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GENERALIZED MODULI OF CONTINUITY UNDER IRREGULAR
OR RANDOM DEFORMATIONS VIA MULTISCALE ANALYSIS

FABIO NICOLA AND S. IVAN TRAPASSO

ABSTRACT. Motivated by the problem of robustness to deformations of the input for
deep convolutional neural networks, we identify signal classes which are inherently
stable to irregular deformations induced by distortion fields 7 € L (R%; R?), to be
characterized in terms of a generalized modulus of continuity associated with the
deformation operator.

Resorting to ideas of harmonic and multiscale analysis, we prove that for sig-
nals in multiresolution approximation spaces U, at scale s, stability in L? holds
in the regime ||7||p~/s < 1 — essentially as an effect of the uncertainty principle.
Instability occurs when ||7||L~/s > 1, and we provide a sharp upper bound for
the asymptotic growth rate. The stability results are then extended to signals in
the Besov space B2d 7/12 tailored to the given multiresolution approximation. We also
consider the case of more general time-frequency deformations.

Finally, we provide stochastic versions of the aforementioned results, namely we
study the issue of stability in mean when 7(z) is modeled as a random field (not
bounded, in general) with identically distributed variables |7(z)|, z € R%.

1. INTRODUCTION

1.1. The problem of stability to deformations. In this note we consider a math-
ematical problem motivated by the theory and practice of machine learning, that is
the robustness of the output of a neural network under modifications of the input
datum. Let us briefly illustrate this issue by considering a function f: R — R.
Some basic transformations to be taken into account involve intensity perturbations,
that is f(z) = f(x) + h(z) for some h: R? — R, or signal deformations, namely
f(x) = F.f(2) = f(z — 7(x)) for some distortion field 7: R¢ — R%. We stress that
this model encompasses natural transformations such as translations or rotations.
Regardless of the variety of the architectures, the network under our attention can
be represented by a map ® from L?(R%) to some Banach space with norm || -|||. In
order to better appreciate the relevant phenomena, let us consider the classification
setting where ® acts as a feature extractor. A fair degree of stability of ® to small
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transformations of the input signal is a naturally desirable property in several contexts.
For example, consider the classic learning task of digit recognition from images of
handwritten symbols, where the input signals suffer from both intra-class and inter-
class variance, due for instance to differences in the position of the digit with respect to
the background or handwriting styles. As a rule of thumb, it is expected that a small
distortion of f into f should correspond to small norm discrepancy ||®(f) — ®(f)|
at the level of features.

The previous remarks thus lead us to require that ® enjoys a Lipschitz regularity
condition:

(1.1) I©(f) = NIl < CIF = fllz, [ ] € (R

The smallest constant C' > 0 for which such an estimate holds will be denoted by
Lip(®). Moreover, in the particular case of a deformation f=F,f of f, it would be
desirable for ||®(F;,f) — ®(f)]|| to be small whenever 7 is small with respect to some
distortion metric. We can distinguish at least two different angles on the matter:

e In keeping with the spirit of geometric deep learning [5], structural stability
guarantees are inferred from global and local invariance requirements that are
a priori embedded in the design of the network. A prominent example in this
connection is provided by the analysis of the scattering transform introduced
in [I8] (see also [6]: if ® is a scattering transform with fixed wavelets filters,
modulus nonlinearity and no pooling stages, it was proved in [I8, Proposi-
tion 2.5] that ® is a non-expansive transform (i.e., Lip(®) = 1), and in [I8|
Theorem 2.12] that, for every 7 € C?(R%RY) with ||V 7|~ < 1/2,

(12) Me(Ff) = (NI < ClI7llze +max{J 1V oo + [HT || Lo )| fllscate,

where || f|]scatt is @ mixed ¢'(L?) scattering norm (which is finite for functions
with a logarithmic Sobolev-type regularity), H7 denotes the Hessian of 7 and
27 is the coarsest scale in the dyadic multiscale analysis associated with the
network filters.

e In the case where little information on the architecture of the network is avail-
able or exploitable, one can only assume to satisfy a Lipschitz condition as
in (LI). In such cases, stability results for ® can be possibly inherited from
the inherent robustness to deformations of certain input signal classes. This
amount to determine a subset & C L?(RY) such that bounds for || F, f — f]| 12
in terms of some complexity metric of 7 can be proved if f € £. This is the
essence of the decoupling method introduced in |25} 26], [I5] to obtain stability
results for generalized scattering networks by exploiting sensitivity estimates
of the form || F; f — fl|12 < Ce||7]|7% || f || 2, which are proved for several classes
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of interest (including Lipschitz, band-limited and cartoon functions) and de-
formations 7 € C'(R% R%) with || V7|1 sufficiently smalll

A detailed comparison between Mallat’s scattering transform and generalized scat-
tering networks would lead us too far. For our purposes, we just stress that in both
cases the results are proved for regular (i.e., at least C1) deformations. In the case of
the scattering transform, one is ultimately confronted with the interplay between the
network multiscale architecture and the deformation regularity. Consider the case
where f is a band-pass function; roughly speaking, the condition ||[V7|p~ < 1/2
guarantees that F f is still localized in frequency, essentially in the same band of f,
therefore a stability result as in (L2]) is reasonable (although highly non-trivial to
prove) since the network separates scales by design.

On the other hand, the scope of the decoupling method goes beyond the analysis
of generalized scattering transforms: the weak requirement that & is Lipschitz sta-
ble as in (I.I)) allows us to virtually encompass any neural network where detailed
information on structural stability is merely not available. Actually, while most of
real-life neural networks are empirically observed to enjoy Lipschitz stability [22],
assuming solely this condition about the feature extractor is a worst-case scenario,
since other elusive forms of regularity are heuristically expected to occur as well —
such as regularization and cancellation phenomena across hidden layers. In fact, the
mathematical literature in this respect is quite limited (see e.g., [2, 27]) and the avail-
able provable bounds for Lip(®) are usually quite pessimistic, as they do not exploit
further structural information on the network.

Let us also highlight that, as observed in [18], the condition ||V7||z~ < 1/2 can
be relaxed to ||V 7|z~ < 1 but then the constant blows up when ||V 7|/~ — 1. The
same remark applies to the constants Cg of sensitivity bounds proved in [25] for band-
limited functions and in [I7] for functions in the Sobolev spacd] H L(R9Y). It is thus
natural to wonder whether stability results can be derived if |V 7|~ > 1 (therefore
x — x — 7(x) is no longer invertible) or even for less regular deformations, such
as discontinuous ones. Broadly speaking, irregular perturbations such as local pixel
shuffling of an image proved to be involved in sophisticate adversarial models such as
pixel deflection [2I]. They could also be used to model local distortion errors arising
in signal encoding, where robustness of classification is naturally expected, as well
as to compare contiguous frames of a video where pixels locally move in an irregular
fashion (i.e., discontinuous optical flows, pose estimation).

IPrecisely, ||V7||z~ < 1/2d in [25] and ||V7||~ < 1/2 in [I8]. This discrepancy is due to the
definition ||V 7| = |||V7]|||L~ where |V7| is the Frobenius norm of the matrix V7(z) in [18] and
the ¢°° norm of its entries in [25].

2Actually, the result in [I7] is stated for functions in the Sobolev space H2(R%). Inspection of the
proof and an easy density argument show that it actually holds for functions in the Sobolev space
H!(RY) of functions f € L%(R%) such that ||V f||z2 < oco.
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1.2. Robustness to irregular deformations. The previous discussion suggests
that the interplay between the deformation regularity and the network structure is a
subtle issue. In fact, it turns out that, unless a network is purposefully designed to
be stable to irregular deformations, stability results for ® at this low-regularity level
can only be obtained via the decoupling methods, hence passing on the robustness
issue to the input signal class. Indeed, in the context of irregular deformations, even
for well structured networks such as the wavelet scattering ones, it may happen that
@(E-f) = (Il ~ 1S = Fllze.

To be more precise, let us illustrate two kinds of peculiar phenomena that could
occur when dealing with irregular deformations — see also [20] for further details.

(a) Consider a band-pass function f oscillating at frequency 1/s (s > 0 being the
scale); even if ||7| = is small, it may very well happen that the energy of F. f
is amplified by a factor (||7||z/s)%?; see Figure [Al Hence, if ® is any energy
preserving map (|| fllzz < P S || f]lz2) then it follows from the triangle
inequality that [|®(F,f) — ®(f)II/[1fllz2 2 (I7]|z/5)¥? when [|7]| 1 is large
compared to s.

(b) Let f be a band-pass function, as above, oscillating at frequency 1/s; even
if ||7||z~ is small, when |||z~ is comparable to s it may happen that f
and F,f are localized in different dyadic frequency bands, see Figure [IBl
In particular, if ® is a wavelet scattering network, their energy will propa-
gate along separate frequency paths and thus the error || ®(F,f) — ®(f)||> ~

NS(E-HII? + |2(f)]I* will not be small if @ is energy preserving.

These phenomena are evident sources of instability in the case where || 7|1~ /s > 1
and ||7]| /s = 1 respectively. In passing, note that in order for F f to be well defined
as an element of L?(R?) for every 7 € L°(R?; R?), independently of the representative
of fin L*(RY), f must be assumed continuous at least — see again Figure [[Al for a
concrete reference.

We thus conclude that for irregular deformations one is forced to shift the ro-
bustness problem from the network architecture to the signal class. In keeping
with the spirit of mathematical analysis, let us emphasize that proving bounds for
|E-f — fllzz in terms of the deformation size ||7|p~ and | f||zz for suitable sig-
nal classes can be thought of as a generalization of a typical problem of harmonic
analysis, where the differentiability properties of certain function spaces are quan-
titatively measured in terms of the magnitude of some LP modulus of continuity
wplf1t) = |If(x +t) — f(@)|lze, t € R as [t| = 0 — cf. for instance [23, Chapter
V] for a classic reference on the topic. This approach allows one to fine tune the
regularity scale of a signal in a very precise way.
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FIGURE 1. (A) A signal f supported on [—s,s| and its deformation F,f, where 7(x) = x for
|z| < K, with K > s. The plateau level corresponds to the value f(0). The operator F. (with
the choice of T specified above) performs a single-point sampling of f, hence it does not make
sense on discontinuous signals.

(B) A signal f localized in frequency where |w| ~ s=t. With the choice of the deformation
T = slys—_1y, the signal F, f is low-pass (a similar example with f continuous is easily obtained
by smoothing the steps).

The previous remarks motivate focusing on a family of spaces where a precise
tuning of the scale is available, in order to elucidate the relationship with the defor-
mation size. We resort again to ideas and tools of modern harmonic analysis, namely
we consider multiresolution approximation spaces U, C L?*(RY), s > 0 [19], with a
Riesz basis given by a sequence of functions of the type ¢, ,(z) = s~%2¢((x —ns)/s),
n € 7%, where ¢ is a fixed filter satisfying certain mild regularity and decay condi-
tions (cf. Assumptions [A] [Bl and [C] in Section [{ below). Different choices of ¢ result
in diverse multiresolution approximations, including band-limited functions and poly-
nomial splines of order n > 1 — see the discussion in Example [(.1] below for more
details. In general, the introduction of a fixed resolution scale is also natural as a
mathematical model of a concrete signal capture system — cf. the general A/D and
D/A conversion schemes in [19, Section 3.1.3], and also [3| 4] for a similar limited-
resolution assumption in a discrete setting. The scale s (or rather s™') can also be
viewed as a rough measure of the complexity of the input signal, and the previous
discussion suggests that the ratio ||7||~ /s should appear in sensitivity bounds rather
than just ||7||z~, which is also expected in order to have dimensionally consistent
estimates.
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1.3. Generalized moduli of continuity for multiresolution spaces. The core
of our first result can be presented as follows. Under suitable assumptions on ¢ there
exists a constant C' > 0 such that, for every 7 € L>(R%; R%), s > 0,

Clllrllze /)Nl (l7llee/s < 1)

, U,.
ClITllzo/8) 21 fllzz - (Illzee/s = 1) I

(13)  |Ff = fllee < {

Stability guarantees for any Lipschitz network ® can thus be inferred by the fact
that [|®(F,f) — ®(f)|| < Lip(®)||Frf — fllzz- We refer to Theorem [5.7] for precise
statements. The estimate (L3) for ||7]|z~/s < 1 recovers and extends the results
proved in [25] for band-limited functions, now without any regularity assumption on
the deformation. In Section [ we show the sharpness of the estimate (L3]) in both
regimes ||7||p~/s > 1 and ||7||1~/s < 1.

In short, whenever we have a Lipschitz bound, we have a stability result in the
regime ||7|| /s < 1, which can be explained in heuristic terms as one of the manifold
forms of the uncertainty principle — see below for further comments in this connection.
Observe also that the rate of instability agrees with that of the previous discussion in
(a) when small-size oscillations, compared with the size of the deformation (namely,
if ||7]|Le/s > 1), are allowed.

Interestingly, for fixed f, we have in any case [|®P(F.f) — ®(f)|| = O(||7||r=) as
|||z — 0, although this asymptotic estimate is not uniform with respect to s. In
fact, in sharp contrast with (L2), the factor 1/s in front of ||7||~ associates with a
feature of the input signal (i.e., the resolution of f), whereas the invariance resolution
277 in (L2) is a fixed quantity that depends on the architecture of the network.
However, the example in Figure [B] above shows that in the framework of irregular
deformations, even for a fixed wavelet scattering network, we cannot hope for an
estimate whose quality does not deteriorate when ||7|| .~ becomes comparable to the
size of the oscillations of f. We thus infer that while the choice of wavelet filters
is crucial in [I§] to manufacture a transform that is Lipschitz stable to the action
of small diffeomorphisms, robustness under small and irregular deformations obeys
a more general rule, as already anticipated above. In this connection, we address
the reader to the aforementioned paper [20], where instability results are proved for
wavelet scattering networks and deformations at low regularity levels, namely for
distortion fields 7 € C%(R?%; R?) with 0 < a < 1.

The assumption that the input signal f belongs to U, could be judged not realistic
in practice. Rather, we often deal with signals that can be well approximated in low-
complexity spaces. For such signal classes we have again a stability result, which is
briefly outlined here in low-dimensional settings for simplicity — we refer to Theorem
for a general and precise statement. Let V; := Uy, j € Z, be a multiresolution
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analysis of L2(R?). There exists a constant C' > 0 such that, for every 7 € L>(R% R?),

IEf = flle < CITN2NF N oy d=1,2,
2,1

for any f € L?(R?) such that [|f]| ;a2 < oo, where BY? denotes the homogeneous
2,1 ’

Besov space tailored to the given multiresolution analysis [19, Section 9.2.3]. This
regularity level looks optimal in general — as already observed, f should be at least
continuous, and therefore in Bgf(Rd) if we consider the scale of L?-based Besov spaces
as a reference.

In Section [6l we prove estimates in the same spirit for more general time-frequency
deformations of the type F,,f(r) = ¢“@ f(z — 7(r)). Modulation deformations
are relevant in case of spectral distortions of input signals. These deformations are
approached here in a “perturbative” way — that is, by reducing to the results already
proved for the case w = 0.

The main technical tools behind our results are the properties of certain spaces X2,
tailored to the deformation scale » > 0. Such function spaces are usually referred to
as Wiener amalgam spaces and were introduced by Feichtinger in the "80s [10, T1]. As
the name suggests, they are obtained by means of a norm that amalgamates a local
summability of LP type on balls of radius r with an L? behaviour at infinity. They
are of current use in harmonic analysis and PDEs, possibly under slightly different
names and forms — see for instance [8, 24].

In Section [B] we collect the main properties of these spaces, while in Section (4] we
focus on the space X% of locally bounded functions, uniformly at the scale r, with
L? decay. This choice should not be intended as a mere technical workaround: in
Proposition 1] we prove that this class is indeed the optimal choice when dealing
with arbitrary bounded deformations, since for functions f € X2 N C(R?) we have
the clear-cut characterization

11l ooz = max{|| F; fllze : 7 € L¥(REGRY), |7l < 7).

Moreover, the local control offered by X?? can be effectively exploited to prove a
crucial embedding, cf. Theorem [5.3] which can be heuristically referred to as a reverse
Holder-type inequality for signals in Uy in the spirit of [24) Lemma 2.2], which can be
regarded as a novel form of the already mentioned uncertainty principle. Intuitively,
if a function f is localized in a low-frequency ball of radius R~! centered at the origin,
then f is approximately constant on balls of radius R. As a result, deliberately
ignoring the effect of the tails, its L* norm on a ball of radius » < R can be roughly
bounded by the L? norm on the same ball (up to a factor (R/r)%?). Strictly speaking,
amalgam spaces are needed to put these heuristic remarks on a rigorous ground,
leading precisely to the reverse Holder-type inequality stated in Theorem
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We adopted so far a deterministic model for the deformation, namely a ball in
L> (R4 RY), without any additional structure, and therefore we provided stability
guarantees in a worst-case scenario. In Section [8 we assume instead that 7 is a
random field with identically distributed variables |7(x)|, z € RY. We accordingly
study the issue of stability in mean, providing stochastic versions of the above results.
For example, we prove that

(1.4) BIF-S - fl3 < CEIYIf 120 d=1,2,

see Theorem [R.1] for the precise statement in any dimension, and for similar results
when f belongs to limited-resolution spaces U, as above. Here we set E[|r]¢] for
E[|7(z)]], the latter being in fact independent of 2. We also emphasize that the field
7 is no longer assumed to be bounded.

2. NOTATION

The open unit ball of R? with radius » > 0 and centered at the origin is denoted by
B,.

We introduce a number of operators acting on f: R? — C:

the dilation Dy by XA # 0: Dy f(y) = f(A\y);

the translation T, by z € R%: T, f(y) = f(y — x);

the modulation Mg by & € R%: M f(y) = e f(y);

the reflection: Zf(y) = f(—vy);

the Fourier transform (whenever meaningful, e.g. if f € L*(R%)), normalized
here as

Flo) = F()) = [ sy

The space L>®(R%; R?) contains all the measurable vector fields 7: R? — R? such that

| 7| e := esssup |T(y)| < oo.
y€ER4

We introduce the inhomogeneous magnitude (y) of y € R?, that is (y) = (1 + |y|>)"/2.

The symbol 15 will be used to denote the characteristic function of a set E.

While in the statements of the results we will keep track of absolute constants in the
estimates, in the proofs we will heavily make use of the symbol X < Y, meaning that
the underlying inequality holds up to a universal positive constant factor, namely

XSY = dC>0: X0V

Moreover, X <Y means that X and Y are equivalent quantities, that is both X <Y
and X SY hold.
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In the rest of the note all the derivatives are to be understood in the distribution
sense, unless otherwise noted.

3. MULTISCALE WIENER AMALGAM SPACES

The following family of function spaces will play a key role in the following.

Definition 3.1. For 1 < p,q < 0o and r > 0, we denote by X7 the space of all the
complez-valued measurable functions in R? such that

1/q
(3.1) [ Fllxps = (/ 1T F1%, 5 ) < o0,

with obvious modifications if ¢ = co. In the case where r = 1 we write XP9 for X,

Let us emphasize that X! coincides with the well known Wiener space of har-
monic analysis (cf. e.g. [I3| Section 6.1]). More generally, X?? coincides with the
Wiener amalgam space W (LP, L?) of functions with local regularity of LP type and
global decay of L type, first introduced by Feichtinger in the '80s [10, [I1]; recall that
the latter is a Banach space provided with the norm

I lbviwnar = ([ VT g ) |

where Q C R? is an arbitrary compact set with non-empty interior. In fact, different
choices of Q yield equivalent norms; typical choices include Q = B; and Q = [0,1]%.
Moreover, the following equivalent discrete-type norm can be used to measure the
amalgamated regularity:

1/q
(3:2) ||f||Xp,qx(ZHT_ka%p(Q)) S Q=[1)

kezd

We also highlight that XP? coincides with LP(R?) as set for any 1 < p < oo, but
the norm is rescaled:

Iz = 7] £l o-

A similar change-of-scale property holds with respect to X% in the sense of the
following result.

Lemma 3.2. For any 1 < p,q < oo andr > 0, we have that X1 = XP? qs sets, and

1,1
Ifllxps = r?GHa) || D xea.
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Proof. Let us consider the case p,q < oo for conciseness, the other cases following
easily. A straightforward computation shows that

q/p
I lpe = < L ([ 1ty d:v)
q/p
= vdz) d
r </Rd<Bl|f(at—|—rz)| z) x)
q/p
= ri/? (/ < 1D, f(r~ e+ z)|”dz) dx)
Rd \J B,
a/p 1/a
— pd/p+1/q) (/ < |D,,f(a:+z)|pdz) da:) :
Rd \JB,

that is the claim. O

1/q
1/q

1/q

For future reference let us examine some properties of the spaces X??. First, we
prove an embedding result that will be often used below.

Proposition 3.3. For any 1 < p1,ps2,q < oo with p1 < py, and r > 0, we have

1

11
£ llxprn < Cr G £ gpao,
where the constant C' > 0 depends only on d.

Proof. Fix z € R? and consider the mapping h,: y — |f(x+y)|. The standard Holder
inequality on the ball B, yields, with p such that 1/p; =1/ps + 1/p,

|T-ofllzor(B,) = |he - 1B, ||Le (B,
< NT_oflle28p)lI1B, ] e

1 1

< (@) T, flirao,
where C' is the volume of the d-ball with radius 1. The claim thus follows. O

In the following results we illustrate the behaviour of the spaces X?¢ under convo-
lution and dilations. In fact, the case with » = 1 is covered by the standard theory
of amalgam spaces (cf. [10, [16] and [7, Proposition 2.2] respectively), hence the result
for r # 1 follows by rescaling the norms in accordance with Lemma

Proposition 3.4. For any r >0 and 1 < py,p2,p, q1, G2, q < 00 such that
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we have

1f * gllxps < Cr=? fll gl xroe,
for a constant C > 0 that depends only on d.
Proposition 3.5. For anyr,s >0 and 1 < p,q < 0o we have

Cs=dmax(/pU/D|| f||ypa (0 < s < 1)

Dy flxre < . ,
“ fHqu—{Cs—dm‘“(l/p’l/q)||f||x,ff’q (s> 1)

for a constant C > 0 that depends only on d.

4. L*° DEFORMATIONS AND THE SPACE X2

Let us consider the class of deformation mappings F, associated with distortion
functions 7: R? — R? by setting

Fof(z) = flz — (z)),

where f: R? — C.

We prove that the class X°? is the optimal choice as far as sensitivity bounds
for arbitrary bounded deformations are concerned. The second part of the following
result can be regarded as a linearization of a maximal operator (cf. [12] Section 6.1.3]).

Proposition 4.1. We have
(4.1) [E fllze < W fllxeers = lI7llee,
for every f € X>*2NC(RY) and 7 € L>®(R%; R?).
More precisely, for every function f € X*NC(RY), we have the characterization

(4.2) 11l o2 = max{[|Fr fllz2 = 7€ L¥RERY, [|7] e < 7}

Remark 4.2. Note that the continuity assumption on f € X2 is essential in the
statement, otherwise f(x—7(x)) may not even be well defined in L? (i.e., independent
of the representative f ), as evidenced by the case T(x) = x forx € Bg and small R > 0.
See also Figure[IAl in this connection.

Proof of Proposition[[_1. 1t is clear that, for almost every z € R,
|f(z —7(x))| <sup{|f(z —y)|:y € R Jy[ < |I7]|e=},

and thus (1)) follows after taking the L? norm (the above supremum is the same as
the essential supremum because f is continuous).
For what concerns (£.2), it is enough to prove that

Ifll g < max{||Frfllze = 7€ L¥RERY), [|7]z <7}



12 FABIO NICOLA AND S. IVAN TRAPASSO

To this aim, notice that if we could design a measurable correspondence 7 between
r € R? and a point y* = 7(z) € B, where the function B, > y — |f(x — y)| attains
its maximum, then

max [f(z —y)| = |f(z = 7(2))| = [F7(z)],

ly|<r

and the desired conclusion would follow once taking the L? norm. The existence of
such a measurable selector is a consequence of the measurable maximum theorem [I,
Theorem 18.19] (in fact, an easier argument would give (A.2]) with the supremum in
place of the maximum, cf. [12, Section 6.1.3]). O

The following result provides a sensitivity bound for L? functions which are locally
(i.e., on every compact subset) Lipschitz continuous, uniformly at the deformation
scale. It should be compared with the result in [I7], valid for functions in the Sobolev
space H'(R?) and deformations 7 € C*(R% RY) with ||V 7|z~ < 1/2, hence regular.

Proposition 4.3. There exists a constant C' > 0 such that
(4.3) [Erf = fll2 S CllTlle IV fll xeors 7= lI7llee,

for every 7 € L®(R%R?) and every function f € X*? such that ||V f|| yee2 < 00,

loc
fore f is locally Lipschitz continuous after possibly being redefined on a set of measure

zero (cf. [9, Theorem 4, page 294]), in particular f is continuous. In the following we
will always identify f with its continuous version. Also, we set

(4.4) IVl oz = IV Il xpe2-

Proof of Proposition[.3. For x € RY, r > 0 let B(z,r) be the open ball in R? of
radius r and center x. By the Poincaré inequality for a balfl (cf. [9, Theorem 2, page
291]) we see that there exists a constant C' > 0 such that, for every » > 0 and z € R,

(4.5) |[f(x—y) = f(@)| S Cr|Vflli=Barn, lyl <r

Setting y = 7(x), r = ||7]|z~ and taking the L? norm lead to the desired conclusion.
U

Observe that the condition ||V f|[ ye2 < oo implies that Vf € L%, (R?), and there-

3That is ||f — fenllLeB@r) < CrliIVflLe(B(,r) where f, . is the average of f over B(x,r).
Since under our assumption f is continuous in R?, we can replace the L> norm in the left-hand
side by the supremum of |f|, and then one obtains ([£H) from the triangle inequality (by adding and
subtracting f, ).
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5. MULTIRESOLUTION APPROXIMATION SPACES

Fix ¢ € L*(RY) and recall [19] that the associated approximation space U, at scale
5 > 0 is defined as follows:

Us = Span{¢s,n}n€Zd7 ¢S7n(x> = S_d/zTnle/s¢(x> - S_d/2¢ <¥) '

In the rest of the paper we are going to deal with the following assumptions on ¢.
Assumption A. There exist constants A, B > 0 such that
(5.1) A<D |dw—27k)P < B forae weR™

kezd

This is equivalent to assuming that {¢s,} is a Riesz basis for Uy (cf. [19, Theorem
3.4] in the case where d = 1, while the result for d > 1 follows by direct extension of
the one-dimensional one).

We further assume one of the following regularity /decay conditions on ¢.

Assumption B. At least one of the following conditions holds.

(i) ¢ belongs to the Wiener space:
(5.2) ¢ € X

in particular ¢ is locally bounded and has a L' decay.
(ii) There exist a > 1/2 and B’ > 0 such that

(5.3) > () (w —27k)? < B for ae. w € [0,27],

kezd

where we introduced the weight function v(w) = (w;) - - - (wg), w € R%

Assumption C. At least one of the conditions (5.2) and (5.3) of Assumption [Bl is
satisfied for all 0;¢, j = 1,...,d, in place of ¢.

Example 5.1. This is a convenient stage where to present some examples of functions
satisfying the assumptions. Generally speaking, (5.2) is satisfied by any function ¢ €
L>®(RY) with compact support, while the same condition on the Fourier side (i.e.,
QAS € L>®(R%) with compact support) guarantees that [5.3 holds. To be more concrete,
let us provide some standard examples in dimension d = 1 — Assumption [Al will be
satisfied in all cases (cf. [19, Section 3.1.3, pages 69,70] ).

e The choice ¢ = 1oy, leading to piecewise constant approzimations (block sam-
pling), is easily seen to satisfy (5.2)) but not (53) for any o > 1/2, nor As-
sumption [C.
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sin(mx)

e The normalized sinc function ¢(x) = , corresponding to Shannon ap-

prozimations (i.e., band-limited functions), satisfies (B.3) for every o > 0, as
well as Assumption[d, but not (5.2).

e The B-spline ¢ of degree n, obtained by n + 1 convolutions of 1o 1 with itself
and centering at 0 or 1/2, can be characterized by its Fourier transform:

o (sin(w/2\"T s )1 (n is even)
#(w) = (T/2) el o= {0 (n is odd)

We see that if n > 1 then both (5.2)) and (B3)) are satisfied (for « <n+1/2),
as well as Assumption [A (the case n = 0 is covered by the previous case of

¢ = 1jo1)-

In Assumption [Bl we introduced the weight function v. Let us now define a com-
panion Sobolev space, for « € R, a > 0:

HY(RY) = {f € L*RY) : | fllag = l[v"fllz2 < oo}.

Roughly speaking, HZ(R?) consists of functions in L?*(R?) which have at least «
(possibly fractional) derivatives in the directions of the axes in L%(R?). It is easy to
realize that this space contains functions in the usual Sobolev space H%(R?) as well
as tensor products ¢1 @ ... ® ¢g4, with ¢; € H*(R), j=1,....d.

Proposition 5.2. If a > 1/2 we have the embedding HS(R?) — L>*(R?) N C(RY),
as well as
HG(R?) — X2,

Proof. The embedding in L*> follows at once from the chain of inequalities

1l S A ler < o™ llazl fo ez

and the fact that v=® € L2(RY) if a > 1/2. The embedding in C(R?) is then clear
because the space of Schwartz functions is easily seen to be dense in HZ(RY).
Concerning the embedding in X°2, let g € C>*°(R%), with g = 1 on B;. Then

1fllxeez S T-of - glleeolles SN Togllagliee SN fllag,
where the last inequality is proved in [13, Propositon 11.3.1(c)]. O
We now establish a crucial reverse Holder-type inequality for functions in Us.

Theorem 5.3. Let ¢ € L?(R?) be such that Assumption [4l is satisfied.
(i) If Assumption[B holds then there exists C' > 0 such that, for every r,s > 0,

(5.4) 1fllxe=e < CQ+7/8)"2 fllzz,  f €U
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(i1) If Assumption[d holds then there exists C' > 0 such that, for everyr,s >0,
(5.5) IVfllxmr < CsTH 1+ 1/8)2 fllz2, | €U

Remark 5.4. Let Py, be the orthogonal projection operator on Us. Since || Py,
1, (B4) is equivalent to

1Py, fll ez < CL+1/5)2 |l f € LARY).

Proof of Theorem[5.3. Let us commence with the proof of (5.4). Let {¢sn}neze be
the dual basis to {¢sn}tneza. If f € Us then

f = Z an¢s,na Qp = <f> Q;s,n>>

nezd

L2—L2

and by Lemma B.2] we have
£l o2 = 72| Dy f || 002

Z an¢s/r,n

nezd

X 0,2

()| Z e )

nezd
N\ d/2
-(5)

X 0,2

> as (S +y) —n) 1a,)

nezZd

L2
= I1D_ and(z +y —n)is, . (y)
nezad LZO 12
= ZanTn¢
nezd X:?f
N\ d/2
5.6 << —) T
(5.6) S(1+3) [ wbel|
nezd X 00,2

where in the last step we used Lemma and Proposition
Assume now (5.2), namely ¢ € X°!. Then the conclusion follows from (5.6) using
the equivalent discrete-type norm in (3.2)) (with @ = [0, 1]9):

> aTng

nezd

d/2
1Fllxe S (14 2)

X 0,2
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r d/2
S(+2) X lanlllote +y —n)ioly
nezd Zi
» 1/2
.
S (1 + g) 2. H<f>(’f+y)1Q||Ls:°> (Z ‘“n‘2>
kezd nezd

N
S(1+2) Helxea e,

where we used that ¢! x (2 — (% and ||a, || < || f]|z2-
Let us assume (B.3)) instead. By (5.6, it is enough to show that

> a T

nezd

S Az

X 0,2
Using the embedding in Proposition we obtain

> oaTng| S| anTnd

nezd X00,2 nezd

He

L2

1/2
S (@) (9w - 2wk>|2dw)

A

1/2
< |1 Fll 2 (0,2m)2) <ess sup > |(v9)(w — 27T7f)\2>

wel0,27] kezd
S ez

where we set F(w) = > 4 a,e”™ (which is a 2m-periodic, square integrable on
0, 27], function), and then used (5.3) and

’|F||2L2([o,27r}d) = Z |anl® < [ £II72-
nezd
The proof of (B.5]) goes along the same lines after differentiation in the representa-

tion f = ZnEZd an@s.n; the details are left to the interested reader. O

Remark 5.5. (i) It is easy to realize that if ¢ satisfies (5.3) then ¢ € HZ(R?) (it
is enough to integrate both sides of (B.3]) on [0,27]); as a result, if « > 1/2
then ¢ is continuous by Proposition [5.2.
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(ii) If ¢ € L*(RY) satisfies Assumption[d then ¢ has first order partial derivatives
locally in L™, hence ¢ is locally Lipschitz, therefore continuous.

(iii) If ¢ € L*(RY) satisfies the assumption A and B and is continuous, then U, —
C(R?) since the truncated sums > inl<n @nTsn® are continuous and (5.4) shows

that convergence in L? implies convergence in X°*? — L®(R?) for functions
mn Us.

() If s < r then the occurrence of the factor r/s in (5.4) can be heuristically
explained by the presence of highly oscillating functions in Us, which are not
stable under deformations of “size” r.

We are ready to provide deformation sensitivity bounds for functions in Us.

Theorem 5.6. Let ¢ € L*(R?) N C(R?) satisfy Assumptions[dl and [B. There exists
a constant C > 0 such that, for every 7 € L®(R% R%) and s > 0

(5.7) 1Fr fllze < CQA+ Tl /)21 fllz2, £ € Us.

Proof. The desired estimate follows by a straightforward concatenation of Proposi-
tion [, since the assumptions on ¢ imply that U, < C(R?) (cf. Remark B.5]), and
Theorem 5.3 with 7 = ||7|| . O

Theorem 5.7. Let ¢ € L*(RY) be such that Assumptions [, [B and [A are satisfied.
There exists a constant C' > 0 such that

Ul le (7l fs < 1)
5.8 Ff—flp < ,
58 [Eef =Tl {0<||rr|m/s>d/2||fuy (7l /5 > 1)
for every T € L°(R%RY), s > 0 and f € U,.

Proof. Let us consider first the case ||T]|~/s < 1. Combining Proposition with
Theorem 5.3 with 7 = ||7||p~ we infer, for f € Us,

17 f = Flle S ITllee IVl oo
S (Il /s) (X + 17l /5)72(1f | 2
S (I7llzee /)1 22

that is the claim.

The case ||7||z~/s > 1 can be approached via the triangle inequality, that is
VFrf — fllzz < ||F-flle2 + || fllz2, and Theorem (.6l O

Remark 5.8. More generally, the same result of Theorem [5.7 holds if f is replaced
on the left-hand side by Py, f for f € L*(RY), cf. Remark[5.4. Moreover, taking into
account the examples in Example [5.1 we see that Theorem [5.7 applies when U, are
approximation spaces of polynomial splines of degree n > 1, as well of band-limited
functions — which can be regarded as splines of infinite order.
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We conclude this section by extending the above stability bounds to signal classes
with minimal regularity. In addition to the assumptions of Theorem [(.7], we suppose
that V; == U, j € Z, define a multiresolution approximation of L?(R?), so that
Vi1 CVj. Let Wy be the orthogonal complement of Vj,; in V; and Py, be the cor-
responding orthogonal projection; for s € R, the corresponding homogeneous Besov
norm [19, Section 9.2.3] is given by

(5.9) = 277%|| Py, £l .

JEZ

Theorem 5.9. Under the same assumptions of Theorem [5.7, suppose in addition
that V; == Uy, j € Z, define a multiresolution approzimation of L*(R?).

There exists C > 0 such that for every 7 € L®(R%LRY) and f € L*(RY) with
I g <

(5.10) |Frf = Fllze < CUIT el Fllgy, + IrlE2 I N ga).  d 22,
and
(5.11) |Frf = fllze < CNTI2 Nl gy d=1.

Proof. We consider the decomposition
f= Z Py, f + Z Pw, f
(17l oo <27 21<||| oo
and apply (5.8)) to each term, hence we obtain
d/2 _j
(512) [Fof = fllee S W7l D2 279 Pw, flla+lI7lI0% > 2772 Py, fl e,
7]l 00 <27 21<]||7| o0

which implies the desired result if d > 2.
For d = 1 it is sufficient to continue the estimate in (B.12]) using

Yo 2P Sl < DS 27927 Py flle < el e
7]l 00 <27 7]l 00 <27 7
U
Remark 5.10. From the very definition (59) of the Besov norm, it follows that if
d>2 and f € L*(R?) with Hf||Bd/2 < 0o then ||fHB1 < 0.

Also, note that even in dimension 1 we have || F, f— f||L2 = O(||7||z=) as||T||L= — 0O
for every fized f € Ug and every s > 0, as a consequence of Theorem [5.7. However
this asymptotic estimate is not uniform in the ball || f||z2 + [|f]l 512 < 1, and the

2,1

factor ||7'||1L/c3> in (B.I0)) is instead optimal when looking for uniform estimates; see the
examples in Section [7 below. In dimension d > 2 it follows easily from (5.10) that
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NFrf—fllze = O(||7]|z=) as || 7|z — O uniformly for f in the ball Hf||L2+||fHB;/12 <
1. |

6. FREQUENCY-MODULATED DEFORMATIONS

In this section we extend some results proved so far to the class of time-frequency
deformation mappings F},, associated with distortion functions 7 € L®(R% RY), w €
L>*(R% R) by setting

Frof(x) = e“@ f(x - r(x)),
where f: R? — C. In case of trivially null distortions we write Fy,, and F., with
obvious meaning.

While most of the results above can be stated and proved with minor updates
for general deformations [}, we prefer to offer here a different perspective that
allows one to reduce to the results for F; in a straightforward way. Indeed, note that
F. ., = FoF; o and F; coincides with the deformation F; considered in the previous
sections. Moreover, for every f € L?(RY) we have that |F, o f|lrz = [|[Frof]|ze for
arbitrary measurable w, and

HFT,wf - f”L2 < ||F'r,wf - F—r,OfHL2 + HFT,Of - f||L2'
The second addend is already covered, while for the first one we have
1P f = Frofllee < e = Ulpo | Frofllze < llwllzec|| Frof |22
As a result, the bounds in Propositions B.1] and generalize as follow.
Theorem 6.1. We have
(6.1) [Erwflle S W fllxzezs = lI7llre,
for every f € X>®*2NC(RY) and 7 € L®(R%R?), w € L®(R% R).
Moreover, there exists C > 0 such that
(6.2) [Frwf = fllez < C7llee [V fll ooz + [lwllzoel[ fll xoo2), 7= [I7]|ee,
for every 7 € L*(R%4RY), w € L¥(RER) and f € X202 with ||V f]] g2 < 00.

With the same arguments of the proofs of Theorems 5.7, using the bounds in
Theorem whenever appropriate, we obtain the following generalization.

Theorem 6.2. Let ¢ € L*(R%) be such that Assumptions 4l [B and [ in Section
hold. There exists a constant C > 0 such that

ClllTllzoe/s + wllze)l[ fllze - (I7llzee/s < 1)
C(lI7llzo /)21 1|z (I7llzee/s = 1) 7

for every s >0, f € Us and 7 € L® (R4 RY), w € L®(R%R).

(63) ||F7',w.f - f”L2 S {
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We remark that for band-limited functions Us; = PWpg with s = 7/R and in the
relevant case where R||7||~ < 1 we recover the same bounds proved in [25] without
extra regularity conditions on 7 or w. Similarly, one could generalize the estimates in
Besov spaces of the previous section.

7. SHARPNESS OF THE ESTIMATES

We now study the problem of the sharpness of some estimates proved so far, focus-
ing in particular on the case of band-limited functions.
For R > 0 consider the space of band-limited functions
PWy = {f € L*(RY) : suppf C [-R, R]‘}.

We already commented in Example [5.1] that such a space of low-frequency functions
can be equivalently designed as a multiresolution space; precisely, we have PW g = U
with s = /R after choosing the normalized low-pass sinc filter ¢ = ¢y ® -+ - ® ¢ (d
times), with ¢o(t) = 7='/?sint/t, t € R, which satisfies Assumptions [A] Bl [C

Theorems and [5.7 above thus cover the case of band-limited approximations.
Precisely, (5.7]) now reads

(7.1) 1E fllzz < QA+ RliTllo) 2| fllz2,  f € PWr,
while (5.8)) becomes

CR| 7]l f]] > (BTl < 1)

, fePWg.
CR|Tle=)? | fllze (RlITllz~ > 1) :

(12)  |FS~ fle < {

We claim that the exponent d/2 appearing in the previous estimates is optimal. For
what concerns (1)), it suffices to consider fr € PWg given by fr = R¥2Dr¢, so

that || fg|lzz = 1 and Frn= (m/R)Y?1_g ga. Now, for K > 0 set
<
{7 el =B
0 (Jz| > K)
so that ||7]|p~ = K. Then, for |z| < K we have
Fy fr(x) = fr(0) = (B/m)"?,

and thus
I frllze 2 (R||7| ne=)">.

By the triangle inequality we also deduce
(7.3) 1Erfr = frlle 2 (Rl7ll=)®?,  Rl7ll= > 1,
which shows the sharpness of the exponent d/2 in ([.2]) as well.
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Concerning the sharpness of the estimate (Z.2) in the regime R||7||z~ < 1 we see
that if f = fr as above and 7(z) = (c,0,...,0) € R? (constant), for |c| R small enough
we have

1\¢ .
1B = fallt = (55) /[ e - 1\2dsz—d/ (cwr)?dw 2 (cR)™.
—R,R)4

[_RvR]d

8. RANDOM DEFORMATIONS

We now model the deformation 7(x) as a measurable random field, i.e. 7(z) =
7(z,w) depends on an additional variabld] w € U, where the sample space U is
equipped with a probability measure P, and the function 7(z,w) is jointly measurable
(see for instance [14, Chapter 3| for further details).

It is easy to realize that the results of the previous sections hold for almost every
realization of 7(z) if, e.g., ||7||z~ < oo, which must be intended hereinafter as the
essential supremum jointly in x,w. However, it turns out that some results hold, in
fact, in a mazimal sense. Precisely, an inspection of the proof of the formula (4.T])
shows that we have

(8.1) I fllzewollee < N[fllxpes 7= [I7llze,
and similarly (4.3) becomes
(8.2) ERf = Flleeollee < Clitllee IVl xeer, 7= lI7ll 2.

As a consequence, under the assumptions of Theorem [5.7] we have, for f € U,

Clllrllize/) ANz (I7llz=/s < 1)
ClIrllzoe /)21 fllzz - (I7llzoe/s > 1) 7

while arguing as in the proof of Theorem we get

(8.3) IIE-f = fllewolle < {

d/2
(8.4) IE=f = Flleeaolle < CUITllee< [ fll 5y, + ||THL/°°||fHB‘21/12)7 d>2,
and
1/2
(8.5) NE-f = Fle=aollzs < U2 gy d=1.

We are now ready to state our result concerning the stability in mean under random
deformations.

“In this section we do not consider frequency-modulated deformations, nor we use the notation
w for the frequency, hence there is not risk of confusion with the notation of previous sections.

5Actually, we could equivalently reformulate the main estimates of the previous sections as results
for the maximal operators sup, <, |f(z — y)| and supj, <, |f(z — y) — f(x)|. However, the above
presentation in terms of their linearized versions F, and F, — I seems closer to the spirit of the
intended applications.
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Theorem 8.1. Under the assumption[Al, [B and[din Section[d, there exists a constant
C > 0 such that, for every s >0 and f € Us,

(8.6) E||F,f — fll7z < CE[(|7l/s)* + (I7|/s) I f1I72,  d > 2,
and
(8.7) E|F.f — fll7. < CEmin{(|7|/s)* (I71/s)" NI fl72, d=1,

for every measurable random function T such that the random variables |7(z)|, * € R,
are identically distributed and the above moments are finite.

Moreover, if the spaces Usyj, j € 7, define a multiresolution approximation of
L2(RY), for the same deformations 7(x) and every f € L?*(R?) with HfHB‘zi/f < 00

we have

(8.8) E|Ff — fll7. < C(IE[ITIQ]||f||rf§51 +E[|7|d]||f||gg/12) d>2
and
(39) B|Ef — [ < ORIy d=1

For the sake of brevity, we wrote E[|7|?] in place of E[|7(z)|?], and similarly for
the other moments, since the variables |7(x)|, z € R?, are assumed to be identically
distributed. However, observe that the field 7(x) is not assumed to be bounded.

Proof of Theorem[81l Let us prove (86) and (87) first. Let us set

_ @) @i<r(@) <)
(@) = {O (otherwise) BEAE

Then we can write

IEf = fll7 = Z/ |Fy f(2) = f(2)PLggi1 <prj<ry (z) doe
jez YR

<3 [ Az @ )~ T
jez IR
Taking the expectation and setting p; = P({277! < |7(z)| < 27}) (note that p; is
independent of z) we get
E|Ff = fll72 <Y pillllFry f = flloseol7a-
jez

We use the estimate (83]) to bound each term and we obtain

E|Ff = fllze S | Do pi@/s) + > pi(2/s)" | Ifllz2s f €U

2i<s 5<27
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We now observe that, for every = € R?,

Y pi(2/8)* = Y B2/ L] S El(7(@)]/5) Lirwyssny]

2i<s 2i<s

and similarly

> pi(2/)* SE[I7(@)l/3) Lirwy/s>1/2]

5<27

SE[(7(@)/5)* L jo<tr@ss<y + (T@)/8) Liryyss13)-
Hence we have proved the estimate

E|F-f = fliz S E[(7@)l/5) Lr@ps<ny + (7@)/9) Lr@isnl 1 £

which gives (86]) and (81).
Similar arguments lead to the proof of (8.8) and (8.9), now using (84) and (8H). O
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