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Abstract Wave energy converters (WECs) hold sig-
nificant potential in the global energy market, though
their high energy costs compared to traditional sources
remain a challenge. Recent research has focused on
power maximisation strategies to make WECs more
competitive, with optimisation-based control methods
offeringone solution.However, thesemethods are often
complex and difficult to implement in real-time sce-
narios. Simpler, non-optimisation-based approaches,
such as impedance based control, have gained inter-
est due to their ease of implementation and ability to
provide representative control actions. Despite their
advantages, impedance based controllers often suffer
from unconstrained control forces, potentially leading
to suboptimal performance and exceeding the valid-
ity range of the system model. This study introduces
a novel constrained impedance based control strategy
that maintains the simplicity of traditional methods
while addressing the limitations of unconstrained con-
trollers. The proposed approach is experimentally val-
idated using the Wavestar prototype at the Aalborg
facility in Denmark, under both monochromatic and
panchromatic wave conditions. Results show that the
constrained controller effectively confines the device
motion within predefined limits, improving power out-
put under nonlinear force saturation. These findings
demonstrate that constrained impedance-based con-
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trol can provide more accurate and practical control
actions, enhancing the performance of WECs in real-
world applications.

Keywords Wave energy · Control · Experimental
testing

1 Introduction

Wave energy converters (WECs) represent a promising
technology within the global energy landscape [1,2].
Although the cost of energy from these novel tech-
nologies remains high compared to traditional sources,
research is advancing towards power maximisation
strategies aimed at making WECs competitive in the
global energy market. The optimal control problem
forWECs can be generally tackled using optimisation-
based strategies [3,4], yet these methodologies can be
inherently complex (in a computational sense) and can
be challenging to implement, particularly for real-time
applications1.

As such, recent years researchers have expressed
an increasing interest in non-optimisation-based
approaches,which are inherently simpler to implement.
These methods allow for representative control actions
and performance evaluations through the use and syn-
thesis of so-called impedance-based controllers [8,9].

1 For an extensive description of the control strategies adopted
in the wave energy field, the interested reader is referred to [4–7].
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Such approaches are attractive due to their simplicity
of synthesis. Overall, impedance matching (IM)-based
controllers aim to replicate well-known conditions for
optimal energy absoprtion under linearity assumptions.
In particular, if controlled accordingly, the instanta-
neous phase of the wave excitation force (i.e. the force
exerted by the incoming wave field on the device wet-
ted surface) should be in phase with the device velocity
in the controlled degree-of-freedom. While these con-
ditions form the foundation of IM-based controllers,
the non-causal nature of such controllers means that
the associated energy-maximising strategy can not be
implemented directly [10]. To address this issue, the
optimal controller structure is typically approximated
by leveraging a stable, causal structure [11]. Due
to their simplicity, impedance-based controllers have
been extensively applied in the wave energy field. For
instance, in [9], the IM principle is applied and gen-
eralised to multi-degree-of-freedom (multi-DoF) sys-
tems. In many cases, IM controllers are widely used
in experimental campaigns, as they can be synthe-
sised usingmodels derived from experimental data. For
example, in [12,13], the controller has been rigorously
tested with the Wavestar devices during the so-called
wave energy control competition. In [14], an IM-based
controller is designedduring an experimental campaign
in-situ, to achieve a representative control action, utilis-
ing a data-based modelling approach to synthesise the
controller while accounting for prototyping uncertain-
ties [15]. In this case, the controlled device is a multi-
DoF system, where the two controlled DoFs are not
the hydrodynamic ones. Consequently, [14] provides a
representative experimental application of the IM prin-
ciple. Another experimental application of IM-based
controllers is presented in [16], where such controllers
are utilised to control both heaving and flap devices.
This control synthesis procedure, with its inherent sim-
plicity, is also employed in [17], where a moored point
absorber is optimised in a co-design fashion, achiev-
ing a significant computational advantage through IM
theory.

However, these controllers not only rely on linear-
ity, but any physical limitations are fully ignoredwithin
the design and synthesis procedure, and the controller
is derived in unconstrained conditions. For example,
in [18], an impedance-matching controller is com-
pared to a pseudo-spectral technique under monochro-
matic conditions, highlighting the inability of the for-
mer to limit the device response. The unconstrained

nature of such control strategies may prove limiting,
as they can result in the controller pushing the sys-
tem outside the identified model validity range, lead-
ing to a non-representative control action, a situation
referred to as the modelling paradox [19,20]. More-
over, if force saturations are present, as is typical in
real-world control actions, the effectiveness of the syn-
thesised control force may be diminished, resulting
in performance overestimation. This problem is well-
recognised in the literature, with a common solution
being resourcing to an iteratively tuning of the con-
troller parameters. For instance, in [21], a two-device
array is tested using a controller synthesised as the
system complex-conjugate impedance. The resulting
controller is tuned in regular wave conditions to limit
device excursion, yet this approach ultimately com-
promises the impedance-matching conditions, i.e. the
velocity is no longer in phase with the excitation force.
The impedance-matching principle can also be applied
to synthesise a feedforward controller for panchromatic
excitation conditions, as demonstrated with the LiTe-
Con approach [22]. However, the constraint method-
ologies developed thus far primarily rely on subopti-
mal constraint-handlingmechanisms, which are imple-
mented after the controller synthesis [23].

It is also important to mention anti-windup con-
straint approaches. These methods [24] are designed
to mitigate the windup effect caused by saturations
and hard-stops, which can lead to a loss of system
stability and a decrease in the representativeness of
the modelled system. In such cases, constraints are
applied by leveraging a state prediction through a tai-
lored limitation logic. An application of this approach
to wave energy systems is detailed in [25]. Nonethe-
less, the constraint handling methodologies available
are often ad-hoc, and the result of constraining the solu-
tion a-posteriori, as opposed to incorporating informa-
tion on the device limitations within the synthesis pro-
cedure itself. This, naturally, can drastically change the
expected energy outcome, significantly shifting from
the idealised impedance-matching operational condi-
tions.

Motivated by this, we present, within this paper, a
systematic approach to incorporate constraint informa-
tion (and handling) within impedance-matching-based
control synthesis forWECs, offering the following con-
tribution:
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– A soft constraint handling approach is proposed,
inherently embedded within impedance-matching
theory. The goal is tomaintain simplicity within the
control synthesis procedure, while still respecting
the impedance phase condition. The mathematical
formulation is presented alongside a description of
the synthesised controller for both monochromatic
and panchromatic excitation conditions. Then, the
developed mathematical formulation is applied
and analysed experimentally during an experimen-
tal investigation conducted in Aalborg University,
Denmark. TheWavestar device is tested by evaluat-
ing its response under both constrained and uncon-
strained conditions, providing a detailed assess-
ment of the controller’s performance and its ability
to manage the device’s motion effectively.

Before delving into the analysis, we wish to empha-
sise the potential of this control strategy for quantify-
ing system performance during experimental investi-
gations [14,21]. The development of operational envi-
ronments necessitates wave tank tests [26], which
are crucial for understanding system responses under
real-world conditions. Although numerical wave tanks
[27,28] present a promising approach for defining rep-
resentative system responses, they remain constrained
by the high computational burden required. Particu-
larly when aiming to quantify system power absorption
under sufficiently long panchromatic wave conditions,
experimental testing in wave tanks is indispensable.
However, the presence of constraints can prove signif-
icantly limiting, especially when defining the overall
system performance. Finally, for the sake of clarity, we
would like to remark that while this study employs a
linear controller, more advanced modelling techniques
capable of handling nonlinear constraints are also con-
sidered in the wave energy field. The interested reader
is referred to [4–7].

The remainder of this manuscript is organised as
follows: Sect. 2 provides a general description of the
application of the IM principle to multi-input-multi-
output (MIMO) systems (Sect. 2.1), with an analy-
sis of the matching frequency in Sect. 2.2. The con-
straint approach is presented in Sect. 2.3. Section3
details the experimental campaign, including the layout
(Sect. 3.1), the test schedule and objectives (Sect. 3.2),
and performance results (Sect. 3.3). Finally, the conclu-
sions are summarised in Sect. 4.

1.1 Notation

WithR+, the set of positive real numbers is represented.
WithN+, the set of non-zero natural number is defined,
i.e. N+ = {1, 2, . . . ,∞} ⊂ N. I denotes the identity
matrix of conformable dimensions, according to the
context. F(ω) = F( f (t)) represents the Fourier trans-
form of the function f . Moreover, whenever a function
is represented by a Greek letter, its Fourier transform
is indicated with tilde, e.g. the Fourier transform of
the η is expressed with η̃. Given a matrix A ∈ C

n×m ,
A∗ ∈ C

m×n represents the conjugate transpose of
A. Additionally, given a square non-singular matrix
B ∈ C

n×n , (B∗)−1 ∈ C
n×n denotes the inverse Her-

mitian of B. With the notation A† ∈ C
m×n the Moore-

Penrose pseudo-inverse of amatrix A is denoted. Given
a matrix A ∈ C

n×m , and a matrix B ∈ C
n×m , A ◦ B

denotes the Hadamard product of the matrices.

2 A generalised constrained approach for
impedance-based controllers

In this section, the proposed methodology is discussed
and presented. To keep thismanuscript reasonably self-
contained, we begin by providing a generic descrip-
tion of the IM principle and its application in the wave
energy field. We would like to begin by emphasising
the IM principle, which forms the foundation of this
study. Originating from electrical engineering [8], the
principle asserts that to maximise energy transfer, a
given electric load should be designed to match the
complex conjugate of the system impedance. Given
the inherently simplicity, this theory is widely applied
in wave energy field [9,16,22]. However, since the
developed theory is effectively model-based, before
delving into the specifics of this section, we provide
a brief modelling-oriented description of wave energy
systems, useful for the definition of the corresponding
impedance.

A generic wave energy system can be described
using a schematic representation, as depicted in Fig. 1
(a). In this figure, η : R → R, t �→ η(t) represents the
wave elevation, and fe : R → R

n, t �→, fe(t), fext :
R → R

n, t �→ fext(t), ẋ : R → R
n, t �→ ẋ(t)

denote the wave excitation force, a generic external
action, and the system velocity, respectively, where n
is the number of degrees of freedom (DoFs) of the sys-
tem. This description of the forces involved allows the
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Fig. 1 Synthesis of the impedance-based controller: a)
Schematic description of the realWEC; b) Linearised description
of the WEC; c) MIMO system description outlining the direct

link (in blue), and the force acting directly on the controlled
DoFs (in yellow); equivalent electrical circuit representation and
optimal closed-loop response

wave energy system to be decoupled, into two map-
pings, g1 : η �→ fe and g2 : fe, fext �→ ẋ , defin-
ing the relationship between wave elevation and exci-
tation force, and between force and velocity, respec-
tively. This wave energy system representation is ubiq-
uitous in the marine field, as it is associated with a low-
fidelity model and its corresponding linear representa-
tion (denoted by G1 and G2), and relies on so-called
linear potential flow theory [29,30].

2.1 Impedance-based controller for MIMO systems

From a general perspective, the controller for an
underactuated multi-DoF device can be synthesised as
described in [9].

This formulation is schematically depicted in Fig. 1,
and can be summarised as follows:

1. A generic wave energy system is pursued. Tomain-
tain generality, the system is represented as broadly
as possible, in terms of the linear maps G1 and G2.

2. For a generic underactuated system {n, nc} ⊂ R
+

represent the overall system and controlled DoFs,
respectively, with nc ≤ n. The system map G2 ∈
C
n×n is organised, without any loss of generality,

to expose the controlled DoFs in terms of the first
rows. The direct link GH ∈ C

nc×nc is highlighted,
upon which an equivalent force FGH acts, defined
as:

FGH = FH + G−1
H GĤ FĤ , (1)

where FH ∈ C
nc is the force acting on the con-

trolled DoFs, FĤ ∈ C
n−nc is the force acting on

the uncontrolled DoFs, and GĤ ∈ C
nc×(n−nc) rep-

resents the coupling term between the controlled
and uncontrolled DoFs.

3. Finally, leveraging the electrical analogy, the opti-
mal controller can be synthesised as the complex
conjugate of the system impedance:

HG = Hopt
G = (G∗

H )−1, (2)

where G−1
H is the system impedance. Please note

that given the physical nature of the mapping
GH , the associated frequency-response is virtually
always characterised in terms of a symmetric oper-
ator [31]. We would like to remark that the opti-
mal closed-loop works as an ideal zero-phase filter,
in which the velocity is in-phase with the exciting
force, and can be expressed as:

T opt = GHG
∗
H (GH + G∗

H )−1, (3)

with the output velocity representing a frequency-
dependant scaled version of the force FGH .

Remark 1 It is important to note that, for the derivation
of the IMprinciple, themappingG2 needs to be I/O sta-
ble, strictly proper, minimum-phase, and positive-real.
Although this assumption ensures that the derived con-
troller is stable, it is inherentlyanti-causal, as it requires
knowledge of future input conditions to achieve opti-
mal energy absorption. This issue is typically addressed
by interpolating the optimal controller response, for
a given matching frequency, with a stable controller
structure [9,32], i.e. matching a given controller struc-
ture locally to the optimal anti-causal one.
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To conclude, although controller stability can be
guaranteed by the properties of the map GH , the sta-
bility of the closed-loop system requires a separate
consideration. Furthermore, since the controller inter-
polating structure is not necessarily defined a priori,
additional considerations must be addressed on a case-
by-case basis. As wave energy systems are inherently
passive (i.e., the map GH is passive), one possibility is
enforce passivity in the controller synthesis procedure,
to ensure closed-loop stability [33].

2.2 On the matching frequency in panchromatic
conditions

While the definition of the matching frequency, i.e. the
point in which the ideal anti-causal controller response
is matched with an implementable causal structure
(see Remark 1), can be straightforward when the sys-
tem is excited by monochromatic conditions (regu-
lar waves for wave energy systems), it becomes more
challenging under panchromatic conditions. Therefore,
to circumnavigate this issue, in most applications, the
matching frequency is often identified as the peak (or
another characteristic frequency) of the wave spectrum
[14,32,34]. However, as described in [35,36], the con-
troller should be designed by analysing the input con-
dition FGH . In other words, the matching frequency
should correspond to a characteristic frequency of the
force spectrum, which does not necessarily correspond
with that characterising the wave spectrum itself.

While in many cases, the definition of the input
exciting spectra can be easily obtained by leverag-
ing, for example, excitation force coefficients [35]
derived from boundary element software [29], the pro-
cess can becomemore complex due to themutual inter-
actions among DoFs. This complexity is particularly
heightened when the controlled DoF does not corre-
spond to a hydrodynamic mode, i.e., the DoFs that
directly respond to wave forces. Non-hydrodynamic
DoFs, which are not directly influenced by wave inter-
actions, present extensive challenges due to the distinct
nature of their coupling among modes [36].

Following the procedure described in [36], the lin-
ear model can be represented as a wave-to-force and a
force-to-motion map, focusing solely on the controlled
DoFs. This analysis can also be conducted experimen-
tally, as the GH map can be obtained by exciting the
controlled DoFs [9], and the wave-to-force map can

be derived using the so-called free motion (i.e. uncon-
trolled) tests, as follows:

G 1̂ = G−1
H G�, (4)

where G 1̂ ∈ C
nc is the wave-to-force map, and G� ∈

C
nc represents the link between wave elevation and the

system response.Consequently, the spectra of the excit-
ing condition can be obtained from the wave spectra,
as follows:

SF,i = G 1̂,i G
∗
1̂,i

Sη, (5)

where SF,i : R
+ → R, ω �→ SF,i (ω) represents

the spectrum of the exciting action FGH ,i , and Sη :
R

+ → R, ω �→ Sη(ω) represents the wave spectrum,
with i ∈ [1, . . . , nc]. Although the exciting spectra
can be easily defined in terms of (5), identifying a
matching frequency is not straightforward. If the con-
trolledDoFs are characterised by significantly different
exciting conditions, the matching frequency should be
determined as part of the energy-maximisation proce-
dure itself. However, this represents a peculiar case that
is difficult to characterise in practice. Typically, even
whenmultiple DoFs are involved, these tend to ‘resem-
ble’ each other (i.e. they are dynamically similar, such
in [34]), resulting in a simpler definition of the match-
ing frequency.

2.3 A constraint handling approach

So far, the IM methodology defines a straightforward
approach to synthesising an effective controller while
avoiding complex numerical routines. Nevertheless,
the control actions are designed to maximise the har-
vested energy without considering any possible tech-
nological limits, i.e. the IM matching conditions are
fully derived without considering constraints.

In a real wave energy system, technological con-
straints can limit the system position, velocity, and/or
force applied by the power take-off (PTO, i.e. genera-
tor). In order to include this information as part of the
IM synthesis procedure, within this study, a constraint-
handling methodology is proposed, that aims to limit
the standard deviations of key variables:

� :

⎧
⎪⎨

⎪⎩

σxH,i < σxH,des,i ,

σẋH,i < σẋH,des,i ,

σ fctrl,i < σ fctrl,des,i ,

(6)

where i ∈ [1, . . . , nc] represents the controlled DoFs,
{xH,i , ẋH,i , fctrl,i } ⊂ R

+ are the position, velocity,
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Fig. 2 Impedance-matching electric schememodified by adding
a properly tuned impedance

and control force associated to the controlled DoF i th

and, finally, σ represents the associated standard devi-
ation. A feasible solution to the constrained control
problem can be achieved through various approaches.
Although more complex strategies can be employed
for constrained control synthesis (e.g., model predic-
tive control), in this study, the controller is synthesised
by adding a properly tuned impedance to the system,
in an effort to keep the simplicity of non-optimisation-
based controllers for WECs.

In particular, by leveraging the impedance-matching
theory, the force-to-velocity closed-loop map acts as
an ideal zero-phase filter (see Sect. 2.1), so the added
impedance needs to bemodulated tomaintain the phase
condition. Thus, the magnitude of the resulting con-
troller map is a scaled version of the optimal one.

In Fig. 2, the electrical analogy is shown, whereG−1
H

is the system impedance, and {Hopt
G,c, Ia} ⊂ C

nc×nc rep-

resent the optimal constrained controller, i.e. Hopt
G,C =

(G∗
H )−1 + I ∗

a , and the added impedance. To preserve
the phase condition in the force-to-velocity closed-loop
system, the added impedance needs to be tailored to the
closed-loop, i.e.,

T opt
c =(GH Hopt

G,C + I)−1GH

=
(
(G∗

H )−1 + I ∗
a + G−1

H

)−1
.

(7)

In most applications, the map GH is symmetric (due
to the axisymmetric behaviour of the dynamic interac-
tions between different modes of motion, see [9,31]),
and therefore, by leveraging this assumption (i.e.,
GH = G∗

H ), it is possible to appreciate that the map

T opt
c behaves as an ideal filter if the added impedance
Ia is symmetric and has no imaginary part, i.e., Ia =
I ∗
a ∈ R

nc×nc .
Taking into account (7), the added impedance must

be tunedwith respect to the systemconstraints.Accord-

ingly, the equation linking the input force to the velocity
is:

Ẋ H =
(
GH Hopt

G,C + I

)−1
GH FGH

=
(
GH

(
(G∗

H )−1 + I ∗
a

)
+ I

)−1
GH FGH ,

(8)

which leads to

(GH

(
(G∗

H )−1 + I ∗
a

)
+ I)Ẋ H = GH FGH , (9)

and, finally,

Ia ≈ FGH ,0 Ẋ
†
H,0 − (G−1

H + (G∗
H )−1), (10)

where Ẋ†
H,0 represents the Moore-Penrose pseudo-

inverse of Ẋ H,0. By leveraging the zero-phase condi-
tion that links the exciting input FGH with the sys-
tem output Ẋ H , it is possible to evaluate the added
impedance used in the control synthesis to verify a
given output amplitude condition Ẋ H,0. Which means
that, in monochromatic exciting condition the prob-
lem � leads to the definition of XH,i = XH,des,i .
Please note that the definition of the system response
under monochromatic exciting conditions is consis-
tently considered in the wave energy field for analysing
performance and identification purposes [37,38]. The
choice of exciting wave energy devices (numerically
and experimentally) with a monochromatic signal is
made to investigate the system response while miti-
gating nonlinear effects caused by distortions, such as
second-order wave phenomena [30].

However, while the amplitude definition can be
achieved as described above, ocean waves are char-
acterised by a broad frequency range, so they are gen-
erally defined statistically by means of a spectrum.2

The system response can be analysed by leveraging
the wave input spectrum, i.e.,

SẊH,i
= G�,i G

∗
�,i Sη, (11)

where SẊH,i
: R → R, ω �→ SẊH,i

(ω) represents the
velocity spectrum. Accordingly, the position and con-
trol force spectra can be defined as:

SXH,i =
(

1

jω
G�,i

)(
1

jω
G�,i

)∗
Sη,

SFGH ,i = (G�HG)i (G�HG)∗i Sη,

(12)

2 It is important to note that the excitation input force FGH does
not represent thewave excitation force but rather the forces acting
on the actuated axes.
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which can be used to express the constraints defined in
� as:

� :

⎧
⎪⎪⎨

⎪⎪⎩

∫

R+ SẊH,i
dω ≤ σ 2

ẊH,des,i
,

∫

R+ SXH,i dω ≤ σ 2
XH,des,i

,
∫

R+ SFGH ,i dω ≤ σ 2
FGH ,des,i

,

(13)

where
∫

R+ SẊH ,i dω = σ 2
ẊH,i

, i ∈ [1, . . . , nc] rep-

resents the squared variance of the associated signal.
Using the equations in (13), it is not possible to directly
determine the added impedancematrix Ia , as thiswould
require n2c equations. However, the problem can be
bypassedbydefining the added impedance as a function
of the real part of the system impedance, i.e., �(G−1

H ).
This yields:

T opt
c =

(
G−1

H + (G∗
H )−1 + Ia

)−1
,

Ia = Vα◦�(G−1
H ),

vα = [
α1 . . . αnc

]ᵀ
.

(14)

Being, vα ∈ R
nc and Vα = vα ⊗1nc where 1nc is a row

vector of ones of dimension 1× nc, and ⊗ denotes the
outer product, resulting in an nc ×nc matrix. Each col-
umn of Vα is a replication of vα , enabling element-wise
multiplicationwith�(G−1

H ). Furthermore,αi ∈ A ⊂ R

defines an equation that satisfies the constraints of a
DoF (see Eq.13), with A = (−1,+∞). Please note
that, given that GH matrix has non-zero off-diagonal
elements, the coupling between controlledDoFs cannot
be neglected, and the associated response must be con-
sidered using the system singular values. Please note
that, while the classic synthesis of an unconstrained
IM-based controller is instantaneous, requiring only
the computation of the complex conjugate operator
of the system impedance, the proposed methodology
involves an iterative process (see Equation (13)). How-
ever, despite the iterative nature of the calculation, the
computational burden remains quite manageable. For
instance, the computational time required to define the
added impedance in this study ranged from 0.1 to 0.2 s
on a laptop equipped with an Intel i7 CPU. Although
the influence in a multi-DoF system can be observed
by investigating the sigma plot of a controlled DoF,
Fig. 3 illustrates the influence of the added impedance
on a SISO system. Note that, to maintain constraints
on the system velocity, the magnitude of the controller
map increases as resistance increases, and the asso-
ciated closed-loop map magnitude decreases accord-
ingly. The reduction in the magnitude of the closed-
loop frequency response results in a diminished system

Fig. 3 System response under the influence of added impedance
Ia , according to a generic system as described in Fig. 1. On the
left-hand side, the controller map HG is shown, and on the right-
hand side, the closed-loop response

response (i.e., motion), thereby creating a constrained
condition.

3 Experimental investigation

Following the development of the constraint handling
condition within IM-based controller synthesis for
WECs, within this section, a detailed description of
the experimental campaign and the associated tests,
used for assessment and validation of the proposed
technique, is provided. In Sect. 3.1, the wave facility
is discussed, with an analysis of the wave tank prop-
erties and the adopted prototype. Section3.2 outlines
the experimental tests, including their objectives and
methodologies. Finally, the results obtained from the
controlled device are highlighted in Sect. 3.3.

3.1 Tank facility and prototype description

In this experimental campaign, the wave tank facilities
utilised to achieve the desired objectives and to effec-
tively test the presented control approach are located
at the Ocean and Coastal Engineering Laboratory, Aal-
borg University, Denmark. Specifically, the facilities
feature a basin with dimensions of 19.3 [m]× 14.6 [m]
× 1.5 [m] (length × width × depth), with an active
testing area of 13 [m] × 8 [m] (length × width). The
WEC system selected for this experimental campaign
is a 1:20 scale model of theWavestar wave energy con-
version system [39]. The prototype, shown in Fig. 4,
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Fig. 4 On the left-hand side: schematic representation of the Wavestar prototype unit used in the experimental campaign. Adapted
from [40]. On the right-hand side: photo of the prototype.

consists of a floater mechanically hinged to a fixed ref-
erence point above the water surface (pointA in Fig. 4).
At equilibrium, the floater arm is positioned at approx-
imately 30° with respect to the still water level (SWL).
It is important to note that theWEC is allowed to move
in a single DoF. The main parameters of the baseline
prototype are summarised in Table 1. The power take-
off (PTO) system employed is an electrical direct-drive
linear motor (LinMot Series P01-37 x 240F), mounted
on the upper structural joint of the device, as depicted
in Fig. 4.

The control system is implemented on a Speedgoat
Real-time Target Machine, equipped with all neces-
sary modules to handle input/output (I/O) variables.
The system is connected via standard Ethernet to the
host PC, with data transfer using the User Datagram
Protocol. Data acquisition is performed at a consistent
sampling rate of 200 [Hz] for all variables throughout
the experimental campaign.

3.2 Test schedule

While a white- or grey- box modelling approach is
typically preferred for dynamic analysis, experimen-

Table 1 Main parameters of the WEC system

Parameter Value Unit

Floater mass 4 [kg]

Mass moment of inertia w.r.t. A 1 [kg m2]

Floater draft 0.110 [m]

Floater diameter at SWL 0.256 [m]

Equilibrium position w.r.t. A 0.523 [rad]

Distance A–C LAC 0.412 [m]

Distance C–B LCB (in eq.) 0.381 [m]

Distance A–B LAB 0.200 [m]

Distance A–E LAE 0.484 [m]

Distance A–E in y 0.437 [m]

Distance A–E in z 0.210 [m]

Centre of gravity in y 0.415 [m]

Centre of gravity in z −0.206 [m]

Centre of buoyancy in y 0.437 [m]

Centre of buoyancy in z −0.321 [m]

Arm mass 1.157 [kg]

Arm moment of inertia w.r.t. A 0.060 [kg m2]

Adapted from [40]
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tal investigations can leverage black-box modelling to
synthesise effective control actions and evaluate WEC
performance, particularly when significant uncertain-
ties on the system structure are present. Moreover,
given the inherent nonlinear nature of the real systems,
the best linear representation [41,42] of the system can
be effectively adopted for model-based control.

Therefore, in this experimental investigation, tests
have been designed to identify the best linear approx-
imation of the real system, in a black-box fashion, as
described in [42]. According to the schematic represen-
tation in Fig. 1b), two distinct series of tests are con-
ducted:

– Identification tests: These tests employ banded
spectra (e.g., banded white noise spectra as pro-
posed in [40]) to characterise the overall system
dynamics in an I/O black box modelling frame-
work. The goal is to identify the complete system
response, and the tests can be categorised as fol-
lows:

– Force measurement: By restraining the Waves-
tar while it is excited by waves, and measuring
the resulting forces, it is possible to characterise
the system response described by G1.

– Excitation: In the absence of wave excitation,
the system dynamics described by the map G2

can be determined by actuating the controlled
DoF (through the PTOs) and measuring the
associated force-to-velocity relationship.3

– Validation tests: These tests use real-world (scaled)
sea state (SS) conditions to validate the identified
model and evaluate the performance of the con-
trolled device under realistic operating conditions.

It is important to note that, while the Wavestar can be
easily restrained (locked) for force measurement tests,
in practice, this may not always be straightforward.
Consequently, an alternative approach to obtaining the
G1 map is through free motion tests. This involves
exciting the system in uncontrolled conditions to cap-
ture the wave-to-velocity map (i.e., G� as described in
Sect. 2.3).

3 Please note that, a detailed analysis of such tests is not provided
within this study, being already well-known and defined in the
current literature [14,21,35]. For further details, the interesting
reader can refer to [40], in which the G2 map is identified for the
Wavestar device.

The wave excitation conditions tested during this
experimental campaign are summarised in Table 2. For
irregular wave conditions, the period and height refer
to the peak period and significant wave height, respec-
tively. The statistical distribution of the wave is repre-
sented herein by the JONSWAPspectrum [43],which is
a characteristic spectrum for enclosed seas. This spec-
trum can be defined, according to the parameters in
Table 2, as a function of the peak period (or frequency),
significant wave height (proportional to the square root
of the area), and the parameter γ ∈ [1, . . . , 7], repre-
senting the peak enhancement factor.

A graphical description of the parameters on the
wave spectrum is provided in Fig. 5. Please note that all
the spectra are drawn with the same significant wave
height (i.e., the same area and consequently, the same
energy content), and the same peak frequency. The
parameter γ modifies the shape of the spectrum and the
associated frequency distribution. A common value for
enclosed seas is 3.3, while for the third wave (SS3), a
peak factor of 1 is chosen to excite a broader range of
frequencies.

3.3 Results

The system response is depicted in Fig. 6. Please note
that, the system velocity is indicated with θ̇ , which
defines the angular velocity w.r.t. point A (see Fig. 4).
Given the nonlinear nature of the system, it is essential
to select a range of excitation conditions to fully char-
acterise the system response across different excitation
amplitudes. In this study, three different excitation sig-
nals are employed, as indicated by the thick grey lines,
while the averaged response maps are represented by
the bold black lines.4 We would like to emphasise the
importance of selecting representative excitation con-
ditions in terms of both amplitude and frequency. Since
the control actions are synthesised by leveraging the
IM principle, which is based on linear assumptions,
the representativeness of the associated linear model is
fundamental.

As discussed in Sect. 2.1, effective control synthe-
sis via IM requires selecting the appropriate matching

4 Although a partial understanding of the system dynamics is
necessary to define a sufficiently large frequency bandwidth, the
amplitude can be determined by matching the energy content of
the excitation conditions to that of the real sea state conditions,
as discussed in [40].
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Table 2 Wave conditions tested during this experimental investigation

ID Type Period [s] Height [m] γ Duration [s]

Identification tests

WN1 White noise [0.5, 10] 0.01 – 300

WN2 White noise [0.5, 10] 0.03 – 300

WN3 White noise [0.5, 10] 0.05 – 300

Validation tests

SS1 JONSWAP 1.412 0.063 3.3 300

SS2 JONSWAP 1.836 0.104 3.3 300

SS3 JONSWAP 0.988 0.0208 1 300

Fig. 5 Representation of the JONSWAP wave spectrum

frequency. In contrast to devices where the controlled
DoFs differ from the hydrodynamic ones (see [36] for
further details), in the case of the Wavestar, the differ-
ences between the wave spectrum and the excitation
force spectrum are minimal due to the non-resonant

nature of the map G1. The slight differences between
the wave and force spectra can be observed, for exam-
ple, in Fig. 7 for SS2.

Therefore, the matching frequency is chosen as the
peak frequency of each wave spectrum. By achieving
the IM-based controller as the complex conjugate of the
system impedance, control parameters can be defined
based on a specified controller structure. We would
like to remark how this method is widely adopted in
wave energy field [9,16,22], and it represents a funda-
mental step to avoid the non-causality of the complex-
conjugate operator. In this campaign, a proportional-
integral (PI) controller is used to optimise power out-
put and evaluate system performance. Please note that,

Fig. 6 Best linear approximation of the system wave-to-force and force-to-velocity map. The black bold line refer to the averaged
values w.r.t. the thick grey ones

123



Constraining impedance-based controllers 18313

Fig. 7 Wave and force spectrum for the SS2

while the PI structure is adopted herein to achieve
control synthesis, the developed methodology serves
a broader range of controllers, as a consequent exten-
sion of the IM application for WECs. The controller
parameters are defined as:

ki = −ωm
(Hopt
G (ωm)), kp = �(Hopt

G (ωm)),

ki,c = −ωm
(Hopt
G,c(ωm)), kp,c = �(Hopt

G,c(ωm)),
(15)

where {ki , ki,c} ∈ R are the integral controller param-
eters for the unconstrained and constrained IM-based
condition cases, respectively, and {kp, kp,c} ∈ R are
the corresponding proportional parameters. In Fig. 8,
the interpolation achievedwith the experimentally opti-
mized structure is shown to clarify the interpolation
procedure and the definition of the implementable con-
troller. It can be observed that the PI control structure
effectively matches the optimal control structure at the
matching frequency, while the interpolated controller
can significantly deviate from the optimal one over a
broader frequency range. This issue arises when the
exciting force spans a wide frequency range. However,
it should be noted that the wave input is generally a
narrow-band signal, and the wave-to-force map typi-
cally behaves as a band-pass filter [36]. For the sake of
clarity, it can also be observed that in the analysed case,
the map G1 shown in Fig. 6 closely behaves as a zero-
phase filter, exerting minimal influence on the wave
excitation spectrum, as further highlighted in Fig. 7.

Closed-loop stability is not inherently guaranteed by
the choice of controller parametrisation (i.e. the con-
troller is not inherently passive). Therefore, the system
closed-loop stability has been assessed from a practical
perspective by checking the resulting linear model I/O
stability.

Table 3 presents the control parameters. It is impor-
tant to note that, for a reactive PI controller as used here,
the addition of a real impedance only affects the propor-
tional parameter. This is because the reactive integral
part aims to “tune” the system resonance to the exci-

Fig. 8 Example of the interpolation of the PI control structure
with the optimal one for the SS3

Table 3 Control parameters for each sea state

Sea State ki kp ki,c kp,c

SS1 −52.06 2.82 −52.06 9.26

SS2 −67.36 2.58 −67.36 8.48

SS3 −17.77 2.90 −17.77 9.75

tation frequency. Therefore, the constrained action is
achieved by increasing the proportional damping. The
parameters arising from the proposed constrained IM-
based procedure are selected to halve the system veloc-
ity standard deviation in unconstrained IM conditions.
To achieve this, the added impedance is computed as
the solution of an optimisation problem, i.e. by min-
imising the value of the added impedance Ia , subject
to the constraint described in �.

We wish to emphasise that the constrained approach
proposed and applied herein focuses on limiting the
system velocity. Constraining the prototype response
is crucial for achieving reliable performance during
an experimental campaign. This is because the con-
trol action, synthesised using a model-based controller,
relies on linear assumptions. If the controller pushes
the system beyond these linear assumptions, such as
driving the Wavestar on the verge of the waterline, the
synthesised control actions and the associated power
performance may not accurately represent the system’s
behaviour.

Figure9 presents the velocity results for the WEC.
Taking advantage of the force measurement tests
described in Sect. 3.2, it is possible to appreciate a
detailed, zoomed comparison among the system veloc-
ity in constrained and unconstrained conditions, and
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Fig. 9 The floater velocity θ̇ under constrained and unconstrained conditions (blue and yellow, respectively). The plot includes a
zoomed-in view on the right-hand side. Furthermore, on the right-hand side the wave excitation force is reported (in black).

the wave exciting force. It is evident that the proposed
constrained IMprocedure, designed to satisfy the phase
synchronisation specified by the impedance principle,
respect such condition. Consequently, the velocities in
both constrained and unconstrained cases are phase-
aligned.

Additionally, by analysing the control parameters
and wave data reported in Table 3 and 2, we observe
that while SS2 represents the most energetic exciting
sea state, it is also the most distant from the system res-
onance. Specifically, the system resonance is approx-
imately at 7.5 [rad/s] (refer to Fig. 6), which results
in a higher integral component of the controller for
SS2, i.e., a higher reactive power is needed to tune the
system resonance to the exciting wave condition. In
contrast, SS3 corresponds to the resonant wave con-
dition, and it is possible to appreciate that the instan-
taneous power is produced almost entirely by active
power, i.e., in the case of a PI controller, generated
by the proportional term of the controller. It is closer
to the system resonance in terms of peak period and
features a peak enhancement factor of 1, which pro-
duces a broad banded spectrum. This flatter spectrum
distributes wave components across a broader range of
frequencies, thus exciting the system resonance more
effectively. The resulting constrained system response
ratio is:
σθ̇,c

σθ̇

= [0.503, 0.671, 0.505], (16)

Fig. 10 Control force measured by the load cell ( fLC , as shown
in Fig. 4) for SS2 under constrained and unconstrained conditions

for SS1, SS2, and SS3, respectively. While for SS1 and
SS3 the constrained controller effectively halves the
system response, its performance is less effective for
SS2.

This performance discrepancy can be attributed
to the force limitations imposed by the hardware.
Although the IM strategy aims tomaximise energy har-
vesting, which can require potentially large forces, the
actual applied force is constrained by a driver satura-
tion limit of 60 [N] to prevent damage. Consequently,
the controller cannot fully adhere to the IM conditions,
leading to suboptimal performance for the constrained
controller. This issue is exacerbatedby the fact that SS2,
while being the most energetic sea state tested, is also
the furthest from the system resonance condition. In
Fig. 10, the controller force measured at the load cell is
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Fig. 11 Instantaneous power output for all tested conditions.
The mean absorbed power is indicated by P

shown for SS2, illustrating how PTO saturation signifi-
cantly limits the control action in unconstrained condi-
tions.While the constraint handling approach proposed
and implemented within this study aims to reduce the
systemvelocity, a side effect is a significant reduction in
overall control actions. Although the constrained con-
dition results in less effective control and a reduction
in harvested energy for SS2, the presence of satura-
tions in a real scenario leads to a loss of representative-
ness of the adopted model, thereby introducing errors
in the definition of control actions. This outcome can
be observed by analysing the power output presented
in Fig. 11.

For SS1 and SS3, the constrained controller, by
adhering to the imposed constraints, approaches a sub-
optimal control synthesis, which results in reduced
power absorption.We would like to remark that, in
the case of the aforementioned sea states, given the
absence of saturation effects and the accurately iden-
tified model, the control synthesis is highly effective.
By leveraging the IM principle in unconstrained condi-
tions, it is possible to provide a representative control
action that effectively maximises the power output of
the system. Furthermore, in constrained conditions, the
target constraint (of limiting the motion to 50%) is per-
fectly met, as shown in Eq. (16).

However,whenhard constraints are present, this out-
come is not necessarily true. In fact, the constrained
controller can achieve higher power harvesting com-

pared to the unconstrained one, as it operates more
effectively within the saturation limits.

Synthesising a controller with an impedance-based
approach offers a significant advantage in simplicity.
However, when the system exhibits significant nonlin-
earities, the importance of synthesising a control action
capable of constraining the device response becomes
crucial. The results demonstrate that the proposed con-
strained approach effectively confines the devicewithin
the desired parameters, highlighting the importance of
a constraint-handling strategy when nonlinearities are
present, as these can lead to a loss of representativeness
in the model.

4 Conclusions

The IM principle represents a powerful tool for defin-
ing a straightforward yet effective control strategy for
wave energy systems. However, this technique is inher-
ently based on linear assumptions, meaning the con-
trol action may no longer be effective when operating
conditions push the model outside its range of valid-
ity. While the applications of IM extend across various
domains, experimental investigations remain a crucial
step in the development of marine energy technologies,
such as WECs. In this context, evaluating system per-
formance can be particularly challenging when control
actions are synthesised using model-based approaches,
as uncertainties related to prototyping can be signifi-
cant.

This paper proposes a constrained methodology
for impedance-based control within a generalised
modelling framework, demonstrating how the con-
trol action can constrain the device motion while still
respecting the impedance phase condition. The pro-
posed control strategy is experimentally tested and
compared against unconstrained conditions using the
Wavestar prototype at the Aalborg experimental facil-
ity. The identified model accurately represents the sys-
tem, allowing the controller to confine device motion
within predefined limits. Furthermore, the performance
of the constrained controller is evaluated under nonlin-
ear force saturation conditions, demonstrating a signif-
icant increase in power output, as the synthesised con-
strained control action more accurately reflects real-
world operational conditions.
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