POLITECNICO DI TORINO
Repository ISTITUZIONALE

Propagation of singularities for anharmonic Schrédinger equations

Original
Propagation of singularities for anharmonic Schrddinger equations / Cappiello, Marco; Rodino, Luigi; Wahlberg, Patrik. -
In: JOURNAL OF MATHEMATICAL PHYSICS. - ISSN 0022-2488. - 66:4(2025), pp. 1-33. [10.1063/5.0234449]

Availability:
This version is available at: 11583/2998782 since: 2025-04-03T09:05:41Z

Publisher:
AIP Publishing

Published
DOI:10.1063/5.0234449

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright
AIP postprint/Author's Accepted Manuscript e postprint versione editoriale/Version of Record

This article may be downloaded for personal use only. Any other use requires prior permission of the author and AIP
Publishing. This article appeared in JOURNAL OF MATHEMATICAL PHYSICS, 2025, 66, 4, 1-33 and may be found at
http://dx.doi.org/10.1063/5.0234449.

(Article begins on next page)

26 May 2026



RESEARCH ARTICLE | APRIL 01 2025

Propagation of singularities for anharmonic Schrodinger
equations ©

Marco Cappiello ® ; Luigi Rodino ® ; Patrik Wahlberg &

’ '.) Check for updates ‘

J. Math. Phys. 66, 041503 (2025)
https://doi.org/10.1063/5.0234449

@ B

View Export
Online  Citation

Articles You May Be Interested In

Conormal distributions in the Shubin calculus of pseudodifferential operators

J. Math. Phys. (February 2018)

Basic properties of the current-current correlation measure for random Schrodinger operators

Mathematical Physics

Y
o
©
c
p -
-
o
ﬁ

J. Math. Phys. (November 2006)

On negative eigenvalues of two-dimensional Schrédinger operators with singular potentials

J. Math. Phys. (May 2020)

Journal of Mathematical Physics

Special Topics Open

for Submissions

IP
Learn More /~. Publishing

AIP
é/_‘. Publishing

20:8%:90 G202 IMdY €0


https://pubs.aip.org/aip/jmp/article/66/4/041503/3341579/Propagation-of-singularities-for-anharmonic
https://pubs.aip.org/aip/jmp/article/66/4/041503/3341579/Propagation-of-singularities-for-anharmonic?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0003-3722-1950
javascript:;
https://orcid.org/0000-0002-6222-964X
javascript:;
https://orcid.org/0000-0003-4740-0629
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0234449&domain=pdf&date_stamp=2025-04-01
https://doi.org/10.1063/5.0234449
https://pubs.aip.org/aip/jmp/article/59/2/021502/902905/Conormal-distributions-in-the-Shubin-calculus-of
https://pubs.aip.org/aip/jmp/article/47/11/112106/717496/Basic-properties-of-the-current-current
https://pubs.aip.org/aip/jmp/article/61/5/051509/1006554/On-negative-eigenvalues-of-two-dimensional
https://e-11492.adzerk.net/r?e=&s=F7L3_5eSOrA7XoIwRkzNKqvKVmE

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Propagation of singularities for anharmonic
Schrodinger equations

Cite as: J. Math. Phys. 66, 041503 (2025); doi: 10.1063/5.0234449 @ ity @
Submitted: 21 August 2024 + Accepted: 14 March 2025
Published Online: 1 April 2025

Marco Cappiello,"® (' Luigi Rodino,” "= and Patrik Wahlberg”*’

AFFILIATIONS

IDipartimento di Matematica, Universita di Torino, Via Carlo Alberto 10, 10123 Torino, Italy
?Dipartimento di Scienze Matematiche, Politecnico di Torino, Corso Duca degli Abruzzi 24,10129 Torino, Italy

Amarco.cappiello@unito.it
b)uigi.rodino@unito.it
<) Author to whom correspondence should be addressed: patrik.wahlberg@polito.it

ABSTRACT

We consider evolution equations for two classes of generalized anharmonic oscillators and the associated initial value problem in the space of
tempered distributions. We prove that the Cauchy problem is well posed in anisotropic Shubin-Sobolev modulation spaces of Hilbert type,
and we investigate propagation of suitable notions of singularities.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0234449

I. INTRODUCTION AND STATEMENT OF THE RESULTS

The main goal of this paper is to study propagation of microlocal singularities for the Cauchy problem

9 . 2k _Am =0
{m+z(|x| (=) Yu ()RR kmeN. (L)

u(0,x) = uo(x)

In Quantum Mechanics this is usually called Schrédinger anharmonic oscillator when m = 1. Under the addition of a quadratic term in the
potential it can be regarded as a perturbation of the standard harmonic oscillator for small values of the potential.
We shall also consider more general problems than (1.1) of the form

O +iAu=0 ’ (t,%) CRxR' (12)
u(0,x) = uo(x)

where A is a partial differential operator with polynomial coefficients of the form

A= Y Dl D= (=), mke2N, cyeC (1.3)

k|a|+m|p|<km

As a generalization of (1.1) in a different direction we consider finally (1.2) when A has the Weyl symbol a(x, &) = (|x|* + [£[*")? with k,m €
N\OandpeR\O.

The literature on quantum anharmonic oscillators is enormous. The stationary equation Au = 0 has been studied in thousands of titles,
see for example Refs. 2-4, 10, 11, 43, and 44 and the references quoted therein. In this paper we refer in particular to Refs. 6, 7, and 31.
Helffer and Robert** have developed Fourier integral operator parametrices to (1.2) when A is an unbounded essentially self-adjoint elliptic
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operator with a symbol that can be expanded in anisotropically homogeneous terms. Several contributions appeared recently, in particular
for quadratic Hamiltonians, i.e. k = m = 2 in (1.3), see Refs. 9, 12-15, 30, 32, and 36.

The first question for (1.1) and (1.2) is well-posedness in suitable function spaces. Natural choices are the Schwartz space .#(R?), the
tempered distributions .’ (R?), and intermediate scales of global Sobolev type spaces. Such a scale of spaces can be defined using the short-
time Fourier transform of a function or tempered distribution u:

Vou(x,8) = @m) " [ e Vu(y)ol =) dy

for a window function ¢ € .# (R?)\0. We define M, ;(R?) for anisotropy parameter ¢ > 0 and regularity parameter s € R as the space of all
ue ' (RY) such that

lulm,, = ( f V(e O 00 (5,6) dxdf)i < oo,

where 05(x,&) =1+ |x| + |& |i is an anisotropic weight on the phase space T*R”. These spaces are modulation Hilbert spaces and anisotropic
versions of Shubin’s spaces.

In Sec. I1I we prove the following well-posedness result for (1.2) under the assumption that A in (1.3) is elliptic, in an anisotropic global
sense, and positive. The involved function spaces are M, (R?) with o = % Given a function or distribution space X and an interval I ¢ R, we

denote here by B"(I,X) the space of all functions f : I — X such that f € L*(I,X) n C(I,X) forallj = 0,1,...,n.

Theorem 1.1. Let A be a positive operator of the form (1.3) such that

a(xE) = Y %0 for (%)% (0,0). (1.4)

k|a|+m|B|=km

Then fo every s ¢ R and s € Mo (R there exiss a unique soution = (1, € B(R Mos(R')) 0 B' (R Moy 1(RY) of (121 =0 then
””(t")HL2 = ||1/loHszOr allt e R.

When we emphasize the dependence of u on uy we write u = u(t,-)= #uy where % is the solution operator or propagator. As a
consequence of Theorem 1.1 we get well-posedness in .#*(R?) and in .7’ (R?), see Corollary 3.5.

The polynomial gy is the principal symbol of A considered as an anisotropic Shubin symbol, and condition (1.4) expresses an assumption
of anisotropic ellipticity.

Another functional setting we study for well-posedness is the Gelfand-Shilov spaces of Roumieu and Beurling type. Given y > 0,v > 0
with gt + v > 1, (u + v > 1), a smooth function f belongs to S%(R?) [respectively Z (R?)] if

sup [P f (x)| < CH Pla” B, o, B e N7,

xeR?

for some C > 0 and h > 0 (respectively for every h > 0 and for some C > 0 depending on h).

Gelfand-Shilov spaces were introduced as subspaces of the Schwartz space for the study of partial differential equations.'® These func-
tions are characterized by Gevrey or analytic regularity and exponential decay at infinity. One motivation for considering Gelfand-Shilov
spaces comes from the stationary case of elliptic anharmonic oscillators where they give more precise information than the Schwartz space,
both on the regularity and on the behavior at infinity of the solutions.

For instance, it is known’ that under the assumption of anisotropic ellipticity (1.4), the solutions of the equation Au = 0 with A asin (1.3)

k
and assumed positive, belong to S :"Z (RY). The same conclusion holds for the eigenfunctions of A.

+m

Concerning the evolution Eq. (1.2) we prove in this paper well-posedness in S%(R?) and in = (R?) when

_ kr Yo mr
‘u_k+m’ T k+m’

(1.5)

with 7 > 1 for S4(R?), and r > 1 for Z5(RY).

Theorem 1.2. Let A be a positive differential operator of the form (1.3) satisfying (1.4), and define y and v by (1.5). If r > 1 then for every
uy € SY(R?) the problem (1.2) admits a unique solution u € B'(R, S4(R%)). The same result holds replacing S4(R?) by £4(R?) for r > 1.

Beyond the results on well-posedness of evolution equations of the form (1.2), our main interest in this paper is how the solution
propagates singularities. We follow Hérmander’s ideas of microlocal analysis, adopting suitable notions of wave front sets, and fix attention
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on large values of space and frequency variables. Concerning the history of microlocal analysis, the classical results for hyperbolic equations,
cf. Ref. 16, were not able to determine the correct direction of propagation, among the different characteristic curves passing through a
singularity point. Hérmander” finally solved the mystery by defining the wave front set: the microsingularities propagate exactly along the
bicharacteristics passing through a point in the phase space.

More recently Hormander’s approach has been applied to Schrodinger equations, the microlocal propagation being determined by the
Hamilton flow of the principal symbol of the Hamiltonian. Different variants of wave front sets were used, in particular for bounded potentials,
cf. Refs. 17, 23, 28, 29, and 46. In the case of quadratic Hamiltonians the correct definition was already proposed by Hérmander,”” afterward
reconsidered by several authors under different names and notations, see Refs. 30 and 38.

In our results on propagation of singularities for (1.2), the operator A = a* (x, D) will be the Weyl quantization of a symbol of the form

a(x,8) = (™ + "), wEer’, (16)

where k,m € N\ 0 and p € R\ 0. This generalizes the Hamiltonian in (1.1) which equals (1.6) with p = 1.

Remark 1.3. Ifp e N\ 0thena € C* (R*). For p € R \N it is not smooth in the origin and then we multiply with a cutoff function around
the origin in order to always have a € C*°(R*). More precisely for 8 > 0 we define vs(,8) = x(|x* + &) € C* (R*) where y € C*°(R),
0<y<Ly(t)=0fort< % and (t) = 1 for t > 8* for a given & > 0. Thus a(x, &) = 1//5(x,f)(\x|2k + |f|2”‘)P e C*(R™)ifp e R\N.

Inspired by Hormander’s idea and the literature quoted above, we look for results for propagation of singularities along the Hamilton
flow of the symbol 4, that is solutions to

(1) = Vea(x(t),&(1))
E'(t) = —Vsa(x(1),£(t))
x(0) =y

§(0) =1

where (y,7) € T*R?. The Hamilton flow is denoted (x(t),&(t)) = X, 1).
For the concept of singularities it is natural to adopt the o-anisotropic Gabor wave front set WF; (1) (Ref. 39, Definition 4.1) of a tempered

(1.7)

distribution ue .#’(R?), defined with an anisotropy parameter o > 0 as follows. A point zo = (x0,&,) € T*R? \ 0 satisfies z ¢ WFg (u) if there
exists an open set U € T*R? such that zy € U and

sup  AV|Vou(Ax, A7) < 400 YN > 0.
(x8)eU, 1>0

The condition (x,&) € WFg () thus means a lack of superpolynomial decay of the short-time Fourier transform along curves of the form
R, 51~ (Ax,A7¢) € T*'RY\0 (1.8)

in a neighborhood of (x, &) € T*R?\ 0. The g-anisotropic Gabor wave front set WEFg (1) is 0-conic in the sense of invariant on curves of type
(1.8).
An important insight is that propagation of singularities depend crucially on the parameter p € R\ 0 in (1.6), with a critical value

) 19)
Pe=o\k ") :
Note that p_ < 1 with equality only if k = m = 1, which is the well known case of the harmonic oscillator. To study propagation of singularities
for (1.1) with either k> 1 or m > 1 the parameter must be supercritical, that is p > p . We treat the cases p < p_and p > p_ using different
notions of singularities. Our theorem on the propagation of WF; concerns p < p...

Theorem 1.4. Suppose k,me N\ 0,0=%0+%p < p,, let the symbol a be defined by (1.6) and Remark 1.3, and consider the Cauchy

m

problem (1.2) with A = a* (x, D). If uoe .#' (R?) then there exists a unique solution u = u(t,-)e .#'(R?) of (1.2) for all t € R. Ifx,: R¥\ 0 -
R*\ 0 is the Hamilton flow corresponding to a, then we have if p = P,

20:8%:90 G202 IudY €0

WFg (u(t,-)) = xe(WFquo), teR, (1.10)
and if p <p,
WEFq(u(t,-)) = WFg(u0), teR (1.11)
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In fact the propagation result (1.10) when p = p_is a particular case of Ref. 8, Theorem 8.3. The new result (1.11) shows that when the
exponent is subcritical (p < p,) then the anisotropic Gabor wave front set does not propagate but remains invariant.

In the supercritical case p > p, there is evidence that WFg is not the correct notion of singularities for a propagation result, see Ref. 8,
Remark 5.6 and Sec. 6. For d = 1 we work out the explicit, periodic Hamilton flow for the symbol (1.6) in Sec. I'V. The results give further
evidence against using WF; in the supercritical case.

Thus the wave front set WFg is not suitable to handle propagation for the generalized anharmonic oscillator Eq. (1.1) if (k,m) # (1,1),
since p = 1> p_. For (1.1) we introduce instead the notion of a filter of singularities 7 (1) of ue #'(R?). The idea has origins e.g., in Ref. 37.

The filter of singularities consists of anisotropic annular subsets of T*R* of the form
S={(&) e T"RY: x| + |§" e 2} c TR (1.12)

where T ¢ R, The subsets in the filter are the complements of anisotropic annular sets ¥ € T*R? where u is smooth in the following sense:
There exists 7 € R and a symbol a € G™° (an anisotropic Shubin symbol) with ¢ = %, such that a® (x, D)u € .#(R?) and the symbol a satisfies

o> C(1+ 1), (wOeE [(xDI>R

with C, R > 0. Note that the Hamilton flow is invariant on sets of the form (1.12). In the filter of singularities anisotropic annular sets of the
form (1.12) replaces g-conic subsets that are used in WFg.
Our result for the invariance of the filter of singularities for the solutions to (1.1) reads as follows.

Theorem 1.5. Suppose k,m € N \ 0 satisfy

> (1.13)

1,12
k m 3
and let u = u(t,-) be the solution of (1.1) with uge #' (R, granted by Theorem 1.1. Then F(u(t,-)) = F(uo) for every t € R.

The condition (1.13) is satisfied for any k € N \ 0 if m = 1 which is the anharmonic oscillator case.

Remark 1.6. A natural open problem is to study propagation of singularities in the setting of tempered ultradistributions of
Gelfand-Shilov type, corresponding to Gelfand-Shilov versions of Theorems 1.4 and 1.5. There are notions of Gelfand-Shilov wave front
sets which are anisotropic.”’ We do not treat this problem in the current paper.

The paper is organized as follows. In Sec. II we briefly recall the definition of o-anisotropic symbols introduced in Ref. 39 and the basic
results of the related pseudodifferential calculus and microlocal analysis. In Sec. III we prove the well-posedness Theorems 1.1 and 1.2. In
Sec. IV we compute explicitly the solution to Hamilton’s system (1.7) for the Hamiltonian (1.6) in dimension d = 1 and deduce estimates for
the derivatives of the composition of an anisotropic symbol with the inverse Hamilton flow. The critical power p_ (1.9) plays a crucial role.
In Sec. V we prove Theorem 1.4 where p < p_. The last two sections are devoted to the case p = 1 > p_. In Sec. VI we introduce the filter of
singularities and study its properties, and in Sec. VII we prove Theorem 1.5.

Il. PRELIMINARIES

The unit sphere in R? is denoted $~' c R%. An open ball of center x € R? and radius r > 0 is denoted B:(x0),and B,(0) = B,. The set of
positive real (rational) numbers is denoted R+ (Q..), and the power set of the set ) is denoted P(Q)). We write f(x) < g(x) provided there
exists C > 0 such that f(x) < C g(x) for all x in the domain of f and of g. If f(x) < g(x) < f(x) then we write f < g. The partial derivative
D; = —i0;, 1 <j < d, acts on functions and distributions on Rd, with extension to multi-indices. If I € R is an open interval, k € N and X is a
topological vector space then B*(I,X) denotes the space of all functions f : I - X such that f € L°(I,X) n C(I,X) for all j = 0,1,...,k,
and

B=(1) = (N B*(LR).
keN

We use (x) = (1+ \x|2)§ for x € R%. The Poisson bracket of a(x, &), b(x, &) € C' (R*) is
{a,b} = (Vea, Vib) — (Via, Vib) (2.1)

where (-,-) denotes the scalar product on R?.
The normalization of the Fourier transform is

FFOFO =007 [ f@e ™ ax  ger’

20:8%:90 G202 IudY €0
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for f € .#(R?) (the Schwartz space). The conjugate linear action of a tempered distribution ue . (R?) on a test function ¢ € . (R?) is written
(u,¢), consistent with the L* inner product (-,-) = (-,-),> which is conjugate linear in the second argument.

Denote translation by T f(y) = f(y - x) and modulation by Msf(y) = ¢%* f(y) for x,y,& € R? where f is a function or distribution
defined on RY. Let ¢ € .#(R?)\{0}. The short-time Fourier transform (STFT) of a tempered distribution ue .’ (R?) is defined by

Vou(x,€) = (21) " (1, M Tog) = 7 (uT:G) (), xEeRe

The function V,u is smooth and polynomially bounded (Ref. 20, Theorem 11.2.3) as

Vou(s 5 5 (1) (68 e TR, (2.2)
for some k > 0. We have u € .#(R?) if and only if
Vou(x &l s ()™, (x& TR, VN>0. (23)
The inverse transform is given by
u=(2m) " ffR  Vu(x, €)M Txgp dx A 2.4)

provided |¢[|,2 = 1, with action under the integral understood, that is
(u, f) = (Vou, V f)LZ(RZd) (2.5)

for ue ' (R?) and f € .#(R?), cf. Ref. 20, Theorem 11.2.5.
The symbol o > 0 will denote the anisotropy parameter. A o-conic subset of T*R? \ 0 is closed under the anisotropic scaling T*R? \ 0 3
(x,8) = (Ax,A78) € T*R?\ 0 for all A > 0. We use the anisotropic phase space weight

0, (x,8) =1+ |x| + €7, xEeR%

Then

1

(% 0)™ (D) < 0,(x,8) 5 (%)™ D, (56 e R¥\0. (2.6)

We present briefly the pseudodifferential calculus we will use in the proof of Theorems 1.4 and 1.5, and refer to Refs. 5, 26, 31, 39, and 42 for

more precise and general presentations. The space of g-anisotropic global symbols G of order r € R consists of all functions a € C* (R*)
which satisfy the estimates

050 a(x &) 5 06 (x, &) W, xEeR!, apeN 2.7)
We have

ﬂ Gr,a :y(RZd)
reR

and G"' = G, where G, denotes the standard Shubin class with parameter 0 < p < 1.”” A symbol a € G} satisfies

050fa(e &) s (O, xEeR) apeN’.

Remark 2.1. As a consequence of (2.6) we have the inclusion

G c Gy, (2.8)

where 7y = max (r, i) and p = min (0, %) Hence the Shubin calculus*” applies to the anisotropic Shubin symbols, but the anisotropy is lost.

Remark 2.2. The pseudodifferential calculus in Ref. 31 is not directly applicable to the symbol classes G** unless ¢ = 1. In fact if ¢ # 1

then either the space weight function ®(x,&) =1 + |x| + |€ |i or the frequency weight function ¥(x, &) = 1 + |x|” + || is not sublinear, which is
required in Ref. 31, Eq. (1.1.1). Nevertheless from (2.6) it follows that G" ¢ S(M; ®,¥) as defined in Ref. 31, Definition 1.1.1 with M(x,&) =

05 (x,E)", O(x, &) = ((x, £))™" (13) and ¥(x, &) = ((x &)™ The functions ® and ¥ are sublinear. The weight M is anisotropic but ® and
¥ are not. Thus the pseudodifferential calculus in Ref. 31, Chap. 1.2 applies to G, but the anisotropic behavior of the derivatives is again lost.
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Remark 2.3. When ¢ > 0 is rational, that is o = % with k, m € N'\ 0 then the symbol classes G™” coincide with the symbol classes S},
in Ref. 24, as G™7 = S;’Zk for r € R. In the general case o € Ry it has been shown in Ref. 11, Proposition 4.2 that G’ is a particular case of the
Weyl-Hérmander symbol classes (Ref. 25, Chap. 18.4). More precisely if r € R then G’ = $(6}, g) with the metric

_ de . d£2
0s(x, &) 0,(x,8)*"

g

For a € G’ and 7 € R a pseudodifferential operator in the 7-quantization is defined by

a:(x, D) f(x) = (2m) ™ fR (1= )x+ 1,8 f(y) dy dE, (2.9)

interpreted as an oscillatory integral. If 7 = 0 we get the Kohn-Nirenberg (normal) quantization a(x, D) = ao(x, D), and if 7 =  we get the
Weyl quantization. We will use exclusively the Weyl quantization in this paper, writing a* = a* (x, D) = a1 (x, D). By Ref. 39, Proposition 3.3
2
the classes G are invariant under change of the quantization parameter 7 € R.
If a € G™° the operator a® (x, D) acts continuously on . (R?) and extends by duality to a continuous operator on .#’(R?). Given a
sequence aj € G777, j=1,2,..., withrj > —co asj — +oc0, we write a ~ Z;ﬁl a;j to mean that for N > 2

N-1
a-— Z a; e G,
j=1

with gy = maxr;. Given a sequence (a;) as above, we can construct a symbol a € G*7, unique modulo . (R*), such that a ~ ¥, a; (Ref.
=N J

39, Lemma 3.2).
The Weyl product a#b of two symbols a € G** and b € G is defined as the symbol of the operator composition: (a#b)™(x,D) =
a" (x,D)b™ (x, D) provided the composition is well defined. By Ref. 39, Proposition 3.3 we have a#b € G"*", and asymptotic expansion

v~ 3 CDD e Anlorae ) tofb(n )

wf0 alf!

with terms in Gr+t—(1+0)|zx+ﬁ\,o.
We will use the following scale of regularity spaces (Ref. 8, Definition 4.1).

Definition 2.4. Let ¢ €.(R%)\0. The anisotropic Shubin-Sobolev modulation space M,s(R?) with anisotropy parameter ¢ > 0 and
order s € R is the Hilbert subspace of .#”’ (R?) defined by the norm

20:8%:90 G202 IudY €0

1
o = [ Vo O 00058 ax ) .10
For any ¢ > 0 we have Mg,o(Rd) = LZ(Rd),l“ and Mo, (Rd) C My, (Rd) is a continuous inclusion when s; > s,. It holds*’
Z(RY) = (M Mos(RY) (2.11)
seR
and
' (RY) = | Moys(RY). (2.12)
seR
Ifo = % with k,m € N'\ 0 then the norm | - || a,, is equivalent to the norm
H”|‘M0)A.(R4) = ”Asu”Lz(Rd) (2.13)
where A; is a localization operator defined by
| * % d
(A £:8) = (w, Vo £ Vog) = (Vowt, Vo £:8), frge (R, (2.14)
where ¢ € .7 (R?) satisty || ,> = 1."”" It has symbol wki)m € C=(R*) where
1
Wi (€)= (1 [ + E7)7 00 (x,6)"
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Pseudodifferential operators with anisotropic Shubin symbols act continuously between M, (R?) spaces with natural loss of regularity
according to Ref. 8, Proposition 4.2:

Theorem 2.5. If 0 > 0, r € Rand a € G™°, then for all s € R the operator
a” (x,D) : Mossr(RY) > My o(RY)

is continuous.

Remark 2.6. The spaces M,;(R?) are particular cases of the Sobolev spaces in Ref. 31, Secs. 1.5 and 1.7.4. If ¢ = % € Q.. then they are
also identical to Helffer and Robert’s spaces Bjn,k(Rd) (Ref. 24, Remarque 4.2) according to B;, ; = M, (11); for s € R, and the spaces an,k(Rd)
in Ref. 6 according to Q;,, ; = My min (1,0)s for s € R. Finally the spaces an,k(Rd) in Ref. 10, Definition 4.7 can be expressed as H,, , = M when
o= % €Q,andseR.

We will use anisotropic Gabor wave front sets’”*” of tempered distributions. The concept is related to Zhu’s (Ref. 47, Definition 1.3) of

quasi-homogeneous wave front set defined by two non-negative parameters. Zhu uses a semiclassical formulation whereas we use the STFT.

Definition 2.7. Suppose ue .’ (R?), ¢ € #(R?)\0, and o > 0. A point zg = (x0,&,) € T*R \ 0 satisfies zo ¢ WEFg (u) if there exists an
open set U € T*R? such that zy € U and

sup  AV|Vou(Ax, A7€)| < 400 ¥N > 0. (2.15)
(x8)eU, 150

If 0 = 1 we have WFg (1) = WFg(u) which denotes the usual Gabor wave front set.” " We call WFg (1) the o-anisotropic Gabor wave
front set. The set WFg (1) is o-conic. Referring to (2.2) and (2.3) we see that WFg (1) records o-conic curves 0 < A = (Ax,A°§) where V,u
does not behave like the STFT of a Schwartz function. If ue .’ (R) then WEFg(u) = @ifand only if u € .7 (R%).

As wave front sets of many other types, the anisotropic Gabor wave front set can be written as

WEFq(u) = N chary(a) (2.16)
aeG™: ¥ (x,D)ue.”

where r € R and where the characteristic set char,(a) € T*RY \ 0 is defined as follows. It holds zo ¢ char,(a) if there exists an open ¢-conic
set T ¢ T*R?\ 0 containing zo # 0 such that

la(x&)| > Cbo(x,£)', (58 €T, [(xE)| >R,

for suitable C, R > 0. See Ref. 45, Proposition 3.5.
Let v, 4 > 0. The Gelfand-Shilov space &% (R?) (Z(R?)) of Roumieu (Beurling) type'* consists of all f € C>°(R?) such that

X0 f ()]

p P G (2.17)

Iflg, =su

is finite for some (every) h > 0. The supremum refers to all &, § € N¥ and x € R".
The seminorms (2.17) induce an inductive limit topology for the space Sh(R?) and a projective limit topology for =4 (R?). The latter
space is a Fréchet space under this topology. The space Sh(R?) # {0} (Z4(R?)  {0}),ifand onlyif v+ pu>1 (v+pu>1).

Ill. WELL-POSEDNESS

In this section we prove the well-posedness results stated in the Introduction. We use characterizations of the spaces Mo,s(R?) with s € R,
Z(RY), and 7" (R?), as well as the Gelfand-Shilov spaces S%(R?) and =%(R?), in terms of the behavior of the coefficients of their elements
with respect to the orthonormal basis of eigenfunctions of a positive operator A of the form (1.3) satisfying (1.4). We use results from Refs. 6
and 19.

Letk,me2N\0,0 = % and define the operator A by (1.3). The Kohn-Nirenberg symbol for A = a(x, D) is

a(x,&) = Z caﬁxﬁfa.

k|a|+m|p|<km

By Ref. 39, Example 3.9 we know that a € G, and by Ref. 39, Proposition 3.3 we have A = b* (x, D) with b € G*°. The anisotropic ellipticity
condition (1.4) amounts to’

a(x.8)| > COs(x.6)", (6|2 R, G.1)

20:8%:90 G202 IudY €0
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for some C, R > 0. The operator
A: Mg (RY) - I*(RY)

is continuous by Theorem 2.5.

By Ref. 31, Theorem 4.2.4 the closure of A as an unbounded operator in L* coincides with its maximal realization, due to the ellipticity
(3.1). In the sequel we denote the closure still by A.

The operator A is Fredholm (Ref. 5, Theorem 10.1), (Ref. 31, Theorem 1.6.9). The finite-dimensional null space Ker A consists of func-

k
tions in the Gelfand-Shilov space S* (R?).” The assumption that A is positive implies that its Weyl symbol is real-valued (Ref. 8, p. 30). The
k-

+m

added assumption of ellipticity in the sense of (3.1) guarantees the existence of an orthonormal basis of eigenfunctions ¢, L*(RY),jeN\0,
with eigenvalues A; > 0 such that lim A; = +oo (see Refs. 7 and 42 and Ref. 31, Theorem 4.2.9).
J—=>+oo

From Ref. 5, Theorem 3.2, p. 129 one deduces the asymptotic behavior of the eigenvalues
mk k
Aj X j Ak = jats) a5 j— +oo0, (3.2)

k
Since the Weyl symbol of A — \; also satisfies (3.1) it follows that ¢ ; € ¥ (R?) for j > 1.” Given u € L*(R?) we can expand
k+m

+o0
u= Z ujQ; (3.3)
=1
with coefficients (u;) j>1 € I*(N\0) defined by
uj=(u,95), j=12,.... (34)

The following result characterizes anisotropic Shubin-Sobolev modulation spaces My,(R?) when ¢ € Q, and s € R in terms of the behavior
of the coefficients with respect to the eigenvectors and the eigenvalues of a positive elliptic differential operator.
Proposition 3.1. Let k,m e 2N \ 0, ¢ = % and define the operator A by (1.3). Suppose A is positive and elliptic in the sense of (1.4), let

k.
(¢j)j=1 ¢ S‘ZL’" (Rd) be its orthonormal basis of eigenvectors, and let (1;) j»1 € Ry be the corresponding eigenvalues. If ue Y'(Rd) and uj =
(u, ;) for j > 1 then for all s € R

+oo
2 * 2
42, oy = 3 AL Ll (3.5)
=

Proof. According to the discussion above the Weyl symbol of A = b (x, D) satisfies b € G*°, and the symbol b is elliptic in the sense of

b(x,8)| > COs(x,8)", (%) >R,

for some C,R > 0.
By Remark 2.2 we may consider the symbol b as an anisotropic symbol in an isotropic calculus. This means that b € S(M; @, V) as defined

in Ref. 31, Definition 1.1.1 with M(x, &) = 6, (x, £)¥, ®(x, &) = ((x, E))mi“(l‘i) and ¥(x, &) = ((x, £))™"?) Note that M is anisotropic while
® and ¥ are isotropic. The symbol b is then elliptic, denoted b € Hypo(M, M; @, ¥) in the sense of Ref. 31, Definition 1.3.2. Since b" (x, D) is
positive, the symbol b is real-valued.

It now follows from Ref. 31, Theorems 4.3.5 and 4.3.6 that for any p > 0 the power operator A? is a well defined unbounded operator
in L*(R?), with eigenvalues (/\1;.) j»1, and Weyl symbol b, € Hypo(M?, M?; ®,¥). By the spectral theorem the operator A” has the same

eigenfunctions (¢ ;) j>1 as A so we have if u € .7/ (R?)
+oo
Au= %" A (u,9))9;.
=1

Suppose s > 0. If p = { then by € Hypo(M?, MP; ®,¥) is an elliptic symbol. We note that M’ = 6; < w, . By Ref. 31, Propositions 1.5.5 (a)
and 1.7.12, and Remark 1.7.13 the operator A& = b? (x,D) : Mys(R?) > L*(R?) is continuous and invertible with bounded inverse

iyl too
(47) "u= 3 0 (g PRY > Mo(RY),
=1

20:8%:90 G202 IudY €0
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The inverse is in fact a pseudodifferential operator: (Ai )71 = c%“ (¢, D) for some c: € Hypo(M P, M7?;®,¥). Indeed by Ref. 31, Theorem 1.3.6
there exists a parametrix ¢ € Hypo(M?, M™?; ®,¥) such that bti” ¢ =1+ 1" where r e #(R*), which gives

since (Ai )717“’: #" — 7 is regularizing with a symbol in .7 (R*?) which can be absorbed in ¢ into c: € Hypo(M™?,M7;®,¥).
As a consequence of (2.13), (Ref. 31, Propositions 1.5.3 and 1.7.12) we may define the My, (R?) norm equivalently by replacing the
localization operator A in (2.13) by the operator A¥. Hence

2 s o X
”u”M,,’S(Rd) = ”Aku”LZ(Rd) = Z A] |u]|
j=1

which proves the claim (3.5) when s > 0.
Finally we need to consider s < 0. Since Mg = L2 the result is trivial when s = 0 so we may assume s < 0. Again using (2.13), (Ref. 31,
Propositions 1.5.3 and 1.7.12) we may define the M U,S(Rd) norm equivalently by replacing the localization operator A, in (2.13) by the operator

(A% Y= c%’f. We get

2Js} +o0o

Y
Z /\jk \uj| .

j=1

Is|

-1 +oo |
2 £ 2 % 2
Il ey < (A7) ey = 22 25 P =
j=1

O

Remark 3.2. In the Proof of Proposition 3.1 we use results from the pseudodifferential calculus in Ref. 31, which does not admit
anisotropic space and frequency weights ® and ¥ respectively, cf. Remark 2.2. But this calculus does admit anisotropic weight functions
M. This suffices for our purposes in Proposition 3.1 concerning the anisotropic Sobolev-Shubin modulation spaces M (R?).

Remark 3.3. The Proof of Proposition 3.1 and Refs. 8 and 20 show that

1

+o00o 2 2
SR s ue (Z A |(u,¢f>|2)
j=1

for s > 0 is a family of seminorms for the Fréchet space topology of .#”(R?). Using the orthonormality of (¢;) j>1, from Proposition 3.1 and
Remark 3.3 we obtain that if ue . '(Rd) then for some C,s > 0

too % s sm
Iuj\=|(u»¢j)\<C(Z Ml(fpj,fpn)lz) = CAj xj
n=1
=jiD,  jeN\0,

in the last step using (3.2).

Corollary 3.4. Under the assumptions of Proposition 3.1 we have with uj = (u, (pj)forj >1

uesRY = |u|=00}), j—+oo, Vs>0 (3.6)
= |y|=0(G"), j— +oo, Vs>0. (3.7)
Proof. The conclusion (3.6) is a consequence of (2.11), (3.5), and (3.7) follows from (3.2). m]
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From Proposition 3.1, Remark 3.3 and Corollary 3.4 it follows that the expansion (3.3) converges in .’ (R?) when ue.7’(R?) with
coefficients (3.4). Conversely if (1;) j>1 € C is a sequence such that |u;] $ j” for some r > 0 then the expansion (3.3) converges in .7’ (R?).

Proof of Theorem 1.1. Let ug € Mys(R?). We can write ug = >33 cjoj where the coefficients ¢; = (uo, (pj) satisfy (3.5) in Proposition 3.1.
Define for t € R the series

u(t,x) =y, cie ™M gi(x). (3.8)
=1
Then u(0,-) = uo and for j € N'\ 0 we have
(u(t,-), 9)) = e ™' (3.9)
so Proposition 3.1 gives
lu(t, ), = 22 AS gl = [uolli,,- (3.10)
=1

The series (3.8) hence defines a function u(t, ) € L (R, Mss(R?)). Due to My = L* it is clear that |u(t,-)|| > = |uo| > forall £ € R.
In the same way we have for ¢, 7 € R

X2 _i 2
e+ 7,) =t ) i, < 3 Af lgPe ™ 1] (3.11)
j=1

The assumption uy € M,(R?) and the dominated convergence theorem implies that u(t,-) € B(R, My;(R?)).
From (3.9) we see that the operator A acts on the series (3.8) as

Au(t,r) =37 N(u(t).91)9; = 3 dige ™o
j=1 j=1
Since
Aru(tx) = =i Ajgie M gi(x)
=1
the series (3.8) solves the Cauchy problem (1.2). Finally (3.10) gives
2(s

2 - T 2 2
[0t ) ag, < 22045 5 Wil lgl < uolvs,.-
j=1

This means that d;u(t,-) € L (R, My, (R?)), and it also gives the information that d;u + iAu = 0 holds in the space L> (R, M,,_x(R?)).
Asin (3.11) it follows that 8;u(t,-) € L (R, Mg_x(R?)) N C(R, Mys_(R?)) which proves the claim u(t,-) € B' (R, My_(R?)). Finally the
uniqueness of the solution is a consequence of (3.10). O

As consequences of Theorem 1.1, Remark 3.3 and (2.12) we get well-posedness in .(R?) and in .’ (R) in the following respective
senses.

Corollary 3.5. Let A be a positive operator of the form (1.3) that satisfies (1.4).

(i) If up € #(R?) then there exists a unique solution u(t,-) € B'(R,.#(R%)) of (1.2).
(ii) If upe . '(R?) then there exists s € R such that ug € Mos(R?) and a unique solution u(t,-) € B(R, Mys(R?)) n B' (R, My, (R?)) of
(1.2).

Next we formulate a version of Theorem 1.1 for the inhomogeneous equation

{(’)tu(t,x) +iAu(t,x) = f(t,x) ’ ()€ (-T,T) x R (3.12)

u(0,x) = uo(x)
where T > 0.

Theorem 3.6. Let T > 0 and let A be a positive operator of the form (1.3) that satisfies (1.4). If s € R, f(t,-) € C((~T, T), Mss(R?)) and
uy € My(RY), then there exists a unique solution u(t,-) € C((=T, T), Mys(R?)) 0 CY((=T, T), Mys_(R?)) of (3.12).
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Proof. Letg¢j = (uo,(pj) and fj(t) = (f(t,-),(pj) € C((-T,T),C) forj > 1. Define for t € (—T, T) the series

oo t )
u(t,x) =Y. e_’)‘ft(cj + [ fi(1)ehT dr)(pj(x) (3.13)
j=1 0
which satisfies 4(0,-) = uo. Consider the coefficient functions for j > 1

ui(£) = (u(t, ), gy) = e-“ff(c,- + [ me dT). (3.14)

From (3.14) we get

)l <lol+ [ 150

and the Cauchy-Schwarz inequality implies
It
(OF <2lgf +aid [ 1 dr.

The assumptions f(t,-) € C((=T, T), Mys(R?)), uy € Mys(R?), and Proposition 3.1 then yield u(t,-) € L= ((~T, T), Mg (R?)).
From (3.14) we obtain for t,ve (-T,T) and j > 1

uj(t+v) - u(t)
= efi"ft((efmfv - 1)(cj + /Otﬁ(r)eaﬂdr) + eim]vfttwﬁ(r)emﬂdr)

which gives

it |t t+v
i (e +v) = ()] < e - 1|(\cj| + [m |fj(r)\dr) ¥ [ £(0)ldr.
From this it follows that u(t,-) € C((~T, T), My (R?)). Finally we have for all j > 1

(Oru(t,x), ;) = —Mjeﬂ}’t(cj + fotﬁ(r)eaﬁ d‘r) + fi(t)
= —i(Au(t,) + f(£,), 9))-

This shows that u is a solution to (3.12), and due to the continuity A:My;(R?) - M, x(RY) we have Ou+iAu=f in
C((~T,T), My._(R?)). In particular we have d;u € C((~T, T), My_(R%)).
The uniqueness of the solution follows from the observation that uy = 0 and f = 0 imply u = 0. ]

Corollary 3.7. Let A be a positive operator of the form (1.3) that satisfies (1.4).
(i) Ifuoe.#(RY) and f € C((~T,T),.#(R)) then there exists a unique solution u(t,-) € C'((-T, T),.#(R")) of (3.12).

(ii) If uoe ' (RY) then there exists s € R such that uy € Mos(R?). If f € C((=T,T), Mys(R?)) then there exists a unique solution u(t,-) €
C((-T.T), Mos(R?)) 0 C'((~T, T), Mo x(R?)) of (3.12),

To prove Theorem 1.2, that is well-posedness in Gelfand-Shilov spaces for the Cauchy problem (1.1), we need a characterization of the
Gelfand-Shilov spaces analogous to the expression (2.11) for the Schwartz space combined with Proposition 3.1 with s > 0. The following
result is a consequence of Ref. 6, Theorem 1.3.

Proposition 3.8. Let k,m € 2N \ 0 and define the operator A by (1.3). Suppose A is positive and elliptic in the sense of (1.4), let (¢;) j»1 €
_k
SE (R?) be its orthonormal basis of eigenfunctions, and let (1) j>1 € R be its eigenvalues. Define v and y by (1.5) withr > 1, let u € &/ (R?)
k+m
k

o The following conditions are equivalent:

(i) ueSHRY) [ueh(RY) andr>1]

and uj = (u,¢;) for j > 1 and set p =

20:8%:90 G202 IudY €0
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(if) There exists a > 0 such that (for every a > 0 we have)
,
sup |u;*e™ < +oo.

21

Proof of Theorem 1.2. We prove the result for initial datum uo € S%(R) where g, v are defined by (1.5) and r > 1. The argument for
*#(R%) and r > 1 is similar. The idea of the proof is the same as for Theorem 1.1.
Let ug € Sy(R?). If ¢ = (uo, (pj) then uy = 7 cjp; where the coefficients satisfy

sup|c,-|zemv} < +00 (3.15)
j21

for some « > 0 by Proposition 3.8. Define for ¢ € R the series
u(tx) = 3 e gy (x).
=

Then u(0,-) = uo and u(t, ) solves the Cauchy problem (1.2) as shown in the Proof of Theorem 1.1.
By Proposition 3.8 it follows as in the Proof of Theorem 1.1 that u(t,-) € B(R, S4(R?)). From (u(t,),¢;) = —icjA e we obtain for
anye>0

sup|(8tu(t,-),(pj)|2e(“7€)/\€ = sup/\§»|cj\2e(“7£)y} < 00
>l >l
by (3.15). This implies d;u(t,-) € B(R, Sb(R?)). a)

IV. THE HAMILTON FLOW FOR A CLASS OF GENERALIZED ANHARMONIC OSCILLATORS

In this section we compute the Hamilton flow for a class of generalized anharmonic oscillator Hamiltonians in dimension d = 1, and we
discuss some consequences. Consider the Hamiltonian

a(x,&) = (X + &Y, xEcR, (4.1)
where k,m € N\ 0 and p € R\ 0. The Hamilton system is

2 (1) = 2mp(x(0)* + £y ) £ty
£() = 2kp(x(t + E0") ()™

(4.2)
x(0) =y
§(0) =7
If y = # = 0 then the unique solution is x(¢) = 0 = &(¢), so we may assume that
ci= y2k +7" > 0. (4.3)
The Hamiltonian is preserved along solution curves' so (4.2) simplifies into
K (1) = 2mpd ()P
£ () = —2kpd " x(£)*! 44
x(0) =y '
§(0) =7

The well known Picard-Lindelof theorem implies that there exists a unique solution to (4.4) for any (y,%) € R* \ 0, in an open interval
I=1,, ¢ R containing t = 0, which is smooth as a function of £.” In the sequel we show that the solution is periodic and thus well defined for
all ¢ € R, for all initial data (y,7) € R*\ 0.

20:8%:90 G202 IudY €0
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We use the function indexed by k,m ¢ N'\ 0
x L
g = [T (1-7%)"at 5)
0

Writing 1 — 2 = (1 - £2)(1 + £2 + - - - + **V) we see that the singularities of the integrand in (4.5) £ = 1~ and at t = —1* are integrable, since
% <1- i <1.Thus g; ,, : [-1,1] = Ris a continuous, odd and strictly increasing function with

lim g, (x) = = lim gx (%) = 75 > 0. (4.6)
x—1" x—>-1*

It follows that g, : [~Tkm» Tkm] — [—1,1] is continuous, odd and strictly increasing.
In the following lemma we identify the function g, , find an expression for 74 ,,, and we figure out how 7y, and g, transform with
respect to an interchange of indices.

Lemma 4.1. Letk,m e N\ 0, define g, by (4.5), and let 7y, > O be defined by (+4.6). Then

Sem(x) = ZflkB(ka, zflk ﬁ) (4.7)
where B(x, p, q) is the incomplete beta function,
Tim = M (4.8)
2% * 2m
Tk = %Tk,m, and
gmik(x) = sgn (x)g(rk,m ~gen((1-#"")%)), ~1<x<l (4.9)

Proof. After a change of variable we may write if 0 < x < 1

1 o 19 1
() = [ 505 d,
0
2m

1 L I 1
gm,k(x)=2—f tm N (1- )% dt (4.10)
mJo
1 ! 1. 1
—f T (1o d
1-x""

:Zm

From this we may draw three conclusions. First we have the formula (4.7) where B(x, z,w) is the incomplete beta function’*
X
B(x,z,w) = f tz_l(l - t)w_ldt, Rez>0, Rew>0.
0

Secondly we have

1 1
2kti = 2kge (1) = B[ =, — ),
o = 2k (1) = B 505

2 =2 (1) —B(fl 71 )
mT, =.m = N N
mk S,k 2 2k

where the beta function is defined by B(z,w) = B (1,2, w). The well known identity (Ref. 33, Appendix A)

I(2)(w)

B(zw) = I'(z+w)

proves (4.8) as well as 7,,x = %Tk,m.
Thirdly we obtain from (4.10)

L 11
Zkgk,m((l—xz )Zk)+2mgm>k(x):B(ﬂ,%)

which proves (4.9). O

J. Math. Phys. 66, 041503 (2025); doi: 10.1063/5.0234449 66, 041503-13
Published under an exclusive license by AIP Publishing

20:8%:90 G202 IudY €0


https://pubs.aip.org/aip/jmp

Journal of ARTICLE . —
Mathematical Physics pubs.aip.org/aip/jmp

Remark 4.2. The functions {gy , } kms1 generalize g, | (x) = arcsin x, for which 71, = 5 and gj, 1(x) = sin x.

The following lemma shows that gy ,, := g, With domain [~ Tk, ], can be extended to a smooth function with domain [~ Ty, 37 ]
asgim(x) = gkm(ZTk m — %), X € [Tkm> 3Tkm ], for k,m > 1. In the case k = m = 1 this is the basic facts that sinx is smooth and sin(7 — x) = sinx.
The oddness of g ,, yields the same conclusion for the limits as x - —7},..

Lemma 4.3. Letk,m e N\ 0, define g, by (4.5), and let 7, > 0 be defined by (4.6). Then for any n € N we have
hm (gkm) 2n)(x) €R, (4.11)

ﬁ?@wWWwﬂ- (412)
k,m

Proof. Set g =g, and T = 7y,,. When n = 0 the limit (4.11) equals one as already noted. First we observe that (4.5) gives for [x| < 1

gTX)=(1—xM)$_1>O, (4.13)

and from the inverse function theorem we obtain

1

(67 () = ()™ = (1-22) 7. (4.14)

Since x - 17 < g(x) — 7 this proves (4.12) for n = 0.
From (4.13) and (4.14) and the Chain Rule we get

Y= () (1))

(O

By means of induction we can generalize this formula for ( ) (g(x)) into

(€)@= Y pe(1-2) " (@15)

S
12 2m

n—1

where p. are polynomials, for any n > 2. Indeed suppose that (4.15) holds for one n > 2. By the Chain Rule and (4.13) we deduce
p; are polyn y PP Y
_1y (n+1)
()" ) =X

(1 B xzk)l—i (pj(x)(l B xzk)i—ﬁ )'
JZ5m

=S @) T S B ()

et o
n k j—utl n—1 X j—ztl
=y p;-,l(x)(l -x ) Y E(x)(l -x ) o

PMH > 3m

where p; are polynomials.

In the first sum we have, since m > 1, 2mj > n+2m > n + 1. For all possible j € N such that n + 1 < 2mj < n + 2m we define p; = 0. Thus
the first sum fits into the formula (4.15) with n replaced by n + 1 for some polynomials p;- In the second sum we have 2mj > n which implies
2mj > n+ 1, so also the second sum can be absorbed into (4.15) with n replaced by n + 1 and modified polynomials p;. This argument shows
that (4.15) holds with 7 replaced by n + 1 for some polynomials p,.

We have proved the induction step and we may conclude that (4.15) holds for all # > 2. Finally we observe that (4.11) and (4.12) forn > 1
are immediate consequences of (4.15). O

We will also need a corresponding result for the function

e = (1- (b)) (4.16)
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which is well defined for |x| < 7. The limits are
lim h(x) = lim h(x) =0, (4.17)
x—»—T;fm X7
and the next result says that also the derivatives of 4 have limits. Due to the fact that & is even it suffices to study the limits as x — 7;_,,.
As a consequence of the following lemma the function h = hwith domain [~ Tkm> Tk.m ] can be extended to a smooth function with domain
[—Tkm> 3Tkm] as E(x) = —h(27m — x), X € [Thm> 3Tkm]> for k,m > 1. In the case k = m =1 this is the smoothness of cosx and cos(7 — x) =

—COS X.

Lemma 4.4. Letk,m e N\ 0, define g, by (4.5), let Ty ,, > 0 be defined by (4.6), and define h by (4.16). Then for any n € N we have

lim hC" (x) =0, (4.18)
X Tem
lim KV (x) e R (4.19)

km

Proof. The limit (4.18) for n = 0 is already clear from (4.17). By the inverse function theorem and (4.5) we have

(8im () = (ghm(@om())) ™ = (h(x))"" (4.20)

which gives

h%m:—ﬁ( - (i)’ ) (g (0)™ (!

(4.21)
2k-1
(gk m (x ))
This gives the limit (4.19) for n = 0, and combined with (4.20) it also yields
k(2k -1 2%k-2 m—

() =KD (g1 ()"

By means of induction we can generalize this formula for 4" into
" (2k—1)n—2kj i (n—
K= X Glan0) ™ )P (422)

where C; € R are constants, for any # > 2. Note that

[n—1'| [n—1'| an [ 2k -1
< =l || n—
2m 2 2 2k
Thus we assume that (4.22) holds for a fixed n > 2. Using (4.20) and (4.21) we obtain

W)= S Clgm(®)

jeN: BlgjanZel

D SR o/ (€9 R (169 R

jeN: = 1<]<n2k 1

- 3 ot (gioh () 7DD (g ey y

jeN: = 1+1<J<nM+1

_ (2k=1) (n+1)—2kj im—n
+ Y Cilgm®) ' (h(x))¥

i n—=1 . 2k—1
. <
JeN: 2t <jsn =

(2k=1)n—2kj—1 (h(x) )2(j+1)m—n

with new constants C, C’; € R.
Due to 2 +1 < j in the first sum we have n — 1< 2mj — 2m which implies # < n + 2m — 1 < 2mj. For possible j € N such that n < 2mj <

n+2m-—1we deﬁne Cj-1=0.Dueto j<nZ? 2k L + 1 in the first sum we have (j - 1)2k < n(2k — 1) which means 2kj < (n+1)(2k-1) + 1,
that is 2kj < (n + 1) (2k — 1). Thus the first sum fits into (4.22) with n replaced by n + 1 for some constants C;.
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Dueto =1 < jin the second sum we have n < 2mj + 1, that is n < 2mj. Due to j < n% in the second sum we have 2kj < (n +1)(2k - 1).
For possible j € N such that n(2k — 1) < 2kj < (n + 1)(2k — 1) we define C = 0. Hence also the second sum fits into (4.22) with n replaced by
n + 1 for some constants C;.

We have now proved the induction step and we may conclude that (4.22) holds for all # > 2. Finally (4.18) and (4.19) are consequences
of (4.17),(4.22) and

lim g, (x) = L.
x—>‘r;ym

[m]
In the next result we may due to (4.3) assume either 5 # 0 or y # 0. If 7 # 0 we use the parameters
Ty = (2mp) e 577 (=1, — gin(sgn () ye %)) < 0
T = (2mp) ™ 357 (1, — g (sgn (1) ye %)) > 0 (4.23)
T=2(Ty - Ty) = Zhm 3t %p 5 g
mp
and the functions : o 1
Fi(t) = sgn (1) ¥ g (2mpe” %t + g (sgn (1) ye ¥ ) )
L - _l_1 _L 2k (4.24)
£ae) = sgm () (1= (g (2mpe ™57+ g (sem () 3 4))) )
defined for T, <t < Ts.
If y + 0 we use instead the parameters
Ts = (2kp)_lcﬁ+ﬁ_l)(—rm,k +gm,k(sgn (» qc_ﬁ )) <0
Ty = (2kp) ™ e 57 (5 + guui (g0 () e )) >0 (4.25)
2Ty Lyl _
T=2Ts-T;) = %Wnk 50,
and the functions 1
- w1 (g} - -5 )" )
f3(t) = sgn (y) c* (1 (nk(2kpe" 25t = g (s () 1e1))) ) (4.26)

fi(0) = sgn (7) € gi(2hpe ™5t = i (s8m () 17 ) )

defined for T3 < t < Ty.

We note that Lemma 4.1 implies 2(Ts — T3) = 2(T, — T1), that is the length of the domain for fi and f, equals the length of the domain
for f; and fi, and the notation in (4.23) and (4.25) is consistent if y # 0 and 7 # 0. Moreover we have ( fi(¢))* + (f2(t))*™ = cforall T; < t <
T and (f3(£))* + (fa(t))*™ = cforall T5 < t < Ty as expected from the next result combined with general facts.’

Remark 4.5. Using Lemma 4.1 it can be confirmed that f1(¢) = f3(¢) and f2(¢) = — fa(¢) when max (T4, T3) < t < min(T>, T4) provided
y+0and#n+0.

Remark 4.6. If k = m = 1 then by Remark 4.2 we haveify # 0 and T) < t < T

fi() = sgn (n) ¢ sin (29"t + arcsin (sgn (1) ye )
= sgn () ¢t sin (2p¢"'t) cos (arcsin (sgn (1) ye2) ) +y cos (2pc" 1)
=y sin (2pd"'t) +y cos (2pc't)
and

f2(t) =sgn (W)C% cos (2p6%1t + arcsin (sgn (n) ycfé ))
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= sgn (n)c% (cos (2pcp*1t) cos (arcsin (sgn (n) ycii )) —sin (2pcp*1t) sgn (1) ycfé )
=1 cos (2pcp71t) —y sin (chpflt).

Ify+0and T3 <t < T4 then

i) =500 ¢ s (25 - arcsin s ) n 1)
= sgn (y) ¢ (sin (2p " t) 72 |y] - sgn (y)ne* cos (2pc't) )
=y sin (2pc®™'t) — 17 cos (2pd7't) = —fa(t)
and
F3(t) = sgn (y) ¢ cos (2pc™"t ~ arcsin (sgn () e 2 )
= sgn (y)c? (cos (2pc” ") cos (arcsin (sgn (y) e ) ) + sin (2pc”~'t) sgn () "2 )
=y cos (2pc't) + 1y sin (2pd't) = fi(1).

Thus (f1, f2) = (f3,—fa) agrees with the well known harmonic solution to (4.4) which is linear when k = m = 1, and extends to domain ¢ € R.

Theorem 4.7. Suppose k,m e N\ 0, p € R\ 0, and let a be defined by (4.1). If ¢ = y** + ™ > 0 then the Eq. (4.4) has a unique solution
X, (1) = (x(8),&(t)) with domain R. It is smooth and periodic with respect to t € R, and has the following form.

If 5 # 0 then
(0= A1) Ti1<t<T, ) = LT 1) T,<t<2T, - T (4.27)
= T e =-pen-n T ’ :
and
{;Eg:;g:::;;, Ti+nT<t<T1+(n+1)T, neZ (4.28)
If y # 0 then
XL i, X0 =pCL= oy (4.29)
g(t) = 7f4(t) ’ ’ E(t) — *f4(2T4 _ t) > > .
and
{;Eg;g((:::;)), T3+nT<t<T3+(n+1)T, neZ (4.30)

Proof. Setb =2pc’™" > 0. First we assume 7 # 0. The first equation in (4.4) can be written

£ = (mb) »1 (x') 7. (431)

Insertion into the second equation yields

2o com R ()5 i

b 2m—1
1

= (mb)717 2m—1 % (x’) 2::31 71x"
m—

= (mb)_z%1 ((x')% )l.

—(x™) = —2kx/ ! =

Integration gives, using x(0) = y and x"(0) = mby*™™",

yzk B (X(t))Zk) _ (mb)_%((x'(t))% _ (mbWZm—l)%)

J. Math. Phys. 66, 041503 (2025); doi: 10.1063/5.0234449 66, 041503-17
Published under an exclusive license by AIP Publishing

20:8%:90 G202 IudY €0


https://pubs.aip.org/aip/jmp

Journal of ARTICLE . —
Mathematical Physics pubs.aip.org/aip/jmp

which can be written as the differential equations

¥ (t) = +mb(c - (x(t))Zk))%. (4.32)

2m—1
2m

‘Zm—l 2m—1

Since (c - (x(O))Zk))

assumption # # 0.) Thus

=1 whereas x'(0) = mby according to (4.4), the correct sign in (4.32) is sgny. (Here we use the

2m—1
2m

X' (t) = sgn () mb(c— (x(t))Zk)) . (4.33)

The solution to the Cauchy problem for (4.33) with x(0) = yis

x(t) = sgn (1) ¥ g (mbe' "5 + g, (sgn (1) y 7))

1 a4 1 (4.34)
= Czkgk‘m(sgn (;1) ZmPCP 2m 2k f +gk,m(y c 2 ))
where we use the fact that g, is an odd function.
The solution &(t) is obtained from a combination of (4.31), (4.33), and (4.34) as
E(t) = (mb)™ 7 (x'(£)) ™ = sgn () (e - (x(6))™)) ™
L — 1 _1 _1 2k ﬁ
=sgn (1) (1 = (8 (580 () 2mpc™ 2751+ g, (7)) ) :
In summary the solution to (4.4) is
x(t) = c¥ giop(sgn (1) 2mpe™ 3 F b+ g (ye ¥ ) )
L (4.35)

L - _1l_1 1 2k 2m
§(t) = sgn () c> (1 = (8 (580 () 2mpc™ 27 5 1+ g, (7)) )

Due to |y|cii < 1 we have |gk,m(sgn (n) ycii >| < T m- The solution (4.35) is hence well defined for T, < ¢ < T>. Moreover we have the limits

lim x(t) = sgn (q)ci,

=T

tlir%x(t) = —sgn (q)ci, (4.36)

li =1li =0.

til?z—f(t) til}}f(t) 0

Next we consider the differential equation

m—1

%' (t) = —sgn (1) mb(c - (x(t) )Zk))zz"‘ (4.37)

with initial conditions x(2T>) =y and &(2T,) = —5. This is consistent with Eq. (4.4), since according to (4.37) we have x'(2T) =
—sgn(n)mb|y*"" = mb(-n)*""'. As above we find the solution

x(t) = sgn(n) cﬁgiil(Zmpcp_ﬁ_i(sz —1) +gk,m(sgn ) y C_i))

20:8%:90 G202 IudY €0

1 _ 0 L 2\ 3 (4.38)
£(0) = =sgn ()6 (1= (g (2mpd 575 T2 1) + gun(sen () y ) )
which is well defined when T, < t < 2T, — T;.
The limits are
lir;l x(t) = sgn (17)6117‘,
T
li £) = - %,
. (2gr_1Tl),x( ) = —sgn(n)c
li t)=li t)=0.
oty S0 = A0
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Comparing with (4.36) we have now a continuous solution (x(t),&(¢#)) to (4.4) on [T1,2T, — T1]. It can be periodized into the solution

{x(t) = x(t - nT)
E(t) =&t -nT)

which is continuous on t € R. This concludes the proof of the solution (4.27) and (4.28) when 7 # 0.

The proof when y # 0 is analogous to the proof for # # 0, except for that we start to solve the second equation in (4.4) instead of the first.
The solution (4.29) and (4.30) when y # 0 follows.

If # # 0 # y then the solutions (4.27)-(4.30) must be identical due to the uniqueness of the solution. This agrees with Remark 4.5.

Finally we address the claimed smoothness of the solution [x(¢),&(t)]. The function g, is smooth on (~Ty, Tk,») and g} is smooth
on (=T Tk ). Moreover the function (4.16) is smooth on (=7, Tkm)> and on (=T x, Tk ) after a swap of indices k, m. The solution is
thus smooth except possibly at the boundary points of the intervals above, where the solutions are extended by reflection and periodization.
There we have only shown that the solution is continuous. Nevertheless Lemmas 4.3 and 4.4 show that the solutions are smooth also at the
boundary points. Alternatively we may appeal to the general result (Ref. 22, Theorem V.4.1) to conclude that the solution is smooth also at
the boundary points of the intervals. The solution is thus smooth with respect to t € R everywhere. O

Ty+nT<t<T1+(n+1)T, (4.39)

Remark 4.8. Using (4.8) we obtain the expression for the period of the solution
1 1
T= 2Tkm camtaP - r(ﬁ) (ﬁ) cmtEP
1 1 :

Thus T = Cr,(y* + #*™ )PP where the critical exponent is defined by (1.9) and Cy,, > 0.Ifp = p . then T does not depend on the initial data
(y,11) € R*\ 0. All solution trajectories have the same period.
If p < p. then the solution period grows as a function of 3+ ™, whereas if p > p . then the solution period decreases as a function of
2k 2m
yorn.

Remark 4.9. 1f p = p_then as expected Theorem 4.7 is consistent with (Ref. 8, Propositions 6.2 and 6.4). In fact defining the anisotropic
scaling map As(1) : R? - R” as

AN (o) = (s A7n), () €R%, A >0,

L
gt

then the Hamilton flow in Theorem 4.7 commutes with A,(A) if p = p_and 6 =

(M) (35m) = AW (o), (15m) €R\O, 1>0, teR

By Ref. 8, Proposition 6.2 this commutativity holds if the Hamiltonian Weyl symbol satisfies the anisotropic homogeneity

a(Ap, M) =AM a(yn),  (hn) €RP\0, A>0,

which is the case for (4.1) whenp = p,.

From Theorem 4.7 we will extract the behavior of the Hamilton flow (x(t),&(t)) = (x(t,y.1),&(t,y,n)) = x,(y> ) with respectto (y,7) €
R?\ 0.If 7 # 0 the flow has the form

{xa,y, n) = sgn (N O™ + 7™ Eg (a0 + 7™ 5 E - (y( + ) %)) 10)
Etyn) = sgn (DO + ") g (a() O + "B E wn (y( + ) 7))
and if y # 0 it has the form
{x(t,y,fv) =sgn (1) 0™ + ™) E g (g6 F + 7 TETE o (n( + )3 (wan
Etyon) =sgn (NP + 7" 2 g (9(6) 6 + 7" TEE iy (n( 4 ™) )

where gj € B¥(R), hj e B¥(I) where I = (-1 +¢,1—¢) for any € > 0, j = 1,2, and where the function g has the form g(t) = +a(t - b) with
a > 0and b € R. Indeed we can think ofgl, g,as periodic, and g1, € B™(R) by Lemmas 4.3 and 4.4. We also have h; = Skm and hy = &
which both belong to B ((-1+¢,1—¢)) for any € > 0.

20:8%:90 G202 IudY €0
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Referring to Remark 1.3 we assume in the sequel that if p € R \Nin (4.1) then we multiply a with a cutoff function y; € C*°(R?) in order
to get a(x, &) = ys(x, &) (ka + me)P € C(R?).

First we need a result concerning the composition of a function f € B°(I) and an anisotropic Shubin symbol with values in I.

Proposition 4.10. Let o> 0,7 € R, 8 > 0, let I € R be an open interval, and let Q € R* \ 0 be open. Suppose a : R® — I satisfies

3}’5501(%11)‘SGa(y,n)"“"’ﬁ, wBeN, (1) €,

and suppose f € B (D). If b (y,n) = y5(ysn) f(a(y. 1)) then

B, 0b(, ,1)| SO (rn) P W BeN,  (y) Q.

Proof. The claim is obvious if & = § = 0 so we may assume |a + f3| > 1. We use Faa di Bruno’s formula, which in one variable may be
written as

" n! (x
UG- T e ] (& “0) (@42

!
my+2my+---+nm,=n my ﬂ’lz

Derivatives of y are compactly supported which implies that we may ignore this term. We obtain if (y,7) € Q

XA @)= '“'aﬂ[f(m 19 (a(y, ﬂ))H (8 a(m)) ]

Y1+H2y2+-tay=a Y1

Vi

_ alf! ko (¢ (y+e+ya) 5ok Oya(y,q)

_Y|+2Yz+Z:-+aV =a yl!"'Y“!Kol"'K“!an (f (a(y,r])))g 8’7) ]'
K0+K|---+K“:Rﬁ

a!Blico! (Pt Pat T+ )

= aly,
)’1+2Y2+Z':'+¢1]/a:06 yl!'“ya!Ko!'“K,x!Tll"-TKU!f (a(v.m)

Ko+K1+Ke =

11+212+~»-+K01K0=x0

s (O5a(n) "1 e [ Bann) "
X /. Aa 4 o
,Ul( k! E 1 !

which gives the estimates

Z 7 (r— ak)*Z VJ(’ )= OK;j
o off =
gopim|s Y Galnn)®
P1+2y2+taya=a
Ko+K1 - +Ka=P
T +2Tp 4 Ko Ty =Ko

<6, (y’ q)r(aﬁ)’)—a—aﬂ.

[m]
Corollary 4.11. Let ¢ >0, 8 > 0, let I € R be an open interval, and let Q. € R* \ 0 be open. Suppose
*1“()“7)‘ SO0 %, wBeN, (nn)eQ,
and suppose f € B (I). If b(yn) = w5 (v, 1) f(a(y, 1)) then
3;‘5%(%17)\ S0,(pm) %, wBeN, (yn)eq.
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From Corollary 4.11 we obtain in the next result the behavior of the Hamilton flow with respect to derivatives for the Hamiltonian (4.1).
Here the critical power (1.9) appears.

Theorem 4.12. Let k,me N\ 0, 0 = %, 8> 0, peR\ 0, and consider the Hamilton flow y, : R* \ 0 — R* \ 0 for the Hamiltonian (4.1),
with coordinates y,(y,17) = (x(t,y,1),&(t.y,1)). If &, B € Nand (y,n) € R then

500 (ys (om)(t,7,1m))| § B () e e sy rizacef,

50 (ys(a)E(t 3. 1)| 5 O (g )P P sy romacef, o
Proof. Let 0 < ¢ < 1 be sufficiently small to guarantee 1 < (1 — &)* + (1 — £)*". Denoting
Cexi= (1-2)(1- (1 -e)z")*flk >0
then (1 —¢)* + (1-¢)*" > 1 is equivalent to cff;cﬁ;: > 1. Define for C > 0
c={(n) e R\0: bl < Clil~ } < RA\o,
Oc = {(yn) e RN\0: |y > Clyl+ } < R\o.
If (3, 17) € R*\(Qc, U {0}) with C; = C, then
1> Cutlnl? > Coilnl*
s0 (3, 17) € Qc, where C; = C;,i We have thus shown
Qc, U ¢, = R*\o. (4.44)

If (y,77) € Qc, then 5 # 0 and [y|(y* + nzm)_i < 1 - ¢ by the design of C; = C,4. Thus we may use (4.40) for the Hamilton flow. By the proof
of Ref. 8, Lemma 3.6 we have y;(y, 7)y(* + 112'”)7217 € G™.Since hy € B®((~1+¢,1 - ¢)) it thus follows from Proposition 4.10 that

(050 (m (O™ + 7)) 0 om) ™%, BN, (i) € Qc.

From the proof of Ref. 8, Lemma 3.6 we also get y5(y,7) (5** + 4" )Piﬁ*i € G¥*71 and (1.9) gives 2pk — o — 1 = 2k(p — p,). It follows
that

o k myp—-——L k my—L
9y35(61(f)(y2 +’72 )P a2k +h1<y(y2 +112 ) Zk))‘
< Ga(y,f?)kaaX (P_PU:O)_(X—Uﬁ’ a)ﬁ eN, (y, ’1) c QCI'

Using g1,42 € B~ (R) we apply Proposition 4.10 once again and conclude that (4.43) holds when (y,%) € Qc, = Qc,,.

By (4.44) it remains to consider (y,7) € Qc, in which case y # 0, |5|(y* + qzm)_ﬁ < 1-¢ by the design of C; = C,;, and we may
use (4.41). Again by the proof of Ref. 8, Lemma 3.6 we have ;(y, 7)n(y* + 112"’)75 € G Since hy € B=((-1+¢,1-¢)) it follows from
Proposition 4.10 that

|50 (ma(n ™+ #5))| 5 o)™, @BeN, () € Dhe.

As above we obtain

k _1_ 1 X e
(O™ + YT (g ) )|
< 60—()/, ’1)2kmax (p—pc,O)—oc—aﬁ’ (X,ﬁ €N, (}/; '1) c ﬁcz.
Using g1, € B™ (R) we apply Proposition 4.10 once again and conclude that (4.43) holds when (y,7) € Qc,. O

From Theorem 4.12 we see that the Hamilton flow behaves like anisotropic Shubin symbols, provided the exponent 0 # p < p..

Corollary 4.13. Letk,m e N\ 0, 0 = %, 8> 0,0# p<p,, and consider the Hamilton flow y, : R* \ 0 — R \ 0 for the Hamiltonian (4.1),
with coordinates x,(y,11) = (x(t,y,1),£(t.y,17)), x(t) = x(t,~,-) and &(t) = &(t,,-). Then for any t € R we have yyx(t) € G and y;E(t) € G™.
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Next we will use Theorem 4.12 in order to study the behavior of a symbol of order zero composed with the inverse Hamilton flow for the
Hamiltonian (4.1).

Proposition 4.14. Let k,m e N\ 0, 0 = %, §>0,peR\ 0, and consider the Hamilton flow y, : R* \ 0 - R* \ 0 for the Hamiltonian (4.1).
If g€ G* (R?) and q(t,y, 1) = ws(31)q(xi " (1)) then we have for every &, € N and t € R

05 0q(t )] 5 8o () P D70, (44)

Proof. Again we may ignore the term ;. We note that the conservation of the Hamiltonian implies

0o (k" (1)) = O (x(~17,1), (=1 ,1))
< (1+ (=t )P + et mP") (4.46)
= (1ey* e ) <0

forallt e R.
Set M = 2k max (p — p,,0). We will prove the following generalization of (4.45). For any a, 3, y, & € N we have

10505 (9LOEq(x=1(yr ) )| § B (y, )Moy, (4.47)

The validity of (4.47) for & = § = 0 and all y, € N is a consequence of (4.46) and the assumption g € G*’. Using Theorem 4.12 we prove (4.47)
by induction with respect to « + f3 starting from « + f§ = 1. We have

10,(020Fa(x-(y:n)))
N O q(x(~t. i), E(~t.y,1)) Dyx(~t,y, n)|

+ |0LOE q(x(~t,ys 1) E(t,ys 1)) DyE(~t 1)
< Ga(y,ﬂ)_(Y+l)_JK+M " Gg(y,ﬂ)_y_a(x+l)+M_l+g < Qg(}/, q)M—l—y—aK

<

and

104 (9%0Eqx-+ ()|
0L O q(x(=t, 3., E (=t yum))Dyx(=t. 1)

+[0L0E q(x(=t,y,1), E(=1,y,1)) Dy (~t, 1)
< 90()/, q)—(y+1)—ch+M+1—a " eg(y)n)—y—d(xH)JrMJru—a ” eg(y’n)M—a—y—mc.

<

Thus (4.47) is true when a + § = 1.
In the induction step we assume that (4.47) is true for a + § = n > 1. This gives

o) (210 a(r-+ ()|
a5 0p (02" D q(x(~t, ) E(=t,32m)) ) By (=1, 1)

+ 0500 (010 (=t 7,m), £t 5 1)) )& (=t 1))
M(atp)—a—op=(y+1)-oxtM 06 (y1)

M(a+p)—a—of—y—o(k+1)+M+0o—1

5 0:(y:m)
o eu(y’rl)M(rx+1+ﬂ)—(a+1)—aﬂ—y—m<

and
o504 (L0F -+ )|
= |o5f (9L gty m). &=t 30m)) ) Oyx(~t.y.11)
+ 0505 (DLOF™ q(x(—t,3m), £t .m))) Dy (=t 1)
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< 0,(5, n)M(a+ﬁ)—a—aﬂ—(y+l)—mc+M+1—o M(a+B)—a—of—y—o(x+1)+M

+6(y.1)
<0, (y’ ”)M(zx+/§+l)—zx—a(ﬂ+l)—y—mc.

This proves the induction step. Thus (4.47) holds for all &, 3, y, ¥ € N which implies (4.45) for all o, € Nand t € R. O

Corollary 4.15. Letk,m e N\ 0, 0 = %, 8> 0,0+ p<p, and consider the Hamilton flow x, : R*\ 0 — R \ 0 for the Hamiltonian (4.1). If
q€ G (R*) and q(t,y,1) = yo(rm)q(xc ' (1)) then q(t,,) € G** for all t € R.

Remark 4.16. The idea to compose a symbol g with the inverse Hamilton flow y_, into g o ! is fundamental in many proofs of prop-
agation of singularities, cf. Ref. 8, Theorem 8.3, Ref. 26, Theorem 23.1.4, and Ref. 32, Theorem 4.2. When p < p . Corollary 4.15 therefore
supports Theorem 1.4 in the sense that the time-dependent symbol g(¢, ) remains in the same symbol class as g.

When on the other hand p > p, the estimates given by Proposition 4.14 are not sufficient for the purpose of propagation of the wave front
set. Indeed g(¢,-) is not guaranteed to be a symbol when ¢ # 0.

V. PROOF OF THEOREM 1.4

In the sequel we need a lemma concerning o-conic cutoff symbols (cf. Ref. 39, Lemma 3.5 and Ref. 45, Lemma 3.3 and Remark 3.4). We
use o-conic neighborhoods, defined and denoted for o, & > 0 and zp € $** ! as

Toe = Toze = {(%,E) e R*\0, |20 — 10 (x,€)| < £} € T*R*\0.
Here 7, : R \0— $21 is the anisotropic projection
o(6,8) = (ho(x,6) "0 Ao(,8)7E), (%) e R*\0, (5.1)
along the curve Ry 5 A — (Ax,A°¢), onto $?!, and the smooth function A, : R* \ 0 — Ry is defined implicitly by
Ao (2,8) Jal” + A (. §) € = 1
(cf. Ref. 39, Sec. 3).

Lemma5.1. Let o,7>0,0<e<d<1andz € S*". There exists q € G*° such that 0 < q < 1, suppq € I,6\Brj2 and qly, g = 1.
20 \Br

Proof. Let ¢ € C°(R*) satisfy 0 < ¢ < 1, supp ¢ € zo + Bs and |, +p, = 1 (Ref. 26, Theorem 1.4.1). Let g € C*(R) satisfy 0 < g < 1,
g(x) =0ifx <] and g(x) = 1ifx > L. Set

20:8%:90 G202 IudY €0

YA€) = p(x,6), (x&)es™, 150, (5.2)
and
q(z) = g( )y (z), zeR™ (5.3)
Then (5.2) can be written
Y66 = p(mo(x.6), (%8 eR*\o,
and it follows that y € C*(R**\ 0), and thus g € C** (R*). The properties gl g, = 1 and suppq € I'; 5\B,/> follow.
If (x, &) € R\ 0.and A > 0 then, since 77,(Ax, A°8) = 71, (x, £), we have
y(Ax2°8) = y(x,§)
which gives
(506y) A 278) = A Paraly(x8),  (x,8) eR¥\0, 1>0, aBeN. (5.4)
Let (y,7) € R*\ B;. Then (y,7) = (Ax,A°¢) for a unique (x, &) € $*"! and A = A;(, %) > 1. Combining
Ly [gfe = 14 A(J] + JE]<) < 142
J. Math. Phys. 66, 041503 (2025); doi: 10.1063/5.0234449 66, 041503-23
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with (5.4) we obtain for any a, 8 € N4

. _lal-0 1\ ~lal-alf]
|05 RG] < CapQ+ 1) (1l o)

Referring to (5.3) we may conclude that q € G*°. O

Proof of Theorem 1.4. For the symbol a we have by the proof of Ref. 8, Lemma 3.6 a € G*P° ¢ G**=? = G!*%° By ype .’ (R), (2.12) and
(Ref. 8, Corollary 7.12) there exists so € R such that uy € My, (R?) and a unique solution u = u(t,-) € C(R, My, (R?)) to (1.2). In particular
u(t,-)e.# ' (RY) forallt e R.If p = P, then the propagation result (1.10) is a particular case of Ref. 8, Theorem 8.3.

It remains to show (1.11) when 0 # p < p_. Then & = 1 + 0 — 2kp = 2k (p_ — p) > 0. By the proof of Ref. 8, Lemma 3.6 we have a € GHro —

G1+o—v¢,¢7.
Suppose zo ¢ WF;uo. By the proof of Ref. 45, Proposition 3.5 there exists y,7 > 0 and q € G* such that 0< g < 1, suppg € T2,29\Br/25
q|r10)y\§r =1,and g% uo € .7 (R?). From u € C(R, My, (R?)) and Theorem 2.5 we obtain
q"ue C(R, My, (RY)). (5.5)
We use (5.5) as the starting point for an iterative procedure. Namely we first deduce from (5.5) the improved regularity
3" ue C(R, My +a(R)). (5.6)
In fact, cf. Ref. 26, Theorem 23.1.4 and Ref. 31, we may regard v = q"’u as the solution of the non-homogeneous Cauchy problem
Py =
f (5.7)
v(0,-) = vg
where P = 9, + ia" (x, D) and vy = q“up € . (R?) € Mg, +a(R?). To express f we write, using Pu = 0,
f=Pv=Pq"u=Pq"u-q"Pu

For the commutator we have Pq” — q“'P = [P,q"] = [ia”,q"]. By Ref. 26, Theorem 18.5.4 (cf. the proof of Ref. 8, Proposition 8.2) the
commutator has therefore symbol asymptotic expansion

b = i(a#q - q#a) ~ Jio (_71)]

2 Gt 1127 {a,q}2j+1 (5.8)

where
{aa}i(68) = (~1Y(0y) - (05 0V a(x a0,

is a bilinear differential operator which extends the Poisson bracket {a,q}1 = {a, q} to higher order differential operators, cf. (2.1).
From a € G'*™*% and g € G we get

{a.4} = (Vea, Viq) = (Vaa, Veg) € G0+ G070 = 77
which by (5.8) implies b € G™*°. From v € C(R, My, (R?)) and Theorem 2.5 we obtain
f =Pv=b"ueC(R Mgga(RY)).

Now (5.7), vg € MU,SOM(Rd) and Ref. 8, Corollary 7.10 show that (5.6) holds. In the next step we take 0 < ¢ < § < y and define 9.5 € G* as

in Lemma 5.1. Then supp g, s N supp(1 - q) € R* is compact. By the calculus this yields r = g.s#(1 — ) € .#(R*) which combined with
q" uo € . and Theorem 2.5 implies

Gestho = qesq " uo + 1" g € Mg,s(Rd) VseR (5.9)

since r': .7" — . is regularizing,
Set w = g3 and consider the non-homogeneous Cauchy problem

{Pw:g (5.10)

w(0,+) = wo

20:8%:90 G202 IudY €0
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where wo = gyt € Mg,50+2a(Rd) by (5.9). As above we obtain
g = Pgestt — qesPu = bsu = beyqu + bs (1 - )" u

with b5 € G defined by (5.8) with g replaced by g, ;.

Since supp b5 € T';, 5 we may conclude that supp b, s N supp(1 — q) € R* is compact, which implies that bls(1-q)*: " - 7 is reg-
ularizing. Now (5.6) and again Theorem 2.5 give g € C(R, MU,SD+2a(Rd)). By (5.10), wo € Mg,50+2a(Rd) and Ref. 8, Corollary 7.10 we obtain
w = q%u e C(R, Mo +24(RY)).

This bootstrap argument shows that we may conclude

q:’ia’ ue C(R, Mg,50+ka (Rd))

for any k € N, in each step decreasing ¢’ and 8 such that 0 < &’ < 8’ < e where ¢ has been chosen in the preceding step. We may do this keeping
e >8y>0forafixed 8y > 0.If0 < & < & then for any t € R

a2l s,u(t,) € () Mos(RY) = #(RY).
seR

By Ref. 45, Proposition 3.5 this shows that zo ¢ WFg(u(t,)). Thus we have shown WFg(u(t,-)) € WF;(uo) for any ¢ € R, and the reverse
inclusion is immediate since the solution operator is invertible and %' = .#_;. We have proved (1.11). O

VI. THE FILTER OF SINGULARITIES

Let
Z c R\ (0, 1], (6.1)

letk,meN\Oandleto = % We define the anisotropic annular region 3 with base T as
T={(68) e R x + {" ez} <R (6.2)
Thus (6.1) implies £ ¢ R**\By,, where
B = {(x,) e R* : [x[* + [¢" <1} c R¥.

Given 3 ¢ R* we say that a € G™ is elliptic in ¥ if

ja(,8)| > C 6, (x8)" = (1+]x* + |g|2'")i, (x,&) € S\Bg, (6.3)

for some C, R > 0 independent of (x, ) € 3.
For a given subset X ¢ R we define for e > 0

Ze = U By (1)- (6.4)
yex

Thus if x € R\Z, then |[x — y| > ¢|y| forall y € £.
Next we show that if a € G™ is elliptic in the annular set ¥ ¢ R* defined by (6.1) and (6.2) then it is automatically elliptic in the larger
set¥, = (2,) € R* for some p > 0, where

Ty = {(%8) e R [x[* + [§f" e3,} < R™.

Proposition 6.1. Let a € G and suppose that a is elliptic in an annular set T ¢ R defined by (6.1) and (6.2). Then there exists p > 0 such
that a is elliptic in 3.

Proof. Let0 < p < 1.If (x,£) € 3, then there exists ¢ € £ such that ||x|** + [£" — t| < pt, and [x** + |£[*" > 0. Define y = A2 xand n= A&
where
t

A= ————>0.
o+ |

Then |y|* + |y = /\(|x|2k + &™) = t which gives
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(1=p) (P + Il ) < e+ 1P < (1 + p) (WP + 1)

Thus |y[* + [#[*™ < [x[** + |€/*" which implies 6, (x, &) x 0s(y,1).
By the assumed ellipticity we have, since (y,7) € %,

la(y, )| = Ci 8s(y1)" 2 G 05(x,8)"

with Ci, C; > 0if |(x, &)| > R for some R > 0.
We have .
2i 2m
o= (W 18P ot p

A-1]= < .
‘ | |x|2k+|£‘2m |x|2k+|£‘2m 17'0

Since we will choose p > 0 small, A will be close to 1, so we may assume that

€
NUETIRS 2,

=

<CA® €2,

N =
N | =

which implies forany 0 < 7< 1

<T+(1—T)Aﬁ§2, <T+(1—T))Lﬁ<2.

1 1
2 2

In turn this gives
0o (7(%,6) + (1 =1)(1:1)) % O (%, ).
Combined with (2.7) we get, using the mean value theorem, for some 0 < 7 < 1,
|a(x§) —a(y.n)|
<(Vxa(z(x8) + (1 =1)(11),x = y) + (Vea(r(x,8) + (1= 1) (3 1)), § = 1)
<A = 1]0,(x, &) x| + A - 1|6, (x, &) )]

W 1)) (8

ngax(

bk —1|,

where C > 0 depends on a and p only. Taking into account (6.5) we obtain finally

la(x,&)[ 2la(y,n)| - la(x, &) - a(y, )|

> (Cz - Cmax( A 1‘, P 1‘))90(&{)' > %Czeo(x,f)r

provided p > 0 is sufficiently small, using (6.6), and provided |(x, )| > R. We have shown that a is elliptic in %,.
In the sequel we develop a few results that allow us to use suitable cut-off symbols in the definition of ellipticity.

Lemma 6.2. Suppose X C Ry satisfies (6.1), and suppose 0 < € < & < 1. Then there exist y > 0 such that
(R\Zs), N (Zc), = 0.
Proof. Lete <y < dandset

N y—s)
‘u_mm(1+8’1+a >0

Then we have on the one hand
(Ze), € 2y

Indeed if x € (Z¢),, then there exist y € X and z € X such that |x — y| < u[y| and |y — 2| < ez. This gives

lx—z2| _ly—z2l+[x-yl Iyl z+ly-2
< <e+u—<e+uy——<e+u(l+e) <y,
. . erp Setp—— etpu(l+e)<y

in the last inequality using 4 < == which is due to (6.8). This shows that x € £, which proves (6.9).

S 1+e

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)
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On the other hand we have
(R\Z), CR\3, (6.10)

To wit if x € (R\Zs),, then there exists y € R \Zs such that [x — y| < y[y|, and [y — 2| > dz forall z € X.
Letze . Ifllz‘ < % then

k=2 _y-z-O=0l 5 D5 sy
. . >4 yz/é 0-9) =y

and if% > % then

|x—z| _ |x] ly +x -yl bl 1
AL P A g - -1 (8- --1])-12
p, . . z( #)=1>(6-y) p y

since i -12 g again due to (6.8).
Thus we have |x — z| > yz for all z € Z. It follows x € R \Z, so we have proved (6.10). Finally (6.7) is a consequence of (6.9) and (6.10). O

Lemma 6.3. If X C R, satisfies (6.1), and 0 < & < § < 1 then there exists g, 5 € C™ (Ry) such that 0 < g, s <1, supp g, 5 € 25, g, 5(x) = 1
when x € X, and

\g:g)(x)\ <a(l+x))7™", x>0, neN (6.11)
The constants ¢, > 0 depend on € and §, but are independent of x € Ry.
Proof. By Lemma 6.2 there exists 0 < ¢ < 2 such that (6.7) is valid. Let ¢ € CZ°(R) satisfy ¢ > 0, suppg ¢ [-1, 2] and [ ¢ dx = 1. Define
8es = g with

1/ x—y) oo
x) = — —= | dye C”(Ry).
s [ o2 e

Then g(x) > 0 for all x > 0, and

1/ x—y) f
x) = — 2 dy< dy=1
g(x) e (%fp( el R(p(y) ly

forall x > 0.
Let x € Ry \Zs. Then supp (p( 7') < (R\X;), so it follows from (6.7) that g(x) =0. Thus suppg c Xs. Next take x € X.. Then

x=
ux

supp (p( ’;;x ) c (Z) p which implies

1 x—y
= — —=|d =/ dy=1
g(x) #fosv( e ) y= [ 9O dy
It follows that gy = 1.

It remains to prove the estimates for the derivatives (6.11). From

i _ ,
gL =1(—1)1j!x‘1‘f,
d\px) p

Faa di Bruno’s formula (4.42), and the fact that (1 — p/2)x < y < (1 + p/2)x when y € supp go( = ) we first deduce the estimate when x > 0

=
dk 1 y —k y My ety
Sl 9
X [ x (6.12)

my+2my+---+km=k

(my+--+my) 1 y)
) - _ 2
i

—k
< Ck,yx .
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Combined with Leibniz’ rule this yields for x > 1

n n\ k(1 K [x-y
e[ (1) (i) o, P (o)) ¢
D"g(x)| g L wx ) J, P\ ) )
ny\ —1-n+k -k x—- (6.13)
< u o (n-k)x CyuXx " |supp ()‘
gn(k) “ P\
< Cupx "
which proves (6.11). O

Remark 6.4. The function g, ; € C*(R+) may be extended by g, 5(x) = 0 for x < 0 into g, , € C*°(R). Indeed obviously
su;}){|x|"|(p(k)(x)‘ < Cup < 00 (6.14)

for any n,k e N. If y € (Z),, then y € X, by (6.9) which together with (6.1) imply y >1-y>0.1f0 <x < (1-y)/2 then [y —x[ > (1 - y)/2.
Thus from (6.12) and (6.14) we obtain for any n,k € N

o (xy
dxk ¢ yx
when 0 <x < (1 =y)/2 By (6.17) this gives limpwgf’? (x) = 0forall k € N, and finally (Ref. 26, Corollary 1.1.2) shows that g, ; € C**(R) and
ge(,]z;) (0)=0forallkeN.

< x—kxn+k|x _y|—n—k < xn

Let0<e<d < 1landk,m e N\ 0. We define

4ea(8) = ges (W + |E"), xR (6.15)
where g, s € C(R) is defined as in Lemma 6.3 and Remark 6.4. Then g, ; € C* (R*).

Proposition 6.5. Let 0 <e<8<1andk,meN\ 0, and let £ ¢ Ry satisfy (6.1). Suppose g, s € C(R) is defined as in Lemma 6.3 and
Remark 6.4, and define g, 5 € C™ (R*) by (6.15). Then 0 < 9.5 < L suppges € s, Gesls, =L and q 45 € G*’ with o = %

Proof. The first three conclusions 0 < g, 5 < 1, supp ges € 35 and ge0|3. =1 are consequences of (6.2) and Lemma 6.3.

It remains to show g = g, € G"°. An induction argument with respect to |a + f8| shows that for all &, 8 € N we have

KAk = Y gD )y E) (6.16)

N
—|y2k”“ +—"‘z’;fl <ng|a+f|

where p, . are polynomials of orders |y| and || with respect to the variables x and , respectively, for y, x € N
For the indices in the sum we thus have

(I By DB e

2k’2m) " 2k 2m 2k 2m’
If |x| < 1 < |€] we obtain

lol _ 18I

[Py )] 81 < (14 ™ ),

if |€] < 1 < |x| we have

ol _ 181

Py ) 5 Il < (14 I fePm)

and if min(|€],|x|) > 1 then
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Il 4 Ied _lel _ 1B
Py G )] [ [¢[1 < ma ([, 6272 < (1 e gP7)

Combining this with (6.16) and Lemma 6.3 yields finally

4 -
% m = 0, (x, ) || o lB|

80fq(x&)| s (1 o + 1) "

which proves g € G*°. ]

Next we define the concept of smoothness of a tempered distribution in an anisotropic annular subset of phase space T*R.

Definition 6.6. Let kmeN \ 0, 0 = %, and let £ < R* be the anisotropic annular region defined by (6.2) where £ € [0, +00). The

distribution ue .# ' (R?) is smooth in ¥ if there exists 7 € R and g € G", elliptic in ¥, such that ¢* (x, D)u € .# (R%).

(1)

)

Remark 6.7. Two observations:

If X c[0,+00) and supZ < co then there exists 7 >0 such that ¥ ¢ B, € R, Let a e C°(R*) be a cutoff function such that
supp a € Byranda|, =1.Thenae G, a" (x,D)u € .#(R?) for any ue.#’'(R?) and a s elliptic on . It follows that any ue .7 ' (R?)
is smooth in 3 defined by (6.2) for any X € [0, +00) such that sup 3 < co.

Ifue.(R)anda = 1€ G* thena® (x,D)u = u € .(R?) and a i elliptic on T defined by (6.2) for any £ € [0, +00). Thus u € .#(R?)
is smooth on all such & ¢ R,

The following result says that smoothness in an annular set can always be defined using a symbol as in Proposition 6.5.

Proposition 6.8. Let ¥ € R satisfy (6.1), and suppose k,m € N\ 0 and o = £. A distribution ue ' (R?) is smooth in the annular region £

m

defined by (6.2) if and only if there exists 0 < § < 1 such that for any 0 < & < § we have q;5(x, D)u € #(RY) where Qe € G* is defined by (6.15),
Lemma 6.3 and Remark 6.4, and q, 4 is elliptic on ..

Proof. It suffices to show that smoothness in the annular region 3 of ue.#’(R?) implies the stated condition. Thus there exists by

assumption r € R,a € G*" and C, R > O such that a® u € . and |a(x, &)| > CO,(x, )" when (x, &) € Z,\Br for some p > 0, using Proposition 6.1.

We use the pseudodifferential calculus for the anisotropic Shubin symbols G™°.* Defining a; = a#a = |a|* + a2 € G**° we thus have

a; € G2r—(1+d),zf.

Define x = q, , where y <p < 1by (6.15), Lemma 6.3 and Remark 6.4. Then x € G* by Proposition 6.5. We set for C; > 0

b=aix+(1 —X)Clw,fm.

By Ref. 8, Lemma 3.6 we have b € G, If z ¢ 3, then y(z) = 0 50 b(2) = Crwy, (z)z?  0,(2)*. If z € 3,\Bg then for some C; = C>(Cy) > 0
and C3 >0

1b(2)] = a1 (2)x(2) + (1 - y(2)) Gyt (2)

> x(2)la(z)]’ + (1 —X(z))Cle’m(z) —x(2)|ax(2)|
2 X(Z)Czeg(z)zr +(1 —)((z))Cz(i,(z)z’ _ C396(Z)2r—(1+g).

We can pick C; > 0 such that C; < C? which gives

for z

b)) > C0(2) (1 - C5C50u(2)*) > %czeg(z)”

€ 3,\Bg after possibly increasing R > 0.
This argument shows that b € G**° is an elliptic symbol, and then (Ref. 39, Lemma 6.3) implies that there exists a parametrix ¢ € G~2"°

that satisfies c#b = 1 + r with r € . (R*?).

Let § < yand e < §, and define g = g, ; by (6.15), Lemma 6.3 and Remark 6.4. Then g € G* by Proposition 6.5. This gives

q = g#cttar + qtc#(b —ar) — q#tr
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where g#r € 7 (R*). Since b(z) — a1(z) = 0 when z € ¥, we have supp g N supp(b — a1 ) =¢. The calculus then implies g#c#(b — a1 ) € 7 (R*).
If we set 1y = g#c#(b— ay) — g#r € #(R*), the continuity of b :.% — . for all by € G** and ¢ € R gives
w w o w _w w
g u=q"c"au+r u
=q"c"a"a " u+rues
due to r; € .#(R*) and a* u € .#. Finally we observe that g is elliptic on ¥, by construction. ]

The g-anisotropic filter of singularities is defined as follows.

Definition 6.9. Let kkme N\ 0, 0 = é and let ue .7/ (R?). Consider anisotropic annular subsets £ € R* of the form (6.2) where X ¢
[0, +00). The collection of subsets

F(u) = {f c R : u issmooth in RZd\(EU Bk,m)} c P(R™)

is called the o-anisotropic filter of singularities of u.

Remark 6.10. From Remark 6.7 we may conclude:

(1) IfsupZ < oo then R*\¥ = R\Z € F(u) for any ue .7’ (R?). In particular F(u) # ¢ for all ue .#'(R%).
(2) Ifue.#(RY) thenT e F(u) forany S ¢ R* defined by (6.2) where £ ¢ [0, +00). In particular ¢ € F ().

Remark 6.10 (2) means that F () is extremely large when u € .”(R?). The last observation extends to a characterization of . (R?):

Lemma 6.11. If ue ' (R?) then ¢ € F(u) ifand only if u € .7 (R?).

Proof. In Remark 6.10 (2) we have shown that u € .”(R?) implies § € F(u).
Suppose on the other hand ¢ € F (). Then there exists a € G"” such that a* (x, D)u € .#(R?) and a is elliptic on R* \ By.,. There exists
a parametrix b € G™"° which satisfies b#a = 1 + r where r € .7 (R*®). We conclude

u=b"a"u-r"uer
since b : ¥ — .7 is continuous and r": " — . is regularizing. ]

In Definition 6.9 we claim implicitly that F(u) € P(R*) is a filter, which needs to be proved. A filter of subsets of R* is denoted by
F ¢ P(R*) and defined by the following properties.”!

(1) F=#6

(2) IfFe FandFc GSR* thenGe F;
(3) IfF,Ge FthenFnGe F.

The following result shows that F(u) ¢ P(R*) indeed is a filter.
Lemma 6.12. If k,m e N\ 0, uc.#'(R?) and F(u) c P(R*) is defined as in Definition 6.9 then F(u) is a filter.

Proof. In Remark 6.10 (1) we have proved that F(u) # ¢ for any ue .# ' (R?). Thus property (1) of a filter holds.

Suppose 2 € F(u) and ¥ € A. Then there exists a € G™ such that a”u € (R?) and a is elliptic on de\(i U Bi,m)- Due to R*\A ¢
R*\Z the symbol a is also elliptic on RZd\(X U Bim )- Thus u is smooth in RZd\(K U B, ) and hence A € F(u). We have shown property (2)
of a filter.

Finally assume 3, A € F(u). By Proposition 6.8 there exist a,b € G*° such that a¥u € #(R?), b”u e #(R?), a,b > 0, a is elliptic on
R2d\(f U By, ) and b is elliptic on RZd\(X UBkm)- Then a + b e G* is elliptic on RZd\((f NA)UBy,,) and (a+b)“(x,D)ue Z(RY). It
follows £ n A € F(u) which proves property (3) of a filter. ]

Remark 6.13. In Ref. 41 a filter is assumed to satisfy properties (1)-(3), and furthermore ¢ ¢ F. We exclude the last property from our
definition of filter in order to allow u ¢ .#(R?), cf. Lemma 6.11.
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VII. PROOF OF THEOREM 1.5

The proof is conceptually similar to the Proof of Theorem 1.4. Before we start with the Proof of Theorem 1.5 we state a simple lemma
concerning the Poisson bracket of a, b € C' (R*) that will be useful.

Lemma 7.1. If a € C'(R*) and g € C'(C) then {a,g o a} = 0.

Proof. For 1< j<dwehave

8§a(x,f)axj(g(a(x»f))) = agja(x,f) g'(a(x,f))axja(x,f)
= Oya(x, £)0; (g(a(x,£))).

O

Proof of Theorem 1.5. Suppose A € R* is defined by (6.2) with A ¢ [0, +00), and suppose A € F(uo). Then upe . '(R?) is smooth in
3= RZd\(K u Bk,m). Proposition 6.8 implies that there exists g, 5 € G*° defined by (6.15), Lemma 6.3 and Remark 6.4, q,.¢ is elliptic on 3, and

q%uo € . (RY), for some 0 < 8 < 1and any 0 < & < 8.
From (2.11) we obtain

a0 € Mys(RY) VseR, (7.1)

and (2.12) implies uy € My, (R?) for some so € R. In view of Theorem 1.1 this implies that there exists a unique solution u € C(R, My, (R%))
to (1.1). Hence

g5t € C(R, Mg, (R)) (7.2)

since g, 5 € G** and we can apply Theorem 2.5.
Again we use (7.2) as the starting point of an iteration. We first deduce from (7.2) the improved regularity

51 € C(R, Mg, +a(RY)) (7.3)

where
a=3(1+0)-2k>0

due to the assumption (1.13).
Thus we regard v = g; su as solution of the non-homogeneous Cauchy problem

{P” =f (7.4)

v(0,-) = vo
where

P =0 +i(* + (-a)")

and vo = gyt € Mg, +o(R?) in view of (7.1). Concerning f = f(t,-) we will show that f € C(R, My +a(R?)).
Since Pu = 0 we have

f = Pv = Pqsu = Pqysu — qesPu = [ia", g3 |u
where a(x, &) = [x|** +|&*™. The symbol a is a polynomial so it has only a finite number of nonzero derivatives. The expansion (5.8) yields

max (k,m)—1 (71)]

bes = i(a#qes — Gesta) ~ :
o = i(a#qes — geo#a) ;:Zo 2+ 127

{a,Ges }aoj1- (7.5)
In fact if j > max(k, m) then 2j + 1 > max(2k,2m) + 1 which implies that {a,g.s}2j+1 = 0.
By the construction of g, cf. (6.15), Lemma 6.3 and Remark 6.4, we have q, ; = g o a with g € C*(R). Lemma 7.1 thus implies that

{a,4,5} = 0 which in turn means that the expansion (7.5) starts at j = 1. Since a € G* and q 5 € G*’ it follows from the calculus that b, s €

GH30+0)0 _ G0 (This argument is similar to Ref. 24, Lemme 7.1.)

From u € C(R, M, (R?)) and Theorem 2.5 we thus obtain

20:8%:90 G202 IudY €0
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f = Pv=bY%ueC(R,Myz:a(RY)).

Now (7.4), vg € MU,SDM(Rd) and Theorem 3.6 show that (7.3) holds true.
In the second step we take 0 < ¢’ < 8" < & which gives supp g, o nsupp(1 - g, ) =#. By the calculus this yields r = g, 5 #(1 - ge) €

#(R*) which combined with (7.1) and Theorem 2.5 implies
4% 5o = 4% 5 qisuo + o € Mog(RY)  VseR (7.6)

since r': 7' — . is regularizing.
Set w = g/ yu and consider the non-homogeneous Cauchy problem

{Pw -8 7.7)
w(0,-) = wo

where wy = q‘”j’)éruo € Mg,soJrZa(Rd) by (7.6).
As above we obtain using (7.5)
g§=Pqiyu—qygPu="byu=blyqu+byy(1-qes) u
with by y € G™*. Since supp by 5 €y we have supp by 5 N supp (1 - q,) =% which implies that b/ 5 (1 - gs)": .#" — .7 is regularizing.

Thus g € C(R, M5, +2¢(R?)) by (7.3) and again Theorem 2.5. Again (7.7) and Theorem 3.6 give w = qs yu € C(R, Mg, +2¢(RY)).
The bootstrap argument shows that we may obtain

q;:u;}’a/ ue C(R> Ma,so+kot (Rd))

for any k € N, in each step decreasing 0 < ¢’ < 8’ < e with & > 0 coming from the preceding step. We may do this keeping &’ > 8y > 0 for a fixed
8o > 0.If0 < & < & then for any t € R

d
Geyo, 4(t,) € Mos(RY)

forany s € R. Thus g;_ 5 u(t,-) € #(R?) for any t € R. Since s, 4, is elliptic on ¥, this proves that u(t,-) is smooth in 3 for any ¢ € R. It follows
that A € F(u(t,-)) so we have shown F(uo) € F(u(t,-)) for any ¢ € R. The opposite inclusion follows from .#; "= 7_,. ]
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