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Abstract
Rescheduling problems arise in a variety of situations where a previously planned schedule needs to be adjusted to deal with
unforeseen events. A common problem is the arrival of new orders, i.e., jobs, which have to be integrated into the schedule of
the so-called old jobs. The maximum and total absolute time deviations of the completion times of these jobs are modeled as
a disruption constraint to limit the change in the original schedule. Disruption constraints influence the shape of an optimal
schedule in particular with respect to the sequencing of old jobs and the insertion of idle time. In this paper, a classification
into idle and no-idle problems is given, through several examples, for a set of single machine rescheduling problems with
different objective functions. We also prove the complexity of four rescheduling problems that have been left open in the
literature. Finally, algorithms are provided to solve the timing problem that arises for certain single machine rescheduling
problems when the order of the jobs is fixed.

Keywords Rescheduling · Single machine · New orders · Maximum disruption · Total disruption

1 Introduction

In the literature, rescheduling has been considered to be a
way of modifying an existing schedule to respond to unfore-
seen disruptive events, such as the arrival of new jobs, the
delay of some other jobs, machine breakdowns, or periods
of unavailability of machines due to maintenance activities.
The aim of the present work is to study scheduling strategies
when unexpected jobs, called new jobs, have to be scheduled
in an already given optimal solution made up of known jobs,
called old jobs. This is typically called rescheduling for new
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orders. These strategies seek a trade-off between limiting the
perturbation of the original schedule, called disruption of the
schedule, and integrating the new jobs to optimize an objec-
tive function.

Rescheduling problems for new orders have been the sub-
ject of a number of studies. This family of rescheduling
problems was first formalized by Hall and Potts (2004) and
has since received much attention. Hall and Potts (2004)
studied several single machine scheduling problems. They
considered total completion time or maximum lateness as
objective functions to be minimized in combination with a
disruption cost. They provided polynomial-time algorithms
or showed NP-hardness for each of the problems tackled.
The same problems were studied by Teghem and Tuyttens
(2014), who considered the enumeration of Pareto optima.
Zhao et al. (2016) introduced a generalization of the disrup-
tion criterion by imposing on each old job j a maximum
amount of allowed disruption k j . In this case, both the prob-
lems of minimizing the sum of the completion times and
the maximum lateness becomeNP-hard. Only two research
papers were found that consider rescheduling problems with
multiple disruptions (Hall et al., 2007; Yuan et al., 2007). The
setting here changes in the sense that there are multiple sets
of new jobs arriving at different times. Thus, the initial state
does not necessarily imply optimal schedules. In addition to
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multiple disruptions, Yuan et al. (2007) also considered jobs
with release dates. Yuan and Mu (2007) studied four sin-
gle machine rescheduling problems with minimization of the
makespan in the presence of job release dates and different
disruption criteria. Complexity results were given for the dif-
ferent scenarios.Yang (2007), Zhao andTang (2010), andLiu
and Zhou (2015) considered the singlemachine rescheduling
problem when jobs have time-dependent processing times.
Guo et al. (2021) studied a rescheduling problem motivated
by energy savings. Neworders are rework jobs that need to be
added to the original schedule to minimize the total waiting
time of the jobs. Liu et al. (2018) investigated the reschedul-
ing of a two-machine flow shop with outsourcing solved by
means of a hybrid variable neighborhood search. Zhang et al.
(2022) took into consideration the minimization of the max-
imum weighted tardiness for rescheduling problems. Rener
et al. (2022) studied the rescheduling problem for minimiz-
ing the maximum lateness with a constraint on the total time
disruption and proposed the first exact algorithm to solve the
problem when a no-idle constraint is required. Fang et al.
(2023) studied the generalization of the problem with rejec-
tion forminimizing a linear combination of the totalweighted
completion time, the maximum disruption, and the rejection
cost. They first proved theNP-hardness of the problem and
then solved it with an exact dynamic programming algorithm
and a fully polynomial-time approximation algorithm. They
showed the efficiency of the proposed algorithms by means
of computational experiments.Amore efficient dynamic pro-
gramming algorithm for the problem without rejection is
proposed by Lendl et al. (2024). In addition, the authors
present two fully polynomial-time approximation schemes
and a constant-bound approximation polynomial algorithm
for the same problem. Further complexity results are pro-
vided for related rescheduling problems.

We refer the readers to the surveys by Vieira et al.
(2003) and Aytug et al. (2005) for a general introduction
to rescheduling problems. More recent papers covering the
topic fromdifferent perspectives are proposed for instance by
Pferschy et al. (2023), Luo et al. (2022), Wang et al. (2018).

In this paper, we consider rescheduling problems for new
orders arising from the combination of two disruption criteria
and several scheduling objective functions. Our contribu-
tions, which focus on single machine problems, where all
jobs must be scheduled and no rejection is allowed, can be
summarized as follows:

• we provide structural properties, when the objective is to
minimize classical scheduling objective functions, sub-
ject to a constraint on themaximum or total absolute time
disruption of the original jobs;

• we propose a classification of rescheduling problems
according to whether machine idle timesmay be required
in optimal solutions;

• we provide proofs of the computational complexity of
four open problems;

• we propose two novel polynomial-time timing algo-
rithms for solving the problems that require idle times
to be inserted for the case where a fixed sequence of jobs
is given.

The remainder of the paper is organized as follows: in
Sect. 2, we formally define rescheduling problems and give
contributions regarding the structure of optimal solutions.
We present both properties for preserving the order of old
jobs after rescheduling and properties on the requirement of
inserting idle times. In Sect. 3, we define the computational
complexity of some open problems. In Sect. 4, we study
three sets of rescheduling problems, when the order of jobs
is given, and propose polynomial-time algorithms for solv-
ing the respective timing problems. Finally, Sect. 5 gives the
conclusions and directions for future work.

2 Structural properties

2.1 Notation

Let J O (resp. J N ) be the set of nO old jobs (resp. nN new
jobs) that must be processed on a single machine. Each job
j has a processing time p j and, depending on the prob-
lem, may have a due date d j or a weight w j . Given any
schedule σ , let C j (σ ) (C j when there is no ambiguity)
be the completion time of job j . Initially, jobs in J O are
assumed to be optimally scheduled in a schedule π∗ to min-
imize a given objective function f . After the arrival of jobs
from J N , the goal is to generate a new schedule σ ∗ of
all jobs to minimize f while not disrupting π∗ too much.
According to the seminal work by Hall and Potts (2004)
that introduced this class of problems, the disruption of the
schedule is modeled as the maximum or the sum of the
absolute deviations of the completion times of old jobs. Let
�max = max j∈J O (� j ) be the maximum disruption and

� = ∑
j∈J O � j be the total disruption, where the disrup-

tion is given by� j = |C j (σ
∗)−C j (π

∗)|,∀ j ∈ J O . Notice,
that since we consider absolute time deviations of comple-
tion times, both having a job early and late w.r.t. the original
completion time causes a disruption. This may be encoun-
tered in practice whenever there are other dependencies at an
operational level that rely on the original completion times of
jobs (e.g., material supply, delivery times, …). A threshold
ε limits the amount of the schedule disruption (the total or
the maximum disruption depending on the problem at hand).
Each job in a schedule is associatedwith a function f j , which
weassume tobe regular, i.e., increasingwith respect to the job
completion time.We consider, for each problem, an objective
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function f ∈ { fmax , f }, where fmax = max j∈J O∪J N ( f j )

and f = ∑
j∈J O∪J N f j . Whenever interesting, we will con-

sider the following particular cases of f and fmax . Among
the f objectives, we consider three different objective func-
tions:

• the total weighted completion time wC , where for each
job f j = w jC j ;

• the total number of late jobsU , where for each job f j = 1
if C j > d j and f j = 0 otherwise;

• the total tardinessT ,where for each job f j = max(0,C j−
d j ).

As a fmax objective, we consider the most widely used in the
scheduling literature, which is the maximum lateness Lmax ,
where f j = C j − d j .

Using the classical three-field notation of Graham et al.
(1979), the problems we consider in this work are reschedul-
ing problems on a single machine in the form of 1|�max ≤
ε| f and 1|� ≤ ε| f .

2.2 Preserving the initial order for old jobs

Old jobs are initially sequenced in a schedule π∗ to mini-
mize an objective function f . This order might be preserved
in an optimal schedule of the rescheduling problem. In this
section, we focus on establishing some properties of when
this order is preserved, as opposed to when a re-sequencing
of old jobs is required.
The first two properties illustrated below serve a dual pur-
pose. Thefirst is to provide the source of the need for idle time
insertion. The second is to provide actual structural proper-
ties for the related problems 1| f ≤ ε|�max and 1| f ≤ ε|�.
The two disruption criteria lead to different properties. We
first show that problem 1| f ≤ ε|�max never requires a
re-sequencing to obtain an optimal solution, if any feasi-
ble schedule exists with old jobs ordered as in π∗. On the
contrary, we show that problem 1| f ≤ ε|�may require a re-
sequencing of old jobs, even if there exists a feasible schedule
with old jobs ordered as in π∗.

Property 1 If there exists a non-empty set of feasible sched-
ules for problem 1| f ≤ ε|�max with old jobs ordered as in
π∗, there exists an optimal solution that belongs to this set
of schedules.

Proof Consider an initial schedule π∗ made of old jobs,
and two schedules σ ′ and σ ∗ made of old and new jobs,
as illustrated in Fig. 1. Schedule π∗ shows the original opti-
mal schedule with old jobs only. Schedule σ ′ is a schedule
with old and new jobs, where at least two old jobs i and j
are swapped with respect to their ordering in π∗. Suppose
that σ ′ is an optimal solution for the problem 1| f ≤ ε|�max .

Fig. 1 Jobs sequencing for the 1| f ≤ ε|�max problem

Now, consider any old job and its successors in π∗. Let i be
the first old job that follows, in σ ′, at least one of its suc-
cessors in π∗, and let j be the last old job scheduled before
i in σ ′. Notice that in σ ′, before job j there can be both
old and new jobs, while between j and i there can be only
new jobs because j is the closest old job that precedes i in
σ ′. Let σ ∗ be the same schedule than σ ′ but with i and j
swapped, such that the starting time of j in σ ′ is the same
of i in σ ∗ and Ci (σ

′) = C j (σ
∗). In σ ∗, before job i there

can be both old and new jobs, while between i and j there
can be new jobs only. Since σ ′ is assumed to be optimal,
�max (σ

′) ≤ �max (σ
∗).

The proof is done by contradiction showing that, if
there exists such a schedule σ ∗, with f ≤ ε, then
�max (σ

∗)<�max (σ
′) and σ ′ cannot be optimal.

First, notice that Ci (σ
∗) − Ci (π

∗) > 0 by definition of
job i and that �i (σ

∗) < �i (σ
′) since Ci (σ

′) > Ci (σ
∗).

Given that C j (π
∗) > Ci (π

∗) and Ci (σ
′) = C j (σ

∗), we
have that � j (σ

∗) < �i (σ
′).

Next, we show that � j (σ
′) ≤ �i (σ

′). If C j (σ
′) ≥

C j (π
∗), then this holds, since i is more right-shifted than j .

If C j (σ
′) < C j (π

∗), we have � j (σ
′) ≤ |C j (σ

′)−C j (σ
∗)|.

For the disruption of job i it holds�i (σ
′) ≥ Ci (σ

′)−Ci (σ
∗)

and since |C j (σ
′) − C j (σ

∗)| = Ci (σ
′) − Ci (σ

∗), we have
� j (σ

′) ≤ |C j (σ
′)−C j (σ

∗)| = Ci (σ
′)−Ci (σ

∗) ≤ �i (σ
′).

Putting all together, we obtain

max(�i (σ
′),� j (σ

′)) = �i (σ
′) > max(�i (σ

∗),� j (σ
∗)),

and since all other old jobs have the same starting and com-
pletion times in σ ′ and σ ∗,

�max (σ
′) > �max (σ

∗).

Repeating the argument for any pair of old jobs i and j
defined as above proves the statement.

Now consider the problem 1| f ≤ ε|�. The following
property holds.

Property 2 For problems 1| f ≤ ε|�, an optimal schedule
may have old jobs scheduled in a different order with respect
to π∗ even if swapping them keeps the schedule feasible with
respect to the constraint f ≤ ε.
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Fig. 2 Jobs sequencing in the 1| f ≤ ε|� problem

Proof Consider a schedule with two old jobs i and j with
pi = 8 and p j = 2 scheduled consecutively so that
Ci (π

∗) = 8 and C j (π
∗) = 10 (see Fig. 2).

Schedule σ ′ is a schedule with old and new jobs, where
the two old jobs are scheduled as in π∗. Suppose that σ ′ is
optimal for solving 1| f ≤ ε|�. Let σ ∗ be a feasible sched-
ule, with all jobs, except jobs i and j , which are swapped,
scheduled as in σ ′. Assume that the starting time of job i in
σ ′ as well as the starting time of job j in σ ∗ is t = 10. Then,
the optimal sequencing of the jobs is ( j, i) with a resulting
�(σ ∗) = 14 < �(σ ′) = 20. Since any other new job sched-
uled does not have an effect on the total disruption, schedule
σ ′ is suboptimal.

2.3 Relevance of idle time insertion

Usually, minimizing a regular objective function allows us
to consider only the sequencing or permutation problem in
scheduling. However, for our rescheduling problems, the
constraint on the total disruption implicitly models a second
objective that is nonregular. So, inserting idle times becomes
relevant for solving the problem. Several considerations and
examples are given to provide insights intowhen the insertion
of machine idle times is required.

Consider the following example. Three old jobs are orig-
inally scheduled in π∗ = (i, j, k). Let be pi = 6, p j =
pk = 1. Assume that the minimum cost schedule with no
inserted idle times, that includes a new job h, with ph = 1,
is σ ∗

no−idle = (h, j, k, i) as in Fig. 3. In schedule σ ∗
no−idle,

we have C j (π
∗) − C j (σ

∗
no−idle) > Ci (σ

∗
no−idle) − Ci (π

∗)
andCk(π

∗)−Ck(σ
∗
no−idle) > Ci (σ

∗
no−idle)−Ci (π

∗). In this
case, constructing a schedule σ ∗

idle with one unit of idle time
before job j reduces both �max and �. So, in this example,
for the �max criterion and ε = 4, schedule σ ∗

idle makes this
schedule of jobs feasible, and possibly optimal, as well as for
the � criterion and ε = 12.

The example gives afirst feelingof the correlationbetween
the re-sequencing of old jobs and the insertion of idle times
to obtain optimal solutions. Notice that the decrease of the
disruption by right shifting the jobs is due to the fact that
jobs j and k were scheduled before their original completion
time, and i after.

Fig. 3 Decrease of the schedule disruption via idle time insertion

The following property applies to an optimal schedule,
where the old jobs are sequenced as in the original schedule.

Property 3 If there exists an optimal solution in which old
jobs are ordered as in the original schedule π∗, then this
solution is without inserted idle times.

Proof If all jobs in J O are in the sameorder as in scheduleπ∗,
the disruption of any job j in an optimal schedule σ ∗ is given
by � j = ∑

i∈J N :i→ j pi , where i ∈ J N : i → j denote
the new jobs i that precede j in the schedule. By inserting
an idle time δ > 0 before job j , the disruption changes to
�′

j = ∑
i∈J N :i→ j pi + δ. Then, in this new schedule σ ′,

�max (σ
′) ≥ �max (σ

∗) as well as �(σ ′) > �(σ ∗).
Also, f (C j + δ) > f (C j ), ∀ j ∈ J O ∪ J N since the f j ’s

are regular functions. Then, fmax (σ
′) ≥ fmax (σ

∗) as well
as f (σ ′) > f (σ ∗).

Hence, inserting any idle time does not decrease the con-
sidered objective functions or the disruption criteria.

Let us now consider some rescheduling problems with
particular objective functions. Hereafter, we consider the par-
ticular cases fmax = Lmax and f ∈ {C;wC;U ; T }.
Proposition 1 (Hall & Potts, 2004; Lendl et al., 2024) There
exists an optimal solution to problems 1|�max ≤ ε| f ,
f ∈ {Lmax ,C, wC}, and 1|� ≤ ε|C, where the jobs are
processed consecutively without inserted idle times.

Hall and Potts (2004) provide the result for the problems
with Lmax and C , while Lendl et al. (2024) consider the case
with wC . In all four cases, Property 3 is shown to hold and
therefore, it is not necessary to consider idle time insertion
to obtain optimal solutions.

Proposition 2 An optimal solution to problems 1|�max ≤
ε| f1, f1 ∈ {U , T }, and 1|� ≤ ε| f2, f2 ∈ {Lmax , wC,U , T }
may contain inserted idle times.

Proof To prove each of the stated results we provide, for each
problem, a counterexample that shows the sub-optimality of
a schedule with no idle time inserted.

We start with the problem 1|�max ≤ ε|U . Consider the
schedule π∗ in Fig. 4, with two old jobs i and j , with pi =
8, p j = 1 and di = 8, d j = 9 and two new jobs k and h
with pk = ph = 1 and due dates dk = dh = 8. Let be ε = 5.
An optimal solution for this instance is given by schedule
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σidle with U = 1, and where the idle time enables to meet
the disruption constraint. In contrast, restricting the set of
schedules to those without inserted idle times leads to the
optimal solution σno−idle with U = 2.

Next, we consider the problem 1|�max ≤ ε|T . Consider
jobs i, j, k, h from the above example and ε = 5. Consider
an additional old job � with p� = 1 and d� = 10. Schedule
π∗ is shown in Fig. 5. The optimal schedule reaches T = 5.
In contrast, restricting the set of schedules to those without
inserted idle times leads to the optimal solution σno−idle with
T = 7.

Now, we turn to the problem 1|� ≤ ε|Lmax . Let be i, j, h
the jobs in J O with pi = 8, p j = ph = 1 and di = 12, d j =
13, dh = 14 and k a new job with pk = 7 and dk = 8. Let
us have ε = 10. As illustrated in Fig. 6, we assume that
π∗ = (i, j, h). the optimal schedule is σ ∗

idle = (k, j, h, i)
with Lmax = 6 with an idle time of 1 unit before job j . In
contrast, restricting to the set of schedules without inserted
idle times leads to the optimal solution σno−idle with Lmax =
8.

Next, we consider the problem 1|� ≤ ε|wC . Consider
jobs i, j, h ∈ J O and k ∈ J N with pi = 5, p j = ph =
1, pk = 4 and wi = 7, w j = wh = 1, wk = 12. For ε = 7,
the optimal schedule is σ ∗

idle = (k, j, h, i) with wC = 145
with an idle time of 1 unit before job j (Fig. 7). However, by
imposing that no inserted idle time is allowed, the optimal
solution becomes σ ∗

no−idle with wC = 172.
Finally, we consider problems 1|� ≤ ε|{U , T }. Set J O is

made up of the three jobs i, j, � with pi = 8, p j = p� = 1
and di = 8, d j = 9, d� = 10 while J N is made by two
new jobs k and h with pk = ph = 1 and dk = dh = 8.
Let be ε = 15 and the optimal solution with U = 1 is given
by schedule {k, h, j, �, i} with one unit of idle time before j
(Fig. 8). However, by imposing that no inserted idle time is
allowed, the optimal solution becomes σno−idle withU = 2.

The same counterexample holds for f is considered to be
T , with a resulting objective T = 5 of an optimal schedule
with idle time and T = 7 when imposing a constraint of no
inserted idle time.

Table 1 summarizes the above results: for each couple of
objective functions and disruption constraints, we indicate
mit (machine idle time) when inserting machine idle times
may be necessary to compute optimal solutions. We indicate
n-mit (no machine idle time) for problems whose optimal
solutions are without inserted idle times.

3 Complexity results

In this section, we recall complexity results of rescheduling
problems from the literature and provide proofs for some
open problems. Table 2 summarizes the current state of

Table 1 Problem classificationw.r.t. the insertion ofmachine idle times

f �max �

Lmax n-mit mit

C n-mit n-mit

wC n-mit mit

U mit mit

T mit mit

Table 2 Computational complexity of rescheduling problems

f �max �

Lmax O(n + nN log(nN )) strongly NP-hard

C O(n + nN log(nN )) NP-hard

wC NP-hard NP-hard

U strongly NP-hard strongly NP-hard

T NP-hard strongly NP-hard

known complexity results. The first two rows contain the
results stated byHall andPotts (2004).Besides, very recently,
Lendl et al. (2024) provide new results given by the following
theorem.

Theorem 1 (Lendl et al., 2024) The following complexity
results are established:

1. Problem 1|�max ≤ ε|wC is weakly NP-hard.
2. Problem 1|�max ≤ ε|U is strongly NP-hard.

The complexity status in bold of Table 2 are proved in this
section.

3.1 Minimizing the total number of tardy jobs/total
tardiness with a constraint on the total
disruption

Theorem 2 Problems 1|� ≤ ε|U and 1|� ≤ ε|T are
strongly NP-hard.

Proof Consider the 3-PARTITION problem, where a set S
of elements a1, . . . , a3t is given. A solution to the problem
exists if there exists an integer B = ∑

j a j/t such that the
elements can be partitioned into sets S1, . . . , St , such that for
every set S j , j = 1, . . . , t

∑
i∈S j ai = B and |S j | = 3. The

problem is known to be NP-complete in the strong sense. We
show that the two rescheduling problems are strongly NP-
hard by reduction from 3-PARTITION, following the line of
the proof in Hall and Potts (2004).

First, we show that 3-PARTITION reduces to the decision
version of 1|� ≤ ε|U denoted by 1|� ≤ ε, U ≤ 0|−.

Consider the following instance of the rescheduling prob-
lems with 2t old jobs and 3t new jobs.
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Fig. 4 Idle time insertion for the
1|�max ≤ ε|U problem

Fig. 5 Idle time insertion for the
1|�max ≤ ε|T problem

Fig. 6 Idle time insertion for the
1|� ≤ ε|Lmax problem

• J O = {1, . . . , 2t}
• p j = 1, j = 1, . . . , t
• d j = j(t B + 1), j = 1, . . . , t
• p j = t B, j = t + 1, . . . , 2t
• d j = t(2t B + 1), j = t + 1, . . . , 2t
• J N = {2t + 1, . . . , 5t}
• p j = ta j−2t , j = 2t + 1, . . . , 5t
• d j = t2B + t − 1, j = 2t + 1, . . . , 5t
• ε = t3B + t(t + 1)/2

It is shown below, that a solution to the instance of 1|� ≤
ε, U ≤ 0|− exists if and only if a solution to the instance of
3-PARTITION exists.

Schedule π∗ is constructed as follows.

If a solution to 3-PARTITION exists, there exist index
sets J1, J2, . . . , Jt , such that for any J j ,

∑
i∈J j ai = B and

|J j | = 3. Then, the following schedule solves 1|� ≤ ε, U ≤
0|−.

On the other hand, in order to have a schedule withU ≤ 0,
all jobs t+1, . . . , 2t have to be scheduled after the new jobs,

otherwise one of the new jobs would be late. Suppose that
exactly h jobs of the set {1, . . . , t} are scheduled after the first
job of {t+1, . . . , 2t} in σ ∗. Each such job completes in σ ∗ no
earlier than time t2B+t B+(t−h)+1, whereas it completes
inπ∗ no later than time t(t B+1).Moreover, jobs t+1, . . . , 2t
are completed at times t B, (2t B+1), . . . , (t2B+t−1) inπ∗
and are preceded by all new jobs and t − h jobs of {1, . . . , t}
and therefore are completed no earlier than times (t2B+(t−
h)+ t B), (t2B + (t − h)+2t B), . . . , (t2B + (t − h)+ t2B)

in σ ∗. Computing the total disruption, we obtain:
� ≥ t3B + t(t − h) − t(t − 1)/2 + h(t B − h + 1)

= ε + h(t B − h + 1).
Since B ≥ 3, by definition of 3-PARTITION, we conclude
thath = 0.Also, in order to have the disruption constraint sat-
isfied, jobs 1, . . . , t must be scheduled on time with respect
to their initial completion times and the new jobs in sets
S1, . . . , St between them as shown in the figure above. The
partition of the new jobs solves 3-PARTITION.

The same reduction also works for problem 1|� ≤ ε|T
and shows that 3-PARTITION reduces to the decision prob-
lem 1|� ≤ ε, T ≤ 0|−.

In order to conclude the proof, we show that the prob-
lem is not a number problem. The first condition requires the
existence of a polynomial λ of both the size of the reschedul-
ing problem and the size of 3-PARTITION that bounds the
largest number of the input, as follows:
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Fig. 7 Idle time insertion for the
1|� ≤ ε|wC problem

Fig. 8 Idle time insertion for the
1|� ≤ ε|U and 1|� ≤ ε|T
problems

Fig. 9 A block B of jobs with
three jobs, head subblocks Hj
and tail subblocks A j

max( max
j∈J O∪J N

(p j , d j ), ε)

≤ 2t3B + t2 + t ≤ λ(2(|J O | + |J N |) + 1, t)

≤ λ(10t + 1, t)

Since 3-PARTITION is not a number problem, there exists
a polynomial λ′ such that B ≤ λ′(3t) which implies the
existence of λ.

The second condition requires the existence of a polyno-
mial ρ of the length of the size of the rescheduling instance
that bounds the size of 3-PARTITION, as follows:

t ≤ ρ(10t + 1)

Clearly, the statement holds and shows that the rescheduling
problem is not a number problem.

3.2 Additional complexity results

Theorem 3 Problem 1|� ≤ ε|wC is NP-hard.

Fig. 10 A block B of jobs is shifted according to Algorithm 1

Proof Consider the special case with one old job j . In this
case, we have � = � j = �max . Since problem 1|�max ≤
ε|wC has been proven to be NP-hard in the weak sense
by Lendl et al. (2024), even when there is a single old job,
problem 1|� ≤ ε|wC is NP-hard.

Theorem 4 Problem 1|�max ≤ ε|T is NP-hard.

Proof Consider the well-known generalization of the prob-
lem, i.e., the scheduling problem 1||T , which is known to be
weaklyNP-hard. It is enough to take ε = +∞ to show that
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1||T is a particular case of 1|�max ≤ ε|T , i.e., the reschedul-
ing problem is NP-hard.

4 Polynomial algorithms for fixed sequence
rescheduling problems

From Tables 1 and 2, we can deduce that rescheduling prob-
lems that belong to the family of problems that need idle
time insertion are all NP-hard. In this section, we prove
that the special case with fixed jobs sequence is polynomi-
ally solvable. The problem with fixed sequence becomes a
timing problem, i.e., the problem of determining the exact
starting times of the jobs. So, as soon as a sequence has to be
evaluated, the timing problem must be solved. Besides the
interest in the field of timing problems, these algorithms may
be used for solution procedures such as in branch-and-bound
algorithms, where each node is associated with a specific
(possibly partial) sequence of jobs.

Assumewe are given a fixed sequence of old and new jobs
α = (1, 2, . . . , n) that are initially scheduledwith no inserted
idle times. Notice, that we refer in this section to a sequence
of jobs, rather than to a schedule, whenever we refer to the
job permutation. On the contrary, a schedule is associated
with both a job permutation, i.e., a sequence, and a list of job
completion times. We also assume continuous completion
times since it is a standard assumption when considering
timing problems (see Chrétienne and Sourd (2003), Vidal
et al. (2015)). In the following, we consider that jobs are
indexed following their order in the sequence.

In the remaining part of the section, we first address tim-
ing problems with the maximum disruption constraint �max

before turning to the case of the total disruption �. Since
timing problems usually determine optimal starting times of
jobs in terms of time deviation from due dates, from now on
we will call the original completion time of old jobs as dCj .

So, we have dCj = C j (π
∗).

4.1 Timing for problems 1|seq,1max ≤ �|{U, T}
This set of problems is identical to the set of problems
of minimizing a regular objective function, subject to time
window constraints. Given the value of the maximum dis-
ruption ε, for each old job we can define a release date
r j = min(0, dCj − ε−p j ) and a deadline d̄ j = dCj + ε.

While for any new job we set r j = 0 and d̃ j = +∞. Clearly,
processing a job outside the interval [r j , d̃ j ]makes the sched-
ule infeasible with respect to the disruption constraint. The
problem at hand is solved by the minimum idle time policy
(Vidal et al., 2015) as follows. Each job of the sequence is
scheduled at its earliest feasible execution time, i.e., right
after the previous job completes or when it is released. If all

jobs can be successfully scheduled in this way, from the first
to the last, the schedule is feasible, and the increase in the
objective function is minimal. The algorithm runs in O(n)

time.

4.2 Timing for problems
1|seq,1 ≤ �|{Lmax,wC,U, T}

The timing algorithms we propose involve two steps: a pre-
processing phase (see Sect. 4.2.1) and an iterated routine.
The iterated routine is developed independently for the bot-
tleneck objective function (see Sect. 4.2.2) and sum objective
functions (see Sect. 4.2.3).

4.2.1 Pre-processing phase

The algorithm takes as input a sequence of jobs scheduled
without idle times. If this schedule satisfies the constraint
on the disruption, then the timing of jobs is optimal since
any regular objective function is minimized in a compact
schedule. Thus, we consider only the case where � > ε.

The pre-processing answers the question of whether it is
possible to get a feasible schedule without any increase in the
current objective function. If such a schedule exists, it is also
optimal since the current objective function value is mini-
mum for the given job sequence. To answer the question, we
minimize the total disruption subject to the constraint not to
increase the current objective function: if the minimum dis-
ruption satisfies the threshold ε, we have a positive answer,
otherwise, we have a negative answer, and the algorithm con-
tinues, with the iterated routine.

Call ω the initial value of the objective function in the
compact schedule α. To solve the current problem, the new
schedule σ needs to satisfy the constraint f (σ ) ≤ ω. For this
purpose, we assign deadlines d̃ j to jobs, such that a violation
of any of them implies an increase of f .

First, we focus on the case of function Lmax . Given its
value ω in the compact schedule, imposing fmax ≤ ω is
equivalent to imposing f j ≤ ω, ∀ j ∈ J O ∪ J N . To have this
constraint guaranteed, we set d̃ j such that d̃ j ≤ d j +ω. There
are cases, where some job i has a more restrictive deadline
than some job j that precedes i in the schedule. In this case,
i will first meet its deadline if both jobs are right-shifted by
the same amount, and j will never meet its own deadline if i
is scheduled at a feasible time. Consequently, we set:

d̃ j =
{

d j + ω j = n

min(d̃ j+1 − p j+1, d j + ω) j = 1, . . . , n − 1

Now, let us consider the case of f . The initial compact
schedule α has an objective of ω, which is given by ω =
∑

j∈J O∪J N f j (α). Set ω j = f j (α),∀ j ∈ J O ∪ J N as the
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value of f j in α. Since the sequence is fixed and the f j ’s are
regular functions, in any schedule σ with jobs in the same
sequence as in α it holds f j (σ ) ≥ ω j . But then, having
f = ∑

j∈J O∪J N f j ≤ ω is equivalent to imposing f j ≤ ω j ,

∀ j ∈ J O ∪ J N .
We illustrate the above definitions on the objective func-

tions we are considering in this paper. When f is considered
to be U ,

d̃ j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

d j ω j = 0, j = n

+∞ ω j = 1, j = n

min(d̃ j+1 − p j+1, d j ) ω j = 0, j = 1, . . . , n − 1

min(d̃ j+1 − p j+1,+∞) ω j = 1, j = 1, . . . , n − 1

When f is considered to be T ,

d̃ j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

d j ω j = 0, j = n

d j + ω j ω j = 1, j = n

min(d̃ j+1 − p j+1, d j ) ω j = 0, j = 1, . . . , n − 1

min(d̃ j+1 − p j+1, d j + ω j ) ω j = 1, j = 1, . . . , n − 1

Finally, notice that when we are considering f to be wC ,
d̃ j = ω j , i.e., there is no way to shift jobs without increasing
the objective function and the pre-processing will not modify
the initial compact schedule.

The pre-processing algorithm minimizes �, given the
limit on f and checks if� ≤ ε. The idea behind the algorithm
follows the one for solving the minimum earliness/tardiness
scheduling problem with a fixed sequence by Garey et al.
(1988) that runs in O(n log n) time. Minimizing the sum of
the earliness and tardiness over a job set J w.r.t due dates d j

means, by definition, minimizing
∑

j∈J |C j − d j |, which is
equivalent to minimizing the total disruption w.r.t. the origi-
nal completion times. So, we modify the algorithm of Garey
et al. (1988) to minimize the total disruption subject to job
deadline constraints. We introduce some useful notation and
illustrate the algorithm in the following paragraphs.

At any point of the schedule, let a block be a group of jobs
that are scheduled consecutively without interruptions and
preceded and followed by idle times, with the exception of
the block starting at time 0: in this case, it is only followed by
an idle time. A subblock is any job sequence of consecutive
jobs that is part of a block. A subblock is a head if it is
preceded by an idle time or it starts at time 0. A subblock
is a tail if it is followed by idle times or ends the schedule.
A schedule σ is a collection of blocks B ∈ B separated by
idle times. Each block B ∈ B has a starting time tB and a
completion time CB . Figure9 shows an example of a block
made of three jobs j = 1, 2, 3, constituted by head subblocks
Hj with starting times tHj = tB and completion times CHj

and tail subblocks A j with starting times tA j and completion
times CA j , for every job j = 1, 2, 3.

We say that a job j ∈ J O in the rescheduling problem
is early, on time or late if it completes before, exactly at or

Fig. 11 Set of tail subblocks A j , j ∈ J ∗ (resp. head subblocks Hi , i ∈
J P ) that shift (resp. stay)

after dCj . Notice that the new jobs have no due date dCj as the

total disruption is only computed on J O . For a given block
or subblock B in a schedule σ , let us denote by EB(σ ) the set
of early old jobs, by OB(σ ) the set of on time old jobs and by
TB(σ ) the set of tardy old jobs (EB , OB, TB when there is no
ambiguity). Notice that if a tardy or an on time job is delayed
by one time unit, then the disruption of the considered job
increases by one unit too. Similarly, the disruption of an early
or on time job increases by one unit for each time unit the
job is brought forward. For instance, delaying a block with
|EB | − |OB | − |TB | < 0 increases the total disruption, and
bringing forward a block with |EB | + |OB | − |TB | > 0 does
it too.

The algorithm for the earliness/tardiness problem, itera-
tively adds a job following the order of the fixed sequence,
appending it to the last block or creating a new block. This
job is either inserted at its due date, if this does not cause an
overlapping of jobs, or exactly next to the previously added
job. Let B be the block to which job j belongs after the inser-
tion: if |EB | + |OB | − |TB | = 0, then the block is shifted
to the left until a job of the block becomes on time or the
previous block is met or tB = 0.

Algorithm 1 Algorithm for 1|seq, f ≤ ω|�
1: Compute jobs deadlines following equations (1), (2), (3), (4)
2: C1 = min(max(p1, dC1 ), d̃1)
3: B := 1
4: for i = 1, . . . , n − 1 do
5: if i + 1 ∈ J O then
6: if Ci + pi+1 ≤ min(dCi+1, d̃i+1) then
7: Ci+1 = min(dCi+1, d̃i+1)

8: B := B + 1
9: else
10: Ci+1 = Ci + pi+1
11: if |EB | + |OB | − |TB | = 0 then
12: left-shift B by min(min j∈J O∩B,dCj <C j

(C j − dCj ), tB −
CB−1, tB)

13: end if
14: end if
15: else
16: Ci+1 = Ci + pi+1
17: end if
18: end for

To adapt this algorithm to our problem, we distinguish the
steps done for the set of new jobs and those for the set of old
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jobs.Considering new jobs, since they donot have any impact
on the total disruption, we can schedule them immediately
after their predecessors or at t = 0 if there is no job scheduled
before, i.e., for any job i ∈ J N we define its completion time
as Ci = Ci−1 + pi with C0 = 0. If we consider old jobs,
we schedule them so that they are completed by dCj , or at d̃ j

if d̃ j < dCj . If scheduling a job by dCj causes overlapping
of jobs, then the current job is scheduled exactly next to the
previously added job. Notice that for any job that is appended
to its predecessor, the deadlines are satisfied by definition.
The modified algorithm is shown in Algorithm 1.

We sketch the situation of a block moved during the
algorithm (lines 11–12 of Algorithm 1) with an example
represented in Fig. 10. In the example, there are 4 jobs
j = 1, . . . , 4 with unit processing times. The jobs have,
respectively, dC1 = 5, dC2 = 4, dC3 = 1, dC4 = 2 and have,
respectively, d̃1 = 3, d̃2 = 4, d̃3 = d̃4 = 6. In this way, jobs
1, 2, 3 are scheduled consecutively until job 4 is appended.
At this point, all jobs are left-shifted by one time unit, so that
job 3 goes on time, and the balance between early, on time,
and tardy jobs is restored.

The case depicted in Fig. 10 helps to introduce the follow-
ing lemma.

Lemma 1 In any schedule returned by Algorithm 1, the fol-
lowing two conditions hold:

1. In any head subblock Hj that is not starting at time 0
(see Fig.9), we have |EHj | + |OHj | − |THj | > 0.

2. In any tail subblock A j (see Fig.9), where none of the
jobs has C j = d̃ j , we have |EA j | − |OAj | − |TA j | ≤ 0.

Proof First, consider condition 1. If Hj is the first block
scheduled, and it holds, at some iteration, |EHj | + |OHj | −
|THj | = 0, then it is left-shifted until |EHj |+|OHj |−|THj | >

0, or it meets time 0. If Hj is the second block, and it holds,
at some iteration, |EHj | + |OHj | − |THj | = 0, then it is left-
shifted until whether |EHj | + |OHj | − |THj | > 0, or it is
merged with a block that starts at 0. By repeating this rea-
soning, if Hj is any other following block, and it holds, at
some iteration, |EHj | + |OHj | − |THj | = 0, then it is left-
shifted as a whole until one of the following conditions are
met: it holds |EHj | + |OHj | − |THj | > 0; it is merged with
a block that starts at 0; or it is merged with another block Hi

with |EHi | + |OHi | − |THi | > 0. For the latter case, for the
new merged block H ′

j , we have |EH ′
j
| + |OH ′

j
| − |TH ′

j
| =

|EHi | + |OHi | − |THi | + |EHj | + |OHj | − |THj | > 0. So, we
can conclude that any head subblock Hj in the final schedule
has |EHj | + |OHj | − |THj | > 0 or it starts at time 0.

Lets consider now condition 2. Consider a block A j , start-
ing with job j . If at any point of the algorithm, the block A j

is left-shifted, then it must have |EA j | + |OAj | − |TA j | = 0
(condition 1). After the shift, the new set E ′

A j
of early jobs

is then made up of EA j ∪ OAj and the set of tardy jobs con-
tains the new sets of tardy, resp. on time jobs, i.e., T ′

A j
resp.

O ′
A j
, so that |E ′

A j
|− |O ′

A j
|− |T ′

A j
| = 0. Notice that the shift

in the current iteration of the algorithm stops by definition
before any of the tardy jobs becomes early. Consider now the
job that is scheduled at the next iteration, and call this job
i . Job i is appended to block A j if one of the two following
conditions hold: dCi ≤ CA j + pi , and in this case job i is

tardy or on time, or d̃i = CA j + pi . It follows that in the new
block A′

j (block A j with the newly appended job i), we have

|EA′
j
|−|OA′

j
|−|TA′

j
| > 0 only if job i is early, andCi = d̃i .

Otherwise, |EA′
j
| − |OA′

j
| − |TA′

j
| ≤ 0. We can repeat this

argument for all generated blocks. Notice that if two blocks
merge at some iteration, then, whether the inequality holds
for both blocks, or there is at least an early job scheduled at
its deadline in the block scheduled first.

Theorem 5 Algorithm 1 returns an optimal solution for the
problem 1|seq, f ≤ ω|�.

Proof Assume by contradiction that there exists a schedule
σ ′, with f ≤ ω and smaller � than that of schedule σ ∗
produced by Algorithm 1. Notice that, in the following, we
use the fact that the disruption increases by the same amount
of shift by which a tardy or on time job is delayed. Similarly,
the disruption increases by the same amount of shift bywhich
an early or an on time job is brought forward.

If there exists such a schedule σ ′, there is at least a sub-
block B, with at least one old job, that is scheduled at a
different starting time than in σ ∗.

On one hand, it can be tB(σ ′) < tB(σ ∗). Since jobs can-
not overlap, B must be a head subblock (see subblocks Hj

in Fig. 9). Given Lemma 1, in σ ∗, it holds that |EB(σ ∗)| +
|OB(σ ∗)| − |TB(σ ∗)| > 0. Then, shifting the subblock to the
left increases the total disruption by |EB(σ ∗)| + |OB(σ ∗)| −
|TB(σ ∗)| > 0 for each unit of time, i.e., �(σ ′) > �(σ ∗), and
f (σ ′) = f (σ ∗).
On the other side, it can be tB(σ ′) > tB(σ ∗). Since

jobs cannot overlap, B must be a tail subblock (see sub-
blocks A j in Fig. 9). Also, if tB(σ ′) > tB(σ ∗) is feasible,
for all jobs, we have C j < d̃ j . Then, from Lemma 1,
we have |EB(σ ∗)| − |OB(σ ∗)| − |TB(σ ∗)| ≤ 0. Hence, shift-
ing the subblock to the right increases the total disruption by
|OB(σ ∗)|+|TB(σ ∗)|−|EB(σ ∗)| > 0 for each unit of time, i.e.,
�(σ ′) ≥ �(σ ∗) and f (σ ′) = f (σ ∗).

Consequently, σ ′ never dominates σ ∗.

Consider scheduleσ returnedbyAlgorithm1.Let us intro-
duce, for each tail subblock A j , j = 1, . . . , n, a value

μ j =
{

|EA j | − |OAj | − |TA j | ∀ j ∈ J O

0 ∀ j ∈ J N
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The valueμ j is the change in the total disruption if the tail
subblock A j is right-shifted by one time unit. Since only the
old jobs contribute to a change of the disruption, we assign
a value μ j = 0 to each A j starting with a new job (these tail
subblocks are not relevant for modifying the total disruption
because it is enough to consider the tail subblock starting
with the first old job scheduled after j to obtain the same
disruption change). If μ j > 0, the total disruption decreases
when A j is right-shifted, and vice versa.

Recall that the jobs are indexed by position in the
sequence. For any block B, we call j∗ the job in B with
μ j∗ > 0, such that, for any other job i < j∗ that belongs to
B, μ j∗ ≥ μi . Notice, that by definition, j∗ is always an old
job or does not exist. Call J ∗ the index set that contains all
j∗ of a given schedule. For each block B that does not start
with a job j ∈ J ∗, call sB the job that precedes job j ∈ J ∗
in the same block, if such j exists, or the job that ends the
block, otherwise. Call J P the index set that contains all sB
of a given schedule.

Lemma 2 Right shifting the head subblocks Hi , i ∈ J P

never leads to a decrease of the total disruption.

Proof Consider any block that contains a job i ∈ J P and a
job j ∈ J ∗. Call k the first job of the block. Since μk ≤ μ j

by definition of j , then for the head subblock Hi we have
|EHi | − |OHi | − |THi | = μk − μ j ≤ 0. Then, right shifting
Hi alone does not decrease the total disruption.

Lemma 3 Right shifting anyof the tail subblockswithμ j > 0
always increases f .

Proof By Lemma 1, for any tail subblock A j , if |EA j | −
|OAj |−|TA j | = μ j > 0, at least one job in A j hasC j = d̃ j .
Then, right shifting the subblock always increases f .

In the next two sections, we establish how to iteratively
identify the optimal set of subblocks to be shifted to deter-
mine the optimal timing, first for problem 1|seq,� ≤
ε|Lmax , next for problem 1|seq,� ≤ ε|{wC,U , T }.

4.2.2 Timing for problem 1|seq,1 ≤ �|Lmax

We proved that right shifting any of the tail subblocks with
corresponding μ j > 0, always leads to an increase of any
objective function f (Lemma 3)meaning that Lmax precisely
increases by the amount of the shift (the maximum lateness
increases proportionally with the increase of the job comple-
tion times). Considering this, it is more convenient to right
shift simultaneously the subblocks A j , j ∈ J ∗, to obtain the
maximum unitary gain in the total disruption for each uni-
tary increase of Lmax . The situation is depicted in Fig. 11.
The white blocks are tail subblocks A j , j ∈ J ∗, while the
dotted blocks are the head subblocks, which can be denoted

with Hi , i ∈ J P (recall the notation introduced in the pre-
vious section), and that do not move.

The total unit gain μ in the total disruption per unitary
time shift is given by

∑
j∈J∗ μ j . We can derive the following

corollary of Lemmas 2 and 3 for the 1|seq,� ≤ ε|Lmax

problem.

Corollary 1 In any schedule σ , it is necessary and sufficient
to shift all the tail subblocks A j , j ∈ J ∗ of schedule σ to
find a schedule with the minimum increase of Lmax and the
largest decrease of � for each unit of inserted idle time.

Algorithm 2 Algorithm for problem 1|seq,� ≤ ε|Lmax

(ALG_M)
1: Run Algorithm 1 on the given job sequence and store solution in σ

2: τ = �(σ) − ε

3: if τ ≤ 0 then
4: return σ

5: end if
6: Compute J ∗, μ, ρ, λ

7: while μ > 0 do
8: δ = min( τ

μ
, ρ, λ)

9: Shift all tail subblocks A j , j ∈ J ∗ by δ

10: τ := τ − δ · μ
11: if τ ≤ 0 then
12: return σ

13: end if
14: Compute J ∗, μ, ρ, λ

15: end while
16: return The given job sequence is infeasible

The algorithm iteratively shifts all the tail subblocks
A j , j ∈ J ∗. When moving these subblocks several events
may happen:

(E1). One block meets another block.
(E2). At least one old job reaches its original completion

time dCj .
Consider event E1. The event occurs when at least a tail
subblock A j , j ∈ J ∗ is followed by a head block Hi , i ∈
J P . Then, E1 occurs after

ρ = min
A j , Hi :

i> j, j∈J∗, i∈J P

(tHi − CA j )

units of time.
Next, consider event E2. The first event of this type occurs

after

λ = min
j∈Ai :

i∈J∗, dCj >C j

(dCj − C j )

units of time.
Whenever one of the mentioned events occurs, to restore

the optimality condition of Corollary 1, the μ j values must
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be recomputed to find the new optimal set of tail subblocks
A j , j ∈ J ∗ to be shifted.

There are two stopping conditions for the algorithm. First,
the algorithm stops as soon as feasibility is reached, i.e., if at
any iteration we can shift the tail subblocks A j , j ∈ J ∗, by
τ
μ
units of time before any of the events occur. Secondly, the

algorithmstopswhen there are no strictly early tail subblocks.
In this case, allμ j ≤ 0 and there is noway to reach feasibility
with the given sequence of jobs.

Putting everything together, we obtain ALG_M (Algo-
rithm 2). The algorithm takes as input the schedule computed
by Algorithm 1. Then, at each iteration the algorithm com-
putes the index set J ∗, the corresponding μ = ∑

j∈J∗ μ j

and when the next event occurs (quantities λ, ρ). Next, all
the subblocks A j , j ∈ J ∗ are right-shifted (see Fig. 11). If
at any time, feasibility is reached or index set J ∗ is empty,
i.e., μ ≤ 0, then the algorithm stops.

Lemma 4 Algorithm ALG_M finds an optimal solution for
1|seq,� ≤ ε| fmax , with fmax given by Lmax , in O(n2)
time.

Proof Computing J ∗, μ, ρ and λ, ∀ j ∈ J O ∪ J N can be
done in O(n) time by computing the μ j ’s backward and
meanwhile keeping track of μ, ρ and λ and j ∈ J ∗. Starting
from the last job of each block, we assign μ j = 1 if dCj −
C j > 0,μ j = −1 if dCj −C j ≤ 0 orμ j = 0 if j is a new job.
Then, for each further job in the same block, μ j = μ j+1 +1
if dCj −C j > 0,μ j = μ j+1−1 if dCj −C j ≤ 0 orμ j = μ j+1

if j is a new job.
Next, we bound the number of events, i.e., the number

of iterations of the algorithm by an additional factor O(n).
The number of E2 events is bounded by n, since once an old
job goes on time, it cannot become early again. To bound the
number of E1 events, considerwhat happens after one occurs.
Two blocks A j , j ∈ J ∗ and Ai , i /∈ J ∗, with i > j , merge
and possibly continue to shift. However, the two blocks will
not split again, since, by definition any block is also a tail
block and |EAi | − |OAi | − |TAi | ≤ 0 (Lemma 1), so right
shifting Ai alone never decreases the total disruption. Then,
the number of merging operations, i.e., the number of E1

events, is bounded by the number of blocks, which is at most
n.

The time complexity of Algorithm 2 is then bounded by
O(n2) time.

4.2.3 Timing for problems 1|seq,1 ≤ �|{wC,U, T}

We now set the procedure to identify and shift subblocks to
find optimal timing for objectives f ∈ {wC,U , T }. For any
tail subblock Ak , let us introduce a value δ

f
k as the increase

of f when right shifting Ak by one time unit. Let A j be the

tail subblock with μ j > 0 and μ j/δ
f
j = maxi∈J∗(μi/δ

f
i ).

Webreak ties by considering the blockwith the largest index.
Let �curr be the total disruption of the current schedule. Let
τ j > 0 be the maximum decrease of the total disruption that
canbeobtained if A j is right-shifted such that τ j ≤ �curr−ε.
Call δ j = τ j/μ j the corresponding amount of shift. Notice
that the case where �curr ≤ ε is excluded because in this
case we have a feasible schedule.

Lemma 5 In any schedule σ , it is optimal to iteratively iden-
tify and right shift the tail subblock A j by a quantity δ j to find
a schedule with the minimum increase of f ∈ {wC,U , T }.
Proof In any schedule σ , the increase of the objective func-
tion obtained by shifting A j is given by δ j · δ

f
j . Assume

that there exists another subblock Ai that leads to a smaller
increase of the objective function and that is obtained with a
shift δi = τi/μi . We can write:

τi

μi
δ
f
i ≤ τ j

μ j
δ
f
j

By definition of A j , we have δ
f
j /μ j ≤ δ

f
i /μi , therefore it

must hold τi ≤ τ j . We can obtain the overall decrease τ j of
the total disruption by shifting A j or first shifting Ai by δi
and then A j by τ j − τi . We can compare the corresponding
increase of the objective function in these two cases:

τ j

μ j
δ
f
j − τi

μi
δ
f
i − (τ j − τi )

μ j
δ
f
j = τi

μ j
δ
f
j + (τ j − τi )

μ j
δ
f
j

− τi

μi
δ
f
i − (τ j − τi )

μ j
δ
f
j ≤ 0

whichmeans that is always better to right shift A j rather than
Ai .

The main difference with problem 1|seq,� ≤ ε|Lmax is
that here, each time, only one tail subblock is shifted, instead
of moving multiple tail subblocks simultaneously. The algo-
rithm for 1|seq,� ≤ ε| f , referred to as ALG_S, iteratively
shifts the optimal tail subblock A j , that we call A∗

j in the
following (with the corresponding increase of the total dis-
ruption for a unitary right shift μ∗

j ), until at least an event
occurs. In addition to events (E1) and (E2) from the previ-
ous Sect. 4.2.2, we introduce the following event:

(E3). At least one job reaches its due date d j .
The additional event E3 may occur, when function f depends
on due dates, i.e., for U and T , and causes a change in the
contribution δ

f
j to the objective function for a unitary shift,

when moving a subblock. The first event of this type occurs
after ι = min j∈J O∪J N ,d j>C j

(d j − C j ) units of time.
ALG_S is sketched in Algorithm 3.

Lemma 6 AlgorithmALG_Sfinds anoptimal solution for any
problem 1|seq,� ≤ ε| f , with f ∈ {wC,U , T }, in O(n2)
time.
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Algorithm 3 Algorithm for problem 1|seq,� ≤ ε| f
(ALG_S)
1: Run Algorithm 1 on the given job sequence and store solution in σ

2: τ = �(σ) − ε

3: if τ ≤ 0 then
4: return σ

5: end if
6: Compute A∗

j , μ∗
j , ρ, λ, ι

7: while μ∗
j > 0 do

8: δ = min( τ
μ∗

j
, ρ, λ, ι)

9: shift A∗
j by δ

10: τ := τ − δ · μ∗
j

11: if τ ≤ 0 then
12: return σ

13: end if
14: Compute A∗

j , μ∗
j , ρ, λ, ι

15: end while
16: return The given job sequence is infeasible

Proof At each iteration, the algorithm identifies A∗
j and com-

putesμ∗
j , ρ, λ, ι. Everything can be computed in O(n) time.

Next, we bound the number of events. We have already
shown that the number of E2 events is bounded by n (proof
of Lemma 4). In the same way, the number of E3 events
is bounded by n, since this type of event is generated by a
job meeting its due date and there are n jobs. To bound the
number of E1 events, considerwhat happens after one occurs.
We consider an E1 event, where no event E2 or E3 occurs. If
two blocks A j , resp. Ai , merge then it must hold that before
the merging operation, we have A j = A∗

j and, by definition,
μ j

δ
f
j

≥ μi

δ
f
i

. After the merge, if there are no events E2 or E3

happening at the same time, then the value
μ j

δ
f
j

in subblock

A j does not change if we do not consider the contribution of
the merged block Ai . Then, the

μ�

δ
f
�

ratio for the merged block

A j ∪ Ai , that will be used at the next iteration is given by
μ j+μi

δ
f
j +δ

f
i

. If any of the two subblocks, among the merged block

and subblock Ai , has to be shifted next, then it must be the
merged block because we have

μ j + μi

δ
f
j + δ

f
i

− μi

δ
f
i

= δ
f
i μ j + δ

f
i μi − δ

f
j μi − δ

f
i μi

δ
f
i (δ

f
j + δ

f
i ))

= δ
f
i μ j − δ

f
j μi

δ
f
i (δ

f
j + δ

f
i ))

≥ 0. (1)

In Eq. (1), we use the fact that
μ j

δ
f
j

≥ μi

δ
f
i

, and that the denom-

inator is always positive since we consider regular objective
functions.

This proves that, once two blocks merge, they do not split
again unless another type of event is involved. The total num-
ber of E1, E2, and E3 events is then bounded by 3n.

Given the maximum total number of iterations, i.e., the
total number of events, and the number of operations for
updating the values to identify the optimal idle time insertion,
the overall time complexity of the algorithm is in O(n2) time.

5 Conclusions

We considered the set of rescheduling problems for new
orders on a single machine, that arise from the combination
of several scheduling objective functions and two disruption
criteria. The new jobs have to be integrated into the origi-
nal optimal schedule of old jobs to minimize the scheduling
objective function, subject to a constraint on disruption. We
considered the most commonly used scheduling objective
functions, i.e., total completion time, total weighted com-
pletion time, total number of late jobs, total tardiness and
maximum lateness, and two disruption criteria, i.e., the total
and maximum absolute time deviation of old jobs.

The first contribution is a complete classification of prob-
lems according to their complexity and need for machine
idle time insertion. In particular, the two disruption criteria
are shown to have different properties, and the relevance of
whether or not to preserve the original order of the old jobs
with respect to the insertion of idle time is highlighted.

The second set of results is presented in the form of three
polynomial-time timing algorithms for solving theNP-hard
rescheduling problems that may require the insertion of idle
times, when the order of jobs is given.

This work aims to provide a reference framework for
solving a whole range of rescheduling problems. Therefore,
future research should first focus on the development and
testing of efficient exact algorithms for problems that may
require the insertion of idle times. We suggest the use of
timing algorithms in solution procedures that exploit branch-
and-bound techniques. In addition, the research should be
extended to different machine environments and should be
addressed both with exact algorithms and with heuristics for
practical applications.
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