5, ox=1
might have a maximum elevation of 6.89 m, and related conclusions are only applicable to the corresponding model.



0,#0.0,=0 021*0, 0x=1

Measuring point error analysis

Forward calculation time analysis 05 Measuring point error analysis orward calculation time analysis 15

Fo04 I
5 8
=03 =
5 205
o2 i
4 | — | |
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Clx 02 0z
\r}vg‘rse uncertainty analysis (SNR=40dB) 1 éqverse error analysis (SNR=40dB) Inv:?rse uncertainty analysis (SNR=40dB)
5 Z16) =)
a24 § a
u‘J =14 28
S22 g =
E] 12 <
1 2 ; 2
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
cx c[x OZ UZ
(a) (b)

Fig. 12. RMS Surface Roughness analysis (a) 6,70, 0:=0 (b) 0:#0, o,=1.

When 0x#0 and ¢,=0, there is no terrain variation in the z-direction. As shown in Fig.12 (a), for forward calculation, the
maximum computation time is 10.32 ms, and the maximum error at the measurement points is 0.47%. As o increases, fluctuations
in computation time and maximum error at the measurement points are relatively small. For inversion calculations under noise
environment (SNR=40dB), the maximum inversion error from the source is 1.35%, and the maximum uncertainty in the inversion
is 2.52E-3 p.u. As oy increases, the inversion error and maximum uncertainty remain relatively stable.

When ¢;#0 and ox=1, there is terrain variation in the z-direction. As shown in Fig.12 (b), for forward calculation, the maximum
computation time is 10.64 ms, and the maximum error at the measurement points is 1.34%. As g, increases, fluctuations in
computation time are relatively small; however, the maximum error at the measurement points increases, remaining below 1%
when o; is less than 5. For inversion calculations in a noisy environment (SNR=40dB), the maximum inversion error from the
source is 1.64%, and the maximum uncertainty in the inversion is 2.82E-3 p.u. As g, increases, the inversion error also increases,
remaining below 1.5% when o is less than 4; the maximum uncertainty in the inversion remains relatively stable.

The results above indicate that the method proposed in this paper maintains accuracy within a certain range of surface
roughness in the z-direction, and demonstrates a degree of adaptability to three-dimensional scenarios, primarily depending on the
error tolerance requirements. However, it is important to note that in high-precision applications, more detailed three-dimensional
analysis is still required, particularly in cases where computational resources are abundant and real-time feedback is not necessary.
On the other hand, in real-time or large-scale monitoring applications, since it is not necessary to place measurement points at
every span, a preliminary assessment of terrain roughness can be conducted to select appropriate monitoring areas, followed by
simplified analysis of selected cross-sections. Future research could further explore hybrid modeling strategies that combine 2D
simplifications with localized 3D refinements, to enhance the method's adaptability to more complex terrain conditions.

4. CONCLUSION

This paper proposes a numerical model for fast calculation of spatial potential and robust inversion of field source voltage of
overhead transmission lines under complex terrain conditions and proves the effectiveness of the method through 2-D analytical
and 3-D examples. A basic model based on cross-section is proposed, and the constant BEM is used for solving. An unstructured
discretization method is proposed around the measurement array structure, and a robust inversion method for field source voltage
based on optimization of the measurement array is presented.

In cases validation, a model of a 220 kV single-circuit overhead transmission line is established. Through analytical examples
on flat and semi-circular terrain conditions, it can be seen that compared with traditional method, the maximum calculation error
of the model proposed in this paper is less than 0.5%, and the total calculation time is less than 15 ms; In a strong noise environment
(SNR=40dB), the uncertainty and maximum error of the inversion calculation are reduced by one order of magnitude. The
maximum three-phase uncertainty of the inversion is less than 3E-3 p.u., and the maximum three-phase error of the inversion is
less than 1.2%.

In the validation of 3-D cases, this paper uses KLE to simulate random terrain, analyzing two types of cases: those without and
with changes in terrain along the line direction, using RMS Surface Roughness as the characteristic indicator. The cross-sectional
simplification method presented has good adaptability in cases where there is no change in terrain along the line, with small
fluctuations in calculation time, maximum error at measurement points, inversion error, and maximum uncertainty in inversion,
and parameters similar to those in 2-D cases. In cases with changes in terrain along the line, when the RMS Surface Roughness
along the line is less than 4, fluctuations in calculation time and maximum uncertainty in inversion are small, with calculation
times under 15 ms, inversion uncertainty less than 3E-3 p.u., maximum error at measurement points under 1%, and inversion errors
under 1.5%.



This method can achieve fast calculation of spatial potential and robust inversion of field source voltage of transmission lines
under complex terrain conditions. The method proposed in this paper is based on a 2-D simplified model, it still exhibits
adaptability in 3-D scenarios. In applicable situations, the forward calculation time is less than one voltage cycle (50Hz), the
inversion uncertainty is less than 3E-3 p.u., and the inversion error is less than 1.5%. It can be applied to online monitoring, state
evaluation, and other measurement and evaluation links that require real-time feedback, providing data support and decision-
making basis for power system power quality evaluation and operation protection.
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