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ABSTRACT
We consider evolution equations for two classes of generalized anharmonic oscillators and the associated initial value problem in the space of
tempered distributions. We prove that the Cauchy problem is well posed in anisotropic Shubin–Sobolev modulation spaces of Hilbert type,
and we investigate propagation of suitable notions of singularities.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0234449

I. INTRODUCTION AND STATEMENT OF THE RESULTS
The main goal of this paper is to study propagation of microlocal singularities for the Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

∂tu + i(∣x∣2k
+ (−Δ)m

)u = 0

u(0, x) = u0(x)
, (t, x) ∈ R × Rd, k, m ∈ N/0. (1.1)

In Quantum Mechanics this is usually called Schrödinger anharmonic oscillator when m = 1. Under the addition of a quadratic term in the
potential it can be regarded as a perturbation of the standard harmonic oscillator for small values of the potential.

We shall also consider more general problems than (1.1) of the form

⎧⎪⎪
⎨
⎪⎪⎩

∂tu + iAu = 0

u(0, x) = u0(x)
, (t, x) ∈ R × Rd, (1.2)

where A is a partial differential operator with polynomial coefficients of the form

A = ∑
k∣α∣+m∣β∣⩽km

cαβxβDα
x , Dα

= (−i)∣α∣∂αx , m, k ∈ 2N, cαβ ∈ C. (1.3)

As a generalization of (1.1) in a different direction we consider finally (1.2) when A has the Weyl symbol a(x, ξ) = (∣x∣2k
+ ∣ξ∣2m

)
p with k, m ∈

N / 0 and p ∈ R / 0.
The literature on quantum anharmonic oscillators is enormous. The stationary equation Au = 0 has been studied in thousands of titles,

see for example Refs. 2–4, 10, 11, 43, and 44 and the references quoted therein. In this paper we refer in particular to Refs. 6, 7, and 31.
Helffer and Robert24 have developed Fourier integral operator parametrices to (1.2) when A is an unbounded essentially self-adjoint elliptic
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operator with a symbol that can be expanded in anisotropically homogeneous terms. Several contributions appeared recently, in particular
for quadratic Hamiltonians, i.e. k = m = 2 in (1.3), see Refs. 9, 12–15, 30, 32, and 36.

The first question for (1.1) and (1.2) is well-posedness in suitable function spaces. Natural choices are the Schwartz space S (Rd
), the

tempered distributions S ′
(Rd
), and intermediate scales of global Sobolev type spaces. Such a scale of spaces can be defined using the short-

time Fourier transform of a function or tempered distribution u:

Vφu(x, ξ) = (2π)−
d
2∫

Rd
e−i⟨y,ξ⟩u(y)φ(y − x) dy

for a window function φ ∈ S (Rd
)/0. We define Mσ,s(Rd

) for anisotropy parameter σ > 0 and regularity parameter s ∈ R as the space of all
u∈ S ′(Rd

) such that

∥u∥Mσ,s = (∬
R2d
∣Vφu(x, ξ)∣2θσ(x, ξ)2s dxdξ)

1
2
<∞,

where θσ(x, ξ) = 1 + ∣x∣ + ∣ξ∣
1
σ is an anisotropic weight on the phase space T∗Rd. These spaces are modulation Hilbert spaces and anisotropic

versions of Shubin’s spaces.
In Sec. III we prove the following well-posedness result for (1.2) under the assumption that A in (1.3) is elliptic, in an anisotropic global

sense, and positive. The involved function spaces are Mσ,s(Rd
) with σ = k

m . Given a function or distribution space X and an interval I ⊆ R, we
denote here by Bn

(I, X) the space of all functions f : I → X such that f ( j)
∈ L∞(I, X) ∩ C(I, X) for all j = 0, 1, . . . , n.

Theorem 1.1. Let A be a positive operator of the form (1.3) such that

ak(x, ξ) ∶= ∑
k∣α∣+m∣β∣=km

cαβxβξα ≠ 0 for (x, ξ) ≠ (0, 0). (1.4)

Then for every s ∈ R and u0 ∈Mσ,s(Rd
) there exists a unique solution u = u(t, ⋅) ∈ B(R, Mσ,s(Rd

)) ∩ B1
(R, Mσ,s−k(Rd

)) of (1.2). If s = 0 then
∥u(t, ⋅)∥L2 = ∥u0∥L2 for all t ∈ R.

When we emphasize the dependence of u on u0 we write u = u(t, ⋅)= Ktu0 where Kt is the solution operator or propagator. As a
consequence of Theorem 1.1 we get well-posedness in S (Rd

) and in S ′
(Rd
), see Corollary 3.5.

The polynomial ak is the principal symbol of A considered as an anisotropic Shubin symbol, and condition (1.4) expresses an assumption
of anisotropic ellipticity.

Another functional setting we study for well-posedness is the Gelfand–Shilov spaces of Roumieu and Beurling type. Given μ > 0, ν > 0
with μ + ν ⩾ 1, (μ + ν > 1), a smooth function f belongs to Sμ

ν(Rd
) [respectively Σμν(Rd

)] if

sup
x ∈Rd
∣xα∂β f (x)∣ ⩽ Ch∣α+β∣α!νβ!μ, α,β ∈ Nd,

for some C > 0 and h > 0 (respectively for every h > 0 and for some C > 0 depending on h).
Gelfand–Shilov spaces were introduced as subspaces of the Schwartz space for the study of partial differential equations.18 These func-

tions are characterized by Gevrey or analytic regularity and exponential decay at infinity. One motivation for considering Gelfand–Shilov
spaces comes from the stationary case of elliptic anharmonic oscillators where they give more precise information than the Schwartz space,
both on the regularity and on the behavior at infinity of the solutions.

For instance, it is known7 that under the assumption of anisotropic ellipticity (1.4), the solutions of the equation Au = 0 with A as in (1.3)

and assumed positive, belong to S
k

k+m
m

k+m
(Rd
). The same conclusion holds for the eigenfunctions of A.

Concerning the evolution Eq. (1.2) we prove in this paper well-posedness in Sμ
ν(Rd
) and in Σμν(Rd

) when

μ =
kr

k +m
, ν =

mr
k +m

, (1.5)

with r ⩾ 1 for Sμ
ν(Rd
), and r > 1 for Σμν(Rd

).

Theorem 1.2. Let A be a positive differential operator of the form (1.3) satisfying (1.4), and define μ and ν by (1.5). If r ⩾ 1 then for every
u0 ∈ Sμ

ν(Rd
) the problem (1.2) admits a unique solution u ∈ B1

(R, Sμ
ν(Rd
)). The same result holds replacing Sμ

ν(Rd
) by Σμν(Rd

) for r > 1.

Beyond the results on well-posedness of evolution equations of the form (1.2), our main interest in this paper is how the solution
propagates singularities. We follow Hörmander’s ideas of microlocal analysis, adopting suitable notions of wave front sets, and fix attention
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on large values of space and frequency variables. Concerning the history of microlocal analysis, the classical results for hyperbolic equations,
cf. Ref. 16, were not able to determine the correct direction of propagation, among the different characteristic curves passing through a
singularity point. Hörmander25 finally solved the mystery by defining the wave front set: the microsingularities propagate exactly along the
bicharacteristics passing through a point in the phase space.

More recently Hörmander’s approach has been applied to Schrödinger equations, the microlocal propagation being determined by the
Hamilton flow of the principal symbol of the Hamiltonian. Different variants of wave front sets were used, in particular for bounded potentials,
cf. Refs. 17, 23, 28, 29, and 46. In the case of quadratic Hamiltonians the correct definition was already proposed by Hörmander,27 afterward
reconsidered by several authors under different names and notations, see Refs. 30 and 38.

In our results on propagation of singularities for (1.2), the operator A = aw(x, D) will be the Weyl quantization of a symbol of the form

a(x, ξ) = (∣x∣2k
+ ∣ξ∣2m

)
p
, x, ξ ∈ Rd, (1.6)

where k, m ∈ N / 0 and p ∈ R / 0. This generalizes the Hamiltonian in (1.1) which equals (1.6) with p = 1.

Remark 1.3. If p ∈ N / 0 then a ∈ C∞(R2d
). For p ∈ R /N it is not smooth in the origin and then we multiply with a cutoff function around

the origin in order to always have a ∈ C∞(R2d
). More precisely for δ > 0 we define ψδ(x, ξ) = χ(∣x∣2 + ∣ξ∣2) ∈ C∞(R2d

) where χ ∈ C∞(R),
0 ⩽ χ ⩽ 1, χ(t) = 0 for t ⩽ δ2

4 and χ(t) = 1 for t ⩾ δ2 for a given δ > 0. Thus a(x, ξ) = ψδ(x, ξ)(∣x∣2k
+ ∣ξ∣2m

)
p
∈ C∞(R2d

) if p ∈ R /N.

Inspired by Hörmander’s idea and the literature quoted above, we look for results for propagation of singularities along the Hamilton
flow of the symbol a, that is solutions to

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′(t) = ∇ξa(x(t), ξ(t))
ξ′(t) = −∇xa(x(t), ξ(t))
x(0) = y
ξ(0) = η

(1.7)

where (y,η) ∈ T∗Rd. The Hamilton flow is denoted (x(t), ξ(t)) = χt(y,η).
For the concept of singularities it is natural to adopt the σ-anisotropic Gabor wave front set WFσg(u) (Ref. 39, Definition 4.1) of a tempered

distribution u∈ S ′(Rd
), defined with an anisotropy parameter σ > 0 as follows. A point z0 = (x0, ξ0) ∈ T∗Rd

/ 0 satisfies z0 ∉WFσg(u) if there
exists an open set U ⊆ T∗Rd such that z0 ∈ U and

sup
(x,ξ)∈U, λ>0

λN
∣Vφu(λx, λσξ)∣ < +∞ ∀N ⩾ 0.

The condition (x, ξ) ∈WFσg(u) thus means a lack of superpolynomial decay of the short-time Fourier transform along curves of the form

R+ ∋ λ↦ (λx, λσξ) ∈ T∗Rd
/0 (1.8)

in a neighborhood of (x, ξ) ∈ T∗Rd
/ 0. The σ-anisotropic Gabor wave front set WFσg(u) is σ-conic in the sense of invariant on curves of type

(1.8).
An important insight is that propagation of singularities depend crucially on the parameter p ∈ R / 0 in (1.6), with a critical value

pc =
1
2
(

1
k
+

1
m
). (1.9)

Note that pc ⩽ 1 with equality only if k = m = 1, which is the well known case of the harmonic oscillator. To study propagation of singularities
for (1.1) with either k > 1 or m > 1 the parameter must be supercritical, that is p > pc. We treat the cases p ⩽ pc and p > pc using different
notions of singularities. Our theorem on the propagation of WFσg concerns p ⩽ pc.

Theorem 1.4. Suppose k, m ∈ N / 0, σ = k
m , 0 ≠ p ⩽ pc, let the symbol a be defined by (1.6) and Remark 1.3, and consider the Cauchy

problem (1.2) with A = aw(x, D). If u0∈ S ′(Rd
) then there exists a unique solution u = u(t, ⋅)∈ S ′(Rd

) of (1.2) for all t ∈ R. If χt : R2d
/ 0→

R2d
/ 0 is the Hamilton flow corresponding to a, then we have if p = pc

WFσg(u(t, ⋅)) = χt(WFσgu0), t ∈ R, (1.10)

and if p < pc
WFσg(u(t, ⋅)) =WFσg(u0), t ∈ R. (1.11)
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In fact the propagation result (1.10) when p = pc is a particular case of Ref. 8, Theorem 8.3. The new result (1.11) shows that when the
exponent is subcritical (p < pc) then the anisotropic Gabor wave front set does not propagate but remains invariant.

In the supercritical case p > pc there is evidence that WFσg is not the correct notion of singularities for a propagation result, see Ref. 8,
Remark 5.6 and Sec. 6. For d = 1 we work out the explicit, periodic Hamilton flow for the symbol (1.6) in Sec. IV. The results give further
evidence against using WFσg in the supercritical case.

Thus the wave front set WFσg is not suitable to handle propagation for the generalized anharmonic oscillator Eq. (1.1) if (k, m) ≠ (1, 1),
since p = 1 > pc. For (1.1) we introduce instead the notion of a filter of singularities F(u) of u∈ S ′(Rd

). The idea has origins e.g., in Ref. 37.
The filter of singularities consists of anisotropic annular subsets of T∗Rd of the form

Σ̃ = {(x, ξ) ∈ T∗Rd : ∣x∣2k
+ ∣ξ∣2m

∈ Σ} ⊆ T∗Rd (1.12)

where Σ ⊆ R+. The subsets in the filter are the complements of anisotropic annular sets Σ̃ ⊆ T∗Rd where u is smooth in the following sense:
There exists r ∈ R and a symbol a ∈ Gr,σ (an anisotropic Shubin symbol) with σ = k

m , such that aw(x, D)u ∈ S (Rd
) and the symbol a satisfies

∣a(x, ξ)∣ ⩾ C(1 + ∣x∣ + ∣ξ∣
1
σ )

r
, (x, ξ) ∈ Σ̃, ∣(x, ξ)∣ ⩾ R,

with C, R > 0. Note that the Hamilton flow is invariant on sets of the form (1.12). In the filter of singularities anisotropic annular sets of the
form (1.12) replaces σ-conic subsets that are used in WFσg .

Our result for the invariance of the filter of singularities for the solutions to (1.1) reads as follows.

Theorem 1.5. Suppose k, m ∈ N / 0 satisfy
1
k
+

1
m
>

2
3

(1.13)

and let u = u(t, ⋅) be the solution of (1.1) with u0∈ S ′(Rd
), granted by Theorem 1.1. Then F(u(t, ⋅)) = F(u0) for every t ∈ R.

The condition (1.13) is satisfied for any k ∈ N / 0 if m = 1 which is the anharmonic oscillator case.

Remark 1.6. A natural open problem is to study propagation of singularities in the setting of tempered ultradistributions of
Gelfand–Shilov type, corresponding to Gelfand–Shilov versions of Theorems 1.4 and 1.5. There are notions of Gelfand–Shilov wave front
sets which are anisotropic.40 We do not treat this problem in the current paper.

The paper is organized as follows. In Sec. II we briefly recall the definition of σ-anisotropic symbols introduced in Ref. 39 and the basic
results of the related pseudodifferential calculus and microlocal analysis. In Sec. III we prove the well-posedness Theorems 1.1 and 1.2. In
Sec. IV we compute explicitly the solution to Hamilton’s system (1.7) for the Hamiltonian (1.6) in dimension d = 1 and deduce estimates for
the derivatives of the composition of an anisotropic symbol with the inverse Hamilton flow. The critical power pc (1.9) plays a crucial role.
In Sec. V we prove Theorem 1.4 where p ⩽ pc. The last two sections are devoted to the case p = 1 > pc. In Sec. VI we introduce the filter of
singularities and study its properties, and in Sec. VII we prove Theorem 1.5.

II. PRELIMINARIES
The unit sphere in Rd is denoted Sd−1

⊆ Rd. An open ball of center x0 ∈ Rd and radius r > 0 is denoted Br(x0), and Br(0) = Br . The set of
positive real (rational) numbers is denoted R+ (Q+), and the power set of the set Ω is denoted P(Ω). We write f (x) ≲ g(x) provided there
exists C > 0 such that f (x) ⩽ C g(x) for all x in the domain of f and of g. If f (x) ≲ g(x) ≲ f (x) then we write f ≍ g. The partial derivative
Dj = −i∂ j, 1 ⩽ j ⩽ d, acts on functions and distributions on Rd, with extension to multi-indices. If I ⊆ R is an open interval, k ∈ N and X is a
topological vector space then Bk

(I, X) denotes the space of all functions f : I → X such that f ( j)
∈ L∞(I, X) ∩ C(I, X) for all j = 0, 1, . . . , k,

and

B∞(I) = ⋂
k ∈N

Bk
(I, R).

We use ⟨x⟩ = (1 + ∣x∣2)
1
2 for x ∈ Rd. The Poisson bracket of a(x, ξ), b(x, ξ) ∈ C1

(R2d
) is

{a, b} = ⟨∇ξa,∇xb⟩ − ⟨∇xa,∇ξb⟩ (2.1)

where ⟨⋅, ⋅⟩ denotes the scalar product on Rd.
The normalization of the Fourier transform is

F f (ξ) = f̂ (ξ) = (2π)−
d
2∫

Rd
f (x)e−i⟨x,ξ⟩ dx, ξ ∈ Rd,
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for f ∈ S (Rd
) (the Schwartz space). The conjugate linear action of a tempered distribution u∈ S ′(Rd

) on a test function ϕ ∈ S (Rd
) is written

(u,ϕ), consistent with the L2 inner product (⋅, ⋅) = (⋅, ⋅)L2 which is conjugate linear in the second argument.
Denote translation by Tx f (y) = f (y − x) and modulation by Mξ f (y) = ei⟨y,ξ⟩ f (y) for x, y, ξ ∈ Rd where f is a function or distribution

defined on Rd. Let φ ∈ S (Rd
)/{0}. The short-time Fourier transform (STFT) of a tempered distribution u∈ S ′(Rd

) is defined by

Vφu(x, ξ) = (2π)−
d
2 (u, MξTxφ) = F (uTxφ)(ξ), x, ξ ∈ Rd.

The function Vφu is smooth and polynomially bounded (Ref. 20, Theorem 11.2.3) as

∣Vφu(x, ξ)∣ ≲ ⟨(x, ξ)⟩k, (x, ξ) ∈ T∗Rd, (2.2)

for some k ⩾ 0. We have u ∈ S (Rd
) if and only if

∣Vφu(x, ξ)∣ ≲ ⟨(x, ξ)⟩−N , (x, ξ) ∈ T∗Rd, ∀N ⩾ 0. (2.3)

The inverse transform is given by
u = (2π)−

d
2∬

R2d
Vφu(x, ξ)MξTxφ dx dξ (2.4)

provided ∥φ∥L2 = 1, with action under the integral understood, that is

(u, f ) = (Vφu, Vφ f )L2(R2d) (2.5)

for u∈ S ′(Rd
) and f ∈ S (Rd

), cf. Ref. 20, Theorem 11.2.5.
The symbol σ > 0 will denote the anisotropy parameter. A σ-conic subset of T∗Rd

/ 0 is closed under the anisotropic scaling T∗Rd
/ 0 ∋

(x, ξ)↦ (λx, λσξ) ∈ T∗Rd
/ 0 for all λ > 0. We use the anisotropic phase space weight

θσ(x, ξ) = 1 + ∣x∣ + ∣ξ∣
1
σ , x, ξ ∈ Rd.

Then
⟨(x, ξ)⟩min (1, 1

σ ) ≲ θσ(x, ξ) ≲ ⟨(x, ξ)⟩max (1, 1
σ ), (x, ξ) ∈ R2d

/0. (2.6)

We present briefly the pseudodifferential calculus we will use in the proof of Theorems 1.4 and 1.5, and refer to Refs. 5, 26, 31, 39, and 42 for
more precise and general presentations. The space of σ-anisotropic global symbols Gr,σ of order r ∈ R consists of all functions a ∈ C∞(R2d

)

which satisfy the estimates
∣∂αx∂

β
ξ a(x, ξ)∣ ≲ θσ(x, ξ)r−∣α∣−σ∣β∣, x, ξ ∈ Rd, α,β ∈ Nd. (2.7)

We have

⋂
r ∈R

Gr,σ
= S (R2d

)

and Gr,1
= Gr

1, where Gr
ρ denotes the standard Shubin class with parameter 0 ⩽ ρ ⩽ 1.42 A symbol a ∈ Gr

ρ satisfies

∣∂αx∂
β
ξ a(x, ξ)∣ ≲ ⟨(x, ξ)⟩r−ρ∣α+β∣, x, ξ ∈ Rd, α,β ∈ Nd.

Remark 2.1. As a consequence of (2.6) we have the inclusion

Gr,σ
⊆ Gr0

ρ , (2.8)

where r0 = max (r, r
σ ) and ρ = min (σ, 1

σ ). Hence the Shubin calculus42 applies to the anisotropic Shubin symbols, but the anisotropy is lost.

Remark 2.2. The pseudodifferential calculus in Ref. 31 is not directly applicable to the symbol classes Gr,σ unless σ = 1. In fact if σ ≠ 1
then either the space weight function Φ(x, ξ) = 1 + ∣x∣ + ∣ξ∣

1
σ or the frequency weight function Ψ(x, ξ) = 1 + ∣x∣σ + ∣ξ∣ is not sublinear, which is

required in Ref. 31, Eq. (1.1.1). Nevertheless from (2.6) it follows that Gr,σ
⊆ S(M; Φ,Ψ) as defined in Ref. 31, Definition 1.1.1 with M(x, ξ) =

θσ(x, ξ)r ,Φ(x, ξ) = ⟨(x, ξ)⟩min (1, 1
σ ) andΨ(x, ξ) = ⟨(x, ξ)⟩min(1,σ). The functionsΦ andΨ are sublinear. The weight M is anisotropic butΦ and

Ψ are not. Thus the pseudodifferential calculus in Ref. 31, Chap. 1.2 applies to Gr,σ , but the anisotropic behavior of the derivatives is again lost.
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Remark 2.3. When σ > 0 is rational, that is σ = k
m with k, m ∈ N / 0 then the symbol classes Gr,σ coincide with the symbol classes Sr

m,k
in Ref. 24, as Gr,σ

= Srm
m,k for r ∈ R. In the general case σ ∈ R+ it has been shown in Ref. 11, Proposition 4.2 that Gr,σ is a particular case of the

Weyl–Hörmander symbol classes (Ref. 25, Chap. 18.4). More precisely if r ∈ R then Gr,σ
= S(θr

σ , g) with the metric

g =
dx2

θσ(x, ξ)2 +
dξ2

θσ(x, ξ)2σ .

For a ∈ Gr,σ and τ ∈ R a pseudodifferential operator in the τ-quantization is defined by

aτ(x, D) f (x) = (2π)−d
∫

R2d
ei⟨x−y,ξ⟩a((1 − τ)x + τy, ξ) f (y) dy dξ, (2.9)

interpreted as an oscillatory integral. If τ = 0 we get the Kohn–Nirenberg (normal) quantization a(x, D) = a0(x, D), and if τ = 1
2 we get the

Weyl quantization. We will use exclusively the Weyl quantization in this paper, writing aw = aw(x, D) = a 1
2
(x, D). By Ref. 39, Proposition 3.3

the classes Gr,σ are invariant under change of the quantization parameter τ ∈ R.
If a ∈ Gr,σ the operator aw(x, D) acts continuously on S (Rd

) and extends by duality to a continuous operator on S ′
(Rd
). Given a

sequence a j ∈ Gr j ,σ , j = 1, 2, . . ., with rj → −∞ as j→ +∞, we write a ∼ ∑∞j=1 a j to mean that for N ⩾ 2

a −
N−1

∑
j=1

aj ∈ GμN ,σ ,

with μN = max
j⩾N

r j . Given a sequence (aj) as above, we can construct a symbol a ∈ Gμ1 ,σ , unique modulo S (R2d
), such that a ∼ ∑∞j=1 a j (Ref.

39, Lemma 3.2).
The Weyl product a#b of two symbols a ∈ Gr,σ and b ∈ Gt,σ is defined as the symbol of the operator composition: (a#b)w(x, D) =

aw(x, D)bw(x, D) provided the composition is well defined. By Ref. 39, Proposition 3.3 we have a#b ∈ Gr+t,σ , and asymptotic expansion

a#b(x, ξ) ∼ ∑
α,β⩾0

(−1)∣β∣

α!β!
2−∣α+β∣Dβ

x∂
α
ξ a(x, ξ) Dα

x∂
β
ξ b(x, ξ)

with terms in Gr+t−(1+σ)∣α+β∣,σ .
We will use the following scale of regularity spaces (Ref. 8, Definition 4.1).

Definition 2.4. Let φ ∈ S (Rd
)/0. The anisotropic Shubin–Sobolev modulation space Mσ,s(Rd

) with anisotropy parameter σ > 0 and
order s ∈ R is the Hilbert subspace of S ′

(Rd
) defined by the norm

∥u∥Mσ,s = (∬
R2d
∣Vφu(x, ξ)∣2 θσ(x, ξ)2s dx dξ)

1
2
. (2.10)

For any σ > 0 we have Mσ,0(Rd
) = L2

(Rd
),20 and Mσ,s1(R

d
) ⊆Mσ,s2(R

d
) is a continuous inclusion when s1 ⩾ s2. It holds20

S (Rd
) = ⋂

s ∈R
Mσ,s(Rd

) (2.11)

and
S
′
(Rd
) = ⋃

s ∈R
Mσ,s(Rd

). (2.12)

If σ = k
m with k, m ∈ N / 0 then the norm ∥ ⋅ ∥Mσ,s is equivalent to the norm

∥u∥Mσ,s(Rd) ≍ ∥Asu∥L2(Rd) (2.13)

where As is a localization operator defined by

(As f , g) = (w
s
k
k,mVφ f , Vφg) = (V∗φw

s
k
k,mVφ f , g), f , g ∈ S (Rd

), (2.14)

where φ ∈ S (Rd
) satisfy ∥φ∥L2 = 1.8,21 It has symbol w

s
k
k,m ∈ C∞(R2d

) where

wk,m(x, ξ) = (1 + ∣x∣2k
+ ∣ξ∣2m

)

1
2
≍ θσ(x, ξ)k.
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Pseudodifferential operators with anisotropic Shubin symbols act continuously between Mσ,s(Rd
) spaces with natural loss of regularity

according to Ref. 8, Proposition 4.2:

Theorem 2.5. If σ > 0, r ∈ R and a ∈ Gr,σ , then for all s ∈ R the operator

aw(x, D) : Mσ,s+r(Rd
)→Mσ,s(Rd

)

is continuous.

Remark 2.6. The spaces Mσ,s(Rd
) are particular cases of the Sobolev spaces in Ref. 31, Secs. 1.5 and 1.7.4. If σ = k

m ∈ Q+ then they are
also identical to Helffer and Robert’s spaces Bs

m,k(R
d
) (Ref. 24, Remarque 4.2) according to Bs

m,k =Mσ,(1+σ)s for s ∈ R, and the spaces Qs
m,k(R

d
)

in Ref. 6 according to Qs
m,k =Mσ,min (1,σ)s for s ∈ R. Finally the spaces Hs

m,k(R
d
) in Ref. 10, Definition 4.7 can be expressed as Hs

m,k =Mσ,ks when
σ = k

m ∈ Q+ and s ∈ R.

We will use anisotropic Gabor wave front sets39,45 of tempered distributions. The concept is related to Zhu’s (Ref. 47, Definition 1.3) of
quasi-homogeneous wave front set defined by two non-negative parameters. Zhu uses a semiclassical formulation whereas we use the STFT.

Definition 2.7. Suppose u∈ S ′(Rd
), φ ∈ S (Rd

)/0, and σ > 0. A point z0 = (x0, ξ0) ∈ T∗Rd
/ 0 satisfies z0 ∉WFσg(u) if there exists an

open set U ⊆ T∗Rd such that z0 ∈ U and
sup

(x,ξ)∈U, λ>0
λN
∣Vφu(λx, λσξ)∣ < +∞ ∀N ⩾ 0. (2.15)

If σ = 1 we have WFσg(u) =WFg(u) which denotes the usual Gabor wave front set.27,38 We call WFσg(u) the σ-anisotropic Gabor wave
front set. The set WFσg(u) is σ-conic. Referring to (2.2) and (2.3) we see that WFσg(u) records σ-conic curves 0 < λ↦ (λx, λσξ) where Vφu
does not behave like the STFT of a Schwartz function. If u∈ S ′(Rd

) then WFσg(u) = ∅ if and only if u ∈ S (Rd
).

As wave front sets of many other types, the anisotropic Gabor wave front set can be written as

WFσg(u) = ⋂
a ∈Gr,σ : aw(x,D)u ∈S

charσ(a) (2.16)

where r ∈ R and where the characteristic set charσ(a) ⊆ T∗Rd
/ 0 is defined as follows. It holds z0 ∉ charσ(a) if there exists an open σ-conic

set Γ ⊆ T∗Rd
/ 0 containing z0 ≠ 0 such that

∣a(x, ξ)∣ ⩾ Cθσ(x, ξ)r , (x, ξ) ∈ Γ, ∣(x, ξ)∣ ⩾ R,

for suitable C, R > 0. See Ref. 45, Proposition 3.5.
Let ν, μ > 0. The Gelfand–Shilov space Sμ

ν(Rd
) (Σμν(Rd

)) of Roumieu (Beurling) type18 consists of all f ∈ C∞(Rd
) such that

∥ f ∥ Sμν,h
≡ sup

∣xα∂β f (x)∣
h∣α+β∣α!ν β!μ

(2.17)

is finite for some (every) h > 0. The supremum refers to all α,β ∈ Nd and x ∈ Rd.
The seminorms (2.17) induce an inductive limit topology for the space Sμ

ν(Rd
) and a projective limit topology for Σμν(Rd

). The latter
space is a Fréchet space under this topology. The space Sμ

ν(Rd
) ≠ {0} (Σμν(Rd

) ≠ {0}), if and only if ν + μ ⩾ 1 (ν + μ > 1).35

III. WELL-POSEDNESS
In this section we prove the well-posedness results stated in the Introduction. We use characterizations of the spaces Mσ,s(Rd

)with s ∈ R,
S (Rd

), and S ′
(Rd
), as well as the Gelfand–Shilov spaces Sμ

ν(Rd
) and Σμν(Rd

), in terms of the behavior of the coefficients of their elements
with respect to the orthonormal basis of eigenfunctions of a positive operator A of the form (1.3) satisfying (1.4). We use results from Refs. 6
and 19.

Let k, m ∈ 2N / 0, σ = k
m and define the operator A by (1.3). The Kohn–Nirenberg symbol for A = a(x, D) is

a(x, ξ) = ∑
k∣α∣+m∣β∣⩽km

cαβxβξα.

By Ref. 39, Example 3.9 we know that a ∈ Gk,σ , and by Ref. 39, Proposition 3.3 we have A = bw(x, D) with b ∈ Gk,σ . The anisotropic ellipticity
condition (1.4) amounts to7

∣a(x, ξ)∣ ⩾ Cθσ(x, ξ)k, ∣(x, ξ)∣ ⩾ R, (3.1)
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for some C, R > 0. The operator

A : Mσ,k(R
d
)→ L2

(Rd
)

is continuous by Theorem 2.5.
By Ref. 31, Theorem 4.2.4 the closure of A as an unbounded operator in L2 coincides with its maximal realization, due to the ellipticity

(3.1). In the sequel we denote the closure still by A.
The operator A is Fredholm (Ref. 5, Theorem 10.1), (Ref. 31, Theorem 1.6.9). The finite-dimensional null space Ker A consists of func-

tions in the Gelfand–Shilov space S
k

k+m
m

k+m
(Rd
).7 The assumption that A is positive implies that its Weyl symbol is real-valued (Ref. 8, p. 30). The

added assumption of ellipticity in the sense of (3.1) guarantees the existence of an orthonormal basis of eigenfunctions φj ∈ L2
(Rd
), j ∈ N / 0,

with eigenvalues λj > 0 such that lim
j→+∞

λ j = +∞ (see Refs. 7 and 42 and Ref. 31, Theorem 4.2.9).

From Ref. 5, Theorem 3.2, p. 129 one deduces the asymptotic behavior of the eigenvalues

λj ≍ j
mk

d(m+k) = j
k

d(1+σ) as j → +∞. (3.2)

Since the Weyl symbol of A − λj also satisfies (3.1) it follows that φ j ∈ S
k

k+m
m

k+m
(Rd
) for j ⩾ 1.7 Given u ∈ L2

(Rd
) we can expand

u =
+∞
∑
j=1

ujφj (3.3)

with coefficients (u j) j⩾1 ∈ l2
(N/0) defined by

uj = (u,φj), j = 1, 2, . . . . (3.4)

The following result characterizes anisotropic Shubin–Sobolev modulation spaces Mσ,s(Rd
) when σ ∈ Q+ and s ∈ R in terms of the behavior

of the coefficients with respect to the eigenvectors and the eigenvalues of a positive elliptic differential operator.

Proposition 3.1. Let k, m ∈ 2N / 0, σ = k
m and define the operator A by (1.3). Suppose A is positive and elliptic in the sense of (1.4), let

(φ j) j⩾1 ⊆ S
k

k+m
m

k+m
(Rd
) be its orthonormal basis of eigenvectors, and let (λ j) j⩾1 ⊆ R+ be the corresponding eigenvalues. If u ∈ S ′(Rd

) and uj =

(u,φj) for j ⩾ 1 then for all s ∈ R

∥u∥2
Mσ,s(Rd) ≍

+∞
∑
j=1

λ
2s
k
j ∣uj ∣

2. (3.5)

Proof. According to the discussion above the Weyl symbol of A = bw(x, D) satisfies b ∈ Gk,σ , and the symbol b is elliptic in the sense of

∣b(x, ξ)∣ ⩾ Cθσ(x, ξ)k, ∣(x, ξ)∣ ⩾ R,

for some C, R > 0.
By Remark 2.2 we may consider the symbol b as an anisotropic symbol in an isotropic calculus. This means that b ∈ S(M; Φ,Ψ) as defined

in Ref. 31, Definition 1.1.1 with M(x, ξ) = θσ(x, ξ)k, Φ(x, ξ) = ⟨(x, ξ)⟩min (1, 1
σ ) and Ψ(x, ξ) = ⟨(x, ξ)⟩min(1,σ). Note that M is anisotropic while

Φ and Ψ are isotropic. The symbol b is then elliptic, denoted b ∈ Hypo(M, M; Φ,Ψ) in the sense of Ref. 31, Definition 1.3.2. Since bw(x, D) is
positive, the symbol b is real-valued.

It now follows from Ref. 31, Theorems 4.3.5 and 4.3.6 that for any p > 0 the power operator Ap is a well defined unbounded operator
in L2

(Rd
), with eigenvalues (λp

j) j⩾1, and Weyl symbol bp ∈ Hypo(Mp, Mp; Φ,Ψ). By the spectral theorem the operator Ap has the same
eigenfunctions (φ j) j⩾1 as A so we have if u ∈ S (Rd

)

Apu =
+∞
∑
j=1

λp
j(u,φj)φj.

Suppose s > 0. If p = s
k then bp ∈ Hypo(Mp, Mp; Φ,Ψ) is an elliptic symbol. We note that Mp

= θs
σ ≍ w

s
k
k,m. By Ref. 31, Propositions 1.5.5 (a)

and 1.7.12, and Remark 1.7.13 the operator A
s
k = bws

k
(x, D) : Mσ,s(Rd

)→ L2
(Rd
) is continuous and invertible with bounded inverse

(A
s
k )
−1

u =
+∞
∑
j=1

λ
− s

k
j (u,φj)φj : L2

(Rd
)→Mσ,s(Rd

).
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The inverse is in fact a pseudodifferential operator: (A
s
k )
−1
= cws

k
(c, D) for some c s

k
∈ Hypo(M−p, M−p;Φ,Ψ). Indeed by Ref. 31, Theorem 1.3.6

there exists a parametrix c ∈ Hypo(M−p, M−p; Φ,Ψ) such that bws
k

cw = I + rw where r ∈ S (R2d
), which gives

(A
s
k )
−1
= cw − (A

s
k )
−1

rw = cws
k

since (A
s
k )
−1

rw : S ′ → S is regularizing with a symbol in S (R2d
) which can be absorbed in c into c s

k
∈ Hypo(M−p, M−p;Φ,Ψ).

As a consequence of (2.13), (Ref. 31, Propositions 1.5.3 and 1.7.12) we may define the Mσ,s(Rd
) norm equivalently by replacing the

localization operator As in (2.13) by the operator A
s
k . Hence

∥u∥2
Mσ,s(Rd) ≍ ∥A

s
k u∥2

L2(Rd) =
+∞
∑
j=1

λ
2s
k
j ∣uj ∣

2

which proves the claim (3.5) when s > 0.
Finally we need to consider s ⩽ 0. Since Mσ,0 = L2 the result is trivial when s = 0 so we may assume s < 0. Again using (2.13), (Ref. 31,

Propositions 1.5.3 and 1.7.12) we may define the Mσ,s(Rd
) norm equivalently by replacing the localization operator As in (2.13) by the operator

(A
∣s∣
k )
−1
= cw∣s∣

k
. We get

∥u∥2
Mσ,s(Rd) ≍ ∥(A

∣s∣
k )
−1

u∥2
L2(Rd) =

+∞
∑
j=1

λ
− 2∣s∣

k
j ∣uj ∣

2
=
+∞
∑
j=1

λ
2s
k
j ∣uj ∣

2.

◻

Remark 3.2. In the Proof of Proposition 3.1 we use results from the pseudodifferential calculus in Ref. 31, which does not admit
anisotropic space and frequency weights Φ and Ψ respectively, cf. Remark 2.2. But this calculus does admit anisotropic weight functions
M. This suffices for our purposes in Proposition 3.1 concerning the anisotropic Sobolev–Shubin modulation spaces Mσ,s(Rd

).

Remark 3.3. The Proof of Proposition 3.1 and Refs. 8 and 20 show that

S (Rd
) ∋ u↦

⎛

⎝

+∞
∑
j=1

λ
2s
k
j ∣(u,φj)∣

2⎞

⎠

1
2

for s ⩾ 0 is a family of seminorms for the Fréchet space topology of S (Rd
). Using the orthonormality of (φ j) j⩾1, from Proposition 3.1 and

Remark 3.3 we obtain that if u∈ S ′
(Rd
) then for some C, s > 0

∣uj ∣ = ∣(u,φj)∣ ⩽ C(
+∞
∑
n=1

λ
2s
k

n ∣(φj ,φn)∣
2
)

1
2

= Cλ
s
k
j ≍ j

sm
d(k+m)

= j
s

d(1+σ) , j ∈ N/0,

in the last step using (3.2).

Corollary 3.4. Under the assumptions of Proposition 3.1 we have with uj = (u,φj) for j ⩾ 1

u ∈ S (Rd
) ⇐⇒ ∣uj ∣ = O(λ−s

j ), j → +∞, ∀s > 0 (3.6)

⇐⇒ ∣uj ∣ = O(j −s
), j → +∞, ∀s > 0. (3.7)

Proof. The conclusion (3.6) is a consequence of (2.11), (3.5), and (3.7) follows from (3.2). ◻
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From Proposition 3.1, Remark 3.3 and Corollary 3.4 it follows that the expansion (3.3) converges in S ′
(Rd
) when u ∈ S ′

(Rd
) with

coefficients (3.4). Conversely if (u j) j⩾1 ⊆ C is a sequence such that ∣uj∣ ≲ jr for some r ⩾ 0 then the expansion (3.3) converges in S ′
(Rd
).

Proof of Theorem 1.1. Let u0 ∈Mσ,s(Rd
). We can write u0 = ∑

+∞
j=1 c jφ j where the coefficients cj = (u0,φj) satisfy (3.5) in Proposition 3.1.

Define for t ∈ R the series

u(t, x) =
∞
∑
j=1

cje−iλj tφj(x). (3.8)

Then u(0, ⋅) = u0 and for j ∈ N / 0 we have
(u(t, ⋅),φj) = cje−iλj t (3.9)

so Proposition 3.1 gives

∥u(t, ⋅)∥2
Mσ,s ≍

∞
∑
j=1

λ
2s
k
j ∣cj ∣

2
≍ ∥u0∥

2
Mσ,s. (3.10)

The series (3.8) hence defines a function u(t, ⋅) ∈ L∞(R, Mσ,s(Rd
)). Due to Mσ,0 = L2 it is clear that ∥u(t, ⋅)∥L2 = ∥u0∥L2 for all t ∈ R.

In the same way we have for t, τ ∈ R

∥u(t + τ, ⋅) − u(t, ⋅)∥2
Mσ,s ≍

∞
∑
j=1

λ
2s
k
j ∣cj ∣

2
∣e−iλjτ − 1∣

2
. (3.11)

The assumption u0 ∈Mσ,s(Rd
) and the dominated convergence theorem implies that u(t, ⋅) ∈ B(R, Mσ,s(Rd

)).
From (3.9) we see that the operator A acts on the series (3.8) as

Au(t, ⋅) =
∞
∑
j=1

λj(u(t, ⋅),φj)φj =
∞
∑
j=1

λjcje−iλj tφj.

Since

∂tu(t, x) = −i
∞
∑
j=1

λjcje−iλj tφj(x)

the series (3.8) solves the Cauchy problem (1.2). Finally (3.10) gives

∥∂tu(t, ⋅)∥2
Mσ,s−k ≍

∞
∑
j=1

λ
2(s−k)

k
j ∣λj ∣

2
∣cj ∣

2
≍ ∥u0∥

2
Mσ,s.

This means that ∂tu(t, ⋅) ∈ L∞(R, Mσ,s−k(Rd
)), and it also gives the information that ∂tu + iAu = 0 holds in the space L∞(R, Mσ,s−k(Rd

)).
As in (3.11) it follows that ∂tu(t, ⋅) ∈ L∞(R, Mσ,s−k(Rd

)) ∩ C(R, Mσ,s−k(Rd
)) which proves the claim u(t, ⋅) ∈ B1

(R, Mσ,s−k(Rd
)). Finally the

uniqueness of the solution is a consequence of (3.10). ◻

As consequences of Theorem 1.1, Remark 3.3 and (2.12) we get well-posedness in S (Rd
) and in S ′

(Rd
) in the following respective

senses.

Corollary 3.5. Let A be a positive operator of the form (1.3) that satisfies (1.4).

(i) If u0 ∈ S (Rd
) then there exists a unique solution u(t, ⋅) ∈ B1

(R, S (Rd
)) of (1.2).

(ii) If u0∈ S ′
(Rd
) then there exists s ∈ R such that u0 ∈Mσ,s(Rd

) and a unique solution u(t, ⋅) ∈ B(R, Mσ,s(Rd
)) ∩ B1

(R, Mσ,s−k(Rd
)) of

(1.2).

Next we formulate a version of Theorem 1.1 for the inhomogeneous equation

⎧⎪⎪
⎨
⎪⎪⎩

∂tu(t, x) + iAu(t, x) = f (t, x)
u(0, x) = u0(x)

, (t, x) ∈ (−T, T) × Rd (3.12)

where T > 0.

Theorem 3.6. Let T > 0 and let A be a positive operator of the form (1.3) that satisfies (1.4). If s ∈ R, f (t, ⋅) ∈ C((−T, T), Mσ,s(Rd
)) and

u0 ∈Mσ,s(Rd
), then there exists a unique solution u(t, ⋅) ∈ C((−T, T), Mσ,s(Rd

)) ∩ C1
((−T, T), Mσ,s−k(Rd

)) of (3.12).
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Proof. Let cj = (u0,φj) and fj(t) = ( f (t, ⋅),φj) ∈ C((−T, T), C) for j ⩾ 1. Define for t ∈ (−T, T) the series

u(t, x) =
∞
∑
j=1

e−iλj t(cj + ∫

t

0
fj(τ)eiλjτ dτ)φj(x) (3.13)

which satisfies u(0, ⋅) = u0. Consider the coefficient functions for j ⩾ 1

uj(t) = (u(t, ⋅),φj) = e−iλj t(cj + ∫

t

0
fj(τ)eiλjτ dτ). (3.14)

From (3.14) we get

∣uj(t)∣ ⩽ ∣cj ∣ + ∫

∣t∣

−∣t∣
∣ fj(τ)∣ dτ

and the Cauchy–Schwarz inequality implies

∣uj(t)∣2 ⩽ 2∣cj ∣
2
+ 4∣t∣∫

∣t∣

−∣t∣
∣ fj(τ)∣2 dτ.

The assumptions f (t, ⋅) ∈ C((−T, T), Mσ,s(Rd
)), u0 ∈Mσ,s(Rd

), and Proposition 3.1 then yield u(t, ⋅) ∈ L∞((−T, T), Mσ,s(Rd
)).

From (3.14) we obtain for t, ν ∈ (−T, T) and j ⩾ 1

uj(t + ν) − uj(t)

= e−iλj t((e−iλjν − 1)(cj + ∫

t

0
fj(τ)eiλjτdτ) + e−iλjν

∫

t+ν

t
fj(τ)eiλjτdτ)

which gives

∣uj(t + ν) − uj(t)∣ ⩽ ∣e−iλjν − 1∣(∣cj ∣ + ∫

∣t∣

−∣t∣
∣ fj(τ)∣dτ) + ∫

t+ν

t
∣ fj(τ)∣dτ.

From this it follows that u(t, ⋅) ∈ C((−T, T), Mσ,s(Rd
)). Finally we have for all j ⩾ 1

(∂tu(t, x),φj) = −iλje−iλj t(cj + ∫

t

0
fj(τ)eiλjτ dτ) + fj(t)

= −i(Au(t, ⋅) + f (t, ⋅),φj).

This shows that u is a solution to (3.12), and due to the continuity A : Mσ,s(Rd
)→Mσ,s−k(Rd

) we have ∂tu + iAu = f in
C((−T, T), Mσ,s−k(Rd

)). In particular we have ∂tu ∈ C((−T, T), Mσ,s−k(Rd
)).

The uniqueness of the solution follows from the observation that u0 = 0 and f = 0 imply u = 0. ◻

Corollary 3.7. Let A be a positive operator of the form (1.3) that satisfies (1.4).

(i) If u0 ∈ S (Rd
) and f ∈ C((−T, T), S (Rd

)) then there exists a unique solution u(t, ⋅) ∈ C1
((−T, T), S (Rd

)) of (3.12).
(ii) If u0∈ S ′

(Rd
) then there exists s ∈ R such that u0 ∈Mσ,s(Rd

). If f ∈ C((−T, T), Mσ,s(Rd
)) then there exists a unique solution u(t, ⋅) ∈

C((−T, T), Mσ,s(Rd
)) ∩ C1

((−T, T), Mσ,s−k(Rd
)) of (3.12).

To prove Theorem 1.2, that is well-posedness in Gelfand–Shilov spaces for the Cauchy problem (1.1), we need a characterization of the
Gelfand–Shilov spaces analogous to the expression (2.11) for the Schwartz space combined with Proposition 3.1 with s ⩾ 0. The following
result is a consequence of Ref. 6, Theorem 1.3.

Proposition 3.8. Let k, m ∈ 2N / 0 and define the operator A by (1.3). Suppose A is positive and elliptic in the sense of (1.4), let (φ j) j⩾1 ⊆

S
k

k+m
m

k+m
(Rd
) be its orthonormal basis of eigenfunctions, and let (λ j) j⩾1 ⊆ R+ be its eigenvalues. Define ν and μ by (1.5) with r ⩾ 1, let u ∈ S (Rd

)

and uj = (u,φj) for j ⩾ 1 and set ρ = k+m
kmr . The following conditions are equivalent:

(i) u ∈ Sμ
ν(Rd
) [u ∈ Σμν(Rd

) and r > 1]
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(ii) There exists α > 0 such that (for every α > 0 we have)

sup
j⩾1
∣uj ∣

2eαλ
ρ
j < +∞.

Proof of Theorem 1.2. We prove the result for initial datum u0 ∈ Sμ
ν(Rd
) where μ, ν are defined by (1.5) and r ⩾ 1. The argument for

Σμν(Rd
) and r > 1 is similar. The idea of the proof is the same as for Theorem 1.1.

Let u0 ∈ Sμ
ν(Rd
). If cj = (u0,φj) then u0 = ∑

+∞
j=1 c jφ j where the coefficients satisfy

sup
j⩾1
∣cj ∣

2eαλ
ρ
j < +∞ (3.15)

for some α > 0 by Proposition 3.8. Define for t ∈ R the series

u(t, x) =
∞
∑
j=1

cje−iλj tφj(x).

Then u(0, ⋅) = u0 and u(t, ⋅) solves the Cauchy problem (1.2) as shown in the Proof of Theorem 1.1.
By Proposition 3.8 it follows as in the Proof of Theorem 1.1 that u(t, ⋅) ∈ B(R, Sμ

ν(Rd
)). From (∂tu(t, ⋅),φ j) = −ic jλ je−iλ j t we obtain for

any ε > 0

sup
j⩾1
∣(∂tu(t, ⋅),φj)∣

2e(α−ε)λ
ρ
j = sup

j⩾1
λ2

j ∣cj ∣
2e(α−ε)λ

ρ
j < +∞

by (3.15). This implies ∂tu(t, ⋅) ∈ B(R, Sμ
ν(Rd
)). ◻

IV. THE HAMILTON FLOW FOR A CLASS OF GENERALIZED ANHARMONIC OSCILLATORS
In this section we compute the Hamilton flow for a class of generalized anharmonic oscillator Hamiltonians in dimension d = 1, and we

discuss some consequences. Consider the Hamiltonian

a(x, ξ) = (x2k
+ ξ2m

)
p, x, ξ ∈ R, (4.1)

where k, m ∈ N / 0 and p ∈ R / 0. The Hamilton system is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′(t) = 2mp(x(t)2k
+ ξ(t)2m

)
p−1

ξ(t)2m−1

ξ′(t) = −2kp(x(t)2k
+ ξ(t)2m

)
p−1

x(t)2k−1

x(0) = y
ξ(0) = η

. (4.2)

If y = η = 0 then the unique solution is x(t) ≡ 0 ≡ ξ(t), so we may assume that

c ∶= y2k
+ η2m

> 0. (4.3)

The Hamiltonian is preserved along solution curves1 so (4.2) simplifies into

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x′(t) = 2mpcp−1ξ(t)2m−1

ξ′(t) = −2kpcp−1x(t)2k−1

x(0) = y
ξ(0) = η

. (4.4)

The well known Picard–Lindelöf theorem implies that there exists a unique solution to (4.4) for any (y,η) ∈ R2
/ 0, in an open interval

I = Iy,η ⊆ R containing t = 0, which is smooth as a function of t.22 In the sequel we show that the solution is periodic and thus well defined for
all t ∈ R, for all initial data (y,η) ∈ R2

/ 0.
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We use the function indexed by k, m ∈ N / 0

gk,m(x) = ∫
x

0
(1 − t2k

)

1
2m−1

dt. (4.5)

Writing 1 − t2k
= (1 − t2

)(1 + t2
+ ⋅ ⋅ ⋅ + t2(k−1)

) we see that the singularities of the integrand in (4.5) t = 1− and at t = −1+ are integrable, since
1
2 ⩽ 1 − 1

2m < 1. Thus gk,m : [−1, 1]→ R is a continuous, odd and strictly increasing function with

lim
x→1−

gk,m(x) = − lim
x→−1+

gk,m(x) ∶= τk,m > 0. (4.6)

It follows that g−1
k,m : [−τk,m, τk,m]→ [−1, 1] is continuous, odd and strictly increasing.

In the following lemma we identify the function gk,m, find an expression for τk,m, and we figure out how τk,m and gk,m transform with
respect to an interchange of indices.

Lemma 4.1. Let k, m ∈ N / 0, define gk,m by (4.5), and let τk,m > 0 be defined by (4.6). Then

gk,m(x) =
1

2k
B(x2k,

1
2k

,
1

2m
) (4.7)

where B(x, p, q) is the incomplete beta function,

τk,m =
Γ( 1

2k)Γ(
1

2m)

2kΓ( 1
2k +

1
2m)

, (4.8)

τm,k =
k
m τk,m, and

gm,k(x) = sgn (x)
k
m
(τk,m − gk,m((1 − x2m

)
1

2k )), −1 ⩽ x ⩽ 1. (4.9)

Proof. After a change of variable we may write if 0 ⩽ x ⩽ 1

gk,m(x) =
1

2k∫
x2k

0
t

1
2k−1
(1 − t)

1
2m−1 dt,

gm,k(x) =
1

2m∫
x2m

0
t

1
2m−1
(1 − t)

1
2k−1 dt

=
1

2m∫
1

1−x2m
t

1
2k−1
(1 − t)

1
2m−1 dt.

(4.10)

From this we may draw three conclusions. First we have the formula (4.7) where B(x, z,w) is the incomplete beta function33,34

B(x, z,w) = ∫
x

0
tz−1
(1 − t)w−1dt, Re z > 0, Rew > 0.

Secondly we have

2kτk,m = 2kgk,m(1) = B(
1

2k
,

1
2m
),

2mτm,k = 2mgm,k(1) = B(
1

2m
,

1
2k
),

where the beta function is defined by B(z,w) = B (1, z,w). The well known identity (Ref. 33, Appendix A)

B(z,w) =
Γ(z)Γ(w)
Γ(z +w)

proves (4.8) as well as τm,k =
k
m τk,m.

Thirdly we obtain from (4.10)

2kgk,m((1 − x2m
)

1
2k ) + 2mgm,k(x) = B(

1
2k

,
1

2m
)

which proves (4.9). ◻
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Remark 4.2. The functions {gk,m}k,m⩾1 generalize g1,1(x) = arcsin x, for which τ1,1 =
π
2 and g−1

1,1(x) = sin x.

The following lemma shows that g̃k,m ∶= g−1
k,m with domain [−τk,m, τk,m], can be extended to a smooth function with domain [−τk,m, 3τk,m]

as g̃k,m(x) = g−1
k,m(2τk,m − x), x ∈ [τk,m, 3τk,m], for k, m ⩾ 1. In the case k = m = 1 this is the basic facts that sinx is smooth and sin(π − x) = sinx.

The oddness of g−1
k,m yields the same conclusion for the limits as x → −τ+k,m.

Lemma 4.3. Let k, m ∈ N / 0, define gk,m by (4.5), and let τk,m > 0 be defined by (4.6). Then for any n ∈ N we have

lim
x→τ−k,m

(g−1
k,m)

(2n)
(x) ∈ R, (4.11)

lim
x→τ−k,m

(g−1
k,m)

(2n+1)
(x) = 0. (4.12)

Proof. Set g = gk,m and τ = τk,m. When n = 0 the limit (4.11) equals one as already noted. First we observe that (4.5) gives for ∣x∣ < 1

g′(x) = (1 − x2k
)

1
2m−1
> 0, (4.13)

and from the inverse function theorem we obtain

(g−1
)
′
(g(x)) = (g′(x))−1

= (1 − x2k
)

1− 1
2m . (4.14)

Since x → 1−⇔ g(x)→ τ− this proves (4.12) for n = 0.
From (4.13) and (4.14) and the Chain Rule we get

(g−1
)
′′
(g(x)) = (1 − x2k

)
1− 1

2m
((1 − x2k

)
1− 1

2m
)

′

= −2k
2m − 1

2m
x2k−1

(1 − x2k
)

1− 2
2m .

By means of induction we can generalize this formula for (g−1
)
′′
(g(x)) into

(g−1
)
(n)
(g(x)) =

n−1

∑
j⩾ n

2m

pj(x)(1 − x2k
)

j− n
2m (4.15)

where pj are polynomials, for any n ⩾ 2. Indeed suppose that (4.15) holds for one n ⩾ 2. By the Chain Rule and (4.13) we deduce

(g−1
)
(n+1)
(g(x)) =

n−1

∑
j⩾ n

2m

(1 − x2k
)

1− 1
2m
(pj(x)(1 − x2k

)
j− n

2m
)
′

=
n−1

∑
j⩾ n

2m

p′j(x)(1 − x2k
)

j+1− n+1
2m
+

n−1

∑
j> n

2m

p̃j(x)(1 − x2k
)

j− n+1
2m

=
n

∑
j⩾ n

2m+1
p′j−1(x)(1 − x2k

)
j− n+1

2m
+

n−1

∑
j> n

2m

p̃j(x)(1 − x2k
)

j− n+1
2m

where p̃ j are polynomials.
In the first sum we have, since m ⩾ 1, 2mj ⩾ n + 2m > n + 1. For all possible j ∈ N such that n + 1 ⩽ 2mj < n + 2m we define pj = 0. Thus

the first sum fits into the formula (4.15) with n replaced by n + 1 for some polynomials pj. In the second sum we have 2mj > n which implies
2mj ⩾ n + 1, so also the second sum can be absorbed into (4.15) with n replaced by n + 1 and modified polynomials pj. This argument shows
that (4.15) holds with n replaced by n + 1 for some polynomials pj.

We have proved the induction step and we may conclude that (4.15) holds for all n ⩾ 2. Finally we observe that (4.11) and (4.12) for n ⩾ 1
are immediate consequences of (4.15). ◻

We will also need a corresponding result for the function

h(x) ∶= (1 − (g−1
k,m(x))

2k
)

1
2m

(4.16)
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which is well defined for ∣x∣ ⩽ τk,m. The limits are
lim

x→−τ+k,m

h(x) = lim
x→τ−k,m

h(x) = 0, (4.17)

and the next result says that also the derivatives of h have limits. Due to the fact that h is even it suffices to study the limits as x → τ−k,m.
As a consequence of the following lemma the function h̃ = h with domain [−τk,m, τk,m] can be extended to a smooth function with domain

[−τk,m, 3τk,m] as h̃(x) = −h(2τk,m − x), x ∈ [τk,m, 3τk,m], for k, m ⩾ 1. In the case k = m = 1 this is the smoothness of cosx and cos(π − x) =
−cos x.

Lemma 4.4. Let k, m ∈ N / 0, define gk,m by (4.5), let τk,m > 0 be defined by (4.6), and define h by (4.16). Then for any n ∈ N we have

lim
x→τ−k,m

h(2n)
(x) = 0, (4.18)

lim
x→τ−k,m

h(2n+1)
(x) ∈ R. (4.19)

Proof. The limit (4.18) for n = 0 is already clear from (4.17). By the inverse function theorem and (4.5) we have

(g−1
k,m(x))

′
= (g′k,m(g

−1
k,m(x)))

−1
= (h(x))2m−1 (4.20)

which gives

h′(x) = −
k
m
(1 − (g−1

k,m(x))
2k
)

1
2m−1
(g−1

k,m(x))
2k−1
(h(x))2m−1

= −
k
m
(g−1

k,m(x))
2k−1

.
(4.21)

This gives the limit (4.19) for n = 0, and combined with (4.20) it also yields

h′′(x) = −
k(2k − 1)

m
(g−1

k,m(x))
2k−2
(h(x))2m−1.

By means of induction we can generalize this formula for h′′ into

h(n)(x) = ∑
j ∈N: n−1

2m ⩽j⩽n 2k−1
2k

Cj(g−1
k,m(x))

(2k−1)n−2kj
(h(x))2jm−(n−1) (4.22)

where Cj ∈ R are constants, for any n ⩾ 2. Note that

⌈
n − 1
2m
⌉ ⩽ ⌈

n − 1
2
⌉ = ⌊

n
2
⌋ ⩽ ⌊n

2k − 1
2k
⌋.

Thus we assume that (4.22) holds for a fixed n ⩾ 2. Using (4.20) and (4.21) we obtain

h(n+1)
(x) = ∑

j ∈N: n−1
2m ⩽j<n 2k−1

2k

C̃j(g−1
k,m(x))

(2k−1)n−2kj−1
(h(x))2( j+1)m−n

+ ∑
j ∈N: n−1

2m <j⩽n 2k−1
2k

C′j(g
−1
k,m(x))

(2k−1)(n+1)−2kj
(h(x))2jm−n

= ∑
j ∈N: n−1

2m +1⩽j<n 2k−1
2k +1

C̃j−1(g−1
k,m(x))

(2k−1)(n+1)−2kj
(h(x))2jm−n

+ ∑
j ∈N: n−1

2m <j⩽n 2k−1
2k

C′j(g
−1
k,m(x))

(2k−1)(n+1)−2kj
(h(x))2jm−n

with new constants C̃ j , C′j ∈ R.
Due to n−1

2m + 1 ⩽ j in the first sum we have n − 1 ⩽ 2mj − 2m which implies n < n + 2m − 1 ⩽ 2mj. For possible j ∈ N such that n ⩽ 2mj <
n + 2m − 1 we define C̃ j−1 = 0. Due to j < n 2k−1

2k + 1 in the first sum we have ( j − 1)2k < n(2k − 1) which means 2kj < (n + 1)(2k − 1) + 1,
that is 2kj ⩽ (n + 1)(2k − 1). Thus the first sum fits into (4.22) with n replaced by n + 1 for some constants Cj.
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Due to n−1
2m < j in the second sum we have n < 2mj + 1, that is n ⩽ 2mj. Due to j ⩽ n 2k−1

2k in the second sum we have 2kj < (n + 1)(2k − 1).
For possible j ∈ N such that n(2k − 1) < 2kj ⩽ (n + 1)(2k − 1) we define C′j = 0. Hence also the second sum fits into (4.22) with n replaced by
n + 1 for some constants Cj.

We have now proved the induction step and we may conclude that (4.22) holds for all n ⩾ 2. Finally (4.18) and (4.19) are consequences
of (4.17), (4.22) and

lim
x→τ−k,m

g−1
k,m(x) = 1.

◻

In the next result we may due to (4.3) assume either η ≠ 0 or y ≠ 0. If η ≠ 0 we use the parameters

T1 = (2mp)−1c
1

2m+
1

2k−p
(−τk,m − gk,m(sgn (η) yc−

1
2k )) < 0

T2 = (2mp)−1c
1

2m+
1

2k−p
(τk,m − gk,m(sgn (η) yc−

1
2k )) > 0

T = 2(T2 − T1) =
2τk,m

mp
c

1
2m+

1
2k−p
> 0,

(4.23)

and the functions
⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

f1(t) = sgn (η) c
1

2k g−1
k,m(2mpcp− 1

2m−
1

2k t + gk,m(sgn (η) yc−
1

2k ))

f2(t) = sgn (η)c
1

2m (1 − (g−1
k,m(2mpcp− 1

2m−
1

2k t + gk,m(sgn (η) yc−
1

2k )))
2k
)

1
2m (4.24)

defined for T1 ⩽ t ⩽ T2.
If y ≠ 0 we use instead the parameters

T3 = (2kp)−1c
1

2m+
1

2k−p
(−τm,k + gm,k(sgn (y) ηc−

1
2m )) < 0

T4 = (2kp)−1c
1

2m+
1

2k−p
(τm,k + gm,k(sgn (y) ηc−

1
2m )) > 0

T = 2(T4 − T3) =
2τm,k

kp
c

1
2m+

1
2k−p
> 0,

(4.25)

and the functions
⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

f3(t) = sgn (y) c
1

2k (1 − (g−1
m,k(2kpcp− 1

2m−
1

2k t − gm,k(sgn (y) ηc−
1

2m )))
2m
)

1
2k

f4(t) = sgn (y) c
1

2m g−1
m,k(2kpcp− 1

2m−
1

2k t − gm,k(sgn (y) ηc−
1

2m ))

(4.26)

defined for T3 ⩽ t ⩽ T4.
We note that Lemma 4.1 implies 2(T4 − T3) = 2(T2 − T1), that is the length of the domain for f1 and f2 equals the length of the domain

for f3 and f4, and the notation in (4.23) and (4.25) is consistent if y ≠ 0 and η ≠ 0. Moreover we have ( f1(t))2k
+ ( f2(t))2m

= c for all T1 ⩽ t ⩽
T2 and ( f3(t))2k

+ ( f4(t))2m
= c for all T3 ⩽ t ⩽ T4 as expected from the next result combined with general facts.1

Remark 4.5. Using Lemma 4.1 it can be confirmed that f1(t) = f3(t) and f2(t) = − f4(t) when max(T1, T3) ⩽ t ⩽ min(T2, T4) provided
y ≠ 0 and η ≠ 0.

Remark 4.6. If k = m = 1 then by Remark 4.2 we have if η ≠ 0 and T1 ⩽ t ⩽ T2

f1(t) = sgn (η) c
1
2 sin (2pcp−1t + arcsin (sgn (η) yc−

1
2 ))

= sgn (η) c
1
2 sin (2pcp−1t) cos (arcsin (sgn (η) yc−

1
2 )) + y cos (2pcp−1t)

= η sin (2pcp−1t) + y cos (2pcp−1t)

and

f2(t) = sgn (η)c
1
2 cos (2pcp−1t + arcsin (sgn (η) yc−

1
2 ))
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= sgn (η)c
1
2 (cos (2pcp−1t) cos (arcsin (sgn (η) yc−

1
2 )) − sin (2pcp−1t) sgn (η) yc−

1
2 )

= η cos (2pcp−1t) − y sin (2pcp−1t).

If y ≠ 0 and T3 ⩽ t ⩽ T4 then

f4(t) = sgn (y) c
1
2 sin (2pcp−1t − arcsin (sgn (y) ηc−

1
2 ))

= sgn (y) c
1
2 (sin (2pcp−1t)c−

1
2 ∣y∣ − sgn (y)ηc−

1
2 cos (2pcp−1t))

= y sin (2pcp−1t) − η cos (2pcp−1t) = − f2(t)

and

f3(t) = sgn (y) c
1
2 cos (2pcp−1t − arcsin (sgn (y) ηc−

1
2 ))

= sgn (y)c
1
2 (cos (2pcp−1t) cos (arcsin (sgn (y) ηc−

1
2 )) + sin (2pcp−1t) sgn (y) ηc−

1
2 )

= y cos (2pcp−1t) + η sin (2pcp−1t) = f1(t).

Thus ( f1, f2) = ( f3,− f4) agrees with the well known harmonic solution to (4.4) which is linear when k = m = 1, and extends to domain t ∈ R.

Theorem 4.7. Suppose k, m ∈ N / 0, p ∈ R / 0, and let a be defined by (4.1). If c = y2k
+ η2m

> 0 then the Eq. (4.4) has a unique solution
χt(y,η) = (x(t), ξ(t)) with domain R. It is smooth and periodic with respect to t ∈ R, and has the following form.

If η ≠ 0 then
⎧⎪⎪
⎨
⎪⎪⎩

x(t) = f1(t)
ξ(t) = f2(t)

, T1 ⩽ t ⩽ T2,
⎧⎪⎪
⎨
⎪⎪⎩

x(t) = f1(2T2 − t)
ξ(t) = − f2(2T2 − t)

, T2 ⩽ t ⩽ 2T2 − T1, (4.27)

and
⎧⎪⎪
⎨
⎪⎪⎩

x(t) = x(t − nT)
ξ(t) = ξ(t − nT)

, T1 + nT ⩽ t ⩽ T1 + (n + 1)T, n ∈ Z. (4.28)

If y ≠ 0 then
⎧⎪⎪
⎨
⎪⎪⎩

x(t) = f3(t)
ξ(t) = − f4(t)

, T3 ⩽ t ⩽ T4,
⎧⎪⎪
⎨
⎪⎪⎩

x(t) = − f3(2T4 − t)
ξ(t) = − f4(2T4 − t)

, T3 ⩽ t ⩽ 2T4 − T3, (4.29)

and
⎧⎪⎪
⎨
⎪⎪⎩

x(t) = x(t − nT)
ξ(t) = ξ(t − nT)

, T3 + nT ⩽ t ⩽ T3 + (n + 1)T, n ∈ Z. (4.30)

Proof. Set b = 2pcp−1
> 0. First we assume η ≠ 0. The first equation in (4.4) can be written

ξ = (mb)−
1

2m−1 (x′)
1

2m−1 . (4.31)

Insertion into the second equation yields

−(x2k
)
′
= −2kx′x2k−1

=
2
b

x′ξ′ = 2m−
1

2m−1 b−
2m

2m−1
1

2m − 1
(x′)

1
2m−1 x′′

= (mb)−1− 1
2m−1

2m
2m − 1

(x′)
2m

2m−1−1x′′

= (mb)−
2m

2m−1 ((x′)
2m

2m−1 )
′
.

Integration gives, using x(0) = y and x′(0) = mbη2m−1,

y2k
− (x(t))2k

) = (mb)−
2m

2m−1 ((x′(t))
2m

2m−1 − (mbη2m−1
)

2m
2m−1 )
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which can be written as the differential equations

x′(t) = ±mb(c − (x(t))2k
))

2m−1
2m . (4.32)

Since (c − (x(0))2k
))

2m−1
2m = ∣η∣2m−1 whereas x′(0) = mbη2m−1 according to (4.4), the correct sign in (4.32) is sgn η. (Here we use the

assumption η ≠ 0.) Thus

x′(t) = sgn (η) mb(c − (x(t))2k
))

2m−1
2m . (4.33)

The solution to the Cauchy problem for (4.33) with x(0) = y is

x(t) = sgn (η) c
1

2k g−1
k,m(mbc1− 1

2m−
1

2k t + gk,m(sgn (η) y c−
1

2k ))

= c
1

2k g−1
k,m(sgn (η) 2mpcp− 1

2m−
1

2k t + gk,m(y c−
1

2k ))
(4.34)

where we use the fact that g−1
k,m is an odd function.

The solution ξ(t) is obtained from a combination of (4.31), (4.33), and (4.34) as

ξ(t) = (mb)−
1

2m−1 (x′(t))
1

2m−1 = sgn (η)(c − (x(t))2k
))

1
2m

= sgn (η) c
1

2m (1 − (g−1
k,m(sgn (η) 2mpcp− 1

2m−
1

2k t + gk,m(yc−
1

2k )))
2k
)

1
2m

.

In summary the solution to (4.4) is

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

x(t) = c
1

2k g−1
k,m(sgn (η) 2mpcp− 1

2m−
1

2k t + gk,m(yc−
1

2k ))

ξ(t) = sgn (η) c
1

2m (1 − (g−1
k,m(sgn (η) 2mpcp− 1

2m−
1

2k t + gk,m(yc−
1

2k )))
2k
)

1
2m . (4.35)

Due to ∣y∣c−
1

2k < 1 we have ∣gk,m(sgn (η) yc−
1

2k )∣ < τk,m. The solution (4.35) is hence well defined for T1 ⩽ t ⩽ T2. Moreover we have the limits

lim
t→T−2

x(t) = sgn (η)c
1

2k ,

lim
t→T+1

x(t) = − sgn (η)c
1

2k ,

lim
t→T−2

ξ(t) = lim
t→T+1

ξ(t) = 0.

(4.36)

Next we consider the differential equation

x′(t) = − sgn (η) mb(c − (x(t))2k
))

2m−1
2m (4.37)

with initial conditions x(2T2) = y and ξ(2T2) = −η. This is consistent with Eq. (4.4), since according to (4.37) we have x′(2T2) =

−sgn(η)mb∣η∣2m−1
= mb(−η)2m−1. As above we find the solution

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

x(t) = sgn (η) c
1

2k g−1
k,m(2mpcp− 1

2m−
1

2k (2T2 − t) + gk,m(sgn (η) y c−
1

2k ))

ξ(t) = − sgn (η)c
1

2m (1 − (g−1
k,m(2mpcp− 1

2m−
1

2k (2T2 − t) + gk,m(sgn (η) y c−
1

2k )))
2k
)

1
2m (4.38)

which is well defined when T2 ⩽ t ⩽ 2T2 − T1.
The limits are

lim
t→T+2

x(t) = sgn (η)c
1

2k ,

lim
t→(2T2−T1)−

x(t) = − sgn (η)c
1

2k ,

lim
t→(2T2−T1)−

ξ(t) = lim
t→T+2

ξ(t) = 0.
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Comparing with (4.36) we have now a continuous solution (x(t), ξ(t)) to (4.4) on [T1, 2T2 − T1]. It can be periodized into the solution

⎧⎪⎪
⎨
⎪⎪⎩

x(t) = x(t − nT)
ξ(t) = ξ(t − nT)

, T1 + nT ⩽ t ⩽ T1 + (n + 1)T, (4.39)

which is continuous on t ∈ R. This concludes the proof of the solution (4.27) and (4.28) when η ≠ 0.
The proof when y ≠ 0 is analogous to the proof for η ≠ 0, except for that we start to solve the second equation in (4.4) instead of the first.

The solution (4.29) and (4.30) when y ≠ 0 follows.
If η ≠ 0 ≠ y then the solutions (4.27)–(4.30) must be identical due to the uniqueness of the solution. This agrees with Remark 4.5.
Finally we address the claimed smoothness of the solution [x(t), ξ(t)]. The function g−1

k,m is smooth on (−τk,m, τk,m) and g−1
m,k is smooth

on (−τm,k, τm,k). Moreover the function (4.16) is smooth on (−τk,m, τk,m), and on (−τm,k, τm,k) after a swap of indices k, m. The solution is
thus smooth except possibly at the boundary points of the intervals above, where the solutions are extended by reflection and periodization.
There we have only shown that the solution is continuous. Nevertheless Lemmas 4.3 and 4.4 show that the solutions are smooth also at the
boundary points. Alternatively we may appeal to the general result (Ref. 22, Theorem V.4.1) to conclude that the solution is smooth also at
the boundary points of the intervals. The solution is thus smooth with respect to t ∈ R everywhere. ◻

Remark 4.8. Using (4.8) we obtain the expression for the period of the solution

T =
2τk,m

mp
c

1
2m+

1
2k−p
=

Γ( 1
2k)Γ(

1
2m)

kmpΓ( 1
2k +

1
2m)

c
1

2m+
1

2k−p.

Thus T = Ck,m(y2k
+ η2m

)
pc−p where the critical exponent is defined by (1.9) and Ck,m > 0. If p = pc then T does not depend on the initial data

(y,η) ∈ R2
/ 0. All solution trajectories have the same period.

If p < pc then the solution period grows as a function of y2k
+ η2m, whereas if p > pc then the solution period decreases as a function of

y2k
+ η2m.

Remark 4.9. If p = pc then as expected Theorem 4.7 is consistent with (Ref. 8, Propositions 6.2 and 6.4). In fact defining the anisotropic
scaling map Λσ(λ) : R2

→ R2 as

Λσ(λ)(y,η) = (λy, λση), (y,η) ∈ R2, λ > 0,

then the Hamilton flow in Theorem 4.7 commutes with Λσ(λ) if p = pc and σ = k
m :

χt(Λσ(λ)(y,η)) = Λσ(λ)χt(y,η), (y,η) ∈ R2
/0, λ > 0, t ∈ R.

By Ref. 8, Proposition 6.2 this commutativity holds if the Hamiltonian Weyl symbol satisfies the anisotropic homogeneity

a(λy, λση) = λ1+σa(y,η), (y,η) ∈ R2
/0, λ > 0,

which is the case for (4.1) when p = pc.

From Theorem 4.7 we will extract the behavior of the Hamilton flow (x(t), ξ(t)) = (x(t, y,η), ξ(t, y,η)) = χt(y,η)with respect to (y,η) ∈
R2
/ 0. If η ≠ 0 the flow has the form

⎧⎪⎪
⎨
⎪⎪⎩

x(t, y,η) = sgn (η)(y2k
+ η2m

)
1

2k g1(q(t)(y2k
+ η2m

)
p− 1

2m−
1

2k + h1(y(y2k
+ η2m

)
− 1

2k ))

ξ(t, y,η) = sgn (η)(y2k
+ η2m

)
1

2m g2(q(t)(y2k
+ η2m

)
p− 1

2m−
1

2k + h1(y(y2k
+ η2m

)
− 1

2k ))
(4.40)

and if y ≠ 0 it has the form

⎧⎪⎪
⎨
⎪⎪⎩

x(t, y,η) = sgn (y)(y2k
+ η2m

)
1

2k g1(q(t)(y2k
+ η2m

)
p− 1

2m−
1

2k + h2(η(y2k
+ η2m

)
− 1

2m ))

ξ(t, y,η) = sgn (y)(y2k
+ η2m

)
1

2m g2(q(t)(y2k
+ η2m

)
p− 1

2m−
1

2k + h2(η(y2k
+ η2m

)
− 1

2m ))
(4.41)

where g j ∈ B∞(R), h j ∈ B∞(I) where I = (−1 + ε, 1 − ε) for any ε > 0, j = 1, 2, and where the function q has the form q(t) = ±a(t − b) with
a > 0 and b ∈ R. Indeed we can think of g1, g2 as periodic, and g1, g2 ∈ B∞(R) by Lemmas 4.3 and 4.4. We also have h1 = gk,m and h2 = −gm,k,
which both belong to B∞((−1 + ε, 1 − ε)) for any ε > 0.
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Referring to Remark 1.3 we assume in the sequel that if p ∈ R /N in (4.1) then we multiply a with a cutoff function ψδ ∈ C∞(R2
) in order

to get a(x, ξ) = ψδ(x, ξ)(x2k
+ ξ2m

)
p
∈ C∞(R2

).
First we need a result concerning the composition of a function f ∈ B∞(I) and an anisotropic Shubin symbol with values in I.

Proposition 4.10. Let σ > 0, r ∈ R, δ > 0, let I ⊆ R be an open interval, and let Ω ⊆ R2
/ 0 be open. Suppose a : R2

→ I satisfies

∣∂αy ∂
β
ηa(y,η)∣ ≲ θσ(y,η)r−α−σβ, α,β ∈ N, (y,η) ∈ Ω,

and suppose f ∈ B∞(I). If b (y,η) = ψδ(y,η) f (a(y,η)) then

∣∂αy ∂
β
ηb(y,η)∣ ≲ θσ(y,η)r(α+β)−α−σβ, α,β ∈ N, (y,η) ∈ Ω.

Proof. The claim is obvious if α = β = 0 so we may assume ∣α + β∣ ⩾ 1. We use Faà di Bruno’s formula, which in one variable may be
written as

dn

dxn ( f (g(x))) = ∑
m1+2m2+⋅⋅⋅+nmn=n

n!
m1!m2! ⋅ ⋅ ⋅mn!

f (m1+⋅⋅⋅+mn)(g(x))
n

∏
j=1
(

g( j)
(x)

j!
)

mj

. (4.42)

Derivatives of ψδ are compactly supported which implies that we may ignore this term. We obtain if (y,η) ∈ Ω

∂αy ∂
β
η f (a(y,η)) = ∑

γ1+2γ2+⋅⋅⋅+αγα=α

α!
γ1! ⋅ ⋅ ⋅ γα!

∂
β
η

⎡
⎢
⎢
⎢
⎢
⎣

f (γ1+⋅⋅⋅+γα)(a(y,η))
α
∏
j=1

⎛

⎝

∂
j

y a(y,η)
j!

⎞

⎠

γj⎤
⎥
⎥
⎥
⎥
⎦

= ∑
γ1+2γ2+⋅⋅⋅+αγα=α
κ0+κ1 ⋅ ⋅ ⋅+κα=β

α!β!
γ1! ⋅ ⋅ ⋅ γα!κ0! ⋅ ⋅ ⋅ κα!

∂κ0
η ( f (γ1+⋅⋅⋅+γα)(a(y,η)))

α
∏
j=1

∂
κ j
η
⎛

⎝

∂
j

y a(y,η)
j!

⎞

⎠

γj

= ∑
γ1+2γ2+⋅⋅⋅+αγα=α
κ0+κ1 ⋅ ⋅ ⋅+κα=β

τ1+2τ2+⋅⋅⋅+κ0τκ0=κ0

α!β!κ0!
γ1! ⋅ ⋅ ⋅ γα!κ0! ⋅ ⋅ ⋅ κα!τ1! ⋅ ⋅ ⋅ τκ0 !

f (γ1+⋅⋅⋅+γα+τ1+⋅⋅⋅+τκ0 )(a(y,η))

×

κ0

∏
k=1

⎛

⎝

∂k
ηa(y,η)

k!
⎞

⎠

τk α
∏
j=1

∂
κ j
η
⎛

⎝

∂
j

y a(y,η)
j!

⎞

⎠

γj

which gives the estimates

∣∂αy ∂
β
ηb(y,η)∣ ≲ ∑

γ1+2γ2+⋅⋅⋅+αγα=α
κ0+κ1 ⋅ ⋅ ⋅+κα=β

τ1+2τ2+⋅⋅⋅+κ0τκ0=κ0

θσ(y,η)

κ0
∑
k=1

τk(r−σk)+
α
∑
j=1

γj(r−j)−σκj

≲ θσ(y,η)r(α+β)−α−σβ.

◻

Corollary 4.11. Let σ > 0, δ > 0, let I ⊆ R be an open interval, and let Ω ⊆ R2
/ 0 be open. Suppose

∣∂αy ∂
β
ηa(y,η)∣ ≲ θσ(y,η)−α−σβ, α,β ∈ N, (y,η) ∈ Ω,

and suppose f ∈ B∞(I). If b(y,η) = ψδ(y,η) f (a(y,η)) then

∣∂αy ∂
β
ηb(y,η)∣ ≲ θσ(y,η)−α−σβ, α,β ∈ N, (y,η) ∈ Ω.

J. Math. Phys. 66, 041503 (2025); doi: 10.1063/5.0234449 66, 041503-20

Published under an exclusive license by AIP Publishing

 03 April 2025 06:48:02

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

From Corollary 4.11 we obtain in the next result the behavior of the Hamilton flow with respect to derivatives for the Hamiltonian (4.1).
Here the critical power (1.9) appears.

Theorem 4.12. Let k, m ∈ N / 0, σ = k
m , δ > 0, p ∈ R / 0, and consider the Hamilton flow χt : R2

/ 0→ R2
/ 0 for the Hamiltonian (4.1),

with coordinates χt(y,η) = (x(t, y,η), ξ(t, y,η)). If α,β ∈ N and (y,η) ∈ R2 then

∣∂αy ∂
β
η(ψδ(y,η)x(t, y,η))∣ ≲ θσ(y,η)2k max (p−pc ,0)(α+β)+1−α−σβ,

∣∂αy ∂
β
η(ψδ(y,η)ξ(t, y,η))∣ ≲ θσ(y,η)2k max (p−pc ,0)(α+β)+σ−α−σβ.

(4.43)

Proof. Let 0 < ε < 1 be sufficiently small to guarantee 1 < (1 − ε)2k
+ (1 − ε)2m. Denoting

Cε,k := (1 − ε)(1 − (1 − ε)2k
)
− 1

2k
> 0

then (1 − ε)2k
+ (1 − ε)2m

> 1 is equivalent to C2k
ε,kC2m

ε,m > 1. Define for C > 0

ΩC = {(y,η) ∈ R2
/0 : ∣y∣ < C∣η∣

1
σ } ⊆ R2

/0,

Ω̃C = {(y,η) ∈ R2
/0 : ∣y∣ > C∣η∣

1
σ } ⊆ R2

/0.

If (y,η) ∈ R2
/(ΩC1 ∪ {0}) with C1 = Cε,k then

∣y∣ ⩾ Cε,k∣η∣
1
σ > C

− 1
σ

ε,m ∣η∣
1
σ

so (y,η) ∈ Ω̃C2 where C2 = C
− 1

σ
ε,m . We have thus shown

ΩC1 ∪ Ω̃C2 = R2
/0. (4.44)

If (y,η) ∈ ΩC1 then η ≠ 0 and ∣y∣(y2k
+ η2m

)
− 1

2k < 1 − ε by the design of C1 = Cε,k. Thus we may use (4.40) for the Hamilton flow. By the proof
of Ref. 8, Lemma 3.6 we have ψδ(y,η)y(y2k

+ η2m
)
− 1

2k ∈ G0,σ . Since h1 ∈ B∞((−1 + ε, 1 − ε)) it thus follows from Proposition 4.10 that

∣∂αy ∂
β
η(h1(y(y2k

+ η2m
)
− 1

2k ))∣ ≲ θσ(y,η)−α−σβ, α,β ∈ N, (y,η) ∈ ΩC1.

From the proof of Ref. 8, Lemma 3.6 we also get ψδ(y,η)(y2k
+ η2m

)
p− 1

2m−
1

2k ∈ G2pk−σ−1,σ , and (1.9) gives 2pk − σ − 1 = 2k(p − pc). It follows
that

∣∂αy ∂
β
η(q(t)(y

2k
+ η2m

)
p− 1

2m−
1

2k + h1(y(y2k
+ η2m

)
− 1

2k ))∣

≲ θσ(y,η)2k max (p−pc ,0)−α−σβ, α,β ∈ N, (y,η) ∈ ΩC1.

Using g1, g2 ∈ B∞(R) we apply Proposition 4.10 once again and conclude that (4.43) holds when (y,η) ∈ ΩC1 = ΩCε,k .

By (4.44) it remains to consider (y,η) ∈ Ω̃C2 in which case y ≠ 0, ∣η∣(y2k
+ η2m

)
− 1

2m < 1 − ε by the design of C2 = C
− 1

σ
ε,m , and we may

use (4.41). Again by the proof of Ref. 8, Lemma 3.6 we have ψδ(y,η)η(y2k
+ η2m

)
− 1

2m ∈ G0,σ . Since h2 ∈ B∞((−1 + ε, 1 − ε)) it follows from
Proposition 4.10 that

∣∂αy ∂
β
η(h2(η(y2k

+ η2m
)
− 1

2m ))∣ ≲ θσ(y,η)−α−σβ, α,β ∈ N, (y,η) ∈ Ω̃C2.

As above we obtain

∣∂αy ∂
β
η(q(t)(y

2k
+ η2m

)
p− 1

2m−
1

2k + h2(η(y2k
+ η2m

)
− 1

2m ))∣

≲ θσ(y,η)2k max (p−pc ,0)−α−σβ, α,β ∈ N, (y,η) ∈ Ω̃C2.

Using g1, g2 ∈ B∞(R) we apply Proposition 4.10 once again and conclude that (4.43) holds when (y,η) ∈ Ω̃C2 . ◻

From Theorem 4.12 we see that the Hamilton flow behaves like anisotropic Shubin symbols, provided the exponent 0 ≠ p ⩽ pc.

Corollary 4.13. Let k, m ∈ N / 0, σ = k
m , δ > 0, 0 ≠ p ⩽ pc, and consider the Hamilton flow χt : R2

/ 0→ R2
/ 0 for the Hamiltonian (4.1),

with coordinates χt(y,η) = (x(t, y,η), ξ(t, y,η)), x(t) = x(t, ⋅, ⋅) and ξ(t) = ξ(t, ⋅, ⋅). Then for any t ∈ R we haveψδx(t) ∈ G1,σ and ψδξ(t) ∈ Gσ,σ .
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Next we will use Theorem 4.12 in order to study the behavior of a symbol of order zero composed with the inverse Hamilton flow for the
Hamiltonian (4.1).

Proposition 4.14. Let k, m ∈ N / 0, σ = k
m , δ > 0, p ∈ R / 0, and consider the Hamilton flow χt : R2

/ 0→ R2
/ 0 for the Hamiltonian (4.1).

If q ∈ G0,σ
(R2
) and q(t, y,η) = ψδ(y,η)q(χ−1

t (y,η)) then we have for every α,β ∈ N and t ∈ R

∣∂αy ∂
β
ηq(t, y,η)∣ ≲ θσ(y,η)2k max (p−pc ,0)(α+β)−α−σβ. (4.45)

Proof. Again we may ignore the term ψδ . We note that the conservation of the Hamiltonian implies

θσ(χ−1
t (y,η)) = θσ(x(−t, y,η), ξ(−t, y,η))

≍ (1 + ∣x(−t, y,η)∣2k
+ ∣ξ(−t, y,η)∣2m

)

1
2k

= (1 + y2k
+ η2m

)

1
2k
≍ θσ(y,η)

(4.46)

for all t ∈ R.
Set M = 2k max (p − pc, 0). We will prove the following generalization of (4.45). For any α,β, γ, κ ∈ N we have

∣∂αy ∂
β
η(∂

γ
x∂

κ
ξ q(χ−t(y,η)))∣ ≲ θσ(y,η)M(α+β)−α−σβ−γ−σκ. (4.47)

The validity of (4.47) for α = β = 0 and all γ, κ ∈ N is a consequence of (4.46) and the assumption q ∈ G0,σ . Using Theorem 4.12 we prove (4.47)
by induction with respect to α + β starting from α + β = 1. We have

∣∂y(∂
γ
x∂

κ
ξ q(χ−t(y,η)))∣

⩽ ∣∂
γ+1
x ∂κξ q(x(−t, y,η), ξ(−t, y,η))∂yx(−t, y,η)∣

+ ∣∂
γ
x∂

κ+1
ξ q(x(−t, y,η), ξ(t, y,η))∂yξ(−t, y,η)∣

≲ θσ(y,η)−(γ+1)−σκ+M
+ θσ(y,η)−γ−σ(κ+1)+M−1+σ

≍ θσ(y,η)M−1−γ−σκ

and

∣∂η(∂
γ
x∂

κ
ξ q(χ−t(y,η)))∣

⩽ ∣∂
γ+1
x ∂κξ q(x(−t, y,η), ξ(−t, y,η))∂ηx(−t, y,η)∣

+ ∣∂
γ
x∂

κ+1
ξ q(x(−t, y,η), ξ(−t, y,η))∂ηξ(−t, y,η)∣

≲ θσ(y,η)−(γ+1)−σκ+M+1−σ
+ θσ(y,η)−γ−σ(κ+1)+M+σ−σ

≍ θσ(y,η)M−σ−γ−σκ.

Thus (4.47) is true when α + β = 1.
In the induction step we assume that (4.47) is true for α + β = n ⩾ 1. This gives

∣∂α+1
y ∂

β
η(∂

γ
x∂

κ
ξ q(χ−t(y,η)))∣

= ∣∂αy ∂
β
η(∂

γ+1
x ∂κξ q(x(−t, y,η), ξ(−t, y,η)))∂yx(−t, y,η)

+ ∂αy ∂
β
η(∂

γ
x∂

κ+1
ξ q(x(−t, y,η), ξ(t, y,η)))∂yξ(−t, y,η)∣

≲ θσ(y,η)M(α+β)−α−σβ−(γ+1)−σκ+M
+ θσ(y,η)M(α+β)−α−σβ−γ−σ(κ+1)+M+σ−1

≍ θσ(y,η)M(α+1+β)−(α+1)−σβ−γ−σκ

and

∣∂αy ∂
β+1
η (∂

γ
x∂

κ
ξ q(χ−t(y,η)))∣

= ∣∂αy ∂
β
η(∂

γ+1
x ∂κξ q(x(−t, y,η), ξ(−t, y,η)))∂ηx(−t, y,η)

+ ∂αy ∂
β
η(∂

γ
x∂

κ+1
ξ q(x(−t, y,η), ξ(t, y,η)))∂ηξ(−t, y,η)∣
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≲ θσ(y,η)M(α+β)−α−σβ−(γ+1)−σκ+M+1−σ
+ θσ(y,η)M(α+β)−α−σβ−γ−σ(κ+1)+M

≍ θσ(y,η)M(α+β+1)−α−σ(β+1)−γ−σκ.

This proves the induction step. Thus (4.47) holds for all α,β, γ, κ ∈ N which implies (4.45) for all α,β ∈ N and t ∈ R. ◻

Corollary 4.15. Let k, m ∈ N / 0, σ = k
m , δ > 0, 0 ≠ p ⩽ pc, and consider the Hamilton flow χt : R2

/ 0→ R2
/ 0 for the Hamiltonian (4.1). If

q ∈ G0,σ
(R2
) and q(t, y,η) = ψδ(y,η)q(χ−1

t (y,η)) then q(t, ⋅, ⋅) ∈ G0,σ for all t ∈ R.

Remark 4.16. The idea to compose a symbol q with the inverse Hamilton flow χ−t into q ○ χ−1
t is fundamental in many proofs of prop-

agation of singularities, cf. Ref. 8, Theorem 8.3, Ref. 26, Theorem 23.1.4, and Ref. 32, Theorem 4.2. When p ⩽ pc Corollary 4.15 therefore
supports Theorem 1.4 in the sense that the time-dependent symbol q(t, ⋅) remains in the same symbol class as q.

When on the other hand p > pc the estimates given by Proposition 4.14 are not sufficient for the purpose of propagation of the wave front
set. Indeed q(t, ⋅) is not guaranteed to be a symbol when t ≠ 0.

V. PROOF OF THEOREM 1.4
In the sequel we need a lemma concerning σ-conic cutoff symbols (cf. Ref. 39, Lemma 3.5 and Ref. 45, Lemma 3.3 and Remark 3.4). We

use σ-conic neighborhoods, defined and denoted for σ, ε > 0 and z0 ∈ S2d−1 as

Γz0 ,ε = Γσ,z0 ,ε = {(x, ξ) ∈ R2d
/0, ∣z0 − πσ(x, ξ)∣ < ε} ⊆ T∗R2d

/0.

Here πσ : R2d
/ 0→ S2d−1 is the anisotropic projection

πσ(x, ξ) = (λσ(x, ξ)−1x, λσ(x, ξ)−σξ), (x, ξ) ∈ R2d
/0, (5.1)

along the curve R+ ∋ λ↦ (λx, λσξ), onto S2d−1, and the smooth function λσ : R2d
/ 0→ R+ is defined implicitly by

λσ(x, ξ)−2
∣x∣2 + λσ(x, ξ)−2σ

∣ξ∣2 = 1

(cf. Ref. 39, Sec. 3).

Lemma 5.1. Let σ, r > 0, 0 < ε < δ ⩽ 1 and z0 ∈ S2d−1. There exists q ∈ G0,σ such that 0 ⩽ q ⩽ 1, supp q ⊆ Γz0 ,δ/Br/2 and q∣Γz0 ,ε/Br
≡ 1.

Proof. Let φ ∈ C∞c (R2d
) satisfy 0 ⩽ φ ⩽ 1, suppφ ⊆ z0 + Bδ and φ∣z0+Bε ≡ 1 (Ref. 26, Theorem 1.4.1). Let g ∈ C∞(R) satisfy 0 ⩽ g ⩽ 1,

g(x) = 0 if x ⩽ 1
2 and g(x) = 1 if x ⩾ 1. Set

ψ(λx, λσξ) = φ(x, ξ), (x, ξ) ∈ S2d−1, λ > 0, (5.2)

and
q(z) = g(r−1

∣z∣)ψ(z), z ∈ R2d. (5.3)

Then (5.2) can be written

ψ(x, ξ) = φ(πσ(x, ξ)), (x, ξ) ∈ R2d
/0,

and it follows that ψ ∈ C∞(R2d
/ 0), and thus q ∈ C∞(R2d

). The properties q∣Γz0 ,ε/Br
≡ 1 and supp q ⊆ Γz0 ,δ/Br/2 follow.

If (x, ξ) ∈ R2d
/ 0 and λ > 0 then, since πσ(λx, λσξ) = πσ(x, ξ), we have

ψ(λx, λσξ) = ψ(x, ξ)

which gives
(∂αx∂

β
ξ ψ)(λx, λσξ) = λ−∣α∣−σ∣β∣∂αx∂

β
ξ ψ(x, ξ), (x, ξ) ∈ R2d

/0, λ > 0, α,β ∈ Nd. (5.4)

Let (y,η) ∈ R2d
/ B1. Then (y,η) = (λx, λσξ) for a unique (x, ξ) ∈ S2d−1 and λ = λσ(y,η) ⩾ 1. Combining

1 + ∣y∣ + ∣η∣
1
σ = 1 + λ(∣x∣ + ∣ξ∣

1
σ ) ≍ 1 + λ
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with (5.4) we obtain for any α,β ∈ Nd

∣∂αy ∂
β
ηψ(y,η)∣ ⩽ Cα,β(1 + λ)

−∣α∣−σ∣β∣
≲ (1 + ∣y∣ + ∣η∣

1
σ )
−∣α∣−σ∣β∣

.

Referring to (5.3) we may conclude that q ∈ G0,σ . ◻

Proof of Theorem 1.4. For the symbol a we have by the proof of Ref. 8, Lemma 3.6 a ∈ G2kp,σ
⊆ G2kpc ,σ

= G1+σ,σ . By u0∈ S ′
(Rd
), (2.12) and

(Ref. 8, Corollary 7.12) there exists s0 ∈ R such that u0 ∈Mσ,s0(R
d
) and a unique solution u = u(t, ⋅) ∈ C(R, Mσ,s0(R

d
)) to (1.2). In particular

u(t, ⋅)∈ S ′
(Rd
) for all t ∈ R. If p = pc then the propagation result (1.10) is a particular case of Ref. 8, Theorem 8.3.

It remains to show (1.11) when 0 ≠ p < pc. Then α = 1 + σ − 2kp = 2k (pc − p) > 0. By the proof of Ref. 8, Lemma 3.6 we have a ∈ G2kp,σ
=

G1+σ−α,σ .
Suppose z0 ∉WFσgu0. By the proof of Ref. 45, Proposition 3.5 there exists γ, r > 0 and q ∈ G0,σ such that 0 ⩽ q ⩽ 1, supp q ⊆ Γz0 ,2γ/Br/2,

q∣Γz0 ,γ/Br
≡ 1, and qwu0 ∈ S (Rd

). From u ∈ C(R, Mσ,s0(R
d
)) and Theorem 2.5 we obtain

qwu ∈ C(R, Mσ,s0(R
d
)). (5.5)

We use (5.5) as the starting point for an iterative procedure. Namely we first deduce from (5.5) the improved regularity

qwu ∈ C(R, Mσ,s0+α(R
d
)). (5.6)

In fact, cf. Ref. 26, Theorem 23.1.4 and Ref. 31, we may regard v = qwu as the solution of the non-homogeneous Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

Pv = f
v(0, ⋅) = v0

(5.7)

where P = ∂t + iaw(x, D) and v0 = qwu0 ∈ S (Rd
) ⊆Mσ,s0+α(R

d
). To express f we write, using Pu = 0,

f = Pv = Pqwu = Pqwu − qwPu.

For the commutator we have Pqw − qwP = [P, qw] = [iaw , qw]. By Ref. 26, Theorem 18.5.4 (cf. the proof of Ref. 8, Proposition 8.2) the
commutator has therefore symbol asymptotic expansion

b = i(a#q − q#a) ∼
+∞
∑
j=0

(−1)j

(2j + 1)!22j {a, q}2j+1 (5.8)

where

{a, q}j(x, ξ) = (−1)j
(⟨∂x,∂η⟩ − ⟨∂y,∂ξ⟩)

ja(x, ξ)q(y,η)∣(y,η)=(x,ξ)

is a bilinear differential operator which extends the Poisson bracket {a, q}1 = {a, q} to higher order differential operators, cf. (2.1).
From a ∈ G1+σ−α,σ and q ∈ G0,σ we get

{a, q} = ⟨∇ξa,∇xq⟩ − ⟨∇xa,∇ξq⟩ ∈ G1−α−1,σ
+Gσ−α−σ,σ

= G−α,σ

which by (5.8) implies b ∈ G−α,σ . From v ∈ C(R, Mσ,s0(R
d
)) and Theorem 2.5 we obtain

f = Pv = bwu ∈ C(R, Mσ,s0+α(R
d
)).

Now (5.7), v0 ∈Mσ,s0+α(R
d
) and Ref. 8, Corollary 7.10 show that (5.6) holds. In the next step we take 0 < ε < δ ⩽ γ and define qε,δ ∈ G0,σ as

in Lemma 5.1. Then supp qε,δ ∩ supp(1 − q) ⊆ R2d is compact. By the calculus this yields r = qε,δ#(1 − q) ∈ S (R2d
) which combined with

qwu0 ∈ S and Theorem 2.5 implies
qwε,δu0 = qwε,δqwu0 + rwu0 ∈Mσ,s(Rd

) ∀s ∈ R (5.9)

since rw : S ′ → S is regularizing.
Set w = qwε,δu and consider the non-homogeneous Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

Pw = g
w(0, ⋅) = w0

(5.10)
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where w0 = qwε,δu0 ∈Mσ,s0+2α(Rd
) by (5.9). As above we obtain

g = Pqwε,δu − qwε,δPu = bwε,δu = bwε,δqwu + bwε,δ(1 − q)wu

with bε,δ ∈ G−α,σ defined by (5.8) with q replaced by qε,δ .
Since supp bε,δ ⊆ Γz0 ,δ we may conclude that supp bε,δ ∩ supp(1 − q) ⊆ R2d is compact, which implies that bwε,δ(1 − q)w : S ′ → S is reg-

ularizing. Now (5.6) and again Theorem 2.5 give g ∈ C(R, Mσ,s0+2α(Rd
)). By (5.10), w0 ∈Mσ,s0+2α(Rd

) and Ref. 8, Corollary 7.10 we obtain
w = qwε,δu ∈ C(R, Mσ,s0+2α(Rd

)).
This bootstrap argument shows that we may conclude

qwε′ ,δ′u ∈ C(R, Mσ,s0+kα(R
d
))

for any k ∈ N, in each step decreasing ε′ and δ′ such that 0 < ε′ < δ′ ⩽ εwhere ε has been chosen in the preceding step. We may do this keeping
ε′ > δ0 > 0 for a fixed δ0 > 0. If 0 < ε0 < δ0 then for any t ∈ R

qwε0 ,δ0 u(t, ⋅) ∈ ⋂
s ∈R

Mσ,s(Rd
) = S (Rd

).

By Ref. 45, Proposition 3.5 this shows that z0 ∉WFσg(u(t, ⋅)). Thus we have shown WFσg(u(t, ⋅)) ⊆WFσg(u0) for any t ∈ R, and the reverse
inclusion is immediate since the solution operator is invertible and K −1

t = K−t . We have proved (1.11). ◻

VI. THE FILTER OF SINGULARITIES
Let

Σ ⊆ R+/(0, 1], (6.1)

let k, m ∈ N / 0 and let σ = k
m . We define the anisotropic annular region Σ̃ with base Σ as

Σ̃ = {(x, ξ) ∈ R2d : ∣x∣2k
+ ∣ξ∣2m

∈ Σ} ⊆ R2d. (6.2)

Thus (6.1) implies Σ̃ ⊆ R2d
/Bk,m where

Bk,m = {(x, ξ) ∈ R2d : ∣x∣2k
+ ∣ξ∣2m

⩽ 1} ⊆ R2d.

Given Σ̃ ⊆ R2d we say that a ∈ Gr,σ is elliptic in Σ̃ if

∣a(x, ξ)∣ ⩾ C θσ(x, ξ)r
≍ (1 + ∣x∣2k

+ ∣ξ∣2m
)

r
2k , (x, ξ) ∈ Σ̃/BR, (6.3)

for some C, R > 0 independent of (x, ξ) ∈ Σ̃.
For a given subset Σ ⊆ R we define for ε > 0

Σε = ⋃
y ∈Σ

Bε∣y∣(y). (6.4)

Thus if x ∈ R /Σε then ∣x − y∣ ⩾ ε∣y∣ for all y ∈ Σ.
Next we show that if a ∈ Gr,σ is elliptic in the annular set Σ̃ ⊆ R2d defined by (6.1) and (6.2) then it is automatically elliptic in the larger

set Σ̃ρ = (̃Σρ) ⊆ R2d for some ρ > 0, where

Σ̃ρ = {(x, ξ) ∈ R2d : ∣x∣2k
+ ∣ξ∣2m

∈ Σρ} ⊆ R2d.

Proposition 6.1. Let a ∈ Gr,σ and suppose that a is elliptic in an annular set Σ̃ ⊆ R2d defined by (6.1) and (6.2). Then there exists ρ > 0 such
that a is elliptic in Σ̃ρ.

Proof. Let 0 < ρ < 1. If (x, ξ) ∈ Σ̃ρ then there exists t ∈ Σ such that ∣∣x∣2k
+ ∣ξ∣2m

− t∣ < ρt, and ∣x∣2k
+ ∣ξ∣2m

> 0. Define y = λ
1

2k x and η = λ
1

2m ξ
where

λ =
t

∣x∣2k
+ ∣ξ∣2m > 0.

Then ∣y∣2k
+ ∣η∣2m

= λ(∣x∣2k
+ ∣ξ∣2m

) = t which gives
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(1 − ρ)(∣y∣2k
+ ∣η∣2m

) < ∣x∣2k
+ ∣ξ∣2m

< (1 + ρ)(∣y∣2k
+ ∣η∣2m

).

Thus ∣y∣2k
+ ∣η∣2m

≍ ∣x∣2k
+ ∣ξ∣2m which implies θσ(x, ξ) ≍ θσ(y,η).

By the assumed ellipticity we have, since (y,η) ∈ Σ̃,

∣a(y,η)∣ ⩾ C1 θσ(y,η)r
⩾ C2 θσ(x, ξ)r (6.5)

with C1, C2 > 0 if ∣(x, ξ)∣ ⩾ R for some R > 0.
We have

∣λ − 1∣ =
∣t − (∣x∣2k

+ ∣ξ∣2m
)∣

∣x∣2k
+ ∣ξ∣2m <

ρt
∣x∣2k
+ ∣ξ∣2m <

ρ
1 − ρ

. (6.6)

Since we will choose ρ > 0 small, λ will be close to 1, so we may assume that

1
2
⩽ λ

1
2k ⩽ 2,

1
2
⩽ λ

1
2m ⩽ 2,

which implies for any 0 ⩽ τ ⩽ 1

1
2
⩽ τ + (1 − τ)λ

1
2k ⩽ 2,

1
2
⩽ τ + (1 − τ)λ

1
2m ⩽ 2.

In turn this gives

θσ(τ(x, ξ) + (1 − τ)(y,η)) ≍ θσ(x, ξ).

Combined with (2.7) we get, using the mean value theorem, for some 0 ⩽ τ ⩽ 1,

∣a(x, ξ) − a(y,η)∣
⩽ ∣⟨∇xa(τ(x, ξ) + (1 − τ)(y,η)), x − y⟩ + ⟨∇ξa(τ(x, ξ) + (1 − τ)(y,η)), ξ − η⟩∣

⩽ C∣λ
1

2k − 1∣θσ(x, ξ)r−1
∣x∣ + C∣λ

1
2m − 1∣θσ(x, ξ)r−σ

∣ξ∣

⩽ C max (∣λ
1

2k − 1∣, ∣λ
1

2m − 1∣)θσ(x, ξ)r

where C > 0 depends on a and ρ only. Taking into account (6.5) we obtain finally

∣a(x, ξ)∣ ⩾∣a(y,η)∣ − ∣a(x, ξ) − a(y,η)∣

⩾ (C2 − C max (∣λ
1

2k − 1∣, ∣λ
1

2m − 1∣))θσ(x, ξ)r
⩾

1
2

C2θσ(x, ξ)r

provided ρ > 0 is sufficiently small, using (6.6), and provided ∣(x, ξ)∣ ⩾ R. We have shown that a is elliptic in Σ̃ρ. ◻

In the sequel we develop a few results that allow us to use suitable cut-off symbols in the definition of ellipticity.

Lemma 6.2. Suppose Σ ⊆ R+ satisfies (6.1), and suppose 0 < ε < δ < 1. Then there exist μ > 0 such that

(R/Σδ)μ ∩ (Σε)μ = ∅. (6.7)

Proof. Let ε < γ < δ and set

μ = min(
δ − γ
1 + δ

,
γ − ε
1 + ε

) > 0. (6.8)

Then we have on the one hand
(Σε)μ ⊆ Σγ. (6.9)

Indeed if x ∈ (Σε)μ then there exist y ∈ Σε and z ∈ Σ such that ∣x − y∣ < μ∣y∣ and ∣y − z∣ < εz. This gives

∣x − z∣
z
⩽
∣y − z∣ + ∣x − y∣

z
< ε + μ

∣y∣
z
⩽ ε + μ

z + ∣y − z∣
z

< ε + μ(1 + ε) ⩽ γ,

in the last inequality using μ ⩽ γ−ε
1+ε which is due to (6.8). This shows that x ∈ Σγ which proves (6.9).
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On the other hand we have

(R/Σδ)μ ⊆ R/Σγ. (6.10)

To wit if x ∈ (R/Σδ)μ then there exists y ∈ R /Σδ such that ∣x − y∣ < μ∣y∣, and ∣y − z∣ ⩾ δz for all z ∈ Σ.

Let z ∈ Σ. If ∣y∣z ⩽
δ−γ
μ then

∣x − z∣
z
=
∣y − z − (y − x)∣

z
> δ − μ

∣y∣
z
⩾ δ − (δ − γ) = γ,

and if ∣y∣z >
δ−γ
μ then

∣x − z∣
z
⩾
∣x∣
z
− 1 =

∣y + x − y∣
z

− 1 ⩾
∣y∣
z
(1 − μ) − 1 > (δ − γ)(

1
μ
− 1) − 1 ⩾ γ

since 1
μ − 1 ⩾ 1+γ

δ−γ again due to (6.8).
Thus we have ∣x − z∣ ⩾ γz for all z ∈ Σ. It follows x ∈ R /Σγ so we have proved (6.10). Finally (6.7) is a consequence of (6.9) and (6.10). ◻

Lemma 6.3. If Σ ⊆ R+ satisfies (6.1), and 0 < ε < δ < 1 then there exists gε,δ ∈ C∞(R+) such that 0 ⩽ gε,δ ⩽ 1, supp gε,δ ⊆ Σδ, gε,δ(x) = 1
when x ∈ Σε, and

∣g(n)ε,δ (x)∣ ⩽ cn(1 + ∣x∣)−n, x > 0, n ∈ N. (6.11)

The constants cn > 0 depend on ε and δ, but are independent of x ∈ R+.

Proof. By Lemma 6.2 there exists 0 < μ < 2 such that (6.7) is valid. Let φ ∈ C∞c (R) satisfy φ ⩾ 0, suppφ ⊆ [− 1
2 , 1

2 ] and ∫ φ dx = 1. Define
gε,δ = g with

g(x) =
1
μx∫(Σε)μ

φ(
x − y
μx
) dy ∈ C∞(R+).

Then g(x) ⩾ 0 for all x > 0, and

g(x) =
1
μx∫(Σε)μ

φ(
x − y
μx
) dy ⩽ ∫

R
φ(y) dy = 1

for all x > 0.
Let x ∈ R+ /Σδ . Then suppφ( x−⋅

μx ) ⊆ (R/Σδ)μ so it follows from (6.7) that g(x) = 0. Thus suppg ⊆ Σδ . Next take x ∈ Σε. Then

suppφ( x−⋅
μx ) ⊆ (Σε)μ which implies

g(x) =
1
μx∫R

φ(
x − y
μx
) dy = ∫

R
φ(y) dy = 1.

It follows that g∣ Σε ≡ 1.
It remains to prove the estimates for the derivatives (6.11). From

dj

dxj (
1
μx
) =

1
μ
(−1)jj!x−1−j ,

Faà di Bruno’s formula (4.42), and the fact that (1 − μ/2)x ⩽ y ⩽ (1 + μ/2)x when y ∈ suppφ( x−⋅
μx ) we first deduce the estimate when x > 0

∣
dk

dxk (φ(
1
μ
−

y
μx
))∣ ⩽ Ckx−k

∑
m1+2m2+⋅⋅⋅+kmk=k

∣φ(m1+⋅⋅⋅+mk)(
1
μ
−

y
μx
)∣(

y
x
)

m1+⋅⋅⋅+mk

⩽ Ck,μx−k.

(6.12)
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Combined with Leibniz’ rule this yields for x ⩾ 1

∣Dng(x)∣ =
RRRRRRRRRRR

∑
k⩽n
(

n
k
)Dn−k

(
1
μx
)∫
(Σε)μ

Dk
(φ(

x − y
μx
)) dy

RRRRRRRRRRR

⩽∑
k⩽n
(

n
k
)μ−1
(n − k)!x−1−n+kCk,μx−k

∣suppφ(
x − ⋅
μx
)∣

⩽ Cn,μx−n

(6.13)

which proves (6.11). ◻

Remark 6.4. The function gε,δ ∈ C∞(R+)may be extended by gε,δ(x) = 0 for x ⩽ 0 into gε,δ ∈ C∞(R). Indeed obviously

sup
x ∈R
∣x∣n∣φ(k)(x)∣ ⩽ Cn,k <∞ (6.14)

for any n, k ∈ N. If y ∈ (Σε)μ then y ∈ Σγ by (6.9) which together with (6.1) imply y > 1 − γ > 0. If 0 < x < (1 − γ)/2 then ∣y − x∣ > (1 − γ)/2.
Thus from (6.12) and (6.14) we obtain for any n, k ∈ N

∣
dk

dxk (φ(
x − y
μx
))∣ ≲ x−kxn+k

∣x − y∣−n−k
≲ xn

when 0 < x < (1 − γ)/2. By (6.13) this gives limx→0+g(k)ε,δ (x) = 0 for all k ∈ N, and finally (Ref. 26, Corollary 1.1.2) shows that gε,δ ∈ C∞(R) and

g(k)ε,δ (0) = 0 for all k ∈ N.

Let 0 < ε < δ < 1 and k, m ∈ N / 0. We define

qε,δ(x, ξ) = gε,δ(∣x∣
2k
+ ∣ξ∣2m

), x, ξ ∈ Rd (6.15)

where gε,δ ∈ C∞(R) is defined as in Lemma 6.3 and Remark 6.4. Then qε,δ ∈ C∞(R2d
).

Proposition 6.5. Let 0 < ε < δ < 1 and k, m ∈ N / 0, and let Σ ⊆ R+ satisfy (6.1). Suppose gε,δ ∈ C∞(R) is defined as in Lemma 6.3 and
Remark 6.4, and define qε,δ ∈ C∞(R2d

) by (6.15). Then 0 ⩽ qε,δ ⩽ 1, supp qε,δ ⊆ Σ̃δ, qε,δ ∣ Σ̃ε ≡ 1, and qε,δ ∈ G0,σ with σ = k
m .

Proof. The first three conclusions 0 ⩽ qε,δ ⩽ 1, supp qε,δ ⊆ Σ̃δ and qε,δ ∣ Σ̃ε ≡ 1 are consequences of (6.2) and Lemma 6.3.
It remains to show q = qε,δ ∈ G0,σ . An induction argument with respect to ∣α + β∣ shows that for all α,β ∈ Nd we have

∂αx∂
β
ξ q(x, ξ) = ∑

∣γ+α∣
2k +

∣κ+β∣
2m ⩽n⩽∣α+β∣

g(n)ε,δ (∣x∣
2k
+ ∣ξ∣2m

)pγ,κ(x, ξ) (6.16)

where pγ,κ are polynomials of orders ∣γ∣ and ∣κ∣ with respect to the variables x and ξ, respectively, for γ, κ ∈ Nd.
For the indices in the sum we thus have

max(
∣γ∣
2k

,
∣κ∣
2m
) ⩽
∣γ∣
2k
+
∣κ∣
2m
⩽ n −

∣α∣
2k
−
∣β∣
2m

.

If ∣x∣ ⩽ 1 ⩽ ∣ξ∣ we obtain

∣pγ,κ(x, ξ)∣ ≲ ∣ξ∣∣κ∣ ⩽ (1 + ∣x∣2k
+ ∣ξ∣2m

)
n− ∣α∣2k −

∣β∣
2m ,

if ∣ξ∣ ⩽ 1 ⩽ ∣x∣ we have

∣pγ,κ(x, ξ)∣ ≲ ∣x∣∣γ∣ ⩽ (1 + ∣x∣2k
+ ∣ξ∣2m

)
n− ∣α∣2k −

∣β∣
2m ,

and if min(∣ξ∣, ∣x∣) ⩾ 1 then
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∣pγ,κ(x, ξ)∣ ≲ ∣x∣∣γ∣∣ξ∣∣κ∣ ⩽ max (∣x∣2k, ∣ξ∣2m
)

∣γ∣
2k +

∣κ∣
2m
⩽ (1 + ∣x∣2k

+ ∣ξ∣2m
)

n− ∣α∣2k −
∣β∣
2m .

Combining this with (6.16) and Lemma 6.3 yields finally

∣∂αx∂
β
ξ q(x, ξ)∣ ≲ (1 + ∣x∣2k

+ ∣ξ∣2m
)
−n+n− ∣α∣2k −

∣β∣
2m
≍ θσ(x, ξ)−∣α∣−σ∣β∣

which proves q ∈ G0,σ . ◻

Next we define the concept of smoothness of a tempered distribution in an anisotropic annular subset of phase space T∗Rd.

Definition 6.6. Let k, m ∈ N / 0, σ = k
m , and let Σ̃ ⊆ R2d be the anisotropic annular region defined by (6.2) where Σ ⊆ [0,+∞). The

distribution u∈ S ′
(Rd
) is smooth in Σ̃ if there exists r ∈ R and q ∈ Gr,σ , elliptic in Σ̃, such that qw(x, D)u ∈ S (Rd

).

Remark 6.7. Two observations:

(1) If Σ ⊆ [0,+∞) and supΣ <∞ then there exists r > 0 such that Σ̃ ⊆ Br ⊆ R2d. Let a ∈ C∞c (R2d
) be a cutoff function such that

supp a ⊆ B2r and a∣ Br
≡ 1. Then a ∈ G0,σ , aw(x, D)u ∈ S (Rd

) for any u ∈ S ′
(Rd
) and a is elliptic on Σ̃. It follows that any u∈ S ′

(Rd
)

is smooth in Σ̃ defined by (6.2) for any Σ ⊆ [0,+∞) such that supΣ <∞.
(2) If u ∈ S (Rd

) and a = 1 ∈ G0,σ then aw(x, D)u = u ∈ S (Rd
) and a is elliptic on Σ̃ defined by (6.2) for any Σ ⊆ [0,+∞). Thus u ∈ S (Rd

)

is smooth on all such Σ̃ ⊆ R2d.

The following result says that smoothness in an annular set can always be defined using a symbol as in Proposition 6.5.

Proposition 6.8. Let Σ ⊆ R satisfy (6.1), and suppose k, m ∈ N / 0 and σ = k
m . A distribution u∈ S ′

(Rd
) is smooth in the annular region Σ̃

defined by (6.2) if and only if there exists 0 < δ < 1 such that for any 0 < ε < δ we have qwε,δ(x, D)u ∈ S (Rd
) where qε,δ ∈ G0,σ is defined by (6.15),

Lemma 6.3 and Remark 6.4, and qε,δ is elliptic on Σ̃ε.

Proof. It suffices to show that smoothness in the annular region Σ̃ of u∈ S ′
(Rd
) implies the stated condition. Thus there exists by

assumption r ∈ R, a ∈ Gr,σ and C, R > 0 such that awu ∈ S and ∣a(x, ξ)∣ ⩾ Cθσ(x, ξ)r when (x, ξ) ∈ Σ̃ρ/BR for some ρ > 0, using Proposition 6.1.
We use the pseudodifferential calculus for the anisotropic Shubin symbols Gr,σ .39 Defining a1 = a#a = ∣a∣2 + a2 ∈ G2r,σ we thus have

a2 ∈ G2r−(1+σ),σ .
Define χ = qγ,ρ where γ < ρ < 1 by (6.15), Lemma 6.3 and Remark 6.4. Then χ ∈ G0,σ by Proposition 6.5. We set for C1 > 0

b = a1χ + (1 − χ)C1w
2r
k

k,m.

By Ref. 8, Lemma 3.6 we have b ∈ G2r,σ . If z ∉ Σ̃ρ then χ(z) = 0 so b(z) = C1wk,m(z)
2r
k ≍ θσ(z)2r . If z ∈ Σ̃ρ/BR then for some C2 = C2(C1) > 0

and C3 > 0

∣b(z)∣ = ∣a1(z)χ(z) + (1 − χ(z))C1w
2r
k

k,m(z)∣

⩾ χ(z)∣a(z)∣2 + (1 − χ(z))C1w
2r
k

k,m(z) − χ(z)∣a2(z)∣

⩾ χ(z)C2θσ(z)2r
+ (1 − χ(z))C2θσ(z)2r

− C3θσ(z)2r−(1+σ).

We can pick C1 > 0 such that C2 ⩽ C2 which gives

∣b(z)∣ ⩾ C2θσ(z)2r
(1 − C3C−1

2 θσ(z)−(1+σ)) ⩾
1
2

C2θσ(z)2r

for z ∈ Σ̃ρ/BR after possibly increasing R > 0.
This argument shows that b ∈ G2r,σ is an elliptic symbol, and then (Ref. 39, Lemma 6.3) implies that there exists a parametrix c ∈ G−2r,σ

that satisfies c#b = 1 + r with r ∈ S (R2d
).

Let δ ⩽ γ and ε < δ, and define q = qε,δ by (6.15), Lemma 6.3 and Remark 6.4. Then q ∈ G0,σ by Proposition 6.5. This gives

q = q#c#a1 + q#c#(b − a1) − q#r
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where q#r ∈ S (R2d
). Since b(z) − a1(z) = 0 when z ∈ Σ̃γ we have supp q ∩ supp(b − a1) =∅. The calculus then implies q#c#(b − a1) ∈ S (R2d

).
If we set r1 = q#c#(b − a1) − q#r ∈ S (R2d

), the continuity of bw1 : S → S for all b1 ∈ Gt,σ and t ∈ R gives

qwu = qwcwaw1 u + rw1 u
= qwcwawawu + rw1 u ∈ S

due to r1 ∈ S (R2d
) and awu ∈ S . Finally we observe that q is elliptic on Σ̃ε by construction. ◻

The σ-anisotropic filter of singularities is defined as follows.

Definition 6.9. Let k, m ∈ N / 0, σ = k
m and let u∈ S ′

(Rd
). Consider anisotropic annular subsets Σ̃ ⊆ R2d of the form (6.2) where Σ ⊆

[0,+∞). The collection of subsets

F(u) = {Σ̃ ⊆ R2d : u is smooth in R2d
/(Σ̃ ∪ Bk,m)} ⊆ P(R

2d
)

is called the σ-anisotropic filter of singularities of u.

Remark 6.10. From Remark 6.7 we may conclude:

(1) If supΣ <∞ then R2d
/Σ̃ = R̃/Σ ∈ F(u) for any u∈ S ′

(Rd
). In particular F(u) ≠ ∅ for all u∈ S ′

(Rd
).

(2) If u ∈ S (Rd
) then Σ̃ ∈ F(u) for any Σ̃ ⊆ R2d defined by (6.2) where Σ ⊆ [0,+∞). In particular ∅ ∈ F(u).

Remark 6.10 (2) means that F(u) is extremely large when u ∈ S (Rd
). The last observation extends to a characterization of S (Rd

):

Lemma 6.11. If u∈ S ′
(Rd
) then ∅ ∈ F(u) if and only if u ∈ S (Rd

).

Proof. In Remark 6.10 (2) we have shown that u ∈ S (Rd
) implies ∅ ∈ F(u).

Suppose on the other hand ∅ ∈ F(u). Then there exists a ∈ Gr,σ such that aw(x, D)u ∈ S (Rd
) and a is elliptic on R2d

/ Bk,m. There exists
a parametrix b ∈ G−r,σ which satisfies b#a = 1 + r where r ∈ S (R2d

). We conclude

u = bwawu − rwu ∈ S

since bw : S → S is continuous and rw : S ′ → S is regularizing. ◻

In Definition 6.9 we claim implicitly that F(u) ⊆ P(R2d
) is a filter, which needs to be proved. A filter of subsets of R2d is denoted by

F ⊆ P(R2d
) and defined by the following properties.41

(1) F ≠ ∅;
(2) If F ∈ F and F ⊆ G ⊆ R2d then G ∈ F ;
(3) If F, G ∈ F then F ∩G ∈ F .

The following result shows that F(u) ⊆ P(R2d
) indeed is a filter.

Lemma 6.12. If k, m ∈ N / 0, u∈ S ′
(Rd
) and F(u) ⊆ P(R2d

) is defined as in Definition 6.9 then F(u) is a filter.

Proof. In Remark 6.10 (1) we have proved that F(u) ≠ ∅ for any u∈ S ′
(Rd
). Thus property (1) of a filter holds.

Suppose Σ̃ ∈ F(u) and Σ̃ ⊆ Λ̃. Then there exists a ∈ Gr,σ such that awu ∈ S (Rd
) and a is elliptic on R2d

/(Σ̃ ∪ Bk,m). Due to R2d
/Λ̃ ⊆

R2d
/Σ̃ the symbol a is also elliptic on R2d

/(Λ̃ ∪ Bk,m). Thus u is smooth in R2d
/(Λ̃ ∪ Bk,m) and hence Λ̃ ∈ F(u). We have shown property (2)

of a filter.
Finally assume Σ̃, Λ̃ ∈ F(u). By Proposition 6.8 there exist a, b ∈ G0,σ such that awu ∈ S (Rd

), bwu ∈ S (Rd
), a, b ⩾ 0, a is elliptic on

R2d
/(Σ̃ ∪ Bk,m) and b is elliptic on R2d

/(Λ̃ ∪ Bk,m). Then a + b ∈ G0,σ is elliptic on R2d
/((Σ̃ ∩ Λ̃) ∪ Bk,m) and (a + b)w(x, D)u ∈ S (Rd

). It
follows Σ̃ ∩ Λ̃ ∈ F(u) which proves property (3) of a filter. ◻

Remark 6.13. In Ref. 41 a filter is assumed to satisfy properties (1)–(3), and furthermore ∅ ∉ F . We exclude the last property from our
definition of filter in order to allow u ∈ S (Rd

), cf. Lemma 6.11.
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VII. PROOF OF THEOREM 1.5
The proof is conceptually similar to the Proof of Theorem 1.4. Before we start with the Proof of Theorem 1.5 we state a simple lemma

concerning the Poisson bracket of a, b ∈ C1
(R2d
) that will be useful.

Lemma 7.1. If a ∈ C1
(R2d
) and g ∈ C1

(C) then {a, g ○ a} = 0.

Proof. For 1 ⩽ j ⩽ d we have

∂ξj a(x, ξ)∂xj(g(a(x, ξ))) = ∂ξj a(x, ξ) g′(a(x, ξ))∂xj a(x, ξ)

= ∂xj a(x, ξ)∂ξj(g(a(x, ξ))).

◻

Proof of Theorem 1.5. Suppose Λ̃ ⊆ R2d is defined by (6.2) with Λ ⊆ [0,+∞), and suppose Λ̃ ∈ F(u0). Then u0∈ S ′
(Rd
) is smooth in

Σ̃ = R2d
/(Λ̃ ∪ Bk,m). Proposition 6.8 implies that there exists qε,δ ∈ G0,σ defined by (6.15), Lemma 6.3 and Remark 6.4, qε,δ is elliptic on Σ̃ε, and

qwε,δu0 ∈ S (Rd
), for some 0 < δ < 1 and any 0 < ε < δ.

From (2.11) we obtain
qwε,δu0 ∈Mσ,s(Rd

) ∀s ∈ R, (7.1)

and (2.12) implies u0 ∈Mσ,s0(R
d
) for some s0 ∈ R. In view of Theorem 1.1 this implies that there exists a unique solution u ∈ C(R, Mσ,s0(R

d
))

to (1.1). Hence
qwε,δu ∈ C(R, Mσ,s0(R

d
)) (7.2)

since qε,δ ∈ G0,σ and we can apply Theorem 2.5.
Again we use (7.2) as the starting point of an iteration. We first deduce from (7.2) the improved regularity

qwε,δu ∈ C(R, Mσ,s0+α(R
d
)) (7.3)

where

α = 3(1 + σ) − 2k > 0

due to the assumption (1.13).
Thus we regard v = qwε,δu as solution of the non-homogeneous Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

Pv = f
v(0, ⋅) = v0

(7.4)

where

P = ∂t + i(∣x∣2k
+ (−Δ)m

)

and v0 = qwε,δu0 ∈Mσ,s0+α(R
d
) in view of (7.1). Concerning f = f (t, ⋅) we will show that f ∈ C(R, Mσ,s0+α(R

d
)).

Since Pu = 0 we have

f = Pv = Pqwε,δu = Pqwε,δu − qwε,δPu = [iaw , qwε,δ]u

where a(x, ξ) = ∣x∣2k
+ ∣ξ∣2m. The symbol a is a polynomial so it has only a finite number of nonzero derivatives. The expansion (5.8) yields

bε,δ = i(a#qε,δ − qε,δ#a) ∼
max (k,m)−1

∑
j=0

(−1)j

(2j + 1)!22j {a, qε,δ}2j+1. (7.5)

In fact if j ⩾ max(k, m) then 2j + 1 ⩾ max(2k, 2m) + 1 which implies that {a, qε,δ}2 j+1 = 0.
By the construction of qε,δ , cf. (6.15), Lemma 6.3 and Remark 6.4, we have qε,δ = g ○ a with g ∈ C∞(R). Lemma 7.1 thus implies that

{a, qε,δ} = 0 which in turn means that the expansion (7.5) starts at j = 1. Since a ∈ G2k,σ and qε,δ ∈ G0,σ it follows from the calculus that bε,δ ∈
G2k−3(1+σ),σ

= G−α,σ . (This argument is similar to Ref. 24, Lemme 7.1.)
From u ∈ C(R, Mσ,s0(R

d
)) and Theorem 2.5 we thus obtain
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f = Pv = bwε,δu ∈ C(R, Mσ,s0+α(R
d
)).

Now (7.4), v0 ∈Mσ,s0+α(R
d
) and Theorem 3.6 show that (7.3) holds true.

In the second step we take 0 < ε′ < δ′ ⩽ ε which gives supp qε′ ,δ′ ∩ supp(1 − qε,δ) =∅. By the calculus this yields r = qε′ ,δ′#(1 − qε,δ) ∈
S (R2d

) which combined with (7.1) and Theorem 2.5 implies

qwε′ ,δ′u0 = qwε′ ,δ′q
w
ε,δu0 + rwu0 ∈Mσ,s(Rd

) ∀s ∈ R (7.6)

since rw : S ′ → S is regularizing.
Set w = qwε′ ,δ′u and consider the non-homogeneous Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

Pw = g
w(0, ⋅) = w0

(7.7)

where w0 = qwε′ ,δ′u0 ∈Mσ,s0+2α(Rd
) by (7.6).

As above we obtain using (7.5)

g = Pqwε′ ,δ′u − qwε′ ,δ′Pu = bwε′ ,δ′u = bwε′ ,δ′q
w
ε,δu + bwε′ ,δ′(1 − qε,δ)

wu

with bε′ ,δ′ ∈ G−α,σ . Since supp bε′ ,δ′ ⊆ Σ̃δ′ we have supp bε′ ,δ′ ∩ supp (1 − qε,δ) =∅ which implies that bwε′ ,δ′(1 − qε,δ)w : S ′ → S is regularizing.
Thus g ∈ C(R, Mσ,s0+2α(Rd

)) by (7.3) and again Theorem 2.5. Again (7.7) and Theorem 3.6 give w = qwε′ ,δ′u ∈ C(R, Mσ,s0+2α(Rd
)).

The bootstrap argument shows that we may obtain

qwε′ ,δ′u ∈ C(R, Mσ,s0+kα(R
d
))

for any k ∈ N, in each step decreasing 0 < ε′ < δ′ ⩽ ε with ε > 0 coming from the preceding step. We may do this keeping ε′ > δ0 > 0 for a fixed
δ0 > 0. If 0 < ε0 < δ0 then for any t ∈ R

qwε0 ,δ0 u(t, ⋅) ∈Mσ,s(Rd
)

for any s ∈ R. Thus qwε0 ,δ0
u(t, ⋅) ∈ S (Rd

) for any t ∈ R. Since qε0 ,δ0 is elliptic on Σ̃ε0 this proves that u(t, ⋅) is smooth in Σ̃ for any t ∈ R. It follows
that Λ̃ ∈ F(u(t, ⋅)) so we have shown F(u0) ⊆ F(u(t, ⋅)) for any t ∈ R. The opposite inclusion follows from K −1

t = K−t . ◻
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