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ABSTRACT  

This paper uses the viscous-spring artificial boundary method and variable-kinematic finite beam elements to solve wave propagation problems in 
infinite space. According to the artificial boundary technique, springs and dashpots with appropriate elastic and damping coefficients are applied 
at the external surfaces of the domain to ensure the absorption of the incident waves. The finite-element matrices and vectors corresponding to 
various 1-dimensional kinematic models are obtained with the Carrera Unified Formulation. In particular, using Lagrange-type expansions for 
approximating the primary variables over the finite beam element cross-section has enabled the artificial boundaries to be easily applied. Both 
outer- and inner-source problems have been considered to compare the methodology with analytical and numerical solutions available in the 
literature. Moreover, the current approach has been adopted to solve wave propagation problems of a configuration consisting of a semi-infinite 
space and a beam-like structure on its free surface and subjected to various loading conditions. 

KEYWORDS: Carrera Unified Formulation, beam model, wave propagation, viscous-spring boundary method 
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solutions, and the infinite-element method [11 ]. On the other 
hand, the local artificial methodology guarantees that the outgo- 
ing wave at any point of the artificial boundary passes through 
the border itself [12 ]. The Sommerfield boundary [13 ], viscous 
boundary [14 ], transmission boundary [15 ] and viscous-spring 
artificial boundary ( VSAB) [16 ] are some strategies based on 
this concept. In particular, the VSAB uses simple mechanical 
analogs consisting of springs, dashpots and ( sometimes) mass 
elements to simulate the far-field infinite space surrounding the 
FE domain [17 ]. Thanks to its simplicity and flexibility, the 
VSAB approach has been utilized for exploring wave propa- 
gation transient mechanisms within 3-dimensional ( 3D) [18 ], 
cylindrical [19 ] and porous [20 ] media. 
This work combines high-fidelity finite beam elements de- 

veloped with the Carrera Unified Formulation ( 1D-CUF) and 
the VSAB strategy to investigate wave propagation problem in 
isotropic infinite spaces. CUF is a hierarchical formulation that 
automatically enables one to conceive FE formulations based 
on arbitrary kinematic ( or structural) theories. For pure elas- 
tic problems, the primary variables, namely the 3 components 
of the displacement field, are approximated by using products 
by arbitrary functions of the cross-section coordinates and the 
FE shape functions defined along the beam axis. The number 
and the nature of the cross-sectional functions are input param- 
eters of the analysis. The accuracy and computational efficiency 
of the CUF elements have been demonstrated in various engi- 
neering applications, including static [21 ,22 ], dynamic [23 –26 ], 
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1 INTRODUCTION 

ave propagation prediction in infinite media is crucial in many
esearch fields, such as acoustics, seismology and aircraft engi-
eering. Numerical methods were essential for the researching
nd engineering fields because analytical solutions were com-
only available for specific conditions, such as limitations of me-
ia or boundary conditions [1 –4 ]. Furthermore, in aircraft engi-
eering, the finite-element ( FE) method was commonly used to
erform strength verification on structural components of air-
raft under various operating conditions, for example, simulat-
ng the far field scattering problem of aircraft far from the inci-
ent wave source. The FE method [5 ] enables complex domains
nd material properties to be easily handled. For instance, the FE
pproach was employed to model composite meta-structures
onceived for vibration absorption [6 ] and evaluate the effect of
hermal relaxation time in poroelastic materials [7 ]. 
Meanwhile, simulating wave propagation in infinite space or
ith truncated boundaries due to excessively large computa-
ional models by using a numerical method requires the appli-
ation of appropriate boundary conditions [8 ,9 ] to reduce the
omputational domain to be discretized. These conditions can
e classified into two main categories: ( 1) global and ( 2) lo-
al artificial boundaries. The global approach ensures that the
utgoing wave across the outer surfaces satisfies all the field
quations and physical boundary conditions in the infinite do-
ain. Some methodologies presented in the literature that fall
nto this category are the boundary element method [10 ], series 
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Figure 1 Model for the viscous-spring artificial boundary, where the 
artificial boundaries are represented by colored areas. 
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stability [27 ,28 ], multi-field [29 ] and multi-scale [30 ,31 ] analy-
ses. At present, CUF is commonly used for studying the mechan-
ical analysis of structures, which have finite geometric bound-
aries. This paper innovatively attempts to establish VSAB based
on CUF, which can be used to study the propagation of elastic
waves in infinite or semi-infinite regions, expanding the applica-
tion scenarios of the CUF method. In addition, it is known from
existing literature that VSAB is often implemented through com-
mercial finite-element software, and the combination of VSAB
and CUF in this paper is novel and constructive, which balances
the stability and effectiveness of VSAB with the high efficiency
and accuracy of CUF, providing a foundation for future research
on a wider range of applications. 
This paper is organized as follows: ( i) the CUF and VSAB

formulations are presented in Section 2 ; ( ii) Section 3 presents
some numerical results, showing the validity and accuracy of
the proposed methodology; and, finally, ( iii) the conclusions are
given in Section 4 . 

2 ARTIFICIAL BOUNDARY  CONDITION IN 

CUF  FORM 

We consider a Cartesian reference system ( x, y, z ) , whose x –z
plane and the y -direction define the cross-section and the lon-
gitudinal axis of a 3D beam structure, respectively. The body is
elastic, and the deformations are assumed to be small, so the ge-
ometrical and constitutive relations remain linear. 

ε = Du, 
σ = Cε. 

( 1)

The matrices D and C, respectively, represent the linear dif-
ferential operator and the tensor of material coefficients that
relate the displacement u (x, y, z ) , strain ε(x, y, z ) and stress
σ (x, y, z ) vectors. According to the 1D formalism of the unified
formulation, the displacement field is written as follows: 

u (x, y, z ; t ) = Fτ (x, z ) uτ (y ; t ) , τ = 1 , 2 , ..., M, ( 2)

where uτ is the vector of the generalized displacements, Fτ is
cross-sectional functions and determine the class of the 1D-
CUF model and M is the number of terms included in the kine-
matic expansion. The generalized displacements can be approx-
imated over the beam axis by using the conventional FE shape
functions, Ni (y ) . Thus, Eq. ( 2 ) becomes 

u (x, y, z ; t ) = Fτ (x, z )Ni (y ) qτ i (t ) , i = 1 , 2 , ..., nel , 
( 3)

in which qτ i ( t ) is the vector of the nodal unknowns, nel denotes
the number of nodes per element, and the subscripts τ and i
indicate summation. 
The equations of motion are formulated using the principle

of virtual work that establishes the wel l-known equi librium rela-
tion between the virtual strain energy δLint , and the virtual works
done by inertial δLiner , viscous δLdamp and external δLext forces. 

δLint + δLiner + δLdamp = δLext . ( 4)
The substitution of Eqs. ( 3 ) and ( 1 ) into Eq. ( 4 ) leads to the
following expressions: 

δLint = δqT τ i K
i jτ s 
s qs j , 

δLine = δqT τ i M
i jτ s q̈s j , 

δLdamp = δqT τ i C
i jτ s q̇s j , 

δLext = δqT τ i F
τ i , 

( 5)

where Ki jτ s 
s , Mi jτ s , Ci jτ s and Fτ i represent the so-called funda-

mental nuclei of the stiffness matrix, mass matrix, damping ma-
trix and external load vector, respectively. The overdot stands for
time differentiation. The additional indexes s and j are used to
express the virtual displacement vector in the unified formula-
tion δu ( x, y, z ; t ) = Fs ( x, z) Nj ( y) qs j ( t ) and they have the
bounds of τ and i , respectively. The global FE matrices and vec-
tors related to arbitrary kinematic expansions are automatically
obtained by permuting the 4 indexes and assembling the fun-
damental nuclei [32 ]. Eventually, the equations of motion in the
time domain are as follows: 

Mq̈ (t ) + Cq̇ (t ) + Ks q = F (t ) . ( 6)

The Newmark time integration scheme is employed to solve
the system. For the sake of brevity, readers are referred to [23 ,33 ]
for details about this integration scheme. 
As the choice of Fτ and M is arbitrary, the basis functions avail-

able to simulate the displacement field at the cross-section can
be varied and extended to any order [34 ]. We have adopted 2D
Lagrange-type polynomials ( LE) to derive the structural the-
ory in this work [35 –38 ]. According to the LE approach, the
structure’s cross-section is discretized using an arbitrary number
of 2D sub-domains ( or sectional elements) delimited by some
points ( or sectional nodes) . Over each element, the kinematic
field is expressed as a linear combination of Lagrange-type poly-
nomials whose order is determined by the number of sectional
nodes. Thus, bi-linear, bi-quadratic and bi-cubic Lagrange poly-
nomials can be obtained using quadrilateral elements with 4, 9
and 16 points. The LE approach has two main features: ( 1) the
kinematic field approximation can be varied locally and ( 2) the
primary unknowns are the displacements of the sectional nodes.
In particular, the second feature is shared with the conventional
solid FE formulations and significantly facilitates the applica-
tion of the local artificial boundaries. Figure 1 schematically
shows a generic 3D domain discretized with bi-linear elements.
A mechanical analog is applied at each node belonging to the
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Figure 2 Implementation of viscoelastic artificial boundary 
flowchart based on the CUF framework FE model. 

5  

i
 

e  

a  

f

w  

o  

t  

a  

v  

t  

s  

n  

l  

d
 

t  

u

T  

t  

b  

fi  

p  

s

T  

i  

Y  

d  

o  

Figure 3 The beam-like configuration with L = 20, W = T = 0.2 m. 

Figure 4 Transverse deflection versus axial spring coefficient 
( Kx = Ky and Kz = 10 12 N/m) . 
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 truncated surfaces to ensure the transmitting conditions of an
nfinite media. 
The Ki and Ci values represent the elastic and damping co-
fficients along the three directions i = x, y, z of the springs
nd dashpots of the mechanical analogs and they are defined as
ollows: 

KN = Al · 1 
1 + A 

λ + G 

r 
, CN = Al · Bρcp , 

KT = Al · 1 
1 + A 

G 

r 
, CT = Al · Bρcs , 

( 7) 

here N and T denote the perpendicular and tangent directions
f the plane where the boundary nodes are located, Al is the total
runcated boundary area of all elements containing the bound-
ry node l, and A and B are the modified coefficients with the
alue of 0.8 and 1.1 [39 ], which are obtained from a number of
ests for good wave absorption. λ and G stand for the Lamé con-
tants, r indicates the distance between the wave source and the
odes on the artificial boundary, Cs and Cp are the shear wave ve-
ocity and compression wave velocity, respectively, and ρ is the
ensity. 
Based on the derivation of the above functions, Fig. 2 shows
he process of implementing viscoelastic artificial boundaries
sing the FE model under the CUF framework. 

3 NUM ERIC  AL  EXAM PLES  

he outlined approach for simulating various boundary condi-
ions has been assessed in this section. First, the deflections of a
eam-like structure were calculated by varying the stiffness coef-
cients of springs applied to its ends. Then, we analyzed waves’
ropagation due to outer- and inner sources within infinite and
emi-infinite homogeneous media. 

3.1 Static analyses of a beam-like structure 
he beam-like structure and the boundary conditions are shown
n Fig. 3 . The structure was made of an isotropic material with
oung’s modulus E = 75 GPa , Poisson’s ratio ν = 0 . 33 and
ensity ρ = 2700 kg/ m3 . The mathematical model consisted
f ten 4-node finite beam elements along the y -axis and a bi-
uadratic ( L9) Lagrange element over the cross-section. Springs
ave been applied at the nodes of the cross-section at y = 0 and
0 m , and their coefficients have been varied to simulate both
lastic and rigid supports. 
Figure 4 shows the maximum deflections in the z -direction
ue to a concentrated load F = 1 kN applied at the beam mid-
span. For comparison purposes, we reported the analytical re-
ults for simply supported ( S-S) and clamped–clamped ( C-C)
oundary conditions ( b.c.) calculated with the following formu-
as: uz = F L3 

48 EI and uz = F L3 
192 EI , where I is the moment of iner-

ia. Both configurations were accurately simulated by varying the
tiffness values of the axial spring Ky . 

3.2 The Lamb problem 

he first wave propagation analysis was carried out consider-
ng the domain shown in Fig. 5 . The material properties were
he following: density ρ = 1800 kg/ m3 , shear wave velocity
s = 500 m / s and Poisson’s ratio ν = 0 . 25 . The viscous-spring
oundary conditions were applied to the bottom and lateral sur-
aces, while a concentrated force was exerted on the top free
urface. 
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Figure 5 Computational domain and load condition for the Lamb 
problem with the dimensions L = 100, W = 100, and T = 50 m. 
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Figure 6 Transverse displacement at the point A( 70,50,50) for the 
Lamb problem: ( a) different mesh approximations and ( b) time-step 
used in the integration scheme. 

Table 1. Computational errors between simulation results and analyt- 
ical solutions. 

Time/s 0.1 0.15 0.2 0.25 0.3 0.35

Error 11.46% 2.66% 0.03% 0.35% 2.72% 2.86% 
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The load varied in time according to the following equation: 

F (t ) = 16F0 

[ (
t 
T0 

)3 

H
(

t 
T0 

)
− 4

(
t 
T0 

− 1 
4 

)3 

H
(

t 
T0 

− 1 
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)

+ 6
(

t 
T0 

− 1 
2 

)3 

H
(

t 
T0 

− 1 
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)
− 4

(
t 
T0 

− 3 
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)3 

×H
(

t 
T0 

− 3 
4 

)
+

(
t 
T0 

− 1
)3 

H
(

t 
T0 

− 1
)] 

, 

( 8

where H ( ∗) represents the Heaviside function, F0 = 10 GN is
the peak value of impulse and T0 = 1 . 0 s denotes the acting time
of impulse. Figure 6 -( a) shows the transverse displacements at
the point A ( 70, 50, 50) belonging to the free boundary calcu-
lated with various 1D-CUF models. 
The comparisons with the analytical solution revealed that

the discretization consisting of 10 bi-quadratic ( 10L9) elements
over the cross-section and five 3-node beam elements ( 5B3) led
to a convergent solution with the minimum number of degrees of
freedom ( DOF) . Taking the black curve 50L4&10B2-726DOF
in Fig. 6 ( a) as an example, 50L4 means fifty 4-node linear ele-
ments and 10B2 means ten 2-node beam elements, with a total of
726 degrees of freedom. On the other hand, the linear formula-
tions, namely models with L4 and B2 elements, required a higher
computational effort to predict the correct peak value. Moreover,
we evaluated the effects on the response of the time-step used
in the integration scheme by employing the 10L9&5B3 model
[see Fig. 6 ( b) ]. The results demonstrated that a 	t equal to
0.01 s provided a convergent solution. However, regardless of
which spatial and temporal discretizations have been considered,
there are slight discrepancies with respect to the analytical result
at 0.4–0.5 s. These mismatches have already been observed in
[18 ] and can be ascribed to the intrinsic numerical deficiencies
of VSAB and FE procedures. In the simulation calculation using
a personal laptop equipped with an R5-4600U CPU and 16 GB
RAM, the 10L9&5B3 case with minimal DOF required 184 s to
achieve convergence. The computational errors between simu-
lation results and analytical solutions at different time-steps are
shown in Table 1 . 
Finally, Fig. 7 shows the propagation wave on the free surface

at various instants. The simulation was performed by assuming a
lower value of the shear wave velocity than the previous example,
namely Cs = 75 m / s . It should be observed that the wave was
properly absorbed at 0.942 s by the artificial boundaries. 

3.3 The inner-source problem 

Contrary to the previous case, the VSAB conditions have been
applied to all six boundary surfaces for the inner-source problem
( see Fig. 8 ) . The CUF-FE model consisted of 25 bi-quadratic La-
grange elements over the cross-section and five 3-node beams
along the y-axis. On the other hand, the force and material data
were the same as in the previous case. 
Figure 9 ( a) and ( b) shows the transverse displacements of

points A ( 55,55,55) and B ( 70,50,50) as functions of time. Al-
though the current numerical method is based on 1D FE dis-
cretization, it perfectly reproduced the solutions deriving from
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Figure 7 Propagating wave over the free surface. 

Figure 8 Computational domain and load condition for the 
inner-source problem with the dimensions L = 100, W = 100 and 
T = 100 m. 
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Figure 9 Transverse displacements at 2 reference points for the 
inner-source problem and comparison with the analytical solution 
and the 3D-FE results of [18 ]. 

Figure 10 Computational domain and various load conditions for 
the superstructure problem with the dimensions L = 100, W = 100, 
T = 50, Ls = 20, Ws = 20 and Ts = 50 m. 
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he solid FE model and the analytical formulation proposed in
18 ]. 
Furthermore, contrary to what happened for the Lamb prob-

em, we did not observe any discrepancies between the FE mod-
ls and the analytical solution. 

3.4 Superstructure under various loading conditions 
he following numerical simulations concerned the responses
f a domain consisting of the semi-infinite space considered in
he Lamb problem and an additional structure placed above
ts free surface. This configuration was subjected to 3 different
oint forces, as shown in Fig. 10 , which were applied indepen-
ently. Equation ( 8 ) reports their time histories by assuming
0 = 50 kN and T0 = 0 . 5 . 
The domain was made of an isotropic material whose prop-
rties were as follows: density ρ = 1800 kg/ m3 , shear wave ve-
ocity Cs = 50 m / s and Poisson’s ratio ν = 0 . 25 . The 1D-CUF
odel consisted of 50L9&10B3 for the semi-infinite space and
0L9&2B3 for the remaining part. 
In Fig. 10 , the observation points C and D are located on the
urface of the half-space and the top of the superstructure, re-
pectively. Three loading cases are set up, and the coordinates
f the force application points are ( 50,50,50) , ( 50,50,100) and
 30,50,50) . It can be seen that the 3 loading cases have no obvi-
us effect on the maximum displacement amplitude of observa-
ion point C, but have a significant effect on observation point D .
he displacement generated by force F2 at the observation point
 is significantly higher than that in the other two cases, because
hen force F1 or F3 acts, most of the energy of the stress wave
ropagates in semi-infinite space, that is, absorbed by the artifi-
ial boundary, and only a small part propagates to observation
oint D . 
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Figure 11 Transverse displacements calculated at the observation 
points of Fig. 10 . 

Figure 12 Displacement magnitude on the section at y = 50 under 
the force F1 (50 , 50 , 50) . 

 

 

 

 

 

 

 

 

Figure 13 Displacement magnitude on the section at y = 50 under 
the force F2 (50 , 50 , 100) . 

Figure 14 Displacement magnitude on the section at y = 50 under 
the force F3 (30 , 50 , 50) . 
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Figure 11 shows the transverse displacements of 2 points for
the 3 loading conditions. Figures 12 –14 show how the wave
propagated for the 3 cases. As previously mentioned, the most
significant deformations were obtained when the force acted on
the top of the superstructure. Moreover, it can be observed that
the artificial boundaries absorbed the waves in all cases, simulat-
ing the transmitting condition correctly. 

4 CONCLUSION 

This paper combined the VSAB technique with variable-
kinematic finite beam elements derived with a CUF , and the ob-
tained absorbing boundary could effectively solve the simulation
problems of unbounded wave propagation. This paper adopted
the Lagrange-type kinematics to approximate the primary vari-
ables over the plane orthogonal to the finite beam elements’
axis. The accuracy of the CUF-VSAB methodology was demon-
strated by considering simple static and wave problems for which
analytical and high-fidelity numerical solutions are available. Al-
though the proposed approach was based on 1D formulations, it
provided results comparable to those obtained with the 3D FE
solutions. In addition, the flexibility of the present method al-
lowed the modeling of a more complex configuration consis ting
of a semi-infinite space and a beam-like structure. Three differ-
ent loading conditions were considered to evaluate the effect of
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he force location on the superstructure’s deformations and the
bsorption capabilities of the artificial boundaries. 
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