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Abstract: This paper discusses the combined application of the Acoustic Emission (AE)
technique and a Lattice Discrete Element Method (LDEM) to study the damage process
in cement mortar specimens subjected to three-point bending tests. The experimental
work was carried out in a previous study by the research team. The specimens contain
macro-capsules filled with a polyurethane resin that promotes a self-healing mechanism
upon crack formation. The numerical model here developed provides an estimate of the
fracture energy of the resin, which is difficult to obtain by relying purely on experimental
results. Furthermore, this study includes the analysis of both fracture energy and Acoustic
Emission energy based on experimental tests using the same specimens. Through the
comparison of experimental and numerical results, a correlation between the toughness of
the specimens and AE activity is established. The findings indicate that, for the self-healing
specimens, there is a decrease in fracture energy as the emitted Acoustic Emission (AE)
energy increases.

Keywords: self-healing cement-based materials; macro-capsules; polyurethane resin;
discrete element method; acoustic emission

1. Introduction
The study of self-healing concrete and cement-based materials has shown a rapidly

increasing trend in recent years due to the practical need to build structures with extended
service life that require minimum maintenance [1]. Previous studies have focused on
several aspects of this innovative type of material, such as the different options for (in-
trinsic/stimulated) autogenous healing [2–7] or autonomous healing [8–12]. As indicated
in [13], autogenous healing refers to the self-healing capacity intrinsic to concrete, which is
achieved naturally through continuing hydration of cement grains, carbonation of calcium
hydroxide, physical–mechanical blockage of the crack caused by deposition of impurities
and loose particles in the crack flanks, or by expansion of the hydrated concrete matrix.
The autogenous healing mechanism can be further improved by incorporating mineral ad-
ditions, crystalline admixtures, fibers, nanofillers, and internal curing agents (in these cases,
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the self-healing mechanism is generally referred to as stimulated autogenous). In contrast,
autonomous healing refers to the self-healing capacity provided by the incorporation of
unconventional engineered additions, such as capsules containing a healing agent, which is
the focus of the present work. The evaluation of the impact of this new class of construction
materials from an economic and environmental viewpoint [14–20], and the testing methods
to characterize their performances [21–23], have also received great attention from the inter-
national scientific community, including the contribution of specialists in Non-Destructive
Techniques (NDTs) [24–34]. The fracture energy and crack propagation properties hold
substantial significance among the characterization parameters, as they serve as crucial
indicators in determining the suitability of a material for a specific application. In this sense,
the Acoustic Emission (AE) technique is a good strategy to monitor the damage evolution
in quasi-brittle materials. Similarly, AE and other methods based on the propagation of
elastic waves into quasi-brittle materials can be effective in monitoring the reverse phe-
nomenon, i.e., the self-healing behavior. This area has gathered significant attention, and
studies have been conducted focusing on this aspect with a heavy reliance on experimental
findings [24,35,36]. For example, an exhaustive list of references on this topic can be found
in [37]. The present study investigates the correlation between AE signals and the fracture
energy of self-healing cement mortar specimens subjected to three-point bending tests,
based on the substantial analysis of the interaction between AE signals, Kinetic, Elastic,
and Dissipated energy during the damage process provided in [38,39].

Relying purely on experimental testing could make it difficult to isolate and under-
stand the contribution of the healing agent in the fracture energy of the tested specimens.
Moreover, it would be highly beneficial to have instruments to acquire further insight into
the behavior of self-healing cementitious materials and to optimize them without depend-
ing only on trial-and-error procedures. In this regard, numerical methods can be very
helpful, and are attracting increasing attention from the scientific community interested in
the development and characterization of self-healing cementitious materials [40,41]. Tradi-
tional computational mechanics analysis usually relies on the finite element method (FEM),
which is based on continuous-media hypotheses. This is well fit for material modeling
whenever damage can be related to plasticity effects and residual deformations, such as in
metal alloys, some classes of polymers, and composite materials. However, for materials
where residual deformations are small and damage is governed by energy dissipation, these
tools show some limitations. Such is the case of quasi-brittle materials, for example, rocks,
ceramics, and concrete. There are additional implementations in the FEM to model these
characteristics, such as the cohesive interface method [42] and the extended finite element
method (XFEM) [43], among others. In [44,45], the advantages and limitations of these
approaches to model the damage process in quasi-brittle materials are discussed. Some
applications of such modeling methods to self-healing cementitious materials include but
are not limited to [46–48], in which the authors used these types of models to capture the
damage-healing behavior of either autogenous or autonomous self-healing cementitious
material systems.

On the other hand, discrete element methods (DEMs) could be viewed as an alterna-
tive approach, wherein a continuum medium is conceptualized as a network of discrete
elements. In this regard, besides the method used in the present work, other viable op-
tions are the Peridynamics approach [49–56], the fiber bundle model [57,58], and the fuse
model [59–61], among several others which are commonly related to the study of fracture
and collapse. Regarding the study of the fracture characteristics in concrete, the use of
particle-based methods originally introduced by Cundall and Stack is mentioned in [62].
In the context of self-healing cementitious materials, several discrete methods were used
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to model different features of these materials, such as the Lattice Beam Network Model
(LBM) [63–66] or the Lattice Discrete Particle Model (LDPM) [67].

In this work, a modified version of the Lattice Discrete Element Method (LDEM), first
proposed by Riera in 1984 [68,69], is employed to study the fracture energy of a polymeric
resin used as a healing agent in capsule-based self-healing systems, and to analyze the
evolution of the fracture surface in self-healing mortar specimens subjected to three-point
bending tests. In the LDEM, the continuum is represented by a cubic network consist-
ing of massless uniaxial elements connected to punctual mass elements. The theoretical
foundations of this method will be discussed in the subsequent sections, along with the
contribution provided by the authors in this field, in some relevant previous studies.

In addition, this study provides a deeper insight into the relationship between the
Acoustic Emission energy, as resulting from previous experiments on the same capsule-
based self-healing systems [70], and the fracture energy numerically determined through
the LDEM.

In this way, the current work contributes to scientific progress in two main aspects.
First, it demonstrates the potential of the Lattice Discrete Element Method employed in
this study as a tool for simulating the self-healing process of concrete, thereby enhancing
our understanding of it. Second, it establishes a correlation between the toughness of the
specimens and their AE activity, opening new opportunities for the purposes of monitoring
the evolution of self-healing systems.

2. Materials and Methods
2.1. Specimens and Mechanical Tests

The experimental work analyzed in this study was carried out in a previous work by
some of the authors [70]. It focused on capsule-based self-healing mortar systems using
a polymeric resin as a healing agent. Specifically, the healing agent is a one-component
polyurethane (PU) resin produced by Minova CarboTech GmbH Branch Italy (Milan,
Italy), Carbostop U [71]. This resin reacts and hardens in contact with moisture from
the atmosphere or from the concrete matrix. To avoid unwanted polymerization before
testing, the resin was sealed in cementitious tubular macro-capsules measuring 55 mm in
length, approx. 5.5 mm in internal diameter, and approx. 8 mm in external diameter. They
were manufactured according to previous experiences from the research team [72]. These
cementitious capsules have been proved to be effective in encapsulating highly moisture-
reactive healing agents [73]. To further protect the healing agent inside the capsule and to
avoid any premature hardening, the capsules were coated with a commercial epoxy resin
(Plastigel, API SpA, Genova, Italy). The capsules were incorporated (one per specimen)
into prismatic beam elements with dimensions 40 mm × 40 mm × 160 mm, made of an
ordinary cement mortar mixture. Portland cement (CEM II 42.5 A/LL, Buzzi Unicem
SpA, Casale Monferrato, Italy), standard sand (size 0–2 mm), and tap water were used.
The ratio of water/cement was up to 0.50, while sand/cement was up to 3. The capsule
containing the healing agent was fixed in the center of the mold by means of a nylon thread,
about one-third in height, in accordance with [72]. A U-shaped notch was also made in the
samples, using a removable plastic piece that was attached to the bottom of the mold. The
length of the notch and its height were 4 mm. The mold was filled in two layers and each
layer was compacted on a jolting table by 60 jolts. In addition, the mold was covered with
plastic sheets until demolding, the day after casting. Finally, the samples were cured in a
saturated humidity environment for one week. A specimen and its dimensions can be seen
in Figure 1.
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Figure 1. (a) Schematic of the testing procedure and the specimen dimensions, (b) one of the tests
performed in laboratory and, a specimen (c) after pre-cracking and (d) after a reloading test, where
the resin expansion can be clearly observed. Adapted from [70,74], under the terms of the CC BY and
CC BY-NC-ND licenses, respectively.

In this study, the test data of three self-healing specimens, before and after the au-
tonomous release of the resin upon cracking, will be discussed.

The mechanical testing was conducted in two parts, each performed using a servo-
controlled hydraulic testing machine (MTS) with a maximum load of 250 kN and an
accuracy of ±1.0%. This machine has an electronic control mechanism that allows tests
to be performed either in load control or displacement control. The tests were performed
by simultaneously acquiring AE signals. The first part was performed on the self-healing
specimens in their initial (virgin) state and consisted of pre-cracking, i.e., static loading
performed by Crack Mouth Opening Displacement (CMOD) control up to a target value of
approx. 800 microns under loading. According to the authors’ experience, this limit value
for the CMOD, considered in the first step of loading, allows the rupture of the cementitious
capsules and thus the triggering of the self-healing effect, the same way as it would happen
in real structures as a consequence of the formation of medium-large cracks [72]. More
details about this point are shown in [70,74].

The device used for CMOD measuring was a DD1 clip gauge manufactured by HBM,
which was placed below the specimens across the notch. The mid-span vertical displace-
ment of the specimen was also measured using the vertical stroke of the MTS equipment’s
piston. This initial mechanical test allowed the creation of a crack at the mid-span of the
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specimen, hence activating the capsule breakage and triggering the self-healing mechanism
through the autonomous release of the resin contained inside the capsule. The second part
was a static reloading. This was performed on specimens once the resin resealed by the
capsule upon pre-cracking had hardened, and was carried out under the same conditions
as the first pre-cracking test. Figure 1a represents a schematic of the testing procedure,
Figure 1b depicts one of the tests performed in laboratory, and Figure 1c,d depict one speci-
men after the pre-cracking and reloading tests, respectively, where the resin expansion can
be clearly observed. For the sake of clarity, in the following, the results of the pre-cracking
tests (and/or the related specimens) will be denoted by VI (standing for “virgin”), while
the results of the reloading tests (and/or the related specimens) will be referred to as SH
(standing for “self-healed”).

More details about the experimental campaign carried out are presented in [70,74].

2.2. Acoustic Emission Technique

In the present work, the AE technique is used to obtain information about the damage
process in the VI and the SH specimens. This technique consists of capturing internal
instabilities in the material core (movements or internal failure) called “events”. These
perturbations emit elastic waves that arrive at the AE sensors as “signals”. Several signals
captured by different surface AE devices can be linked to the same event. Using the tempo-
ral distribution captured by different AE devices, one could perform the localization of the
events in the time and in the spatial domains. Furthermore, the signal information enables
the computation of global parameters, providing insights into the potential occurrence of
sudden increases in AE activity. This, in turn, can indicate the presence of local instabili-
ties or even the impending collapse of the system. For more extensive details on the AE
technique, refer to [37] and other relevant sources. In the present work, the mechanical
behavior of the VI and the SH specimens is investigated using AE signals, captured during
the experimental tests (Figure 2), and numerical simulations carried out in accordance with
the experiments.
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Figure 2. Illustration of an event produced by an internal local instability and the signals captured
by the AE sensors on the surface of the material. Note: the figure has illustrative purposes only; the
position of the sensors is different from that of the sensors in the experimental tests. It is important to
note that the highest signal amplitude occurs when the sensor is close to the location of the event.
Adapted from [75], under the terms of the CC BY license.

Regarding AE data acquisition, two Lunitek AEmission sensors were used (model
LT18-003-PRD00-R0, Lunitek SrL, Sarzana, Italy) with a frequency range of 15–625 kHz [76].
They were placed on the upper face of the specimens, in correspondence with the supports.
The sensors were attached to the specimens with modeling clay. The data acquisition
system used a sampling frequency of 5 MHz and stored the data in a parametric format [34].
The parameters recorded for each detected signal were as follows:
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• Signal onset time: The time of the first reading beyond the detection limit: 49 dB
(280 µV). The amplitude threshold was chosen based on previous experiences in
the use of the sensor and acquisition system. In other applications carried out by
the research team with the same AE system, the same threshold was used, see for
example [34].

• Peak amplitude, expressed in dB, A = 20 log10(V), with V being the amplitude of the
AE signal in µV.

• Number of oscillations (counts): Number of intermediate crossings of the 49 dB
threshold by the signal. It is also used to estimate the average frequency (AF) of AE
signals from the counts–duration relationship (duration ≡ end time − start time).

• AE energy: In this study, two energy measures were considered. The first is derived
directly from the AE equipment, where the area below the signal curve is computed as
an output parameter. This method of computing the AE signal energy will be referred
to as “MACHINE”. The second measure is the signal energy presented by RILEM [36].
In this second case, the AE signal energy is estimated as half of the rectangle area
formed by the signal peak amplitude and its duration [36,77]. This alternative energy
measure will be referred to as “RILEM”.

2.3. Numerical Procedure Used in the Simulation: Discrete Element Method (LDEM)

A version of the discrete element method was used to perform the simulations. The
main characteristic of this method is the possibility of naturally simulating the fracture
and fragmentation in the system studied. In [78], several alternatives are revised using this
method. Specifically, in the present case, a version of the discrete element method formed
by elements proposed originally by [68] is used, here called the Lattice Discrete Element
Method (LDEM). The LDEM approach represents solid systems as a set of uniaxial elements
and nodal masses, forming regular cubic arrangements of cells of 20 bars and nine nodes
each, as depicted in Figure 3a. The nodes have three degrees of freedom corresponding to
the translations in the Euclidean Space. Two types of bars are used in the model, the normal
bar Ln, that defines the cubic cell size, and the diagonal bars of length Ld =

√
3Ln/2. The

properties of the LDEM elements with the elastic isotropic medium can be related using
Equations (1) and (2),

δ =
9ν

4 − 8ν
, α =

9 + 8δ
2(9 + 12δ)

(1)

An= αL2
n, Ad =

2√
3
δαL2

n, (2)

where ν denotes the material’s Poisson ratio, whereas the normal and diagonal elements’
initial axial stiffnesses are EAn/Ln and EAd/Ld, respectively, with E representing the
material’s Young’s modulus. For ν = 0.25, the cubic array in Figure 3a yields the exact
representation of the isotropic continuum, while other values of ν cause small differences
to appear in the shear terms [79]. Other possibilities of arrangements and their link with
other forms to define the stiffness of elements can be found in the literature [80].

To consider the possibility of representing nonlinear behavior, the softening law
for quasi-brittle materials proposed by [81] is implemented using a triangular Element
Constitutive Relationship (ECR) for the LDEM longitudinal and diagonal elements pre-
sented in Figure 3b, which allows accounting for the irreversible effects of crack nucleation
and propagation.
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of the CC BY license.

Figure 3b describes the constitutive relation assumed by the LDEM model for the force
exerted by a bar as a function of its strain, where εp represents a critical strain where a
maximum force is reached for the bar.

The elastic limit strain, εm, is a local limit strain, and εr is the critical failure strain.
Since the area under this curve is proportional to the energy accumulated by the bar as
it undergoes deformation, for a given point P, the area of the triangle OAP (striped area)
indicates the energy dissipated by damage, whereas the triangle OPC (gray area) is related
to the elastic strain energy stored in the bar. If the external load is relaxed at the point P, the
return slope is lower than the initial one because the element is partially damaged. When
ε = εr, the damage energy density equals the fracture energy and the element fails, losing
its load-carrying capacity. Each element’s equivalent fracture area A∗

i is chosen to ensure
that the energy dissipated by continuum fracture matches its discrete representation. For
such purpose, the fracture of a cubic sample of dimensions Ln × Ln × Ln is considered.
Under compression, as the material is assumed to remain linearly elastic with the initial
slope EA, failure is induced by indirect tension. In a quasi-brittle material, tensile collapse
stress is commonly around 1/10, allowing the indirect capture of realistic behavior up to the
body’s maximum compression load. In addition to one of those approaches, the strains εp

and εr are related to the material’s equivalent length deq as follows by Equations (3) and (4),

εp =

√
Gf

E deq
, (3)

εr= εpdeq

(
A∗

i
Ai

)(
2
Li

)
. (4)

Here, GF represents the fracture energy of the material. An important observation
regards the physical meaning of deq, which represents the minimum length for a crack to
propagate in unstable form. That is, if a crack with a length greater than deq develops in the
structure, it will propagate in an unstable way when a critical level of loading is applied [79].
The equivalent length deq can be determined by means of the so-called Brittleness number
proposed by Alberto Carpinteri [82,83], a dimensionless number defined according to
Equation (5),

s =

(
GfE
D

)0.5

σp
, (5)
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where D represents the characteristic length of the structure and σp is the failure stress. As
shown in [82], for the LDEM constitutive law, considering that σp= E εp, and combining
Equations (3) and (5), it is possible to write

s =

(
GfE
D

)0.5

σp
. (6)

In Equation (4), A∗
i is each element’s equivalent fracture area, defined to ensure that the

energy dissipated by fracture of the continuum equals that of its discrete counterpart. The
sub-index indicates the type of element referenced (diagonal or normal). These relations
are discussed in more detail in [82]. The random nature of the material was considered,
perturbing the LDEM mesh and considering that the material’s fracture energy GF is a
random field with a Weibull distribution characterized by a mean value variation coefficient
and length correlation. After carrying out the spatial discretization, it is possible to write
the Motion Equation presented by Equation (7),

M
..
u+C

.
u + f − p = 0, (7)

in which u is the vector of generalized nodal displacements, M is the diagonal mass matrix,
C is the damping matrix, and f and p represent the internal and external forces acting on
the nodal masses, respectively. If M and C are diagonal, the system is not coupled, and
explicit central finite differences can be used to integrate the equations of motion in the
time domain. As a result, since the nodal coordinates are updated at every time step, large
displacements are accounted for naturally.

To ensure that the overall formulation is diagonal, the model’s damping is assumed
proportional to the mass (Equation (8)),

C = DfM (8)

where Df
∼= 2πfmζm is derived from the peak model’s energy spectrum, with fm and ζm

representing the corresponding natural frequency and damping ratio, respectively.
The version of the discrete element method (LDEM) used in this study has been

applied in previous publications from the research team [82,84]. Several references in which
AE tests were simulated using the LDEM will also be discussed as follows.

The AE was simulated in the numerical model, capturing in the surface nodes the
acceleration values during the damage process simulated. The area below the signals
is a measure of the AE energy. The energy balance is also computed in each time step,
that is, the Elastic, the Kinetic, and the Dissipated energies during the simulation (please
refer to [39] for more details). In particular, the temporal derivative of the Kinetic energy
computed is similar to the distribution of AE signals, but it does not consider the energy
loss that could happen between the generation of the AE event and the detection of the
signals by the AE sensors. In Figure 4a,b the energy balance when a typical event happens
is described. It is understood that, when an event happens, an abrupt fall in the Elastic
energy (Eele) can be observed, with an abrupt increment in the Dissipated energy (Ed) due
to the internal fracture in the system, and a fluctuation of Kinetic energy (Ek).
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Figure 4. Qualitative link between the information computed during the energy balance and its
relationship with the AE signal in the numerical model. (a) The time evolution of the Elastic energy
(Ee), Dissipated energy (Ed), and Kinetic energy (Ek) in a typical time interval where an event happens.
The time derivative of the Kinetic energy (∆Ek) and Dissipated energy (∆Ed) are also presented.
(b) The superposition of the time derivative of the Kinetic energy (∆Ek) and Dissipated energy (∆Ed)
with the AE signal captured in the AE device (A). The red box shows the initial region of (b) enlarged
to perceive the delay between the arrival of the energy derivatives (∆Ek, ∆Ed) and the AE signal (A).
In the simulation, the energy changes are computed locally and instantly. However, to compute the
energy of the AE signal, the mechanical wave induced by the event must travel through the specimen
to reach the AE device. Only when it arrives at the device is it finally computed, which explains the
observed delay. Adapted with permission from [39], copyright 2013, Elsevier.

Figure 4a presents the superposition of the AE signal captured in a virtual sensor on
the numerical model surface (A), and the changes in Kinetic energy ∆Ek(t) and Dissipated
energy ∆Ed(t). The similarity between the AE signal signature A(t) and ∆Ek(t) is evident. Fi-
nally, in Figure 4b, the delay between A(t) and ∆Ek(t) is shown. ∆Ek(t) is directly computed
from the Kinetic energy calculated in the energy balance during the simulation. However,
∆Ek(t) is computed when the event occurs, whereas the AE signal A(t) experiences a delay
compared to ∆Ek(t). The delay occurs since the AE signal is captured by the AE device
after the arrival of the elastic wave. These aspects are discussed in [39].

Regarding the self-healing process studied in this work, the LDEM provides three
valuable characteristics for the analysis: first, it allows us to obtain the energy balance
(Elastic, Kinetic, and Dissipated energies); second, it can successfully reproduce AE tests;
and third, it can also model the test used to compute the fracture energy, in accordance
with experimental works. In fact, in a previous work published by some of the authors,
the LDEM was used for the simulation of AE tests in quasi-brittle materials (similar to
the ones considered in the current work) [69]. Other approaches using discrete element
methods have been used by other authors to simulate the self-healing process in concrete,
but without including AE tests ([66,67]).

2.4. Numerical Model Using LDEM for a Beam with and Without Self-Healing Capability

To obtain insights into the change in the fracture energy due to the triggering of the
self-healing mechanism, numerical simulations were performed to reproduce the behavior
of the VI specimens during the pre-cracking tests, and of the corresponding SH specimens
during the re-loading tests. The following procedure was used. Initially, the capsule
containing the healing agent was modeled with elements with no stiffness, because the
resin inside it is liquid in the initial state, and hence it cannot provide any contribution in
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terms of stiffness. The capsule is indicated as the green region in Figure 5. The pre-crack
was modeled by weakening elements in the central region. After simulating the virgin
specimen and reaching the maximum load, significant damage occurred, and the specimen
was unloaded. In this configuration, the area within the capsule and its surroundings
contained a substantial number of completely broken elements, exceeding the deformation
level εmax > εr. At this point, it was determined that the simulation of the pre-cracking of
the virgin specimen was complete.
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Figure 5. LDEM numerical model (a), schematic view, representing the boundary conditions and
model acting forces, and (b) the discretization level in the notch region and in the cylinder with
the resin.

The self-healing transformation was then activated. This was achieved by consider-
ing that the broken elements possessed new strength properties after the expansion and
subsequent polymerization of the resin inside the crack, and their initial length was equal
to the length reached at the conclusion of the virgin specimen simulation. The elements
with partial damage, characterized by a deformation level εmax ranging between εr and
εp (εr > εmax > εp), remained unmodified. This hypothesis assumes that, if the elements
were not completely broken, the resin did not reach their position, and the self-healing effect
was not present. In the second part, the capsule region and its surroundings assumed the
new strength properties. In the current implementation, the pre-crack region corresponding
to the notch was not healed in the simulation because of the relatively big gap between the
notch faces (4 mm). However, as shown in Figure 1c,d, the PU resin was able to expand
not only in the crack region but also in the notch, solidly adhering to its faces. Therefore,
to provide a more realistic simulation, this criterion will be further studied in the ongoing
research, along with other parameters that govern the simulation of the healing process.

In Table 1, the material properties considered for the cement mortar and for the hard-
ened polyurethane resin (PU) are presented. Three possible values of fracture energy
for PU were considered. The mechanical properties of the cement mortar (E = 2.18 GPa,
GLDEM,VI

f = 80 N/m, σp = E εp= 4 MPa) were calibrated by means of the pre-cracking
results. Using Equation (3), these material parameters could be translated as the in-
put properties presented in Table 1. Notice that the value of deq in the present case is
deq = 0.01 m. As discussed in [83], deq may be regarded as a material property, since it
does not depend on the discretization level of the numerical model mesh. Moreover, when
a crack of this length nucleates inside the specimen, it could propagate in unstable form
under a critical level of stress.

For the PU for the SH specimens, the input density was maintained, and the Young’s
modulus was adopted as E = 2 GPa. The three possible values for the fracture energy of
the PU are a “weak” one (GLDEM,PU,inp

f = 35 N/m, σp= E εp = 0.36 MPa), an “intermediate”

one (GLDEM,PU,inp
f = 70 N/m, σp = 0.51 MPa), and a “strong” one (GLDEM,PU,inp

f = 140 N/m,
σp = 0.73 MPa). By utilizing Equation (3) once again, it was feasible to compute a consistent
value of deq = 0.5 m for the three SH specimens’ input data. In other words, the self-
healing mechanism introduced in the damaged regions a material (PU) with reduced
strength, but with enhanced ductility. It should be noted that the aim of these simulations
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was not to replicate experimental findings, but rather to aid in the understanding of the
healing mechanism.

Table 1. The input parameters used in the numerical model.

Material Property Value

Density (ρ) 2000 kg/m3

Mortar fracture energy (GLDEM,VI,inp
f ) 80 N/m

Poisson Ratio (ν) 0.25
Equivalent length deq

v (m) 0.01
PU fracture energy (GLDEM,PU,inp

f ) * 35 N/m 70 N/m 140 N/m
Equivalent length deq

SH (m) 0.50
Coefficient of fracture energy variation (CVGf) 100%

LDEM cubic cell side 1.0 × 10−3 m
Number of cubic cells (width by height by length) 103 × 41 × 41

* Three different values of fracture energy were tested, as will be discussed.

3. Results
3.1. Measurement of the Specific Fracture Energy: Comparison Between Experimental and
Numerical Results

The results on the specific fracture energy obtained experimentally (mechanical and
AE tests) and numerically (LDEM simulations) are reported graphically in Figures 6–11
and discussed in the following.
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Figure 6. The load vs. displacement and AE energy signal (a) for one experimental test and (b) for
the LDEM simulation, considering the input data presented in Table 1 for the “intermediate” resin
with Gf

LDEM,PU,inp = 70 N/m. (Left): virgin specimen test (pre-cracking); (right): SH specimen test
(re-loading). The AE energy plots were normalized with arbitrary values for the sake of visualization,
0.05 for the RILEM and 6 for the MACHINE.
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Figure 7. Experimental and numerical results considering the “weak” resin, Gf
LDEM,PU,inp = 35 N/m.

(Left): virgin specimen (pre-cracking) test; (right): SH specimen (re-loading) test. Note: the Kinetic,
Elastic, and Damage energies are from the numerical model. The AE energy was normalized with
respect to the AE energy at the peak load.
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Figure 8. Experimental and numerical results considering the “intermediate” resin, Gf
LDEM,PU,inp

= 70 N/m. (Left): virgin specimen test (pre-cracking); (right): SH specimen (re-loading) test. The
vertical lines (a)–(f) are linked with the measurement of the ligament area sL(δ) shown in Figure 10.
Note: the Kinetic, Elastic, and Damage energies are from the numerical model. The AE energy was
normalized with respect to the AE energy at the peak load.
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Figure 9. Experimental and numerical results considering the “strong” resin, Gf
LDEM,PU,inp = 140 N/m.

(Left): virgin specimen (pre-cracking) test; (right): SH specimen (re-loading) test. Note: the Kinetic,
Elastic, and Damage energies are from the numerical model. The AE energy was normalized with
respect to the AE energy at the peak load.
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Figure 10. The fracture surface of the Gf
LDEM,PU,inp = 70 N/m model with the partial configuration.

(a–f) correspond to the dashed lines (a)–(f) in Figure 8. Broken bars are indicated in red, damaged
bars in blue, and resin bars in green.
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Figure 11. Different views of the partial configuration obtained with the LDEM model. Broken
bars are indicated in red, damaged bars in orange and resin bars in green. Cyan points correspond
to control points for crack opening measurements. (I–III): The broken element distribution after
the virgin specimen reaches the maximum load: (I) oblique, (II) transversal, and (III) lateral views.
(IV–VII): The lateral view of the broken and damaged bars, as delimited in the black box in (III), for
increasing levels of the vertical prescribed displacement, δ. (VIII,IX): Lateral views of the specimen,
where only the damaged (orange) and broken (red) bars are visualized.

To determine the experimental fracture energy Gf of the specimen, the W0 energy was
first calculated as the area under the load-displacement curve [85] which was obtained via
the trapezoidal rule (Equation (9)),

W0 =
N

∑
i=2

(δ i − δi−1)(
Fi+Fi−1

2
) (9)

where δ and F are, respectively, the displacement of the piston (in mm) and the force (in
Newtons) measured by the testing machine at two consecutive data points i and i − 1, and
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N is the total number of data points acquired during the test. Then, to obtain the fracture
energy, the W0 energy was divided by the virgin specimen ligament area (Equation (10)),

Gexp
f,0 =

W0

sL
(10)

In the experimental case, the ligament area used was considered as (40 mm × 36 mm),
that is, the cross-section area minus the notch area (40 mm × 4 mm). This procedure was
adopted because measurements of the ligament area during the experimental test were not
performed. This measure of Gf,0 was computed in two ways using both the experimental
data and using the LDEM information. The two measures will be referred to as Gf,0

exp and
Gf,0

LDEM, respectively.
The dissipated energy can be calculated in various configurations during the numeri-

cal simulation. As a matter of fact, in each configuration, the dissipated energy for a specific
prescribed vertical displacement (δ), known as Wdis(δ), can be determined. Correspond-
ingly, the ligament area can be identified in this configuration.

The ligament areas reported in Figure 10a–f correspond to the dashed lines (a)–(f)
in Figure 8. This ligament area sL(δ) was computed as a weighted mean considering the
broken and damaged elements in the specimen cross-section. The broken elements had
a weight of 1.0 and the damaged ones had weight varying between [0.0, 1.0], relative to
their level of damage. With these considerations, the alternative measure of fracture energy
Gf

LDEM(δ) can be defined by Equation (11),

GLDEM
f (δ) =

Wdis(δ)

SL(δ)
(11)

Figure 6 presents the evolution of the AE results vs. the prescribed displacement
applied for one experiment, and its corresponding LDEM simulation. Specifically, the AE
energy is shown using both the RILEM and MACHINE measurements previously defined
for the experimental results. The numerical model is defined with the input data presented
in Table 1, considering an “intermediate” resin with Gf

LDEM,PU,inp = 70 N/m.
Figures 7–9 show the results for the healed cases, “weak”, “intermediate”, and

“strong”, following Table 1. The experimental and numerical measures of the fracture
energy are consistent. In fact, the possibility of computing the fracture energy evolution
measuring Gf

LDEM(δ) could be complementary information to understand how the fracture
energy Gf,0

exp is reached. Notice that the results regarding the virgin specimens presented
in Figures 7–9 are slightly different because, in each simulation, a different set of random
parameters (with the same statistical distribution) was considered.

The load vs. prescribed displacement plots (first row) are presented for the virgin
(pre-cracking) and for the SH (re-loading) test, with the experimental results presented in
red and the LDEM results presented in black. The intermediate value of the PU fracture
energy (Figure 8) was the one that better approximated the experimental results. The initial
elastic slope and the peak load value were captured well, although a better adjustment is
necessary to capture the post-peak behavior. In particular, in the numerical simulations,
the residual strength was lower. This is considered to be acceptable for the purposes of this
study, because the residual strength depends on complex mechanics related to material
behavior, and simulating it is beyond the scope of our analysis in this work. Capturing the
post-peak behavior in both the virgin and self-healing specimens could be a focus for the
continuation of the research presented in this study.

In the second row of Figures 7–9, different values of Gf are presented. In the slashed
horizontal line, the input values used for the LDEM model are represented called, in the
plots, LDEM (input). These values also appear in Table 1, and the GfLDEM,VI,inp = 80 N/m
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for the virgin specimens and Gf
LDEM,PU,inp = 35, 70, 140 N/m for the SH specimens. The

Gf,0
exp (red triangle) and Gf,0

LDEM (gray triangle) are computed using Equation (10). Also,
the evolution of the fracture energy during the LDEM simulation, Gf

LDEM(δ), computed
with Equation (11), is indicated in the plots with black lines and circular dots.

In the third row of Figures 7–9, the Accumulated AE energy is presented. In these
plots, only the signals produced by Sensor 1, indicated with “Ch1” in Figure 5a, were
considered. The Accumulated AE Energy was measured using the RILEM procedure. In
the comparison between numerical and experimental results, the difference between the
two curves of the Accumulated AE Energy is evident after the post-peak is reached.

Finally, in the fourth and last row of Figures 7–9, the numerical energy balance
is presented.

In Figures 7–9, the SH specimen tests simulated using the LDEM are presented. A
characteristic displacement (δ*) can be defined in the simulation of the SH specimens as
the moment when the Accumulated AE energy begins to increase abruptly (the AE energy
values were normalized with respect to the AE energy in the peak load). In this case, the
characteristic displacement indicates the transition moment from AE “silence” to increased
AE activity. A smaller value of δ* would possibly indicate that the specimen in question
emits more AE energy than a specimen with a larger value of δ*. The premise being adopted
is that a specimen that starts to emit AE energy before (in the sense of the duration of the
experiment) will emit more AE energy overall than a specimen that starts to emit AE energy
later. In this sense, the characteristic displacement δ* could have a direct correlation with
the fracture energy Gf. A specimen with small Gf cannot absorb much deformation energy
and would tend to emit AE energy after small amounts of deformation (small δ*). This
hypothesis would have to be verified in further works by investigating more experimental
and numerical results.

Furthermore, analyzing (for the SH specimen simulation) the relationship between
fracture energy (the Gf,0

LDEM indicated with a gray triangle in Figures 7–9) and char-
acteristic displacement (δ*), the following behavior is observed: δ* = 0.17 mm for
Gf,0

LDEM = 105 N/m, δ* = 0.135 mm for Gf,0
LDEM = 68 N/m, and δ* = 0.118 mm for

Gf,0
LDEM = 45 N/m. That indicates an inverse correlation between the intensity of AE

activity and the fracture energy of the SH specimen, which agrees with the experimental
results presented in Section 3.2.

In Figure 10, the specimen cross-sections for the partial configurations (a)–(f) presented
in Figure 8 to compute the ligament area sL(δ) are used in Equation (9) to define the fracture
energy Gf

LDEM(δ).
Finally, in Figure 11, the view of different configurations obtained with the LDEM are

presented. In Figure 11VI, it can be seen that, immediately before the main crack propa-
gated in unstable form in the virgin specimen simulation, its length was approximately
10 × Ln = 0.001 m, then close to deq = 0.01 m. The pre-crack (corresponding to the notch)
grew in subcritical form up to arrive to a length close to deq, and then propagated in
unstable form. This is coherent with the definition of deq presented in the description of
the LDEM formulation.

3.2. Combined Analysis of Fracture Energy and AE Energy

Finally, the tendency of the specimen toughness to increase (or decrease) in relation to
AE parameters was investigated. The purpose of this analysis was to determine if there
could be a correlation between critical fracture energy measured (Gf,0

exp) and some typical
characteristics of AE signals that will be discussed as follows. In Figure 12, six values
for fracture energy computed using Equation (10) over the experimental tests data are
presented (three of virgin specimens and three of SH specimens).
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Figure 12. The overall experimental results of post-processing fracture energy vs. the intensity of AE
activity. Dots indicate experimental values, continuous lines the tendency. The data for the virgin
specimens are shown in black, and for the SH specimens in red. (a) Results in terms of fracture
energy Gf measured vs. different measurements of AE energy in arbitrary units [a.u]. AE units are
normalized for each measure (“RMS”, “MAX”, “ACUM”, “MEAN”) with respect to its maximum
value among all specimens. The measure of AE energy is presented in terms of the Root Mean Square
of the AE signal energy (RMS), the Maximum of the AE signal energy (MAX), the Accumulated signal
energy (ACUM), and the Mean value of the AE signal energy (MEAN). RILEM and MACHINE are
references to the procedure used to measure the AE energy. (b) Gf vs. accumulated Number of AE
signals (NUM). Ch1 and Ch2 indicate the sensors used in the tests, placed as illustrated in Figure 1a.

The results obtained are presented for both the RILEM and MACHINE measurements
of AE energy, utilizing the signal energy measurements from the AE sensors.

The characteristics of AE signals considered are:

1. The RMS value of the AE energy (RMS);
2. The maximum value of signal energy (MAX);
3. The accumulated value of AE energy (ACUM);
4. The mean value of the AE energy (MEAN);
5. The total number of AE signals recorded (NUM).

For the virgin samples, as depicted in Figure 12 with a black line, there was no
definitive pattern in the correlation between fracture energy and the measured AE signal
activity. However, excluding the diagrams in the first row, it can be stated that, generally, an
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increase in AE activity was noticeable when the fracture energy of the specimens increased.
However, for the SH specimens, a reverse pattern was observed where an increase in AE
activity corresponded to a decrease in specimen fracture energy, as shown by the red line in
Figure 12. To reinforce this trend, it is essential to collect more experimental results during
the ongoing research.

4. Conclusions
The present study investigates the mechanical behavior of cement mortar specimens

subjected to three-point bending tests, with a self-healing mechanism activated after dam-
age. The experimental work was conducted in a previous study by the research team. After
pre-cracking of the virgin specimens and the curing of the polyurethane resin (PU) responsi-
ble for the self-healing effect, a second test was conducted to assess the effectiveness of the
healing process. Continuing monitoring of the specimens’ behavior during the mechanical
tests was conducted via Acoustic Emission (AE) tests. The investigations presented here
extend the analysis of the experimental results through the combined application of the
Lattice Discrete Element Method (LDEM), a numerical method for modeling fracture in
solids and simulating AE tests.

The main conclusion of this study is that, in general, the self-healed specimens showed
a negative correlation between (absorbed) fracture energy and (emitted) AE energy. In other
words, the more energy a specimen can absorb, the less energy it emits. This is plausible,
because the total energy a specimen can release is the sum of the absorbed and emitted
parts. When the PU resin is introduced, it introduces a softening behavior that favors
energy absorption instead of emission by means of AE activity, which can be regarded as a
measure of tenacity.

This study also presents the LDEM as a viable numerical tool that can be of aid for
simulating self-healed materials. The LDEM simulations presented the same fracture
energy vs. AE energy trends found in the experimental results. The LDEM allowed
for the computation of changes in the ligament and fracture energy during simulation,
complementing the information obtained from experimental tests.

Future studies could focus on using the LDEM for investigating the stress distribution
in the specimen, as it is likely modified with the introduction of the PU resin. We also
believe that further tests need to be conducted in the continuation of the present research
to consolidate the trend presented in Figure 12. Additionally, experimental tests on similar
specimens (without the self-healing effect) should be carried out to verify how the healing
effect influences the mechanical behavior of the specimens.
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