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and Gianluca Setti

Abstract— The growing interest in the Internet of Things (IoT)
and mobile artificial intelligence applications is pushing the
investigation on deep neural networks (DNNs) that can operate
at the edge using low-resources/energy devices. To obtain such
a goal, several pruning techniques have been proposed in the
literature. They aim to reduce the number of interconnections—
and consequently the size, and the corresponding computing
and storage requirements—of DNNs that traditionally rely on
classic multiply-and-accumulate (MAC) neurons. In this work,
we propose a novel neuron structure based on a multiply-and-
max/min (MAM) map-reduce paradigm, and we show that by
exploiting this new paradigm it is possible to build naturally
and aggressively prunable DNN layers, with a negligible loss in
performance. This novel structure allows a greater interconnec-
tion sparsity when compared to classic MAC-based DNN layers.
Moreover, most of the already existing state-of-the-art pruning
techniques can be used with MAM layers with little to no changes.
To test the pruning performance of MAM, we employ different
models—AlexNet, VGG-16 and the more recent ViT-B/16—
and different computer vision datasets—CIFAR-10, CIFAR-100,
and ImageNet-1K. Multiple pruning approaches are applied,
ranging from single-shot methods to training-dependent and
iterative techniques. As a notable example, we test MAM on the
ViT-B/16 model fine-tuned on the ImageNet-1K task and apply
one-shot gradient-based pruning. We remove interconnections
until the model experiences a 6% decrease in accuracy. While
the selected MAC-based layers need at least 38.2% remaining
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interconnections, MAM-based layers achieve the same accuracy
with only 0.1%.

Index Terms— Computer vision, deep neural network (DNN),
map-reduce, pruning, vision transformer (ViT).

I. INTRODUCTION

EEP neural networks (DNNs) are structures capable of

solving complex tasks with the use of a massive number
of trainable parameters. They are in such a large number that
they result in being greatly redundant. Hence, it is possible
to remove the unnecessary parameters by pruning parts of the
structure that do not appreciably influence the accuracy of the
DNN [1].

Pruning is a necessary operation to achieve low-power
and lightweight inference, which is fundamental for the
implementation of neural networks on mobile devices with
limited battery capacity and constrained computational capa-
bilities [2]. The use of DNNs at the edge on mobile Internet
of Things (IoT) devices is of great interest due to the high
potential it unlocks [3], [4], [5] and for its wide range of
applications from augmented reality [6], natural language
processing [7], computer vision [8], and compressed sensing
for biomedical signals [9].

Classical pruning approaches in the literature [1] simply
leverage methods to select the interconnections or entire
neurons to be pruned in a DNN without modifying its
inherent structure, which is based on the typical multiply-
and-accumulate (MAC) paradigm. In standard MAC-based
neurons, the output is computed by first modulating inputs
independently of each other (map operation), then by aggre-
gating the outcomes into a single quantity (reduce operation),
and finally by adjusting the value through an activation
function. For these classical neurons, map is multiplication,
while reduce is accumulation. It is worth noting that once
a MAC-based neuron is pruned, the map operation produces
fewer outputs since fewer inputs are taken into consideration
and this can significantly modify the output of the neuron.
Hence, our idea is to find a different reduce operation that is
less sensible to this reduction of elements.

To do so, let us consider that, in principle, sum (accumulate)
may be seen as a special case of a general aggregation of N
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quantities v;, whose resulting output o is computed as

N\
0= (Z vlp) .
i=1

Here, the parameter p controls how much the largest v;
prevails on the smallest ones (or vice versa) in deciding the
result: when p = 1 one obtains the sum and the contribution is
equal, when p — oo is the maximum, while when p — —oo
is the minimum.

This observation drives our intuition to modify the
sum-based reduce with a max/min-based reduce, leading
to a new model of a neuron, relying on our novel
multiply-and-max/min (MAM) paradigm, which is capable of
explicitly identifying which inputs are used to compute the
output and which are not. This, to the best of our knowledge,
is an unprecedented route to non-structured pruning. In fact,
such an apparently simple modification has the advantage of
making the behavior of the individual neurons (and, as we
will see, of the resulting network) less sensitive to pruning.
At the same time, this neuron remains easily implementable
in hardware, without introducing a significant computational
overhead compared to the use of classical neurons based on
the sum operation. This is because the multiplication operation
is unchanged, while the comparison operations, which are
required to select the maximum and minimum values, are per-
formed through successive subtractions, i.e., computationally
similar to the accumulation operation. We better elaborate on
this in Appendix A.

The equivalence in functionality between the original and
the alternative neurons cannot be assured a priori as it iS not on
a neuron-by-neuron basis. Nonetheless, we will show that the
“same” global behavior of the DNN can be retrieved after the
substitution of MAC-based neurons with MAM-based ones for
the whole network. Contrary to MAC, our paradigm is found to
be naturally prone to pruning as each neuron typically learns to
select always the same few interconnections when performing
the maximum and minimum reduction operations. At the same
time, almost any pruning algorithm already available in the
literature that can be applied to MAC-based layers can be
applied to MAM-based ones with little to no changes, to boost
its performance.

Focusing on fully connected (FC) layers built upon MAM
neurons, the following points summarize the novelty of this
work.

1) We formalize the definition of the MAM operation and
the vanishing contributions training approach.

2) We present MAM pruning properties by means
of a driving example: a DNN trained on
MNIST.

3) We show how MAM-based networks outperform stan-
dard DNN adopting MAC neurons in terms of pruning
performance for some well-known computer vision
DNN models (AlexNet and VGG-16) and on a more
recent transformer-based model (ViT-B/16).

4) We analyze the performance of MAM with AC/DC [10]
and the lottery ticket [11] pruning approaches, to further

14415

show how it is possible to use MAM in conjunction with
training-dependent pruning methods.

5) With the lottery ticket iterative pruning approach,
we show that employing a MAM-based DNN drastically
reduces the number of training processes needed to
prune the initial architecture.

The rest of the article is structured as follows. In Section II,
we provide an extended description of the novel MAM map-
reduce paradigm together with an explanation of the vanishing
contributions technique. Then, in Section III, we introduce
an overview of DNN pruning and describe some pruning
scoring strategies. In Section IV, we present a first insight
into the properties of MAM by training and pruning a
simple FC-based model. In Section V, we show extensive
comparisons between MAM layers and classic MAC layers
used in multiple DNN structures and with multiple image
classification datasets, pruned with non-structured one-shot
pruning methods. In Section VI, we show how MAM can
also be coupled with more complex pruning techniques such
as AC/DC [10] and the lottery ticket iterative pruning [11].
Finally, the conclusion is drawn.

II. MAM-BASED LAYER ARCHITECTURE

In this section, we describe our novel MAM layer archi-
tecture, which is naturally prone to aggressive pruning. After
a formal definition of the novel DNN layer, we explain the
vanishing contributions technique that is used for training.
In this work, we focus on FC layers to ease the analysis.
In fact, we intend MAM to be used exclusively for FC layers;
deploying it on convolutional layers would require further
analysis.

A. Layer Description

In a standard DNN, we define the output of a feed-forward
FC MAC-based layer as a column vector y € RY computed
as

2=Wx+b (1)
y=f@@. 2

Here, x € R" is the input column vector, W € RM*V ig the
weights matrix, b € RM is the bias column vector, and f@)
is the activation function, which is applied element-wise to z
to obtain the output vector y.

As we seek a new family of neurons changing the aggre-
gation phase, we need to explicitly separate the multiply and
the reduce operations of (1). To do so, first, we isolate the
map phase (i.e., multiply) operation by defining the weighted
inputs matrix V € RM*V ag

w Ox'
w, Ox'
V= : (3)
wy Ox'
where wi, wo, ..., wy, is the ith row of W and © is the
element-wise product. More explicitly

Vij = W;jX; WithiE{l,..,M},jG{l,..,N} (4)
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(a) (b)

Fig. 1. Split of the multiply-and-accumulate operations for the MAC
map-reduce paradigm. The classic MAC operation as a matrix—vector dot
product Wx is decomposed in the multiply operation (a), where we multiply
element-wise each row of W with x ', and in the accumulate operation
(b) where the elements of V are summed along the rows of the matrix.

where v;; and w;; are the scalars at row i and column j of
V and W, respectively, and x; is the jth element of the input
vector x. With this notation, the reduce phase can be simply
indicated as

N
Zizzvij-i-bi with i € {1,.., M} )

j=1

where z; is the ith element of vector z. Fig. 1 shows a summary
of the multiply-and-accumulate splitting.

It is worth noting that from the point of view of the
architecture, each weight in w;; (and, consequentially, each
value v;;) is associated with an interconnection whose spatial
properties are determined by i, indicating the postsynaptic
connection, and j, indicating the presynaptic connection. With
reference to (5), the pruning process has the meaning of
removing the interconnections associated with the less signif-
icant contributions from the accumulate operation, which are
typically the values of V with the smallest magnitudes. When
pruning the largest possible amount of interconnections, only
a couple per row of V is kept.!

Following this lead, we force each neuron of the layer to
take into account only the (potentially) two most significant
contributions, that is to say, the maximum and the minimum
values of each row of V, as suggested in [12], [13]. It is
important to stress that this operation does not remove any
interconnection, i.e., it is not a pruning method. Each time an
input is inferred, matrix V is evaluated (so all the weights
contribute). Only then, maximum and minimum are selected
for each neuron (and they are not necessarily the same for
two different inputs). The result is that, for each different
input vector, the maximum and minimum values that are
selected are different, generating different sub-nets for each
inference.

Furthermore, the reason to use maximum and minimum—
and not, for example, the couple of values with the largest
absolute values—is twofold. First, by doing so, the hardware
implementation of the corresponding neuron will have a small
to negligible overhead compared to the one of traditional
MAC-based neurons (more on this matter in Appendix A).
Second, the two contributions are capable of balancing

Keeping a single contribution would make the reduce operation collapse
to an identity function.
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z

Fig. 2. Max/min reduce operation. For each row of V, the minimum and
maximum values are selected, then added together.

themselves,” resulting in a good stability of the neuron output.
With this choice, (5) modifies as

N
Zi:MUij"f‘bi WlthlE{l,,M} (6)
j=1
where M is a suitable operator defined as
N
Vij £ max U,’j+ min Vjj. (7)
i1 jell,.,Ny 7 je(l,..,N)

We will refer to the map-reduce operations in (3) and (6)
as the Multiply-And-Max/min paradigm (MAM). These equa-
tions, together with (2), describe the novel MAM-based layer,
while Fig. 2 shows a visual representation of (6).

B. Bridge From MAC to MAM: The Vanishing Contributions
Method

In general, training DNN layers directly on the basis of (6)
results in poor performance. In fact, as (6) forward-propagates
exactly two values for each row of V, only the weights
associated with them can be updated. This means that only a
few weights can be updated for each training iteration, greatly
slowing the optimization process. Consequently, to ease the
training process of MAM-based layers, we define a layer
structure that is the bridge between the MAC and the MAM
layers. This can be obtained by introducing a parameter 8 €
[0, 1], so that (5) and (6) can be affinely combined as

N N
2z :ﬁZUij+(1 —ﬁ)/\/llvij+bi with i € {1, .., M}.
i

j=1
®)

During training, by using (8), it is possible to gradually
transition from a MAC-based to a MAM-based layer. This
enables, in the first phase of the training, the backward prop-
agation of the output error through all the interconnections.
In particular, this is achieved in the following way. Starting
with 8 = 1 during the first training iterations, the value
of B is linearly reduced® for each training iteration until it
reaches 8 = 0. When 8 = 0, (8) is reduced to (6) and S
is kept fixed for the rest of the training iterations, keeping
only the contributions of MAM. We call this the vanishing

2Empirical evidence shows that the maximum is typically associated with
a large positive value, while the minimum to a large but negative value.

3Many nonlinear strategies have also been tested to transition from g = 1 to
B = 0 and each of them has shown a different impact on the trend of the
validation accuracy during training. However, every strategy seems to yield
the same final accuracy. All the results presented in this work are obtained
using the linear decay.
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contributions method. The usage of this technique allows us
to obtain a much better performance of the resulting DNN
when compared to the previous embryonic work in [12],
where the paradigm based on max and min is trained as-it-
is. It is important to highlight that (8) is used only during the
training phase, while pruning of the layers and test inferences
are performed strictly with (6) (i.e., B = 0). Moreover, this
technique allows us to use pretrained MAC-based models and
convert them into MAM neurons without the need to retrain
the network anew, which is often impractical for very large
models.

III. CLASSIFICATION OF PRUNING TECHNIQUES

To profitably frame MAM and its application in the field
of DNN pruning, we introduce an overview of the
classification of the pruning methods proposed in the
literature.

From the general point of view, DNN pruning techniques
can be categorized into two main classes of methods, namely
structured and non-structured. Structured pruning [14], [15],
[16], [17], [18] refers to the removal of entire neurons—or
filters/channels, in the case of convolutional layers. Remov-
ing a neuron means taking out all the trainable parameters
related to it, namely the input weights and the bias. While
these techniques are typically not the most effective in lit-
erature, they de facto nullify the necessity of designing
ad hoc implementations for the pruned model, resulting in
totally hardware-friendly methods. In contrast, non-structured
pruning methods [19], [20] allow the removal of single inter-
connections (and, consequentially, of the related weights),
granting more degrees of freedom to the pruning process
and resulting in better compression results. Nonetheless,
this comes with an in-hardware computational/memory over-
head due to the encoding of the resulting sparse weights
matrices [21], [22], [23].

Different criteria can be employed to select the neu-
rons/interconnections to be removed. As a first criterion, a
score is associated with each interconnection depending on
the influence it has on the model and the interconnections
with the lowest scores are pruned. Score comparison can be
performed locally [24], i.e., among the interconnections of the
same DNN layer, or globally [11], i.e., among the intercon-
nections of the whole DNN model. As a second criterion, a
regularization term [25], [26], [27] can be imposed on the
loss function during training to promote the sparsity of the
structure.

The DNN pruning process can be scheduled in different
ways, mainly it can be performed one-shot or iteratively.
One-shot pruning [28], [29] is performed in one step after
the model has been trained and no further fine-tuning is per-
formed afterward. This results in very fast and computationally
efficient pruning processes, even though it requires waiving
deeper optimizations. On the other hand, iterative pruning [11],
[30], [31] is performed iteratively through multiple “train-
and-prune” loops. Pruning at each step only a small part of
the DNN and then retraining brings very good compression
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results, with the drawback of a very high total computational
cost for the generation of the compressed model.

Finally, other examples of pruning techniques
non-exhaustively include knowledge extraction from feature
maps [32], neuroevolution methods that take inspiration
from biological mechanisms [33], and the global capture
of correlations among layers with second-order structured
pruning [34]. An alternative to pruning to design small neural
models starting from large ones is instead represented by
knowledge distillation [35].

While virtually any of the aforementioned classes of pruning
methods could be applied to MAM-based DNN:Ss, in this work,
we focus on non-structured, score-based pruning techniques.
This is mainly because, as we will see: 1) the MAM paradigm
naturally promotes a non-structured sparsity of the DNN layers
and 2) trained MAM-based structures are intrinsically sparse,
avoiding the need of introducing regularization terms during
the training process (the vanishing contributions technique
does not require any additional terms in the cost function).
Nonetheless, we test MAM-based structures both with local
and global scores and with one-shot and iterative pruning
techniques.

A. Scoring Strategies for Pruning

As stated before, MAM-based structures are designed to
be pruned—until proven otherwise—with any pruning method
present in the literature. In particular, we test the MAM-based
structures in combination with non-structured, score-based
pruning techniques. To keep the analysis simple, we adhere
to the criteria indicated in [1]. Additionally, we introduce
a criterion that leverages the properties of the operator
M, whose purpose is the better understanding of MAM
properties.

1) Random Scores: With the random pruning (RP)
approach, the interconnections are randomly scored. This
means that each interconnection is pruned independently with
a probability equal to the fraction of the network that is
being pruned. This method is used as a “debugging tool” to
verify the effectiveness of the other pruning methods, as stated
in [1].

2) Magnitude-Based Scores: Starting from the assumption
that the smaller the magnitude of weight is, the less it poten-
tially influences the output of the DNN, one of the simplest
ways to define the scores for interconnection is by looking
at the magnitude of its associated weight (that is, its absolute
value). The corresponding score function is

g = |w,|

where ¢ is an interconnection and w, is the weight associated
with it. The score comparisons can be global or local, resulting
in two distinct approaches, namely global magnitude pruning
(GMP) and layer-wise magnitude pruning (LMP), respectively.
GMP does not impose constraints on the pruning process,
whereas LMP results in equally pruned layers.

3) Probability of Selection Pruning: We introduce this
method solely to show the properties of MAM neurons. In fact,
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the pruning performance of this scoring method is worse com-
pared to the strategies previously described. When performing
a single inference through a MAM layer, operator M selects
only two values for each row of V, as Fig. 2 shows and as
in (6). In this way, when inferring a single input, we know that
most of the interconnections—each associated with a value
in V and, by extension, to a weight in W—are not used.
Using this property, it is possible to define a new score to be
assigned to each interconnection. By using a dedicated pruning
dataset.* and for each inferred input, we keep track of the
interconnections that are chosen. Over the whole dataset, it is
possible to evaluate for each interconnection the approximate
probability of being selected by operator M, thus defining a
set of scores that defines how often an interconnection is used
by the DNN.

4) Gradient-Based Scores: While GMP and LMP are quite
effective approaches with very straightforward implementa-
tions, they do not take into account the statistics of the data
that is fed to the DNN as a potential information to guide the
pruning process. To alleviate this problem, the loss function
C(x, DNN) is defined and evaluated on the model DNN with
input x. Each interconnection ¢ is scored as

daC (x, DNN) ]
—_—w,| .
ow,

Here, the operator E[-] evaluates the expected value on all
the inputs x of a dedicated pruning dataset. This approach is
called global gradient pruning (GGP) and layer-wise gradient
pruning (LGP) for its global and local variants, respectively.
The gradient is evaluated on a dedicated dataset (which is
not the test set on which we evaluate the final results). This
method is especially powerful with MAM neurons because
it implicitly incorporates the probability of selection pruning
(PSP) method. In fact, with MAM, when an interconnection
is not selected, the associated gradient is O (and so is the
associated score). This means that the interconnections that
are selected less often are inclined to have lower scores.
In practice, GGP and LGP incorporate three different pieces
of information that compose the final scoring, namely the
information on the magnitude of the weights, their influence on
the cost function (gradient) and the probability of selection in
MAM neurons. This makes GGP and LGP the most effective
scoring approaches.

g ZE[

IV. FIRST INSIGHT INTO MAM PROPERTIES

As a first example of how MAM-based layers can be used
to obtain aggressively pruned networks, we employ a simple
DNN composed of three FC layers trained on the MNIST
dataset [36]. The two hidden layers contain 256 neurons each
with a ReLU activation function. Fig. 3 shows the model which
is defined as FC-DNN, where FC-DNN-MAC is the version
with MAC-based hidden layers and FC-DNN-MAM the one
with MAM-based hidden layers.

For any model in this work, the output layer is always MAC-
based, which is needed to keep a good accuracy in the model.

“4For any pruning method requiring a pruning dataset, we use the validation
set and we evaluate the final result with the test set (so we guarantee the
generalization capabilities of the approaches).
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Predicted class

1
Input image )
(a)

(b)

Fig. 3. Structure of the three FC layers DNN for MNIST classification
(FC-DNN) (a). MAM is deployed in the highlighted FC layers. The whole
network contains 269 322 trainable parameters. We also show the maps of the
probability of selection (b) for matrices V of the two hidden layers. Black dots
correspond to values of V used at least once (i.e., with non-zero probability),
corresponding to 15.7% of the total interconnections for the first layer and
19.0% for the second.

In fact, we found in practice that we cannot always guarantee
the best accuracy of the model when the output layer is MAM-
based, with an accuracy drop ranging from 1% to more than
5% for different models. We can assume that this is due to the
fact that at least the output layer needs to actually combine all
the contributions in the network (which MAM does not, since
it combines only the maximum and minimum contributions
per neuron).

While the exact reason behind this behavior is yet to be
analyzed, this constraint does not significantly influence the
overall pruning performance, as the number of interconnec-
tions in the output layer is typically low.

We first study the behavior of the MAM layers by using the
PSP scoring approach. Then, to prune the two structures for
comparison, we employ GMP, LMP, GGP, and LGP scoring
approaches as discussed in Section III-A.

A. Training Setup and Behavior of MAM Layers

Through this work, training processes and tests are per-
formed within a PyTorch framework, with the MAM operation
implemented in C++ as a custom PyTorch layer.’

During training, pairs of images and labels from the MNIST
dataset, which is composed of a total of 70000 b/w images
of size 28 x 28, are fed to FC-DNN. Each pixel in the
image is a value normalized between O and 1. To improve
the generalization capabilities of the trained network, data
augmentation is performed. This in particular consists of image
rotation, shifting, scaling, horizontal and vertical shrinking,
and shearing [36]. The trainable parameters are updated
using the Adam optimizer [37]. Overall, training with the
FC-DNN + MNIST is performed for 80 epochs with an initial
learning rate set to 0.001 and a batch size of 128.

SGitHub repository at https://github.com/SSIGPRO/mamtorch
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Fig. 4. Top-1 accuracy trend on the validation set during the training of the
FC-DNN-MAM with MNIST and B[g] trend. Different values of Q are tested.
After an initial accuracy increase, there is an accuracy drop when B[Q] = 0,
but the DNN quickly recovers its classification capability. With Q big enough,
the sensibility of the final accuracy with respect to Q is not significant.

Training MAM layers requires starting with standard
MAC-based layers and then transitioning to MAM follow-
ing (8), defined by the vanishing contributions method of
Section II-B. More in detail, we define for each training epoch
g a value B[q] to be substituted to S in (8). We start with
B[1] = 1 atepoch 1 and we decrease it linearly to B[Q] = O at
the Qth epoch. After this, 8[¢q] is set to O for ¢ > Q.

Fig. 4 shows the accuracy trend during training with differ-
ent values of Q.

When B[g] > 0 in the first Q epochs, the MAC contribution
from (8) is still present and the validation accuracy increases
epoch by epoch as expected. When B[g] = 0, the MAC
contribution disappears completely causing a sudden perfor-
mance drop. The following epochs readjust the parameters and
the MAM-only structure recovers its accuracy. Nonetheless,
as convergence with MAM is slower compared to standard
MAC, full recovery of the performance requires some extra
epochs.

As a rule of thumb, Q should be chosen small but greater
than a few epochs. When Q is too small, the training
process fails to train the DNN to its maximum possible
accuracy, while on the other hand, high values of Q make
the convergence slow. For FC-DNN-MAM + MNIST, we
set O = 30.

When training is completed, on the test set and without
pruning, FC-DNN-MAC achieves 98.8% top-1 accuracy and
FC-DNN-MAM achieves 98.0% top-1 accuracy. Even though
FC-DNN-MAC performs slightly better than FC-DNN-MAM,
we reiterate that the aim of MAM-based structures is to
be subject to aggressive pruning to be implemented on
low-cost edge devices with limited computational power.
Because of this, to make a complete comparison, we need
to look at the performance of the two models when they
are pruned.

B. Natural Sparsity of MAM Layers

In order to highlight the sparsification properties of MAM,
we apply the PSP scoring approach from Section III-A to the
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Fig. 5. FC-DNN-MAM: For different threshold values of 0, the plot shows
how many interconnections (in percentage) have a probability of selection
p = 6. Also, top-1 accuracy is shown when keeping only the aforementioned
interconnections. For 6 = 0, any interconnection is kept. For 6 > 0, most
interconnections are removed, meaning that i) most interconnections have
p = 0 and are never used and ii) most interconnections can be safely removed
without affecting the performance.

trained DNN. The validation set, employed as pruning set,
is used as input, and the probability of selection for each
element of matrix V is evaluated for each layer (we still
evaluate the final accuracy on a test dataset, different from
the validation/pruning dataset). In Fig. 3, we highlight the
positions of the values in V with non-zero probability for the
two MAM-based layers, showing that most values have a null
probability of being selected. This suggests how MAM results
in an intrinsically sparse structure—and because of this, it is
prunable. In another analysis, it is possible to consider/keep
only the interconnections with a probability of selection
larger than a given threshold (i.e., those with a large enough
probability of being used in the computation of the output).
Fig. 5 shows the trend of kept interconnections with a varying
probability threshold, showing that only a few interconnections
have a high probability of being used. For example, we can
see from the plot that only 10% of the interconnections have
a probability of selection higher than O and only 1% of the
interconnections have a probability of selection of at least 0.1.
Along with that, we also highlight top-1 accuracy at different
working points, showing that the performance drops only when
we start removing interconnections that have a non-negligible
probability of being used.

These sparsification properties can be measured in practice
when pruning the DNN with GMP, LMP, GGP, or LGP from
Section III-A. Table I shows the remaining weights in the
models after pruning, maintaining top-1 accuracy above the
best result (98.8% achieved with FC-DNN-MAC) reduced by
3%. For the sake of completeness, we also inserted PSP for the
MAM layers: as stated before, the results are worse compared
to the other approaches. Finally, the number of FLOPs is
indicated, counting two FLOPs per weight for MAC (multiply
and addition) and three FLOPs per weight for MAM (multiply,
comparison for the search of maximum and comparison for the
search of minimum). Further details on the number of FLOPs
can be found in Appendix A.

To better highlight the behavior of MAM, Fig. 6 shows
the variation of top-1 accuracy with a decreasing number of
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TABLE I

PERCENTAGE OF REMAINING WEIGHTS AND FLOPS IN THE PRUNED FC
LAYERS WHEN THE ACCURACY IS 95.8% (3% ACCURACY LOSS)

FC-DNN + MNIST

MAC MAM
Weights g opg - Welghts gy opg
kept kept
GMP 35.84% 191.35 4.64% 38.08
LMP 37.47% 200.03 4.52% 37.13
GGP 19.22% 102.86 2.98% 24.83
LGP 20.47% 109.51 2.61% 21.87
PSP - - 6.40% 53.63
‘ o MAM o—MAC - - - Accuracy Loss of 3%
100 ——
< P ° oo GGP
S S e
5 | o
g r
3 90 |
<
857\\\\\\ N1 |
100 10 1
Remaining interconnections (hidden FC layers, %)
Fig. 6. FC-DNN + MNIST + one-shot pruning: Top-1 accuracy versus

percentage of kept interconnections in the two hidden FC layers when pruned
with GGP. The dashed line indicates when the accuracy is 95.8% (i.e., 3%
accuracy loss). Interconnections are increasingly removed going from left to
right.

kept interconnections. If we focus on the knees of the curves,
when the number of remaining interconnections is low and
the performance degradation is still small, we see that MAM
layers retain the classification capabilities of the network much
better compared to standard MAC.

V. PRUNING PERFORMANCE OF MAM LAYERS

In this section, we expand the discussion on MAM-based
DNN layers and we show a comparison between MAC-based
and MAM-based FC layers on models commonly known in
the literature for computer vision tasks, i.e., with structures
capable to solve image classification tasks.

A. Computer Vision Benchmark Datasets

We perform benchmarks on three different computer
vision datasets, namely CIFAR-10, CIFAR-100 [38], and
ImageNet-1K [39].

1) CIFAR-10: This task involves in the classification of
animals and vehicles among ten different classes. The
dataset consists of a total of 60000 color images of size
32 x 32. It is split into 45000 training images, 5000
validation images, and 10000 test images. Data aug-
mentation is performed and consists of random image
rotation, shifting, and changes in saturation, contrast,
and brightness. Each pixel in the images is normalized
between O and 1, and all samples are resized to be of
size 224 x 224 using bilinear interpolation.
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2) CIFAR-100: This task involves in the classification of
items belonging to 100 different classes. It consists of a
total of 60000 color images of size 32 x 32. It is split
into the same number of images for training, validation,
and test, as in CIFAR-10. The same data augmentation
employed for CIFAR-10 is used. Each pixel in the image
is normalized between O and 1, and all samples are
resized using a bilinear interpolation to dimensions of
224 x 224.

3) ImageNet-1K: This dataset contains more than 1.2 mil-
lion RGB images of different sizes representing objects
belonging to 1000 different classes. The training set is
composed of 1281 167 images, while the validation and
the test set are 50 000 images each.® Data augmentation
on the training set is performed by means of random
horizontal flip, random saturation, and random changes
in contrast and brightness. All the images are resized to
224 x 224 pixels using a bilinear interpolation.

B. Deep Neural Models and Training

Here, we present the computer vision models used for the
tests. They are represented in Fig. 7. As stated in Section II,
to simplify our analysis, we do not discuss the pruning of
convolutional layers and we focus on the portions of DNN that
contain most of the interconnections, namely, the FC layers.
The models are as follows.

1) AlexNet: This is a rather outdated convolutional neural
network used for computer vision tasks [40]. It is
composed of five convolutional layers and two FC
hidden layers, followed by an output FC layer. It uses
47.2 million interconnections. The two FC hidden lay-
ers contribute to 90% of the interconnections in the
model and are the ones that we substitute with MAM
layers. We refer to the original MAC-based model as
AlexNet-FCMAC and to the model containing MAM FC
layers as AlexNet-FCMAM. We perform a full training
of AlexNet + CIFAR-10 and AlexNet + CIFAR-100
for 70 epochs, with an initial learning rate of 0.001 and
a batch size of 256. Dropout after the two hidden FC
layers is set to 0.5 for AlexNet-FCMAC as indicated
in [40], and to 0.2 for AlexNet-FCMAM, with Q =
12 for the vanishing contributions method.

2) VGG-16: This is a large convolutional neural net-
work with much greater approximation capabilities
compared to AlexNet [41]. It is composed of ten
convolutional layers and two FC hidden layers, fol-
lowed by an output FC layer. It uses 138.4 million
interconnections. As for AlexNet, the two FC lay-
ers contribute to most of the interconnections in the
model (86%) and are the ones that we substitute with
MAM layers. We refer to the original MAC-based
model as VGG-16-FCMAC and to the model containing
MAM FC layers as VGG-16-FCMAM. VGG-16 +
CIFAR-100 and VGG-16 + ImageNet-1K are trained

6As the labels of the official ImageNet test set are not disclosed, we used
the official validation set as the test set and 50 000 images from the training
as the validation set to ease the evaluation process.
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interconnections in the networks, are the ones in which we employ MAM
12 sequential blocks.

DNN models tested in this work, namely (a) AlexNet, (b) VGG-16, and (c) ViT-B/16. The highlighted FC layers, which contain most of the

and that we ultimately prune. In (c), we prune the FC layers of 10 out of

TABLE II

ToP-1 ACCURACY OF THE NON-PRUNED NETWORKS WHEN TRA

INED WITH MAC OR MAM NEURONS ON DIFFERENT DATASETS

AlexNet VGG-16 ViT-B/16
MAC MAM MAC MAM MAC MAM
CIFAR-10  90.34% 89.88% - - - -
CIFAR-100  65.52% 64.63% 89.56% 89.12% 92.57% 87.23%

ImageNet-1k

63.36%

63.04% 80.06% 75.62%

starting from the pre-trained version of the VGG-16
model.” First, the trainable parameters of the hidden
FC layers are randomly reinitialized. Training is then
performed using stochastic gradient descent (SGD) for
45 epochs. Only for VGG-16 + ImageNet-1K, the
parameters of the convolutional layers are kept fixed
during training for the first 35 epochs. We set the
learning rate to 0.001, the momentum coefficient to
0.9, and the batch size to 256. Dropout after the two
hidden FC layers is set to 0.5 for VGG-16-FCMAC
and to 0.15 for VGG-16-FCMAM. For MAM-based
layers, we employ the vanishing contributions method
with Q = 5.

ViT-B/16: This is a modern, transformer-based DNN,
which leverages the self-attention mechanism on com-
puter vision tasks [42], [43]. It is composed of
12 sequential transformer encoders. Each transformer
encoder contains a multihead attention block followed
by two hidden FC layers (two skip connections are
also present, as shown in Fig. 7). An FC output
layer follows the 12 encoders. As for AlexNet and
VGG-16, we substitute MAM in each of the two hidden
FC layers highlighted in Fig. 7 with the exception
of the first two.® Overall, ViT-B/16 uses approxi-
mately 86 million interconnections, of which 56%
is in the hidden FC layers that we substitute with
MAM. We refer to the original MAC-based model as

3)

7We used the VGG-16 + ImageNet-1K PyTorch pre-trained model.
8The insertion of MAM in the first two blocks results in a significant
reduction of the overall accuracy.

ViT-B/16-FCMAC and to the model containing MAM
FC layers as ViT-B/16-FCMAM. The MAC and the
MAM-based models are both trained starting from the
available MAC-based network® that has been pre-trained
on ImageNet-21K [39]. We fine-tune the model for
50 epochs and we use the Adam optimizer with an initial
learning rate of 1 x 10™* and each time there is no
progress on validation for 3 epochs, the learning rate is
multiplied by 0.3. Furthermore, we use a batch size of
128 and mix-up data-augmentation technique [44] with
a strength (o parameter) of 1.0. In the case of the MAM-
based model, the initial 12 epochs are used to complete
the vanishing contributions transition.

C. Pruning Performance

The models are trained with both MAM FC layers and MAC
FC layers, and Table II shows the results of the non-pruned
models. As mentioned before, models containing MAM layers
perform worse compared to standard models, but this is within
expectation since MAM neurons’ purpose is not performance
but granting good pruning capabilities to the DNN.

After training, for each model under test, we prune the
selected hidden FC layers to compare the performance of
MAM layers versus standard MAC. We first test the models
with the RP scoring approach as suggested in [1], and we
confirm that randomly pruning the interconnections gives bad
results, i.e., the performance drops after a few interconnection
removals. Then, we proceed to evaluate the performance with

9We used the ViT-B/16 Hugging Face pre-trained model.
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TABLE III

PERCENTAGE OF REMAINING WEIGHTS AND FLOPS IN THE PRUNED FC LAYERS OF THE ALEXNET MODEL (47.2 MILLION INTERCONNECTIONS)
AT 3% TOP-1 ACCURACY LOSS (87.34% FOR CIFAR-10 AND 62.52% FOR CIFAR-100)

AlexNet + CIFAR-10

AlexNet + CIFAR-100

MAC MAM MAC MAM
Weights kept MFLOPs  Weights kept MFLOPs Weights kept MFLOPs  Weights kept MFLOPs
GMP 1.01% 1.11 0.06% 0.11 25.01% 27.28 0.26% 0.44
LMP 0.94% 1.03 0.07% 0.13 26.05% 28.42 0.30% 0.51
GGP 0.37% 0.41 0.04% 0.08 17.95% 19.58 0.21% 0.36
LGP 0.48% 0.53 0.03 % 0.06 12.68% 13.84 0.24% 0.41
TABLE IV

PERCENTAGE OF REMAINING WEIGHTS AND FLOPS IN THE PRUNED FC LAYERS OF THE VGG-16 MODEL (138.4 MILLION INTERCONNECTIONS) AT 3%
ToP-1 ACCURACY L0OSS (86.56% FOR CIFAR-100 AND 60.36% FOR ImageNet-1K)

VGG-16 + CIFAR-100

VGG-16 + ImageNet-1K

MAC MAM MAC MAM
Weights kept MFLOPs  Weights kept MFLOPs Weights kept MFLOPs  Weights kept MFLOPs
GMP 8.71% 20.83 0.012% 0.06 10.82% 25.88 0.04% 0.16
LMP 3.80% 9.09 0.01% 0.05 10.36% 24.78 0.07% 0.27
GGP 0.30% 0.73 0.007 % 0.04 35.93% 85.91 0.04% 0.16
LGP 4% 9.57 0.013% 0.06 42.12% 100.71 0.09% 0.34
TABLE V

PERCENTAGE OF REMAINING WEIGHTS AND FLOPSs IN THE PRUNED FC LAYERS OF THE ViT-B/16 MODEL (86.0 MILLION INTERCONNECTIONS) AT 6%
ToP-1 ACCURACY LOSS (86.57% FOR CIFAR-100 AND 74.06% FOR ImageNet-1K)

ViT-B/16 + CIFAR-100

ViT-B/16 + ImageNet-1K

MAC MAM MAC MAM
Weights kept MFLOPs  Weights kept MFLOPs Weights kept MFLOPs  Weights kept MFLOPs
GMP 29.5% 27.8 0.001% 0.001 41.1% 38.7 21.0% 29.7
LMP 28.0% 26.4 0.001% 0.001 40.5% 38.2 10.0% 14.2
GGP 29.0% 27.4 0.001% 0.001 48.6% 45.9 0.1% 0.14
LGP 30.0% 28.3 0.001% 0.001 50.0% 47.2 0.1% 0.14

GMP, LMP, GGP, and LGP scoring approaches. We look
at the top-1 accuracy of Table II for the non-pruned MAC
models and we remove interconnections until we provoke,
with respect to best achieved results, a drop in accuracy
of 3% for AlexNet and VGG-16, and of 6% for ViT-B/16.
Tables III-V show the results for AlexNet, VGG-16, and ViT-
B/16, respectively. Additionally, as a relevant example, Fig. 8
shows the top-1 accuracy trend with a decreasing number of
kept interconnections for ViT-B/16 + ImageNet-1K. Plots and
figures take into consideration only the layers in which we
substitute MAM.

Compared to what happens to MAC-based layers, MAM-
based ones intrinsically rely on fewer interconnections,
in accordance to what is discussed in Section IV-B. In fact,
when the DNN is pruned, the interconnections in MAM layers
can be removed at a much larger rate compared to standard
MAC layers.

A notable case is ViT-B/16 + ImageNet-1K. Here, by using
GMP and LMP, MAM still introduces a good prunability

to the FC layers, but the results are not as good as com-
pared to the other models. This could be mainly attributed
to the combined complexity of the model and the task.
Nonetheless, by using GGP and LGP, it is possible to prune
MAM to a much larger extent. This is because gradient-based
scoring approaches implicitly rely on the concept of prob-
ability of selection defined for MAM. In fact, when an
interconnection is not selected during inference, the varia-
tion it introduces on the cost function is null (and so is
the score), automatically excluding it from the set of kept
interconnections.

Tables III-V also show the computational complexity in
terms of FLOPs, where we count two FLOPs per weight
for MAC and three FLOPs per weight for MAM. Even
though MAM introduces a computational overhead compared
to MAC, the computational complexity of the whole layers
is much lower due to the large number of interconnections
removed. Further insights on the computational complexity of
MAM can be found in Appendix A.
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Fig. 8. ViT-B/16 + ImageNet-1K 4 one-shot pruning: Top-1 accuracy versus percentage of kept interconnections in the hidden FC layers (of 10 out of

12 transformer blocks) when pruned with GMP, LMP, GGP, and LGP. The dashed line indicates when the accuracy is 78.15% (i.e., 3% accuracy loss).

Interconnections are increasingly removed going from left to right.

Of course, we need to consider that we are pruning only
the FC layers. Because of this, in the case of AlexNet and
VGG-16, the global reduction in terms of FLOPs is indeed
negligible, since most of the computational complexity is due
to the convolutional layers. The same is not for ViT-B/16,
being all the structure is based on FC layers, so in this case,
we globally manage to reduce the computational complexity
by more than two times.

VI. MAM ON TRAINING-DEPENDENT
PRUNING METHODS

We showed the performance of MAM layers when prun-
ing is applied post-training, i.e., the training phase of the
DNN is independent of the pruning performance we want
to achieve. However, it is possible to apply more complex,
training-dependent pruning approaches to MAM neurons.
Here, we present two examples: we test MAM in conjunction
with the AC/DC method [10] and the lottery ticket iterative
pruning approach [11]. We test them on AlexNet + CIFAR-
100 and avoid the pre-trained models, namely VGG-16 and
ViT-B/16. In fact, training anew these large DNNs would
require large computational resources making the use of these
pruning methods not practical.

On this matter, we report some examples from [42]. The
authors state that, using a standard cloud TPUvV3 with eight
cores, it takes approximately 30 days to train a ViT-L/16
model on the public ImageNet-21K dataset while training a
ViT-H/14 model on the JFT-300M dataset [45] takes around
312 days. Nonetheless, training these models on such large
datasets is fundamental to obtain high performance when
fine-tuning them on smaller datasets—the same applies also
for the ViT-B/16 model used in this work. A similar problem
holds for the VGG-16 model trained on ImageNet-1K [41].
Despite notable hardware enhancements since its introduction,
a full retraining of this model on ImageNet-1K on a modern

GPU still requires several days. For structures that need high
computational resources for training, we consider more appro-
priate the use of post-training, one-shot pruning techniques.

A. Performance With AC/DC Pruning

The alternating  compressed/decompressed  training
(AC/DC) [10] is a technique that aims to reduce the
computational training cost through a specific training
procedure. This technique produces a sparse version of the
model. First, the DNN is trained as-it-is for a few epochs
(warm-up phase). Then, the percentage of interconnections
to be removed is selected, and the DNN is trained by
alternating repeatedly between two different phases, namely
compression and decompression. During compression,
the selected percentage of interconnections is temporarily
removed (with GMP) and the pruned DNN is trained. During
decompression, the removed interconnections are restored
and training continues with all the interconnections updated.
Training ends with a compression phase that is used to
fine-tune the model and that produces the final sparse model.
At this point, the compressed (sparse) model can be further
pruned by using one-shot post-training GMP. To produce
MAM-based models with this approach, we morph the MAC
neurons into MAM neurons during the last compression
phase (with the vanishing contributions technique).

We test AC/DC with different target sparsities (i.e., of 70%,
80%, 85%, 90%, and 95%) on AlexNet + CIFAR-100.
Higher percentages of target sparsity result in poor top-1
accuracy results. We train the model for 70 epochs starting
with 8 epochs of warm-up followed by alternating com-
pressed and decompressed training phases (11 phases in total,
which last 5 epochs each) and by 7 final epochs of fine-
tuning. As reported in Table VI, even with this approach, the
MAM-based model can be compressed more than the MAC-
based one.
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TABLE VI

AC/DC: PERCENTAGE OF REMAINING WEIGHTS AND FLOPs IN THE
PRUNED FC LAYERS OF THE AlexNet MODEL (47.2 MILLION INTER-
CONNECTIONS) AT 3% ToP-1 ACCURACY LOSS (62.52%)

AlexNet + CIFAR-100

MAC MAM
Weights Weights
kept MFLOPs kept MFLOPs
GMP 25.01% 27.28 0.26% 0.44
ACDCe70 12.86% 14.03 0.26% 0.44
ACDCeso  8.73% 9.53 0.24% 0.41
ACDCess 7.21% 7.87 0.21% 0.36
ACDCe%  3.25% 3.55 0.18% 0.31
ACDCe9s  2.17% 2.37 0.13% 0.23

B. Performance With Lottery Ticket Iterative Pruning

As a second training-dependent pruning approach, we con-
sider the well-known Lottery Ticket hypothesis in [11] tailored
on the non-structured pruning of FC layers. This hypothesis
suggests that a randomly initialized DNN contains a sub-
network (i.e., a pruned network) that, if trained again with
the same starting conditions (i.e., training parameters initial-
ization), can achieve the same accuracy of the original network
after being trained for, at most, the same number of iterations.

In order to select the right sub-network, the authors propose
the following approach. Given a DNN with a total number of
interconnections Py, training is performed for a certain number
of epochs starting from a given set of randomly initialized
parameters. Then, AP, interconnections are removed from
the current number of interconnections Py using GMP, and
the weights associated with the remaining interconnections are
reset to the same initialized values as before. Again, the DNN
is trained and A P; interconnections are removed from the
remaining P; = Py— A Py interconnections. This is performed
iteratively, removing at the generic kth iteration AP, from
the remaining P; interconnections, until the desired size of
the network is reached. Typically, A P, is proportional to the
remaining number of interconnections Py, i.e., AP, = a Py,
with ¢ € (0,1) defining the fraction of interconnections
removed for each iteration.

We apply this iterative pruning approach on AlexNet +
CIFAR-100 (both with MAM and MAC FC hidden layers)
removing interconnections until only 0.02% of the original
number remains. The larger «, the lower the number of
repeated training processes (iterations) necessary to reach that
number of interconnections. Conversely, using a lower number
of iterations results in a poorer performance.

Fig. 9 shows the final accuracy we obtain for the pruned
DNN given a certain number of iterations. While MAC
requires at least 10 iterations (i.e., ten full training of the DNN)
to reach a top-1 accuracy over 60%, the use of MAM results
in a much lower number of iterations for the same result (six
full training of the DNN). This is crucial for enabling the use
of iterative pruning methods with large DNNs that need long
training times and expensive hardware for training.
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Fig. 9. AlexNet + CIFAR-100 + Lottery Ticket pruning: Top-1 accuracy

with 0.02% remaining weights in the hidden FC layers versus the number of
consecutive training processes. AlexNet-FCMAM can reach good accuracy
with less iterations compared to AlexNet-FCMAC.

VII. CONCLUSION

We have presented and elaborated on a novel MAM map-
reduce paradigm, which allows for building neurons that are
naturally prone to aggressive pruning and can be deployed
at the edge. The resulting FC layers are trained through the
vanishing contributions technique, which seamlessly trans-
forms a classic MAC-based structure into a MAM-based one,
resulting in a structure with a comparable performance in
terms of accuracy. MAM-based layers can be pruned with
multiple state-of-the-art non-structured techniques, ranging
from one-shot methods to iterative ones. When employed
with classical computer vision DNN models, such as AlexNet,
VGG-16, and ViT-B/16 on multiple classification tasks, such
as MNIST, CIFAR-10, CIFAR-100, and ImageNet-1K, MAM-
based structures allow a further reduction in the total number
of interconnections compared to a classic MAC-based DNN,
together with a reduction of the training cost necessary to
obtain such pruned networks in the case of iterative methods.
Moreover, despite the reduction in terms of computational
cost (FLOPs) being negligible in CNN-based structures (as
the largest contribution is given by convolutional layers),
it is not the same for transformer-based structures such as
ViT-B/16, for which the global reduction of computational cost
is consistent.

APPENDIX A
ON THE COMPUTATIONAL COMPLEXITY OF MAM

While the pruning capabilities of MAM neurons constitute
the main focus of this work, it naturally prompts considera-
tion of their computational performance when compared with
standard MAC structures.

On a high-level view of the matter, it is possible to consider
the computational complexity of MAC as two FLOPs per
weight (one multiplication and one addition). Regarding MAM
operation, we count one multiplication and two additions (one
comparison for the maximum and one for the minimum) per
weight, with a total of three FLOPs per weight.

Additionally, since MAC operation is very common—it
is employed in any application that requires the use of
linear algebra—it is highly optimized on general-purpose
hardware (including CPUs, GPUs, and even microcontroller
units) both from the point of view of computation and memory
access. As an example, MAC operations often benefit from
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the fused multiply-add (FMA) operation [46] that allows
to perform multiplication and addition together within one
round. Of course, it is not the same for the MAM operation,
which needs a multiplication and two comparison operations
associated with two branching instructions (they select whether
to update the maximum/minimum value in the output register
or not). In particular, branching tends to disrupt the pipeline
structure present in most modern processors, slowing down
the processing with MAM operations. Nevertheless, the branch
predictor mechanism—which is present on most processors—
along with the fact that the output register needs to be updated
only a few times on average, greatly alleviates this problem.

Nonetheless, if we allow ourselves the use of ad hoc
architectures (e.g., we design custom hardware accelerators
for deploying MAM), MAM operation can easily match MAC
in terms of computational complexity. This is because: 1)
the flow-disrupting branch operation could be implemented
with multiplexer structures, with a negligible computational
overhead and 2) since fypically the inputs in the layer are
positive (being image data, or the output of a ReLU activation),
we know beforehand which inputs are associated with the
maximum and the minimum, reducing the FLOPs from 3 to 2.

Moreover, MAM neurons have been developed to work with
pruned layers. Because of this, their computational perfor-
mance should be evaluated in a context in which data is sparse,
which calls again for the use of specialized hardware to get
the best from this approach.

Finally, MAM could unlock some computational opti-
mization during the training phase of the network. First,
we hypothesize that looking at the probability of selection
of the interconnections at an early training stage could unlock
sparse training. This is because interconnections that are not
selected in an early stage of training are typically the same that
are not selected when training is completed. Second, during
backpropagation, the computation of the gradient travels only
through the interconnections that are selected by MAM (only
2 per neuron), strongly reducing the number of weight updates.
This could introduce large energy savings when performing
fine-tuning on edge devices.
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