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ABSTRACT Statistical heterogeneity in Federated Learning (FL) often leads to client drift and biased
local solutions. Prior work in the literature shows that client drift particularly affects the parameters of the
classification layer, hindering both convergence and accuracy.While Personalized FL (PFL) addresses this by
allowing client-specific models, it can overlook valuable global knowledge. This paper introduces Federated
Recursive Ridge Regression (Fed3R), a fast and efficient method to construct a closed-form classifier
that effectively incorporates global knowledge while being inherently robust to statistical heterogeneity.
Fed3R leverages a pre-trained feature extractor and a recursive ridge regression formulation to achieve exact
aggregation of local classifiers and recover the centralized solution. We demonstrate that Fed3R serves as
a robust initialization for further fine-tuning with various FL and PFL algorithms, accelerating convergence
and boosting performance. Furthermore, we propose Only Local Labels (OLL), a novel PFL technique
that simplifies local classifiers by focusing only on locally relevant classes, preventing misclassifications
and improving efficiency. Our empirical evaluation on real-world cross-device datasets shows that Fed3R,
combined with OLL, significantly improves performance and reduces training costs in heterogeneous FL
and PFL scenarios.

INDEX TERMS Federated learning, personalized federated learning, pre-trained models, ridge regression,
closed-form classifiers.

I. INTRODUCTION
Federated Learning (FL) [1] has emerged as a promising
paradigm for training machine learning models on decentral-
ized data sources, such as smartphones and IoT devices, while
preserving user privacy. By leveraging local data from these
devices, FL enables the development of expressive models
without requiring the transmission of sensitive information.

However, training models in federated settings presents
unique challenges, particularly in cross-device scenarios
where thousands or even millions of devices participate
with limited availability, resources, and heterogeneous data

The associate editor coordinating the review of this manuscript and

approving it for publication was Jeon Gwanggil .

distributions [2]. This statistical heterogeneity, arising from
variations in user habits [3], geographical locations [4], [5],
and device preferences, can lead to client drift [6]. This
issue occurs when local updates become biased towards
specific clients’ data, hindering the effectiveness of aggre-
gation strategies like FedAvg [1] and negatively impacting
convergence speed, communication efficiency, and model
performance.

To address these challenges, various FL algorithms have
been proposed, including methods that employ regulariza-
tion [7], [8], [9] or aim to align local updates with the
direction in the global loss landscape [6], [10], [11]. Another
approach is Personalized Federated Learning (PFL) [5],
a different optimization problem that focuses on training
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FIGURE 1. On the left, we show the classical FL training pipeline. Here, multiple arrows between clients and the server indicate that clients can be
potentially sampled multiple times during training, resulting in numerous exchanges of information and high communication costs; each arrow
represents one exchange of information between the clients and the server, potentially in different rounds. On the right, we present an overview of our
Fed3R and OLL methods. The model is represented as a neural network. In blue and red, we indicate the fixed and learnable layers of the model.
Classical FL training requires multiple rounds of communication. Conversely, Fed3R requires only one upstream communication from the clients to the
server. Steps 1-4 refer to the Fed3R algorithm, while steps 5-6 refer to the OLL method. 1) Each client extracts the local Fed3R statistics using the
pre-trained feature extractor. 2) Each client shares its Fed3R statistics with the server. 3) The server aggregates the received statistics. 4) The server uses
the aggregated statistics to compute the optimal parameters for the Fed3R classifier. 5) The server shares the Fed3R classifier with the clients. 6) The
clients filter the parameters of the classifier, keeping only the ones associated with the local classes, and fine-tune the classifier locally.

personalized local models tailored to individual client’s data
distributions [3], [12], [13], [14]. Nevertheless, because of
statistical heterogeneity, PFL algorithms face challenges
similar to FL ones in effectively extracting global knowledge
from clients participating in the federation, which is needed
for effective personalization. As a result, clients tend to
prioritize their own local data, often missing out on valuable
global knowledge that could be obtained from other clients.

Recent work has highlighted the benefits of leveraging
pre-trained feature extractors in FL to mitigate the negative
effects of heterogeneity and accelerate convergence [15],
[16]. However, the classifier, often trained from scratch,
remains susceptible to instability in cross-device scenarios
due to partial client participation and non-independent and
identically distributed (non-i.i.d.) data. This can lead to a
detrimental cycle where a weak classifier deteriorates the fea-
ture extractor’s updates, which in turn provides worse feature
maps to the classifier, hindering the training process [17],
[18]. This issue is further exacerbated in the final prediction
layer by recency bias (or catastrophic forgetting) [19], [20],
[21], [22], where the model becomes overly influenced by
the most recently active clients, particularly in cross-device
FL with non-i.i.d. and class-imbalanced data [23], [24],
[25], [26].

To address these challenges and maximize the benefits
of pre-trained feature extractors in both FL and PFL,
we propose Federated Recursive Ridge Regression (Fed3R),
a novel method that constructs a classifier robust to statistical
heterogeneity. Fed3R leverages an online formulation of

Ridge Regression (RR) to efficiently compute the classifier
in a closed form, exploiting feature maps generated by
a pre-trained feature extractor. Each client computes and
sends its local RR statistics to the server, which aggregates
them to obtain a classifier equivalent to the centralized
RR solution. This approach ensures exact aggregation,
requires only a single communication round per client, and
provides immunity to client sampling ordering and statistical
heterogeneity.

Furthermore, we demonstrate that initializing the classifier
with Fed3R weights and subsequently fine-tuning the
model with any FL algorithm can significantly accelerate
training and improve performance in both FL and PFL.
Our experiments on real-world cross-device datasets [27],
[28], [29] show that Fed3R initialization leads to sub-
stantial reductions in training time, communication, and
computations while achieving competitive or even superior
performance compared to expensive initialization methods,
especially in highly heterogeneous scenarios. By providing
a robust and stable initialization, Fed3R helps break the
vicious cycle between the classifier and feature extractor,
mitigating the negative effects of recency bias and destructive
interference during the aggregation phase.

Finally, to further enhance the effectiveness of personaliza-
tion in PFL, we introduce Only Local Labels (OLL), a novel
strategy that simplifies the local classifier by filtering out
classes not present in the client’s local dataset. This approach
prevents potential classification errors due to irrelevant
classes and improves the efficiency of local fine-tuning.

VOLUME 13, 2025 61929



E. Fanì et al.: Resource-Efficient Personalization in Federated Learning With Closed-Form Classifiers

Our empirical results demonstrate consistent and substantial
improvements achieved by OLL, particularly when applied
on a classifier initialized with the Fed3R optimal parameters
and fine-tuned for some rounds of FL training. A complete
overview of our methods is shown in Figure 1.

A. CONTRIBUTIONS
• We propose Fed3R, a simple and efficient algorithm
that reduces communication and computational costs
by learning a linear classifier for heterogeneous
cross-device FL and PFL that is immune to statistical
heterogeneity. Therefore, it is not affected by data
recency bias [18], [23] and destructive interference [30].

• We show that Fed3R parameters can be further
fine-tuned using any FL or PFL strategy. Additionally,
we show that the Fed3R initialization greatly reduces
the time to convergence and improves the quality of the
feature maps.

• We propose OLL, a technique that simplifies the
local clients’ model personalization problem, improving
final accuracy by a large margin. Our experiments
demonstrate that the best results are obtained by using
both our Fed3R and OLL methods together.

• We empirically demonstrate the efficacy of our methods
on the Google Landmarks [27] and iNaturalist [28]
large-scale, heterogeneous, cross-device datasets, which
counts thousands of clients and classes with skewed data
distributions.

B. EXTENSION DETAILS
The present paper is an extension to our previous manuscript,
‘‘Accelerating Heterogeneous Federated Learning with
Closed-form Classifiers’’ [31]. We summarize the elements
of this work in Figure 2, highlighting the new components and
methods with a colored background. In particular, compared
to the previous version:

1⃝ We modify the Fed3R algorithm, reducing commu-
nication and computational costs compared to the
previous version. Further details on this will be given
in Section IV.

2⃝ We focus, in addition to FL, on the PFL scenario.
In particular, we show that the Fed3R classifier
can be easily repurposed to PFL, providing a robust
initialization. Additionally, we propose a new frame-
work for a thorough empirical analysis of different
methods in the PFL setting, conceptually dividing the
possible strategies into four, optional, sequential phases.
During the first, the classifier can be initialized with
a closed-form classifier, such as the Fed3R classifier.
In the second phase, classical FL training is performed.
Finally, in the third and fourth phases, we run partial
and full personalization algorithms (the distinction
between partial and full personalization is presented
in Section III-C). The objective is to understand the
contribution of each single phase to the overall training
procedure. Thanks to our framework, we are able to

understand the best, optimal approach that achieves the
highest possible performance, minimizes communica-
tion and computational costs, and increases convergence
speed. Further details are exposed in Section V-A.

3⃝ We introduce the OLL method for full personalization.
We show that combining Fed3R classifier initialization
with OLL makes it possible to achieve remarkable
results, compared with the baselines, in highly statisti-
cally heterogeneous PFL scenarios while reducing costs.

4⃝ We introduce a new heterogeneous, cross-device, PFL
split (i.e., a new partition of a dataset into local clients’
datasets) for the iNaturalist dataset [28]: Pers-Geo-100.
We construct this split following a similar protocol as
the one followed by [32] for the Pers-Users-160K for
the Google Landmarks dataset [27]. Further details are
presented in Section V-B.

II. RELATED WORKS
A. STATISTICAL HETEROGENEITY AND RECENCY BIAS IN
FEDERATED LEARNING
While FL methods are effective when dealing with i.i.d. data,
handling statistical heterogeneity and real-world scenarios
remains a significant challenge [2]. Realistic private data can
be biased by factors such as personal habits and geographical
locations [2], [5], [29], leading to variations among clients
in terms of observed classes, domains, and dataset sizes.
This bias causes the client drift phenomenon [6], where local
models converge towards different minima, deviating from
the global direction and resulting in noisy, unstable learning
updates [25], [33].
Several strategies have been adopted in the literature

to address the issue of heterogeneity. One is to limit the
divergence of local models by applying regularization tech-
niques [7], [8] or stochastic variance reduction methods [6],
[34] to align local model updates. Other approaches leverage
the history of previous updates by incorporating momentum
or adaptive optimizers during the server aggregation [35],
[36], [37], or introduce client-side momentum [11], [38],
[39] to reduce client drift and guide local updates in the
direction of the global model. Other works aim to replicate
the behavior of models trained on i.i.d. data by combining
stochastic variance reduction and client-sidemomentum [38].
However, statistical heterogeneity and client drift affect the

different layers of the models with various severity levels.
In particular, [30] shows that clients’ bias towards local data
distributions is more pronounced in the deeper layers of the
model, particularly in the last one, the prediction head. Other
studies have noted that biased classifiers and misaligned
features create a harmful cycle [17], [18]. For instance, [40]
suggests that learning the feature extractor and the classifier
in two separate phases may be beneficial in FL, as observed
in other fields [41], [42]. Moreover, [16] points out that
discriminative features are essential for effectively training
models, as convergence speed improves when gradients are
better aligned. Similarly to these works, [43], [44], [45], [46],
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FIGURE 2. Summary of the main contributions of this work and its main components. On the left, we present the main contributions related to FL and,
on the right, those related to PFL. Extensions with respect to [31] are highlighted with boxes with a colored background.

[47] highlight that, when clients train the model on their
local data, the final layer diverges the most, becoming highly
skewed toward the local distribution.

Several works [16], [30], [48] propose to mitigate the
data recency bias by retraining only the classifier on the
server exploiting virtual features. However, this approach
remains sub-optimal as it relies on the quality of the
feature representation and the generative process, which
could negatively impact the retrained classifiers. Conversely,
the authors of [49] propose to address this problem with a
two-stage algorithm that uses a fixed, random classifier and
trains only the feature extractor. Then, each client fine-tunes
its own classifier using local data, developing personalized
solutions. More recently, [18] proposes a fixed synthetic
classifier motivated by the simplex geometry of the logits
space induced by neural collapse [50], while [51] introduces
an incremental aggregation scheme for recurrent classifiers
on time-series data.

Finally, [52] proposes FedNCM, an algorithm that employs
a Nearest Class Mean (NCM) classifier to avoid gradient
updates. Similarly to our Fed3R classifier, the FedNCM
classifier is not gradient-based. While FedNCM constructs
a global classifier by using class prototypes computed from
local client data, our Fed3R algorithm leverages local clients
statistics to construct a ridge regression classifier equivalent
to the centralized solution. Although FedNCM may be
effective on simpler datasets, in Section V-C andAppendix D,
we demonstrate its weaknesses in realistic scenarios, where it
is always outscored by our Fed3R classifier.

B. RIDGE REGRESSION IN DISTRIBUTED AND FEDERATED
LEARNING
We now review prior works concerning RR in federated
and distributed settings. In [53], an RR model is trained in
a federated scenario with only two clients via knowledge
distillation. RR has also been applied to the Vertical FL (V-
FL) setting, where the feature space is partitioned across
clients that share the same samples [54], [55]. On the other
hand, our work targets Horizontal FL (H-FL) [56], in which
clients share the same feature space while sample instances
can differ. The distinct partitioning criteria between V-FL
and H-FL result in fundamentally different federated and
distributed RR approaches. In particular, client drift and
statistical heterogeneity are major issues in H-FL, while this
is not the case for V-FL. RR variants have been proposed

in the distributed learning and optimization fields [57], [58],
[59]. Still, these settings are significantly different from FL,
since they lack privacy requirements and usually assume
i.i.d.-distributed data. In this manuscript, we focus on RR in
H-FL cross-device settings.We leverage its exact incremental
formulation to overcome the issue of statistical heterogeneity
in the aggregation step while improving computational and
communication efficiency.

C. PRE-TRAINED MODELS IN FEDERATED LEARNING
Recent work has explored the use of pre-trained representa-
tions in FL, demonstrating their potential to reduce training
time, mitigate the negative effects of data heterogeneity,
and enhance performance [15], [16]. However, effectively
and efficiently fine-tuning these representations and training
the classifier remains a challenge, particularly in highly
heterogeneous and cross-device settings. In such settings,
the classifier is highly susceptible to data recency bias [30],
where data imbalance and partial client participation can
skew the model towards the data from the most recently
encountered clients. This bias can trigger a detrimental
feedback loop, negatively impacting the quality of the learned
representation [18].
Furthermore, the advent of Foundation Models has fueled

interest in adapting these powerful models to cross-device
FL settings [60], [61], [62], [63]. This adaptation often
involves parameter-efficient fine-tuning techniques based on
Low-Rank Approximation (LoRA) [64], [65], [66] to address
the challenges of limited resources and communication
constraints inherent in federated environments.

In this work, we focus on efficiently leveraging pre-trained
representations to accelerate training and facilitate knowl-
edge reuse in both federated and personalized learning
scenarios. Specifically, we introduce Fed3R, a novel
algorithm that utilizes a pre-trained feature extractor and
constructs a classifier using exact aggregation, eliminating
the need for gradient-based learning. Fed3R addresses the
challenges of classifier instability and data recency bias,
enabling robust and efficient adaptation of pre-trainedmodels
to heterogeneous and cross-device settings.

D. PERSONALIZED FEDERATED LEARNING
Given the challenges of learning global models in hetero-
geneous settings, some works [2], [3], [5] point out that
tailoring models to the specific needs of individual clients

VOLUME 13, 2025 61931
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while benefiting from shared knowledge across the network
could be a possible alternative solution, introducing the PFL
setting. Several approaches to PFL have been proposed,
such as model personalization techniques for multi-task
learning [13], [67] and meta-learning [5], [68], clustered
FL methods [14], [69], [70], [71], [72], or regularization
strategies [73], [74], [75], [76]. In particular, Ditto [74]
adds a regularization term similar to the one of [8] to approach
local model updates to the global model, while pFedMe [73]
uses Moreau envelopes to decouple local and global model
updates, allowing for client-specific customization without
losing the benefits of collaborative learning.

Other approaches tackle the PFL problem by dividing the
model parameters into two groups. Using the nomenclature
of [32], the shared parameters are aggregated globally in
a traditional FL manner, while the personal parameters are
client-specific and remain local to the clients, capturing their
individual distribution. In particular, [12], [77], [78] propose
to learn the two groups together, while [79], [80] learn the two
groups separately updating the personal parameters before
the shared ones. The authors of [32] refer to the two strategies
as FedSim and FedAlt respectively. In this work, we adopt
the same shared vs. personal parameters structure.

III. BACKGROUND
This section provides the necessary background and notations
preparatory for Section V. In particular, Section III-A provide
a concise overview of both FL and PFL and the most common
strategies to address such scenarios, while Section III-D
introduces the fundamental concepts of Ridge Regression
(RR). A summary of the notation used in this manuscript is
proposed in Table 1.

A. FEDERATED LEARNING SETTING AND NOTATION
Consider a standard FL scenario with a set of clients K,
where |K| = K , and a central server S that coordinates the
training process. In cross-device FL, K is typically assumed
to be large, potentially reaching millions or even billions of
devices [2]. Each client k ∈ K possesses a local dataset Dk
containing nk = |Dk | samples, where nk could be small and
significantly vary across clients. Crucially, neither the server
S nor any other client j ̸= k can access the local dataset Dk .

Each local dataset Dk consists of nk samples (x, y) : x ∈
X , y ∈ Y , where X is the input space and Y is the output
space. The overall dataset split across clients can be denoted
by D =

⋃
k∈KDk , with a total of |D| =

∑
k∈K nk = n

samples. Data among clients is assumed to be non i.i.d.,
reflecting the heterogeneity often encountered in real-world
FL scenarios. Additionally, all the clients k ∈ K and the
server S have access to a modelM : X → Y parameterized
by parameters θ ∈ 2, where 2 is the parameters space.
In this work, we consider models M that can be

decomposed into a classifier ψ : Z → Y and a feature
extractor ϕ : X → Z , such that M = ψ ◦ ϕ. The feature
extractor ϕ maps the input space X to a latent feature space
Z ⊆ Rd , where d ∈ N, and the classifier ψ maps the

TABLE 1. List and description of the main symbols introduced in this
manuscript.

latent space to the output space Y ⊆ RC . The classifier ψ is
parameterized by θψ ∈ Rd×C , while the feature extractor ϕ
is parameterized by the remainingmodel parameters, denoted
as θϕ . For brevity, we will refer to the latent feature space Z
simply as latent space.

B. FL AND PFL OBJECTIVES
In FL, the primary goal is to train a single global modelM
that performs well across all clients. This involves finding
the optimal global parameters θ∗ ∈ 2 that minimize the
empirical objective function:

F(θ ) =
∑
k∈K

nk
n
Lk (θ ), (1)

where Lk (θ ) =
∑

(x,y)∈Dk
ℓ(M(x; θ ), y) represents the local

empirical risk for client k . This risk is calculated using a
suitable loss function ℓ, such as the cross-entropy loss.

In contrast, PFL focuses on finding distinct, optimized
local models for each client. The objective in PFL is to
determine the optimal local parameters θ∗k ∈ 2 for each
client k ∈ K that minimize the following empirical objective
function:

F({θk}k∈K) =
∑
k∈K

nk
n
Lk (θk ). (2)
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This approach allows for greater flexibility and to adapt to the
unique characteristics of each client’s data distribution.

C. TRAINING STRATEGIES
FL relies on an iterative training procedure consisting of T ∈
N optimization rounds. In each round t ∈ [T ], the server S
selects a random subset of clientsK′ ⊆ K and sends them the
current global parameters θ t . Each client k ∈ K′ initializes its
local parameters with θ tk = θ

t and performs local training on
its datasetDk for a certain number of iteration. This produces
the updated parameters θ t+1k , which are then transmitted back
to the server. Finally, S aggregates the received updates to
compute the new global parameters θ t+1 for the next round.

For PFL, following the framework in [32], we consider
two distinct strategies: partial personalization and full
personalization. In Partial Personalization (PP), the local
parameters θk of each client k ∈ K are divided into two sets:
shared parameters uk ∈ U and personal parameters vk ∈ V ,
where uk ∪ vk = θk and uk ̸= ∅, vk ̸= ∅. At the beginning of
each round t ∈ [T ], the server sends the current global shared
parameters ut to the sampled clients k ∈ K′, which initialize
their local shared parameters with utk = ut . The clients then
locally optimize both their shared and personal parameters,
resulting in updated parameters θ t+1k = ut+1k ∪v

t+1
k . However,

only the updated shared parameters ut+1k are communicated
back to the server, while the personal parameters vt+1k are
retained locally. The server then aggregates the received ut+1k
to obtain the updated global shared parameters ut+1 for the
next round. In contrast, Full Personalization (FP) represents
the scenario where uk = ∅ and vk ⊆ θk for all k ∈ K.
If θk \ vk ̸= ∅, the parameters θk \ vk are not updated during
training, i.e., they are fixed. The case where vk = θk can be
viewed as a special case of partial personalization where all
parameters are personal. In this strategy, no communication
is required between the clients and the server, as each client
trains its model independently on its local data. Consequently,
no rounds are necessary in this setting.

D. RIDGE REGRESSION
Consider a centralized, supervised learning setting with a
dataset D composed of n samples (x, y), where x ∈ Rp

are the inputs and y ∈ RC are the targets, p,C ∈ N.
All the samples can be accessed simultaneously. One-vs-rest
linear predictors such as least-squares regressors [81], [82],
[83] admit a closed-form solution which can be computed
efficiently. However, these predictors are generally prone to
overfitting [84]. To mitigate this issue, an L2 regularization
term (controlled by a Tikhonov hyper-parameter λ ∈ R+)
can be incorporated into the objective function, leading to the
RR [85] problem:

W ∗ = argmin
W∈Rp×C

∥Y − XW∥2 + λ ∥W∥2 , (3)

where X ∈ Rn×p and Y ∈ Rn×C are the matrices of the
n stacked inputs and targets. The solution W ∗ ∈ Rp×C

provides the optimal parameters for the linear predictor

ψ(x;W ) = W⊤x which can be computed in closed-form as:

W ∗ = (X⊤X + λIp)−1X⊤Y , (4)

where Ip is the p× p identity matrix.
Since X⊤X + λIp ≻ 0 for any λ > 0, no additional

assumptions on the rank or the dimensions of the matrix
X are required for the optimal solution W ∗ to exist [85].
Furthermore, the RR solution converges in probability to the
optimal Bayes classifier as n tends to infinity [86], [87],
[88]. Finally, RR can be applied to classification problems,
as demonstrated in [83]. By representing the C categories
with stacked one-hot encoded vectors in the target matrix Y ,
the classification problem can be effectively treated as a
regression problem.

Recursive Ridge Regression. In many practical scenarios
such as Continual and Incremental Learning [41], [89],
data becomes available sequentially rather than all at once.
Similarly, in decentralized settings such as FL, data are not
available in the same location but are distributed across
clients. For this reason, Eq. (4) cannot be directly applied to
obtain the optimal linear parametersW ∗. However, Recursive
RR [90] offers a practical way to update the optimal
solution as new data are collected or shared. This method
leverages the linearity of Eq. (4) and employs techniques
like Sherman-Morrison-Woodbury or Cholesky updates [91],
[92] for efficient computation. Specifically, if the samples are
presented sequentially in batches {(Xt ,Yt )}Tt=1, T ∈ N, the
centralized solution of Eq. (4) can be obtained recursively as
follows:

Mt+1 = PtX⊤t+1(λInt+1 + Xt+1PtX
⊤

t+1)
−1

Pt+1 = Pt −Mt+1Xt+1Pt
Wt+1 = Mt+1(Yt+1 − Xt+1Wt )

(5)

where nt is the number of samples in batch t , P0 = 1
λ
Ip and

W0 = 0p×C , where 0p×C is a p× C matrix of zeros.
While Eq. (5) provides an efficient solution for incremental

learning, it can be noticed that this is not suitable for
privacy-constrained applications where data are not available
in a central location and cannot be communicated. This is
because Eq. (5) requires direct access to the data batches
(Xt+1,Yt+1) to compute the updated Mt+1, Pt+1, and Wt+1
matrices. Such direct access violates the core principle of
decentralized, privacy-constrained environments, where data
remains local.

To address this challenge, we introduce a novel method
in Section IV-A that leverages the linear properties of RR
to enable learning in decentralized settings. Our proposed
approach constructs an optimal, equivalent classifier without
requiring the transmission of private data, but only aggregated
local matrices.

IV. METHOD
This section provides a formal description of our proposed
methods. Section IV-A introduces Fed3R, a novel algorithm
that enables solving the RR problem for classification in
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a federated setting, guaranteeing a solution mathematically
equivalent to the centralized one. Section IV-B proposes an
effective way of using Fed3R as a robust initialization for
further fine-tuning in both FL and PFL scenarios. Finally,
Section IV-C introduces OLL, a novel strategy for PFL that
simplifies the local classifier by filtering out classes not
present in the local data distribution. Notably, OLL can be
applied to any classifier, including Fed3R, which can be
further fine-tuned using only local class labels for improved
final performance.

A. FEDERATED RECURSIVE RIDGE REGRESSION (FED3R)
In this section, we present Fed3R, showing how RR can
be efficiently repurposed for the FL setting with a recursive
formulation.

Our objective is to determine the optimal parameters θ∗ψ
for the classifier ψ in a federated setting where clients
collaboratively contribute to the solution. We leverage a
pre-trained feature extractor ϕ to map the input data into the
latent space Z ⊆ Rd . By exploiting the closed-form solution
of RR and considering the latent space Z as the input space,
we can reformulate the centralized RR solution in Eq. (4) as:

W ∗ = (A+ λId )−1b, (6)

where A = Z⊤Z =
∑

(x,y)∈D ϕ(x)ϕ(x)
⊤
∈ Rd×d is the

covariance matrix of samples in the latent space, Z ∈ Rn×d

is the matrix of mapped input samples with rows Zi = ϕ(Xi)
and b := Z⊤Y =

∑
(x,y)∈D ϕ(x)e

⊤
y ∈ Rd×C is the sum of

the samples aggregated per class, as ey represents the one-hot
encoding vector for the class y.

The complete Fed3R algorithm is shown in Algorithm 1
and pictorically described in Figure 3. The core idea of
Fed3R is to treat each local dataset Dk as separate batches
and recursively update the RR solution. However, a direct
application of the recursive RR formulation in Eq. (5) would
require clients to share their raw datawith the server, violating
privacy constraints.

To address this challenge, Fed3R leverages the structure
of the A and b matrices that can be cumulatively updated
without re-computing them from scratch [82], [93]. Indeed,
these matrices can be expressed as the sum of individual
contributions from each client’s local dataset Dk :

A =
∑

(x,y)∈D
ϕ(x)ϕ(x)⊤ =

∑
k∈K

∑
(x,y)∈Dk

ϕ(x)ϕ(x)⊤ =
∑
k∈K

Ak , (7)

b =
∑

(x,y)∈D
ϕ(x)e⊤y =

∑
k∈K

∑
(x,y)∈Dk

ϕ(x)e⊤y =
∑
k∈K

bk . (8)

Notably, Eqs. (7) and (8) are true for all the possible partitions
of D into subsets Dk such that D =

⋃
k∈KDk is the union

of the local datasets Dk , with K the set of all the clients.
For this reason, once all clients communicate their Ak and
bk statistics to S, the server can compute the Fed3R solution
equivalent to the centralized RR solution irrespective of the
federated clients’ split, making theFed3R algorithm immune

to statistical heterogeneity and invariant to the order the
clients share their statistics with the server.

Furthermore, to minimize communication overhead,
clients can optimize the transmission of bk . Unlike the
approach in [31], where clients transmitted the full bk matrix,
here we propose a more efficient strategy. Instead of sending
the full matrix, which may contain many zero columns
associated with classes not present in the local dataset, clients
only transmit the non-zero column vectors bck for c ∈ Ck ,
where Ck ⊆ C is the set of classes present in client k’s local
dataset. Once the server receives the column vectors bck , it
sums them in the corresponding column c of the global b
matrix. As empirically demonstrated in Section IV-A, this
new strategy leads to substantial communication savings by
eliminating the need to compute the full bk matrix on clients
and share it with the server.

Once the server S has received the statistics Ak and bck
from all the clients and updates the classifier parameters, the
Fed3R solution is mathematically equivalent to the optimal
centralized classifierW ∗. Consequently, theFed3R classifier
inherits all the properties and guarantees of the centralized
RR classifier.

Finally, to address the class imbalance of the global
distribution in realistic scenarios, we normalize the final
classifier parametersW by dividing each column by its norm:
W c
← W c/ ∥W c∥, ∀c ∈ C. This normalization acts as a

reweighing mechanism, as classes with more data points tend
to have larger magnitudes inW , and this scaling ensures that
under-represented classes are considered for the prediction.

Unlike gradient-based FL algorithms, Fed3R does not
rely on assumptions such as bounded variance of stochastic
gradients or smoothness of clients’ loss landscapes [2],
[6], [7], [38] making it readily applicable to real-world
scenarios. Moreover, conversely to most FL algorithms that
require multiple samplings of the same clients, Fed3R only
needs each client to share its statistics with the server only
once, saving communication costs and accelerating training.
Namely, each client needs to be sampled only once.

In Appendix A, we introduce Fed3R with Random
Features (Fed3R-RF), a variant ofFed3R that approximates
the Kernel RR solution using Random Features [94] to handle
non-linearities in the input space.

Fed3R theoretical properties

Below, we collect the six theoretical properties of Fed3R:

1⃝ The Fed3R solution is mathematically equivalent to
the optimal centralized RR solution.
This is a consequence of Eqs. (7) and (8), which
demonstrates that the matrices A and b, necessary to
compute the final classifier parameters W ∗, can be
recovered by the local statistics of the clients exactly.

2⃝ The Fed3R algorithm is immune to statistical
heterogeneity.
This is a consequence of Property 1. Since Fed3R
recovers the original centralized RR solution exactly, the
particular split of the samples across the clients, which
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may cause various levels of statistical heterogeneity, and
the number of clients itself, is irrelevant.

3⃝ The Fed3R solution is invariant to the order in which
the clients share their statistics with the server.
This is a consequence of Property 1. Alternatively, it can
be already observed by Eqs. (7) and (8).

4⃝ The Fed3R classifier inherits all the properties and
guarantees of the centralized RR classifier.
This is a consequence of Property 1. Since the Fed3R
solution is equivalent to the centralized RR solution,
Fed3R inherits all the RR properties, such as the
properties mentioned in Section III-D.

5⃝ Fed3R does not rely on assumptions such as bounded
variance of stochastic gradients or smoothness of
clients’ loss landscapes.
These are common assumptions in other gradient-based
FL algorithms [2], [6], [7], [38], limiting their theoretical
insights’ applicability in real-world scenarios. Fed3R
does not suffer from this problem, as it does not
necessitate these strong hypotheses.

6⃝ In Fed3R, each client needs to be sampled only once.
Indeed, in contrast to most FL algorithms that require
multiple samplings of the same clients, Fed3R only
needs each client to share its statistics with the server
only once, saving communication costs and accelerating
training.

In Appendix B, we describe the privacy and security
properties of Fed3R.

FIGURE 3. The Fed3R algorithm. Ak and bc
k are computed according to

Section IV-A.

B. FED3R FOR ROBUST CLASSIFIER INITIALIZATION
While Fed3R offers a simple and efficient solution to learn
a classifier in a federated setting, effectively overcoming the
issues of statistical heterogeneity, its performance is inher-
ently tied to the quality of the pre-trained feature extractor.
To further enhance the adaptability and performance of the
model on the target task, we propose a federated fine-tuning
stage with gradient-based FL algorithms leveraging Fed3R
as robust initialization. In Section V, we demonstrate that
Fed3R provides a powerful and stable initialization that can
mitigate client drift and destructive interference during aggre-
gation in heterogenous federated settings, which can arise
from inconsistencies in local updates and lead to classifier
divergence, breaking the detrimental cycle described in [17].
As the Fed3R classifier is already the optimal solution

for the RR problem with the original feature extractor
parameters, we fine-tune the model using the cross-entropy

Algorithm 1 - Federated Recursive Ridge Regression
(Fed3R). In green and red are shown the differences with
the ICML version [31] of this manuscript (green for the new
version, red for the ICML version).

Def: Yk is the matrix of stacked one-hot encoding vectors
for all the classes of client k
Require:
Server S, clients K
Fixed pre-trained feature extractor ϕ : X → Rd

S initializes A0 = λId and b0 = 0d×C
for each client k ∈ K in parallel do
Zk = ϕ(Xk ), Ak = Z⊤k Zk
bck =

∑
(x,y=c)∈Dk

ϕ(x), ∀c ∈ Ck (bk = Z⊤k Yk )
Send Ak and bck ∀c ∈ Ck

end for
Every time S receives Ak and bk :

At+1 = At + Ak
bct+1 = bct + b

c
k ∀c ∈ Ck (bt+1 = bt + bk )

Wt+1 = A−1t+1bt+1
NormalizeW : W c

t+1← W c
t+1/

∥∥W c
t+1

∥∥ ∀c ∈ C
loss, which typically provides better performance for classi-
fication tasks [84]. To align the entropy of the predictions’
distribution, we calibrate the model by tuning the temperature
of the softmax function. For more details, we refer the readers
to Section D.

Finally, this extension work demonstrates that the
Fed3R initialization can also benefit personalized learn-
ing scenarios providing a robust starting point for both partial
and full personalization algorithms in PFL, and enabling them
to converge faster and achieve better performance.

1) FINE-TUNING STRATEGIES
In both FL and PFL scenarios, we explore three distinct fine-
tuning strategies. The first possibility is to fine-tune both the
feature extractor and the classifier. This strategy is suitable
when both components can benefit from further adaptation
to the target task. Another option involves fine-tuning only
the classifier while keeping the pre-trained features fixed.
This approach is appropriate when the pre-trained features are
already robust and general enough for the target task. Finally,
a third option consists of fine-tuning only the feature extractor
while keeping the Fed3R classifier fixed. In Section V-C,
we show that this strategy effectively mitigates destructive
interference, especially in cross-device scenarios with high
statistical heterogeneity, where the classifier is often the most
susceptible to divergent updates [18], [30].

C. PERSONALIZATION WITH ONLY LOCAL LABELS (OLL)
While Fed3R can be used to efficiently integrate global
knowledge from clients and obtain a classifier equivalent to
the centralized RR, PFL focuses on optimizing models for
individual clients’ needs. In PFL, the goal is not to create
a model suitable for all clients but to address each client’s
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Algorithm 2 - The Only Local Labels (OLL) algorithm.
Require:
Classifier parameters θψ ∈ Rd×C

Set of global classes C, set of local classes Ck ⊆ C
Initialize θ̂ψ = 0d×Ck
for each c ∈ C do
if c ∈ Ck then
θ̂cψ = θ

c
ψ

end if
end for
Return θ̂ψ

unique learning problem. Full personalization, where some
or all model layers are fine-tuned locally, is a common
approach to achieve this. However, directly fine-tuning the
original classifier θψ ∈ Rd×C can be inefficient, especially
in highly heterogeneous settings where the local class set Ck
is significantly smaller than the global class set C.
In such cases, the classifier should ideally never need to

predict classes outside the client’s local distribution (C \ Ck ),
since we assume that clients operate with closed-set local
datasets, as is common in many FL and PFL scenarios [1],
[3], [6], [7], [38]. Yet, the original classifier, with its
d × C shape, retains the potential to predict these irrelevant
classes, hindering performance (e.g., class confusion) and
slowing down training. This issue is particularly pronounced
during the initial fine-tuning iterations, where the predicted
probabilities may not be sufficiently biased towards the local
classes.

To address this challenge, in this extension work, we intro-
duce Only Local Labels (OLL), a novel PFLmethod designed
to enhance personalization by simplifying the local classifier.
As illustrated in Figure 4, OLL prunes the columns associated
with the irrelevant classes (C \Ck ) from the classifier weights
θψ . This pruning generates a new, smaller classifier θ̂ψ ∈
Rd×Ck that focuses solely on the local classes Ck using a
local label mapping. The complete OLL algorithm is shown
in Algorithm 2.

This simplification offers several benefits. By preventing
the prediction of irrelevant classes, OLL improves the effi-
ciency and performance of the local classifier. Furthermore,
it accelerates and simplifies subsequent local fine-tuning by
simplifying the local problem. Moreover, reducing the clas-
sifier’s dimensionality prevents interference from irrelevant
classes. Importantly, OLL is a general technique that can be
applied to any classifier, including the one obtained through
Fed3R, and can be applied jointly to other PFL methods.

In Section V-E, we demonstrate that OLL pre-processing
alone leads to performance improvements even without
further fine-tuning. We also show that it further enhances the
effectiveness and efficiency of subsequent local fine-tuning
when combined with Fed3R. Finally, we validate the
application of OLL by demonstrating that personalization
inherently biases classifiers towards local classes, thereby

FIGURE 4. The OLL algorithm. In this example, the global mapping
associates labels 1 and 3 to categories ‘‘duck’’ and ‘‘rat’’. In each client k ,
OLL filters out the columns of the classifier weights W associated with
the classes not present in the local dataset Dk (2 and 4 in the example)
and generates the new classifier parameterized by Wk with a local
mapping. This classifier is already sufficient to improve the performance
and can be further fine-tuned to the local distribution.

justifying the use of OLL in scenarios with static client
distributions. OLL simplifies the classification problem based
on this insight, and is justified in scenarios where local classes
are the primary focus and the distribution is assumed not to
vary.

V. EXPERIMENTS
In this section, we outline the experimental setup and
methodology used to evaluate Fed3R and OLL. These are
compared against state-of-the-art baselines to assess their
performance and validate the effectiveness of our proposed
solutions.

Section V-C, presents our experiments within the FL set-
ting. We first empirically demonstrate that Fed3R is immune
to statistical heterogeneity, confirming our theoretical result,
and we show that the new version of the algorithm is
more cost-efficient compared to the version presented in
our previous manuscript [31], as explained in Section IV-A.
Furthermore, we show that Fed3R alone is sufficient
to outperform baseline methods in highly heterogeneous
scenarios, providing a strong initialization for the classifier’s
parameters.

Additionally, Section V-B introduces the datasets and the
FL splits used in our experiments. Next, in Section V-A,
we describe the structure of the experiments in this work,
which consist of up to four distinct phases. Our findings
indicate that not all phases are necessary, and the best
strategy can depend on the available communication and
computational budget.

Section V-D discusses the experiments conducted in
the PFL scenario, analyzing both the partial and full
personalization strategies. In both cases, Fed3R facilitates
training, providing a robust initialization that mitigates the
effects of client drift, reducing costs and enhancing final
performance.

Finally, Section V-E demonstrates that OLL significantly
improves accuracy without the need for further fine-tuning.
Moreover, it simplifies local full personalization, guaran-
teeing higher final accuracies, as it prevents clients from
predicting classes outside their local distribution.
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In all our experiments, we employ the MobileNetV2 [95]
architecture. The feature extractor θϕ is pre-trained on
ImageNet-1k [96]. In addition, Appendix section G describes
in detail how the communication and computation costs of the
algorithms are calculated.

A. EXPERIMENTS PHASES AND DETAILS
To empirically investigate the accuracy and efficiency of our
proposed methods, we divide the experiments into at most
4 distinct phases including both federated and personalized
learning stages, similarly to [32]. We show in Section V-D
that not all phases are necessary and that their adoption
mainly depends on the dataset’s spit heterogeneity level and
the available communication and computational budget. The
experimental phases are defined as follows.

Phase 1: Classifier initialization (ψ init).
The classifier weights θψ are initialized with Fed3R
weights W (or Fed3R-RF in Appendix A, or FedNCM in
Appendix D). In case the classifier is not initialized (i.e., it is
randomly initialized), this is denoted by ✗.

Phase 2: Federated Fine-Tuning (FT).
This phase corresponds to standard federated training.
We refer to this phase as fine-tuning because it always starts
from a pre-trained initialization on a general-purpose dataset
(e.g., ImageNet [96]), and it could fine-tune, or not, the
Fed3R classifier.
• We run experiments with FedAvg [1], FedAvgM
[35], Scaffold [6], Mime [38], and FedDyn [7].
However, despite our best efforts in hyper-parameters
tuning, Mime and FedDyn failed to converge in both
the Google Landmarks and iNaturalist experiments.
Additional details are shown in Appendix D.

• By default, we perform training for 3000 rounds in all
the scenarios except for iNaturalist, for which we train
the model for 5K rounds since more rounds were neces-
sary for baseline algorithms to reach convergence on the
iNaturalist-User-120K split. Otherwise, we specify the
number of rounds by adding -num_rounds at the end
of the algorithm name (e.g., FedAvg-1k).

• If not explicitly indicated, or if specified with the
notation FT(M), we fine-tune the parameters of the
whole model. However, as described in IV-B, it is also
possible to only fine-tune the parameters of the classifier
or the parameters of the feature extractor. In these cases,
we use the notations FT(ϕ) and FT(ψ), respectively.

Phase 3: Partial Personalization (PP).
This phase involves partial personalization training,
as described in Section III-C, where a subset of the
model parameters is shared among clients, while the
remaining parameters are kept private (personal). We conduct
experiments with three established PFL algorithms: FedSim
[32], FedAlt [32], and pFedMe [73], running each for

1000 rounds. Further details on the experimental setup and
hyperparameter choices are provided in Appendix D.
To investigate the interaction between statistical hetero-

geneity and personalization on different model components,
we focus on the classifier and feature extractor and consider
the following personalization strategies:

• Shared feature extractor parameters θϕ , personal clas-
sifier parameters θψ . This strategy is denoted as
Name_Alg(ψ).

• Shared classifier parameters (θψ ), personal feature
extractor parameters θϕ . This strategy is denoted as
Name_Alg(ϕ).

This focus is motivated by the observation that the
classifier is generally more susceptible to bias in federated
settings [30]. By comparing these two strategies, we aim
to understand how the personalization of different com-
ponents affects performance in the presence of statistical
heterogeneity.

Phase 4: Full Personalization (FP).
This phase encompasses FP training, as introduced in
Section III-C, where all, or a subset, of the model parameters
are locally fine-tuned and there is no sharing across clients.
In all the experiments that include this phase, all the clients
are locally fine-tuned for 25 epochs.

• By default, the model is fine-tuned using the SGD
optimizer. As an alternative, we add theDitto [74] reg-
ularization term, which penalizes personalized updates
that diverge from the global model.

• We indicate experiments performing FP on all themodel
parameters withFP(M). Instead, we denote byFP(ϕ)
and FP(ψ) the experiments that fine-tune only the
parameters of the feature extractor or of the classifier,
respectively.

Aggregate notation.
Since the experiments may include at most four phases,
explicitly indicating all four phases in the text can be
somewhat difficult and redundant. Therefore, instead of
describing a particular experiment as one where the classifier
is initialized with Fed3R parameters, fine-tuned with
FedAvg, using FedSim as the partial personalization
strategy and FT(M) as the full personalization strategy,
we simply express it as Fed3R + FedAvg + FedSim +
FT(M).
Additionally, to indicate that the columns of the classifier

parameters have been pruned using OLL, we use the notation
OLL(·), where · can represent any combination of strategies.
For example, to specify a strategy that includes Fed3R in
Phase 1 and FedAvg in Phase 2, followed by pruning the
classifier parameters with OLL and finally fully personalizing
the model of each client on the local distribution, we write it
as OLL(Fed3R + FedAvg) + FT(M).
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B. DATASETS AND EVALUATION
In this work, we focus on image classification datasets for
FL and PFL. For both FL and PFL scenarios, we perform our
experiments on two large-scale datasets: Google Landmarks
(2028 classes) [27] and iNaturalist (1203 classes) [28].

Federated Learning splits
For the FL experiments, we use the splits provided in [29].
Specifically, for Google Landmarks, we perform our experi-
ments on the only available split, the Users-160K split, while
for iNaturalist, we perform the experiments on the Users-
160K, Geo-1K and Geo-3K splits. The Users-160K split is
the split that provides the largest number of clients (∼10K
clients, ten times more than Google Landmarks-User160K,
which counts∼1K clients). Additional experiments using the
Cifar100 dataset [97] are presented in Appendix H.

Personalized Federated Learning Splits
For our PFL experiments, we use a modified version of the
User-160K split of Google Landmarks, as proposed by [32],
which we name Pers-User-160K for convenience. This split
ignores the clients with less than 50 images in the original
User-160K split and the original global test set of the Users-
160K split. Instead, it divides each client into a local training
and a test dataset, assigning about 45% of the total local
samples to the test dataset. Pers-User-160K counts a total of
∼800 clients. Similarly, in this work, we construct a novel
Pers-Geo-100 split for the iNaturalist, starting from the Geo-
100 split proposed in [29] and following a similar protocol
to [32]. However, we keep all the clients with 10 or more local
images (instead of 50) to simulate a more heterogeneous and
challenging scenario. We preferred Geo-100 split to Users-
120K because the large majority of the clients in Users-120K
count less than 10 images. Our proposed Pers-Geo-100 split,
results in a total of ∼2700 clients.

Measures of heterogeneity
Figure 5 shows the different levels of heterogeneity of the
iNaturalist and Google Landmarks splits, comparing the
proportion of the clients per class, the proportion of the
classes per client, and the Mean Jaccard Index [98], [99]
computed across the class distributions of all the couples of
clients as follows:

J̄ =
1
K 2

∑
k∈K

∑
h∈K

Ck ∩ Ch
Ck ∪ Ch

. (9)

The Mean Jaccard Index J̄ quantifies the statistical het-
erogeneity by measuring the overlap between the class
distributions of different client pairs. A higher J̄ indicates a
greater similarity between the client pairs’class distributions,
while a lower value suggests more statistical heterogeneity.

Evaluation protocol
For the evaluation, in the FL setting, we assume that there
exists an external dataset Dtest , inaccessible during training,
representative of all the local data distributions of the clients

k ∈ K. Instead, in the PFL setting, we assume that each
client k ∈ K possesses an additional dataset Dtest

k , only
for evaluation, representative of the local data distribution of
client k . Therefore, we evaluate the performance of the FL
experiments using the accuracy of the test client while we
evaluate the performance of the PFL experiments using the
balanced accuracy over the test datasets Dtest

k .
Additional details on the datasets are provided in

Appendix D. In the following, we refer to the Google
Landmarks and iNaturalist datasets without specifying the
specific splits, meaning the Google Landmarks-User-160K
and iNaturalist-User-120K splits for FL, and the Google
Landmarks-Pers-User-160K and iNaturalist-Pers-Geo-100
splits for PFL. We specify the splits only for a minority of
the experiments presented in Appendix V-C.

C. FEDERATED LEARNING EXPERIMENTS
In this Section, we present the experiments in the classical
FL setting, which only include the classifier initialization
and fine-tuning phases introduced in Section V-A. First,
we empirically show that Fed3R is immune to the statistical
heterogeneity. Then, we compare the new version of the
Fed3R algorithm with the one from [31], showing how
communicating only the vectors bck drastically reduces the
required communication. Finally, we analyze the benefits
of the initialization of the classifier parameters with the
Fed3R parameters, showing that this strategy accelerates the
convergence of FL algorithms, mitigating the negative impact
of statistical heterogeneity.

Fed3R immunity to statistical heterogeneity
In Figure 6, we compare Fed3R with FedAvg(ψ) on four
different iNaturalist splits with different levels of statistical
heterogeneity. In these experiments, for visualization pur-
poses, we simulate one round for Fed3R as κ = 10 clients
sharing the updates with the server and the server updating
its solution. Notably, despite the differences in the number
of clients and data distribution across the clients, Fed3R
always achieves the same accuracy of 45.1% independently
from the specific split, confirming that Fed3R is immune to
statistical heterogeneity, as discussed in Section IV-A. On the
other hand, FedAvg(ψ) is much slower, noisier, and less
performative than Fed3R, especially in the most heteroge-
neous User-120K split, highlighting how FedAvg(ψ) is
negatively affected from statistical heterogeneity. Moreover,
conversely to gradient-based FL methods, Fed3R with the
simulation of the rounds is guaranteed to always achieve
maximum accuracy in ⌈K/κ⌉ rounds. Consequently, a higher
participation ratemeans faster convergence ofFed3R. This is
not guaranteed, in general, for gradient-based FL algorithms.

Comparison with [31] version of Fed3R
In Figure 7, we empirically show that the new version of
Fed3R is, on average, almost 10 times less communication
expensive than the [31] version in both the splits. This is
thanks to the fact that, in the new version, each client has to
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FIGURE 5. Statistical heterogeneity for the splits of iNaturalist and Google Landmarks, using three different metrics. On the left: distribution of the
proportion of clients per class (relative to the total number of classes). In the middle: distribution of the proportion of classes per client (relative to the
total number of clients). On the right: The Mean Jaccard Index. All values are presented as percentages. The splits above the dashed line represent FL
splits, while those below are PFL splits.

TABLE 2. Comparison of Fed3R with FedNCM [52], another closed-form classifier existing in literature, and other gradient-based FL algorithms at
convergence, without classifier parameters initialization. ψ indicates the classifier, Name_Alg(ψ) indicates federated fine-tuning of the classifier only
while keeping the pre-trained feature extractor parameters fixed, and Name_Alg indicates federated fine-tuning of the whole model. We use the N/A
notation for the results of the experiments that failed to converge.

FIGURE 6. Empirical demonstration of the immunity to statistical
heterogeneity of the Fed3R algorithm. This plot simulates rounds for the
Fed3R algorithm, comparing Fed3R with FedAvg(ψ) on different splits of
iNaturalist, with groups of κ = 10 clients, on different levels of statistical
heterogeneity (from the split with the lowest statistical heterogeneity to
the highest: Geo-1K, Geo-300, Geo-100, Users-120K). Details on these
splits are presented in Table 8.

communicate only the Ak ∈ Rd×d matrix and the bck ∈ Rd

vectors associated with the local classes, compared with the

ICML version of the algorithm that communicates the whole
matrix bk ∈ Rd×C along with the matrix Ak .

Comparison between Fed3R and FL baselines
Table 2 compares Fed3R with other FL algorithms. In par-
ticular, we show the accuracy, the communication and
computation costs of several gradient-based FL methods.
Additionally, we also provide the same metrics for FedNCM.
Fed3R and FedNCM are consistently 100 to 1000 times

more efficient in terms of computations and com-
munication than the gradient-based baseline methods.
However, Fed3R outperforms FedNCM by approximately
13 percentage points in accuracy on both the Google
Landmarks and iNaturalist datasets, while requiring
similar communication and computation costs.

Additionally, despite Fed3R relying solely on the expres-
sive power of the pre-trained feature extractor for the
target FL task (i.e., the feature extractor remains fixed and
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FIGURE 7. Comparison between the total communication costs of the new version of the Fed3R algorithm with its ICML version [31]. On the left,
we show the communication costs for Google Landmarks, while we show the communication costs for iNaturalist on the right.

FIGURE 8. Comparison between FL algorithms on the Google Landmarks dataset, and the same algorithms fine-tuned after initializing the classifier
parameters using Fed3R. From left to right: test accuracy by rounds, test accuracy by total communication budget, test accuracy by expected
computation per client, on average. The red marker indicates the Fed3R initialization point, which allows fine-tuning with any FL algorithm. Less intense
colors are associated with the baseline algorithms without Fed3R initialization.

Fed3R only constructs a classifier), it achieves the highest
accuracy on iNaturalist-Users-120K compared to the other
methods. This holds even when compared with FedAvg
and FedAvgM, which instead fine-tune the entire model,
including the feature extractor. This result emphasizes the
effectiveness of our classifier initialization in real-world,
cross-device settings with high statistical heterogeneity.

Effects of the Fed3R initialization
As already shown, Fed3R is already sufficient to sur-
pass baseline methods on highly statistically heterogeneous
scenarios such as iNaturalist-Users-120K. However, in the
iNaturalist-Geo-3K, iNaturalist-Geo-1K and Google Land-
marks experiments, which are less affected by statistical
heterogeneity, Fed3R alone is not sufficient to surpass the
FL baselines, although its accuracy is still higher in scenarios
with a limited budget of communication or computational
costs. Therefore, as explained in Section IV-B, and motivated
by the aim of breaking the vicious cycle presented in [17],
we propose using the optimal Fed3R parameters W ∗ to
initialize the classifier’s parameters θψ , and then fine-tuning
the model with an FL algorithm of choice.

Figure 8 shows that this strategy improves accuracy com-
pared with the same algorithms without Fed3R initialization
while retaining computational and communication gains.
Moreover, it stabilizes the training, accelerating convergence.

Fine-tuning the entire model from the Fed3R classifier
initialization is effective in mildly heterogeneous settings

like Google Landmarks, or in relatively low heteroge-
neous settings like iNaturalist-Geo-1K and iNaturalist-
Geo-3K. However, as shown in Figure 9, this approach
(Fed3R + FT(M)) is not appropriate for more heteroge-
neous datasets such as iNaturalist-Users-120K, which has
10 times the number of clients of Google Landmarks,
more than 25 times the number of clients of iNaturalist-
Geo-1K and about 69 times the number of clients of
iNaturalist-Geo-3K. Indeed, fine-tuning the entire model can
reduce predictive performance and convergence speed due
to classifier bias, causing destructive interference during
the aggregation phase, as discussed in Section I. Figure 9
shows that accuracy does not improve when only the
classifier is fine-tuned (Fed3R+FT(ψ) experiment), as the
feature extractor is not optimized for the target task. This
demonstrates that the pre-trained features are not expressive
enough for the target task. On the other hand, keeping the
classifier fixed and fine-tuning only the feature extractor
effectively prevents the issues caused by heterogeneity, thus
avoiding interference and allowing the feature extractor to
adapt to the Fed3R classifier and the target task, improving
final accuracy.

Finally, Table 3 summarizes the results for both Google
Landmarks and iNaturalist experiments, highlighting the
consistent benefits of initializing the classifier with Fed3R
parameters. Across all scenarios, fine-tuning with Fed3R
initialization leads to significantly higher final accuracies
compared to training from scratch.
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FIGURE 9. Comparison between different FT strategies on the iNaturalist-Users-120K dataset. We show results using FedAvgM as FT algorithm, as the
results with FedAvg were similar but noisier. We omit the FedAvgM(ϕ) experiment without Fed3R initialization because this experiment would achieve
poor results as the classifier is randomly initialized and not fine-tuned. From left to right: test accuracy by rounds, test accuracy by total communication
budget, test accuracy by expected computation per client, on average. The red marker indicates the Fed3R initialization point. Less intense colors are
associated with the baseline algorithms without Fed3R initialization.

TABLE 3. Comparison between fine-tuning strategies, with and without Fed3R initialization, using different FL baselines as FT algorithms (Acc. (%)).
FT(ϕ) indicates federated fine-tuning of the feature extractor, keeping the classifier parameters fixed; FT(ψ) indicates federated fine-tuning of the
classifier keeping the feature extractor parameters fixed; FT(M) indicates federated fine-tuning of the whole model parameters. Since when the
classifier ψ is not initialized with the Fed3R parameters, it is randomly initialized, the performance of the FT(ϕ) strategy would always be near 0.
Therefore, they are omitted (indicated with the - symbol). Scaffold failed to converge in all the experiments in the iNaturalist-Users-120K scenario
(indicated with N/A).

Moreover, as illustrated in Figures 8 and 9, our methods
consistently outperform the baselines in terms of accuracy,
communication efficiency, and computational cost. These
results underscore the critical role of robust initialization
in FL and demonstrate how Fed3R effectively fulfills this
role. By providing optimal classifier parameters equivalent
to the centralized RR solution, Fed3R ensures immunity to
statistical heterogeneity and facilitates efficient and effective
learning in challenging federated environments.

In Appendix I, we show that Fed3R is robust to domain
shift and can be combined with other modular techniques to
further improve accuracy.

D. PERSONALIZED FEDERATED LEARNING EXPERIMENTS
In this Section, we present the PFL experiments, which
comprise all the four phases introduced in Section V-A.
First, we present and discuss the results without Phase 4
(FP), i.e., the results of the experiments with or without
Fed3R initialization, FL training, and partial personalization.

Then, we describe the results of the experiments with
Phase 4. The objective is to understand the best PFL training
strategies depending on the heterogeneity of the setting and
the particular strategy adopted for all four phases.

1) Partial Personalization
In this Section, we examine the impact the initialization of
the classifier with the Fed3R parameters and the federated
fine-tuning phase have in the PFL setting for the PP strategy.
Specifically, we demonstrate how the initialization of the
classifier parameters using Fed3R optimal parameters W ∗

yields benefits comparable to those shown in Section V-C for
the FL setting. Since pFedMe consistently provides lower
accuracy compared to FedSim and FedAlt, which always
perform similarly in all our experiments, here we focus solely
on the differences between FedSim(ϕ) and FedSim(ψ),
to emphasize the difference between the two PP strategies.
The complete results for the experiments of this Section,
including the omitted FedAlt and pFedMe results, are
presented in Appendix Section VI.
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TABLE 4. Comparison among personal and shared parameters selection
for the PP experiments using FedSim as PP algorithm. ψ indicates the
classifier; FedSim(ψ) indicates training with FedSim, with the classifier
parameters as the personal parameters and the feature extractor
parameters as the shared parameters; FedSim(ϕ) indicates training with
FedSim, with the feature extractor parameters as the personal
parameters and the classifier parameters as the shared parameters.

Table 4 shows the weighted accuracy after the PP phase
with FedSim(ψ) of different strategies for Phases 1 and 2,
on both the Google Landmarks and iNaturalist dataset splits.
PP improves the final accuracy of the FT experiments.

Overall, PP significantly improves the original accuracy. For
instance, the weighted accuracy of the FedAvg experiment
without the Fed3R initialization on Google Landmarks
increases from 61.2% to 79.7% after the PP phase using
FedSim(ϕ).

Comparison between PP(ϕ) and PP(ψ) strategies.
On Google Landmarks, FedSim(ϕ) consistently outper-
forms FedSim(ψ). Conversely, on most of the iNaturalist
experiments, FedSim(ψ) oupterforms FedSim(ϕ), with
the sole exception of the FedAvg-1k experiment without
Fed3R initialization, where FedSim(ϕ) accuracy is 12%
points above the accuracy of FedSim(ψ). This discrepancy
between Google Landmarks and iNaturalist results is due
to the data recency bias problem, which causes the local
classifiers of the clients to drift apart, as they are optimized
for the local distribution. Indeed, on the more challenging
and heterogeneous iNaturalist split, keeping the classifier
local while aggregating the parameters of the feature extractor
helps prevent destructive interference on the classifier while
fine-tuning the feature extractor globally. On the other
hand, in the less heterogeneous Google Landmarks scenario,
specializing the feature extractor on the target task while
keeping the classifier local effectively improves the quality
of the feature extractor, which can benefit from knowledge
extracted from all the clients.
PP(ψ) is robust to the quality of the FT classifier.

Our experiments reveal an interesting trend in the PP phase.
We observe that the performance difference between initializ-
ing with a fully fine-tuned model (FT(M)) and initializing
with a fine-tuned feature extractor only (FT(ϕ)) becomes
negligible. For instance, on iNaturalist, theweighted accuracy
difference between Fed3R + FedAvg + FedSim(ψ)
and Fed3R + FedAvg(ϕ) + FedSim(ψ) is only 1%,

whereas the difference between Fed3R + FedAvg and
Fed3R + FedAvg(ϕ) (without PP) was almost 4%.
This suggests that when using PP methods with the

classifier parameters as local parameters (FedSim(ψ)),
the local classifiers can effectively specialize regardless
of the initial classifier state. Whether the initial classifier
is the robust Fed3R classifier or a fine-tuned version
potentially affected by data recency bias and destructive
interference appears to have minimal impact on the final
personalized performance. This finding highlights the ability
of PFL methods to overcome the limitations of previous
training phases and achieve effective personalization.

When statistical heterogeneity is high, Fed3R ini-
tialization makes FT Phase unnecessary. Results in
Table 4 show that in highly heterogeneous settings such as
iNaturalist, the FT phase can be avoided if the classifier is
initialized with Fed3R parameters. Indeed, FedSim(ψ)
with Fed3R initialization and no fine-tuning achieves 75.1%
accuracy, compared with the same PP algorithm but with
FedAvg as FT algorithm and no Fed3R initialization, which
reaches only 70.9%. This result underscores that only 1K
rounds of PP with Fed3R initialization are sufficient to
surpass the performance with 3K rounds of FT and 1K rounds
of PP, therefore saving 75% of the total training rounds.
Additionally, with enough time and resources available, the
full pipeline with Fed3R initialization, FT Phase, and PP
Phase is the one that provides the best results, higher than
the results of FT + PP without Fed3R initialization, in both
the settings. Once again, these results stress the importance
of having a robust classifier initialization using Fed3R in
scenarios with high statistical heterogeneity.
Fed3R initialization reduces the necessary rounds for

the FT Phase in mildly heterogeneous scenarios. Google
Landmarks experiments do not exhibit the same desirable
results exposed in the previous paragraph for iNaturalist,
where Fed3R initialization allows avoiding the federated FT
phase at all. Nevertheless, Figure 10 shows that running the
FT phase for only 1K rounds starting from Fed3R initializa-
tion and then performing the PP phase is sufficient to achieve
performances comparable to the best results that can be
obtained with the same strategy but with 3K rounds in the FT
steps, therefore saving two-thirds of the FT rounds and, con-
sequently, communication and computational costs. Specif-
ically, Fed3R + FedAvg-1k + FedSim(ϕ) reaches
78.6% accuracy, only 1 point belowFedAvg+FedSim(ϕ)
without Fed3R initialization and 2 points below Fed3R +
FedAvg + FedSim(ϕ), but saving 2K rounds compared
to these two strategies.

2) Full Personalization
This section analyzes the results of FP experiments, and
presents several insights, focusing on the impact of Fed3R
initialization and the trade-offs of different intermediate
phases. Complete results, including comparisons with the
Ditto baseline and various combinations of PP and
FP phases, are presented in Appendix F. We omit the
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FIGURE 10. From left to right: Partial Personalization performance, communication, and computation costs with and without Fed3R classifier
initialization, and with 1K or 3K rounds for the FT phase (FedAvg), in the Google Landmarks scenario. For this visualization, we choose the FedSim(ϕ)
algorithm for the PP phase. Less intense colors are associated with the baseline algorithms without Fed3R initialization.

TABLE 5. Comparison between FP strategies with different choices for the initialization, FT, and PP phase, on both iNaturalist and Google Landmarks.
ψ indicates the classifier; ϕ indicates the feature extractor; M indicates the whole model; FP(·) indicates full personalization of the parameters
associated with ·, while the other parameters (if any) are fixed.

FIGURE 11. Comparison of Full Personalization results after different
possibilities for the first three phases, for the iNaturalist setting, using
FedSim(ϕ) and FP(ϕ). Less intense colors are associated with the
baseline algorithms without Fed3R initialization.

Ditto experiments from this section for clarity, as they
generally show negligible improvements over standard SGD
optimization. Table 5 summarizes the FP experiments,
with FedSim(ϕ) selected as the PP algorithm due to
its slight advantage in weighted accuracy compared to
other PP strategies like FedSim(ψ), FedAlt(ϕ), and
FedAlt(ψ), as detailed in Appendix F.
Robust Fed3R initialization improves final FP accu-

racy. The results in Table 5 clearly demonstrate the positive
impact of Fed3R initialization on FP performance. Across
both the Google Landmarks and iNaturalist scenarios, all the
experiments with Fed3R initialization consistently achieve
higher accuracy than their counterpart without Fed3R initial-
ization. For example, Fed3R + FedAvg + FedSim(ϕ) +
FT(ϕ) achieves 87.4% accuracy on iNaturalist and 80.7%
accuracy on Google Landmarks, compared with FedAvg +
FedSim(ϕ) + FT(ϕ) that achieves only 79.3% on

iNaturalist and 80.0% on Google Landmarks. Similarly,
Fed3R + FedAvg + FT(ϕ) achieves 84.1% accuracy
on iNaturalist and 79.5% accuracy on Google Landmarks,
compared with FedAvg+ FT(ϕ) that achieves only 75.5%
on iNaturalist and 78.3% on Google Landmarks.
PP and FP phases are not both necessary in mildly

heterogeneous settings. Interestingly, the necessity of com-
bining PP and FP appears to depend on the level of
data heterogeneity. In the mildly heterogeneous Google
Landmarks scenario, the performance gains from combining
both phases are minimal. For instance, Fed3R+ FedAvg+
FedSim(ϕ) + FT(ϕ) achieves 80.7% accuracy, only
slightly higher than the 79.5% accuracy of Fed3R +
FedAvg + FT(ϕ). Conversely, on the more heterogeneous
iNaturalist dataset, combining PP and FP consistently
leads to significant improvements. This suggests that in
highly heterogeneous settings, both forms of personalization
are necessary to fully exploit the potential of personal-
ized models. Given that the PP phase is generally more
resource-intensive than FP, it may be more efficient to
focus solely on FP in mildly heterogeneous scenarios like
Google Landmarks as it enables comparable performance
with reduced computational and communication overhead.

In highly heterogeneous scenarios, Fed3R initial-
ization + PP + FP is the strategy with the high-
est performance-costs ratio. In the previous Section,
we showed that Fed3R initialization allows avoiding the FT
phase in highly statistically heterogeneous scenarios, saving
75% of the total rounds and costs. As Figure 11 shows for
the iNaturalist dataset, this finding holds also when including
the final FP phase In particular, Fed3R + FedSim(ϕ) +
FP(ϕ) achieves only 2.6 percentage points of weighted
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accuracy less than Fed3R + FedAvg + FedSim(ϕ) +
FP(ϕ), but saves 3000 rounds of training. This substantial
reduction in training rounds translates to significant savings
in communication and computational costs, making Fed3R
a highly efficient and scalable approach for achieving per-
sonalization in challenging federated settings. These results
reinforce the value of Fed3R as a robust initialization that not
only accelerates convergence but also enables substantial cost
reduction by eliminating the need for expensive federated
fine-tuning.
Fed3R initialization+ FP final accuracy is comparable

to the federated FT accuracy but drastically reduces
the required communication. As Figure 11 and Table 5
show, the Fed3R initialization + FP(ϕ) strategy reaches
78.6% final weighted accuracy on iNaturalist, and the
Fed3R initialization + FP(M) strategy achieves 69.7%
final weighted accuracy on Google Landmarks, with no
communication round required, necessitating only the limited
communication costs of Fed3R. In contrast, federated FT
without Fed3R initialization achieves only 46.3% and 61.2%
on iNaturalist and Google Landmarks, respectively, while
FT with Fed3R initialization reaches 67.3% on iNaturalist
and 68.1% on Google Landmarks. Hence, Fed3R + FP
demonstrates to be the best strategy when the allowed
communication budget is particularly scarce.

E. ONLY LOCAL LABELS EXPERIMENTS
In this Section, we present the results of our OLL algorithm
and the insights from our analysis. We show that OLL
alone without further local fine-tuning of Phase 4 signif-
icantly improves the results by simply removing sources
of potential classification errors from classes outside the
local distribution. Moreover, we show how fine-tuning the
OLL classifiers locally further improves the final weighted
accuracy, as the newOLL classifier is streamlined for the local
class distribution. Finally, we compare the effects of FP with
and without OLL with a closer look at the clients.

Table 6 presents the final weighted accuracy of OLL
applied to the classifier parameters at the end of the training
of several Phases 1 and 2 strategies, comparing it with the
best results without OLL among 4 possible algorithms for
Phase 3. The column with the ✗ symbol for the results with
OLL indicates that OLL is directly employed on the federated
classifier from Phase 1 or Phase 2 to adapt it to each local
clients’ data distribution. In other words, we remove the
columns associated with the classes in C \ Ck from the latest
classifier and then use it to perform predictions.
OLL consistently improves predictive performance.

OLL improves the performance of any FP strategy. Notably,
OLL without further fine-tuning in the FP phase already
guarantees substantial performance improvements in both the
Google Landmarks and iNaturalist scenarios, reaching a final
weighted accuracy that is always near or above 80% for all the
experiments. Remarkably, in the Google Landmarks dataset,
OLL(Fed3R + FedAvg(ϕ)) reaches 84.0% accuracy,

3.3 percentage points of accuracy higher than the best strategy
without OLL, i.e., Fed3R + FedAvg + FedSim(ϕ) +
FP(ϕ) which achieves only 80.7% accuracy. Moreover,
OLL(Fed3R + FedAvg-1k) is also sufficient to improve
results over the best method without OLL, achieving 81.1%
accuracy and saving training time, communication, and
computational costs. Notably, accuracy is even higher than
the ones with FP(M) as the strategy for the FP phase.
Indeed, OLL essentially imposes a strong bias towards locally
present classes, effectively eliminating incorrect predictions
for classes not represented locally — a result that the naïve
FP strategies also achieve, but with more time and costs.
OLL dramatically simplifies the FP phases, further

improving final accuracy. OLL significantly improves
accuracy without the need for further local fine-tuning (we
are referring to the results of OLL applied to any strategy
including Phase 1 and/or Phase 2 and no Phase 4). However,
in the iNaturalist scenario, strategies including Phase 3 and
Phase 4 and without OLL still outperform the strategies
with Phase 1, 2 and OLL. For instance, Table 5 shows that
Fed3R + FedAvg + FP(M) achieves an accuracy of
83.3%, compared to 80.5% for OLL(Fed3R + FedAvg).
Nevertheless, the simplified OLL classifier is designed to
enhance subsequent FP optimization. Indeed, it prevents
predictions for classes in C \ Ck , thereby eliminating many
potential sources of incorrect predictions.

Notably, with OLL, we achieve a maximum accuracy of
92.5% on iNaturalist, compared to the best result of 88.1%
without OLL, representing an improvement of 4.4%. On the
Google Landmarks dataset, OLL yields a maximum accuracy
of 85.5%, whereas the best result without OLL is 80.7%,
corresponding to an improvement of 4.8%. Furthermore, the
FedAvg-1k algorithm, when used as federated FT method
with Fed3R initialization and OLL, achieves an accuracy
of 85.4% on Google Landmarks and 86.4% on iNaturalist,
saving two-thirds of the total FT rounds and thus reducing
communication and computational costs.
FP inherently biases the classifier towards local classes,

justifying the use of OLL. Finally, in Figure 12, we demon-
strate that by using the FP strategy, the original classifier
becomes increasingly biased towards local classes over time
(see the orange vs blue curves). For static client distributions,
as the one considered in this work, this is a positive
outcome, as the goal is to maximize accuracy only on those
local classes. In other words, we are not interested in the
deterioration of the performance for classes outside the local
distribution. While this is naturally happening with gradient-
based FP, Figure 12 shows that it still requires several epochs
to converge and reach the right balance. OLL dramatically
accelerates this process by simplifying the local classification
problem, explicitly disregarding classes outside the local
distribution. As the personalized local classifier would be
biased towards local classes anyway, this serves as a strong
justification for OLL. By eliminating classes outside the local
distribution, OLL leads tomore efficient training by removing
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TABLE 6. FP results after OLL, compared with the FP results without OLL, on both the Google Landmarks and iNaturalist datasets. ψ indicates the
classifier; ϕ indicates the feature extractor; M indicates the whole model; FP(·) indicates full personalization of the parameters associated with ·, while
the other parameters (if any) are fixed. The symbol † indicates that the displayed results are the best among the following 4 PP strategies (Phase 3):
FedSim(ψ), FedSim(ϕ), FedAlt(ψ), and FedSim(ϕ). Conversely, the results using OLL do not include Phase 3, because OLL applied on local classifiers
from Phase 1 and 2 is already sufficient to surpass the baselines by a large margin, even without Phase 3.

FIGURE 12. Comparison of three metrics regarding classwise accuracy on four random clients of the iNaturalist-Pers-Geo-100 dataset. The metrics
compared are 1) the average classwise accuracy of the local labels for the FedAvg + FP(ψ) strategy (blue), 2) the average classwise accuracy of
classes not present in the local client for the FedAvg + FP(ψ) strategy (orange), and 3) the average classwise accuracy of the local labels for the
OLL(FedAvg) + FP(ψ) strategy (green). The average classwise accuracy of classes not present in the local client for the OLL(FedAvg) + FP(ψ)
strategy is not included in the visualization, as it is consistently zero because of how the OLL classifier is constructed. All classwise accuracies are
evaluated on the original test set of the iNaturalist dataset.

confounding factors for the classifier, such as the interference
of potentially wrong-predicting classes outside the local
distribution, saving computational costs, and improving final
accuracy.

VI. CONCLUSION
In this work, we introduced Fed3R, a novel closed-
form classifier for FL and PFL that is inherently robust
to statistical heterogeneity. Fed3R leverages a pre-trained
feature extractor and efficiently constructs a classifier in a
non-gradient-based manner, providing a strong foundation
for subsequent personalization. This approach not only
accelerates training and reduces communication costs but
also mitigates the detrimental effects of data recency bias and
client drift. Furthermore, we demonstrated the effectiveness
of Fed3R as a robust initialization for further fine-tuning
with various FL and PFL algorithms. By providing a
stable starting point, Fed3R facilitates faster convergence
and improved performance, particularly in challenging,
heterogeneous environments.

To further enhance personalization, we proposed OLL,
a novel pre-processing technique that simplifies the local
classifier by focusing solely on locally relevant classes.
OLL effectively prevents misclassifications to classes out of

the local distribution, leading to improved efficiency and
performance in personalized learning.

Our comprehensive empirical evaluation on real-world
cross-device datasets demonstrated the significant advan-
tages of Fed3R and OLL in accelerating training, reduc-
ing communication and computation costs, and improving
performance in both FL and PFL scenarios. These con-
tributions pave the way for more efficient and robust
FL systems, particularly in challenging, heterogeneous
environments.

Future work may explore extending these methods to
other learning paradigms, such as Continual Learning, where
mitigating catastrophic forgetting is a crucial challenge. For
instance, Fed3R could be easily extended to the Federated
Continual Learning setting [100], where clients have access
to streams of data and the same data points accessible in
a given round of training may not be available again in
future rounds. Indeed, by allowing clients to send their
statistics to the server multiple times, one for each new
stream of data, the server can always exactly reconstruct
the optimal centralized RR solution without suffering from
any catastrophic forgetting. Investigating the theoretical
properties of Fed3R and OLL in these contexts could further
enhance their applicability and impact.
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APPENDIX
This Appendix is organized as follows:

• AppendixA presents a variation of theFed3R algorithm
that exploits Random Features [94] to approximate a
Kernel Ridge Regression classifier while preserving the
properties of Fed3R.

• Appendix B describes the privacy and security proper-
ties of Fed3R.

• Appendix C shows how RR can be repurposed as a tool
to assess the quality of the feature extractor.

• Appendix D presents additional implementation details.
• Appendix E shows additional PP experiments.
• Appendix F shows additional FP experiments.
• Appendix G explains how the communication costs
and the average computation costs per client have been
approximated in this work.

• Appendix H shows additional experiments with the
Cifar100 dataset [97].

• Appendix I shows that Fed3R can be combined with
other orthogonal methods and is effective even in the
presence of domain shift.

APPENDIX A
FED3R WITH RANDOM FEATURES (FED3R-RF)
Fed3R allows the construction of a linear classifier based on
the quality of the feature maps extracted by a pre-trained fea-
ture extractor. Therefore, its performance is highly dependent
on the similarity of the pre-training task, on which the feature
extractor was pre-trained initially, with the target task, i.e.,
the FL or PFL task for which we aim to build a performative
model. However, feature maps generated from the samples of
the target task may not be simple to separate.

A possible idea is trying to construct a federated version
of Kernel Ridge Regression (KRR), similarly to what we
did for RR by developing Fed3R. KRR is a nonparametric
learning algorithm that uses kernel functions to address
the non-linearity of the input space implicitly [88], [101].
Therefore, it may improve the separability of the latent space.
However, conversely to the covariance matrix A of linear RR,
which has a space complexity ofO(d2), the space complexity
of the kernel matrix is O(n2). This is a prohibitive issue,
as for large datasets, where n ≫ d , it becomes impractical
to store the kernel matrix or to compute the exact KRR
solution.

To overcome this limitation, we introduce Feder-
ated Recursive Ridge Regression with Random Features
(Fed3R-RF). This algorithm exploits random features
KRR [94]. This data-independent subsampling technique
approximates the KRR solution with an explicit mapping of
the latent feature space to a high-dimensional feature space
with dimensionality D > d . This explicit mapping allows
maintaining the same structure as the Fed3R algorithm and
the same properties presented in Section IV-A. The complete
Fed3R-RF algorithm is shown in Algorithm 3.

Algorithm 3 - Fed3R-RF
Require:
Server S, clients K
Fixed pre-trained feature extractor ϕ : X → Rd

Random features ω ∈ Rd×D

Random features mapping function �(·;ω) as in [94]
S initializes A0 = λID and b0 = 0D×C
for each client k ∈ K in parallel do
Ẑk = �(ϕ(Xk );ω), Ak = Ẑ⊤k Ẑk
bck =

∑
(x,y=c)∈Dk

�(ϕ(x);ω), ∀c ∈ Ck
Send Ak and bck ∀c ∈ Ck

end for
Every time S receives Ak and bk :

At+1 = At + Ak , bct+1 = bct + b
c
k ∀c ∈ Ck

Wt+1 = A−1t+1bt
NormalizeW : W c

t+1← W c
t+1/

∥∥W c
t+1

∥∥ ∀c ∈ C

For the kernel, we choose a random features approximation

of an RBF kernel k(z, ζ ) = e−
∥z−ζ∥2

2σ2 , z, ζ ∈ Rd . We found
that the best value for the best value for the hyper-parameter
σ in the centralized Google Landmarks setting is σ =
1000. We decided to use this value for all the Fed3R-RF
experiments.

APPENDIX B
ON THE PRIVACY PROPERTIES OF FED3R
Fed3R builds a classifier leveraging local client data.
Rather than computing gradient updates, Fed3R computes
local statistics (the local covariance matrix Ak and vectors
bck ). It does so locally and communicates only aggregated
statistics, never transmitting any raw client data to the
server. Therefore, Fed3R fully adheres to the standard FL
setting [1], [8], where the server does not have access to
the local private data of the clients, thus reducing privacy
risks and security risks compared with distributed learning
solutions in which the client’s data can instead be freely
accessed.

Furthermore, similarly to Fed3R, prototype-based FL
methods also transfer aggregated statistics (the prototypes)
instead of model updates between the server and the clients.
As noted in [45] and [102], this strategy results in improved
privacy compared to other FL algorithms. In particular, [102]
(FedProto) highlights that communicating prototypes
naturally improves privacy since they are computed by
averaging the low-dimensional latent representations of the
samples from the same class, which is an irreversible process.
Thus, attackers cannot reconstruct raw data from prototypes.
Likewise, in Fed3R, clients only share the (Ak ; bck ∀c ∈
Ck ) statistics with the server, which are aggregated values.
Specifically, Ak is the sum of the outer products of all
the latent feature vectors computed on the local dataset,
while each bck vector is the sum of all the latent feature
vectors belonging to class c (that is, bck is equivalent to the
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FIGURE 13. Evaluation of ridge regression with random features (RF-RR in the plots) with different values of D, kernel ridge regression (KRR in the
plots) and linear ridge regression (RR in the plots), in the centralized Google Landmarks scenario. For KRR, we use only at most 40 samples per class
because of computational limitations. The results we show here are without the final normalization step of Fed3R-RF (and Fed3R). On the left,
we show the results using the feature extractor pre-trained on ImageNet. On the right, we show the results on the feature extractor fine-tuned on
Google Landmarks. In both cases, increasing D allows for achieving higher performances, as KRR is better approximated. However, this comes at the
cost of more computation and communication for Fed3R-RF.

non-averaged prototype of client k for class c):

Ak =
∑

(x,y)∈Dk

ϕ(x)ϕ(x)⊤, bck =
∑

(x,y=c)∈Dk

ϕ(x) ∀c ∈ Ck .

Therefore, Fed3R yields the same privacy benefits as
FedProto [102], and its risks in terms of privacy are at
worst comparablewith those of any other FL algorithmwhose
focus is not centered on privacy guarantees (e.g., [1], [5-7]),
but on improving other key properties for the FL scenario,
such as accuracy, robustness to heterogeneity, and efficiency.
As outlined in Section I-A, our manuscript’s key contribution
is the introduction of two novel methods, Fed3R and OLL,
which prove to be robust, cost-effective, and accurate in real-
world cross-device FL and Personalized FL settings.

Besides, note that a distinct and substantial body of
research focuses on the security and privacy properties
of FL systems [103], [104], including privacy-enhancing
techniques and countermeasures to malicious attacks. Indeed,
the privacy of any FL algorithm, including Fed3R, can
be directly improved by combining it with methods such
as the Secure Aggregation protocol [105], Differential Pri-
vacy [106], [107], homomorphic encryption [108], or secure
multi-party computation [109], among others.

APPENDIX C
FEATURE QUALITY EVALUATION THROUGH FED3R
Thanks to its closed-form formulation, RR or Fed3R
classifiers can also be used as tools to easily assess the quality
of feature extractors and the linear separability of the latent
space. Indeed, it is possible to execute the Fed3R algorithm
at the end of the training to evaluate the quality of the
feature extractor. In fact, the quality of these linear classifiers
depends only on the separability of the latent feature space.
Therefore, high RR or Fed3R accuracies are proportional to
the quality of the feature maps.

Table 7 compares the feature extractor parameters of
different FL algorithms at convergence using Fed3R. The
results indicate an improvement in the quality of the

features learned when the classifier is initialized with Fed3R
parameters. Indeed, Fed3R helps stabilize the training
process, mitigating destructive interference and forgetting
resulting from heterogeneity. Specifically, Fed3R+FT(M)
and Fed3R+FT(ϕ) consistently achieve higher Fed3R
accuracy (here, we refer to the accuracy of a new Fed3R
classifier initialized using the final, trained parameters
of the feature extractor) than the corresponding baseline
with random classifier initialization on both the Google
Landmarks and iNaturalist datasets and for all the FT
algorithms. Moreover, Fed3R+FT(ϕ) always outperforms
Fed3R+FT(M), as fixing the classifier eliminates the
classifier bias issue entirely.

Moreover, Table 7 also shows that Fed3R or Fed3R-RF
can provide the highest accuracy even if applied on feature
extractors after the training, envisioning possible future
directions for the applicability of the Fed3R and Fed3R-RF
algorithms. Indeed, the Fed3R-RF-10k classifier, con-
structed using the features that can be extracted from trained
feature extractors with different combinations of strategies
for Phase 1 and 2, consistently provides better results than
the softmax classifier.

APPENDIX D
ADDITIONAL IMPLEMENTATION DETAILS
All our experiments have been performed with three distinct
random seeds using NVIDIA A100-SXM4-40GB GPUs.
We provide all the results in the formmean± std, wheremean
and std are the arithmetic mean and the standard deviation of
the experiments on the three different random seeds. In the
figures, the confidence intervals light regions correspond to
the intervals between mean-std and mean+std.

Additional details on the datasets are provided in Table 8.
Experiments on the Cifar100 dataset are shown in Section H.
In all our experiments, we augment the training images

with the same data augmentation strategies adopted to
pre-train our model. In particular, we apply a random resized
crop to the training images, to a dimension of 224× 224 for
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TABLE 7. Quality of the feature extractors measured at convergence using Fed3R and Fed3R-RF. These results can also be interpreted as an application
of Fed3R (Fed3R-RF) using fine-tuned parameters of the feature-extractor to enhance predictive performance further. Values represent the percentage
accuracy.

TABLE 8. Additional information about the employed datasets.

all the experiments except the Cifar100 experiments, where
we random resize crop to 32× 32.
Moreover, in all our experiments, we use SGD as the

local client optimizer, with a weight decay of 4 × 10−5.
The local learning rate is 0.1 for the experiments without
Fed3R initialization and OLL pre-processing. In case the
classifier is initialized with Fed3R or there is OLL pre-
processing before FP, the original learning rate is multiplied
by 0.1 for each. We choose a batch size of 50 samples for the
FL experiments and 64 for the PFL experiments. In all the
scenarios, we choose 1 as the number of local epochs, except
for the iNaturalist-User-120K, for which we choose 5.

For all our FL and PFL experiments scheduled with
rounds, we sample 10 clients per round. For our Fed3R
experiments, we choose λ = 0.01, as this value provided the
best centralized RR results, although other values provided
only slightly lower performance. Figure 14 shows the
temperature tuning across four different Google Landmarks
and iNaturalist scenarios for the initialization of the classifier
parameters with the Fed3R ones. We selected 0.1, as this
value consistently provided the lowest average training CE
loss.

Figure 15 compares the best results of FL algorithms in the
Google Landmarks and iNaturalist FL scenarios. We tuned
all the algorithms using all the possible combinations of
server learning rate ∈ {1.0, 0.1}, server momentum ∈
{0.9, 0.0}, client learning rate ∈ {0.1, 0.01} and client weight

FIGURE 14. Tuning of the best temperature value for the softmax
classifier, after initializing its parameters with the Fed3R parameters, on
4 different Google Landmarks and iNaturalist scenarios. The y-axis shows
the average CE loss on the training set. The temperature value that
guarantees the lowest CE loss has been chosen for all our experiments.
The best value is consistently 0.1.

TABLE 9. Accuracy (%) of our methods compared with FedNCM [52].

decay ∈ {4 × 10−5, 0.0}, and we show only the best
results. As it is possible to observe, FedDyn and Mime
fail to converge, while Scaffold is extremely slow on
iNaturalist. Regarding the PFL experiments, we find that
the best hyper-parameters for Ditto, FedSim, FedAlt,
and pFedMe are the same as FedAvg.

Finally, in Table 9, we compare our Fed3R and
Fed3R-RF classifiers with another, closed-form classifier
from [52], based on Nearest Class Means, showing that
our classifiers consistently provided better performance.
As already shown in Table 2 in the main paper, Fed3R
outperforms FedNCM by approximately 13 percentage points
in accuracy on both the Google Landmarks and iNaturalist
datasets. The performance gap widens further when com-
paring Fed3R-RF-5k or Fed3R-RF-10k with FedNCM,
with differences reaching up to 20 percentage points for
Google Landmarks and about 15 percentage points for
iNaturalist.
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FIGURE 15. Best results of several FL baselines. On the left, it is possible to see the Google Landmarks results, while the iNaturalist results are shown
on the right.

APPENDIX E
PARTIAL PERSONALIZATION COMPLETE RESULTS
In this Section, we present the complete results for the
PP phase presented in Section V-D. Tables 10 and 11
provide all the final accuracies for the PP experiments.
Moreover, in Tables 12 and 13, we show the communication
and computation costs to achieve 70% accuracy for the
same experiments in the Google Landmarks setting, while
in Tables 14 and 15, we show the communication and
computation costs to achieve 70% accuracy for the same
experiments in the iNaturalist setting. As it is possible to see,
Fed3R+PP experiments are the cheapest in terms of costs,
as the expensive FT phase is not performed.

APPENDIX E
FULL PERSONALIZATION COMPLETE RESULTS
In this Section, we present the complete results for the
FP phase presented in Section V-D. Tables 10 and 11
provide all the results for FP without PP phase. Moreover,
in Tables 12 and 13 we show the results for the full
pipeline, with all the 4 phases. The best result is achieved by
the Fed3R+FedAvg+FedSim(ψ)+FP(ϕ) experiment,
with a final weighted accuracy of 88.1%. As already seen
in other contexts, the best results are achieved with Fed3R
initialization. Interestingly, the best strategy is to have the
classifier as local parameters first during the PP phase and
then locally fine-tune the feature extractor only during the FP
phase while keeping the classifier fixed.

APPENDIX G
COMMUNICATION AND COMPUTATION COSTS
In this Section, we describe how we compute the communi-
cation and computation costs for our experiments.

A. TOTAL COMMUNICATION COSTS
In our plots, such as the ones of Figure 9 or Figure 10,
we describe the communication in terms of total communica-
tion required to achieve any given target accuracy. To find this
value, we begin by estimating the communication costs for
each client in each round. The total communication cost for

each round consists of two components: downstream costs,
which involve communication from the server to the clients,
and upstream costs, which involve communication from the
clients to the server. These costs can vary depending on the
chosen method.

After collecting this information, we calculate the total
costs per round by multiplying the costs per round for each
client by the number of clients sampled in that round, for the
methods that are scheduled in rounds. Instead, for our Fed3R
and Fed3R-RF algorithms, we evaluate the cumulative costs
for every client that has already shared its statistics with the
server. In all communication cost plots, we multiply the final
values by 4 to express the total cost in bytes, as we assume that
all parameters are stored as FP32 values, which are 4 bytes
each.

Let C̄ = 1
K

∑
k∈K Ck be the average number of classes

accessible to each client. Additionally, let c, b, and m
represent the sizes of the classifier, the feature extractor,
and the whole model, respectively. Since the classifier is
a linear layer, its size is equal to the product of the latent
feature dimensionality and the number of classes in the
dataset; thus, c = dC . Therefore, the total model size can
be expressed as m = b + dC . As already specified in
Section III-C, the communication required for anyFPmethod
is 0. Table 22 summarizes how the downstream and upstream
costs are calculated for each algorithm. In particular, for the
non-gradient-based methods, i.e., Fed3R, Fed3R-RF and
FedNCM, the upstream communication costs also represent
the additional required storage for each client. This storage
is irrisory for all the three algorithms. Indeed, for instance,
training on iNaturalist requires each client to have an
additional storage of 0.85MB, an irrisory quantity formodern
architectures, even considering low-budget devices.

B. AVERAGE COMPUTATION PER CLIENT
To estimate the average computation per client, let x denote
the number of times a specific client is sampled and
denote the total average cost per round for a single client.
The cumulative average cost t from round 1 to round t is
proportional to the expected number of times a specific client

VOLUME 13, 2025 61949



E. Fanì et al.: Resource-Efficient Personalization in Federated Learning With Closed-Form Classifiers

TABLE 10. Google Landmarks PP final weighted accuracies.

TABLE 11. iNaturalist PP final weighted accuracies.

TABLE 12. Google Landmarks PP total communication costs to achieve 70% weighted accuracy. N/A indicates that the experiment never reaches the
target accuracy.

TABLE 13. Google Landmarks PP average computation per client to achieve 70% weighted accuracy. N/A indicates that the experiment never reaches the
target accuracy.

TABLE 14. iNaturalist PP total communication costs to achieve 70% weighted accuracy. N/A indicates that the experiment never reaches the target
accuracy.

TABLE 15. iNaturalist PP average computation per client to achieve 70% weighted accuracy. N/A indicates that the experiment never reaches the target
accuracy.
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TABLE 16. Google Landmarks FP results without PP phase.

TABLE 17. iNaturalist FP results without PP phase.

TABLE 18. Google Landmarks FP results with PP(ψ) phase.

TABLE 19. iNaturalist FP results with PP(ψ) phase.

is sampled over t rounds, expressed asE[x] = t κK . Therefore,
we have t = E[x] = t κK .
Let F∗ and B∗ represent the costs of one forward pass and

one backward pass of a single image through ∗, respectively.
∗ is one among M, ϕ, ψ . We approximate B∗ ≃ 2F∗ as
in [52], and measure the costs in FLOPs. In addition, let F̂ψ
be the forward cost though the OLL classifier, which has a
dimension d×Ĉ , with Ĉ ≪ C . Therefore, F̂ψ ≪ Fψ . Finally,

letE denote the number of local epochs. Our estimation of the
costs per each method is summarized in Table 23.

APPENDIX H
CIFAR100 FL EXPERIMENTS
In addition to Google Landmarks and iNaturalist, we also
run experiments on the simpler, less heterogeneous Cifar100
dataset [97] on the Dirichlet splits proposed by [35]. The
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TABLE 20. Google Landmarks FP results with PP(ϕ) phase.

TABLE 21. iNaturalist FP results with PP(ϕ) phase.

TABLE 22. Estimation of communication costs of all the methods
included in our experiments per each sampled client in one round. For
Fed3R, Fed3R-RF and FedNCM, here we simply indicate the
communication required for each client. All FP do not necessitate any
communication.

level of statistical heterogeneity is controlled by a Dirichlet
parameter α. A lower α is associated with a higher level
of statistical heterogeneity. In the following, we will always
implicitly refer to Cifar100 with α = 0, except than when
we specify a different α value. In the α = 0 split, each client
has access to only one class, and the same class is present
in only that client. Details on these splits are included in
Table 8. All the Cifar100 FT experiments have been run for
1.5K rounds.

Figure 16 compares Fed3R and Fed3R-RFwith classical
FL baselines. As it is possible to observe, both Fed3R

TABLE 23. Estimation of average computation costs per client per round
of all the methods included in our experiments per each sampled client in
one round. For Fed3R, Fed3R-RF and FedNCM, we simply indicate the
average computation costs for each client. For the FP methods,
we indicate the average computation costs per client per epoch.

and Fed3R-RF save communication and computation
costs, although performance is not as good as the other
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FIGURE 16. Comparison between Fed3R, Fed3R-RF and other FL baselines in the Cifar100 setting. From left to right: test accuracy by rounds, test
accuracy by total communication budget, test accuracy by expected computation per client, on average.

FIGURE 17. Comparison between FL algorithms on the Cifar100 dataset, and the same algorithms fine-tuned after initializing the classifier parameters
using Fed3R. From left to right: test accuracy by rounds, test accuracy by total communication budget, test accuracy by expected computation per client,
on average. The red marker indicates the Fed3R initialization point, which allows fine-tuning with any FL algorithm. Less intense colors are associated
with the baseline algorithms without Fed3R initialization.

FIGURE 18. Fed3R vs. FedAvg(ψ) on different splits of Cifar100, with
groups of κ = 10 clients, with different levels of statistical heterogeneity
(a lower value of α indicates a higher level of statistical heterogeneity).

methods at convergence. This is because Cifar100 is a
simpler dataset than Google Landmarks and iNaturalist, with
few clients and low heterogeneity. Therefore, classical FL
algorithms, which usually struggle in highly statistically
heterogeneous settings, can reach higher accuracies here.
However, Figure 17 shows how the Fed3R initialization and
sequential fine-tuning allow for reducing costs in the early
stages of the training, although the final performances are
the same at convergence because of the simplicity of the
scenario.

Finally, in Figure 18, we empirically show that Fed3R
is immune to statistical heterogeneity using six distinct
Cifar100 splits and that Fed3R allows achieving 3 times the
performance achieved by FedAvg(ψ) in the same number
of rounds Fed3R needs to converge, simulating rounds for
Fed3R as in Section V-C.

TABLE 24. Accuracy (%) on the FL test set of the iNaturalist dataset,
using the Pers-Geo-100 training clients, of 5 different strategies including
various combinations of Fed3R, FedAvg, and FedRDN. The datasets are
perturbed to enhance the domain shift. The severity of the perturbation is
controlled by a domain shift intensity parameter δ. Best results are
highlighted in bold, and second bests are underlined.

APPENDIX I
FED3R MODULARITY AND DOMAIN SHIFT ROBUSTNESS
In this appendix section, we empirically demonstrate that
Fed3R can be combined with other orthogonal methods
to further improve performance. We have chosen FedRDN
[110], a novel orthogonal FLmethod to address domain shifts
in FL, as a representative pre-processing method to compare
against –or combine with– Fed3R. Moreover, we show that
Fed3R is robust to FL scenarios with various domain shift
intensities.

A. EXPERIMENTAL SETUP
For the training, we utilize the clients from the Pers-Geo-100
split of iNaturalist. The global model is evaluated using the
original iNaturalist test set.

To induce domain shift, we divide the clients into three
equal-sized groups, each associated with a specific RGB
channel. In the first group, we multiply the red channel of
the images by a domain shift intensity factor δ, while the
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green and blue channels are multiplied by the factor 1/δ. The
domains of the other two groups are analogously shifted by
enhancing the green and blue channels, respectively. We also
enhance in the same manner the red, green, and blue channels
of the test set over three equally sized groups.

B. RESULTS
Table 24 presents the results of our experiments on the
robustness of Fed3R to domain shift and its compatibility
with other orthogonal methods across three different levels
of domain shift intensity.

We observe that FedAvg is significantly impacted by
domain shift, resulting in declining accuracies as the intensity
of the shift increases. FedRDN improves robustness to
domain shift, mildly improving the accuracy of FedAvg by
1-3%. Nonetheless, Fed3R alone outperforms both FedAvg
by itself and the combination of FedAvg with FedRDN
by a considerable margin (e.g., +15% and +13% with
respect to FedAvg and FedAvg + FedRDN, in the setting
with δ = 1.2). Additionally, as discussed in the main
paper, the Fed3R classifier can be further fine-tuned with
another federated learning algorithm, such as FedAvg; our
results show that the Fed3R + FedAvg strategy boosts
accuracy in all three scenarios. Finally, addingFedRDN to the
Fed3R + FedAvg strategy leads to an additional increase
in accuracy (e.g., +3% with respect to Fed3R + FedAvg,
and +20% with respect to FedAvg + FedRDN, in the
setting with δ = 1.2).
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