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(communicated by Paolo V. Giaquinta)

ABSTRACT. In this review, we discuss the interrelation of advanced interdisciplinary
concepts such as time, motion, and change in the context of modern physics and their
connection to the idea of action. We mainly address such aspects that permit us to expose
the specificity of these concepts. Specifically, we examine the modern paradigm about time
and action and its relation to the notions of space, energy, and entropy in the context of
classical, quantum, and relativistic physics. We have touched briefly on the logical character
of dimensional analysis in the appropriate contexts. The review also includes synthesising
past and present research and a methodology survey. Finally, we we briefly discuss some
consequences to the science of complexity that these circumstances may cause for building
explanatory and predictive theories.

1. Introduction

In order to penetrate into the inner and further recesses of nature,
it is necessary that both notions and axioms be derived

from things by a more sure and guarded way.
Francis Bacon, Novum Organum, 1620

According to Einstein (1940), “Science is the century-old endeavour to bring together
using systematic thought the perceptible phenomena of this world into as thorough-going
an association as possible. To put it boldly, it is the attempt at the posterior reconstruction
of existence by the process of conceptualization”. The development of physics and closely
related natural sciences demonstrates this conceptualisation process (Hesse 1962; Cohen
1985; Whittaker 1989; D’Agostino 2000; Varvoglis 2014; Longair 2020; Carrol 2022;
Kuzemsky 2023a,b).

Indeed, the natural sciences elaborated numerous concepts to describe and interpret
different phenomena and complex natural processes (Einstein and Infeld 1954; Harman
1982; Holton and Brush 2001; Peat 2002; Buchwald and Fox 2013). These are: motion
(Synge 1960; Truesdell 1968; Whittaker 1988; Barbour 2001), inertia (Giufolini and
Wheeler 1995), energy (Bell 1943; Lindsay 1971; Tribus and McIrvine 1971; Lindsay 1975;
Muller 2007; Coopersmith 2015), power (Muller 2007), force (Wilczek 2007; Jammer 2011;
Wilczek 2021), mass (Jammer 2000; Okun 2009), space (Sklar 1977; Janner 2012), time
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(Carrol 2010; Weinert 2013; G.’t Hooft and Vandoren 2015; Kuzemsky 2023a,b), action
(Barrow and Tipler 1988; Siburg 2004; Toms 2007; Lawrie 2015; Kuzemsky 2023b), field
(Whittaker 1989; Zee 2013; Lawrie 2015), quantum (Jammer 1966; Holton and Brush
2001), interaction (Holton and Brush 2001; Wilczek 2021), heat (Muller 2007), entropy
(Muller 2007; Kuzemsky 2023b), information (Tribus and McIrvine 1971; Gitt 2006; Gleick
2011; Eigen 2013; Kuzemsky 2016), symmetry (Kuzemsky 2010, 2017; Schwichtenberg
2017), emergence (Laughlin and Pines 2000; Kuzemsky 2010), complexity (Nicolis and
Prigogine 1989; Gell-Mann 1994; Mainzer 2007) and many others. Many notions and
concepts are interrelated with others, e.g., motion and inertia, energy and entropy, time and
space, force and interaction, entropy and information, mass and energy, etc. Discussion of
the phenomenon of time and certain aspects of the concept of time from an interdisciplinary
perspective was carried out by Kuzemsky (2023a,b).

In comparison with other notions, the studies of the basic concepts and the mathematical
and logical structure of equilibrium thermodynamics were developed extensively (Kuzemsky
2023b). Various aspects of the subject were formulated consistently and rigorously in an
axiomatic form. Now it may be considered as a branch of mathematical physics (Arens
1963; Giles 1964; Rulle 1978; Wehrl 1978; Owen 1984; Emch and Liu 2002). Energy E and
entropy S are considered the most important core concepts of natural sciences, particularly
in concerning physics. A function S representing the degree of energy spreading and
sharing was developed using a set of acceptable properties. Many properties of entropy,
e.g., invariance, additivity, concavity, sub-additivity, continuity, etc., were developed in
axiomatic form concerning their consequences in statistical mechanics (Arens 1963; Giles
1964; Rulle 1978; Wehrl 1978; Owen 1984; Emch and Liu 2002).

It was established that Caratheodory’s formulation of classical thermodynamics might be
reformulated into a mathematically rigorous form, in which such well-known results as the
existence of entropy and (positive) absolute temperature, the principle of increase of entropy
and the positivity of isometric-specific heats were shown to follow logically from a set of
axioms closely related to the traditional laws of thermodynamics and more transparent than
those of the earlier formulation. The basic tools were differential geometry and topology,
the latter being needed to eliminate those flaws in the previous arguments that arose from
the erroneous application of local results in a global context (Kuzemsky 2023b). It is worth
mentioning that this approach formulated the relatively systematic and contradiction-free
scheme of thermodynamics based on Pfaff’s forms. In addition, the development of measure
theory helped to improve the development of thermodynamics and the physics of continual
matter, where extensive quantities are measured and intensive quantities are densities. The
attention was attracted to measure theory, but not to topology, as a natural approach for the
comprehension of the difficulties (ergodicity, approach to equilibrium, irreversibility) based
on statistical mechanics. The measure-theoretic proof of the Poincaré recurrence theorem
was formulated. The approach stimulated Birkhoff to point out the ergodicity as metric
transitivity. Later, Koopman and von Neumann developed the spectral analysis of dynamical
systems in Hilbert spaces (Moore 2015). However, mixing explained equilibrium but not the
too-complicated notion of irreversibility. The consequent development of the spectral theory
of dynamical systems to locally convex spaces revealed the nontrivial time asymmetric
spectral decompositions for unstable and non-integrable systems. Thus, irreversibility can
be explained in a more sophisticated way (Kuzemsky 2018). Hence the axiomatic approach
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provided thermodynamics with a strong design that clarified the role of the binary relation
of adiabatic accessibility between equilibrium states.

Another important axiomatic approach to physical problems was elaborated and formu-
lated by Bogolubov and his school (Bogolubov, Logunov, and Todorov 1975; Bogolubov et
al. 2012) in the framework of relativistic quantum field theory. The previous basic results of
relativistic quantum theory were obtained in terms of the local quantum field approach. The
development of the basic principles of the local theory and its mathematical structure were
the marked streams in this area. The axiomatic approach has appeared from attempts to give
a mathematical meaning to the quantum field theory of strong interactions. In this theory, the
fields were represented by operators in the Hilbert space with a positive Poincaré-invariant
scalar product. This semi-classical part of the axiomatic approach attained its modern form
decades ago. Nevertheless, its significance is preserved today, even if the main description
prospects of the electro-weak and strong interactions are related to the theory of gauge
fields. In fact, from the point of view of the quark model, the theory of strong interactions of
the Wightman type was obtained by restricting attention to just the physical local operators
(such as hadronic fields consisting of fundamental quark fields) acting in a Hilbert space of
physical states. In principle, there are enough such physical fields to describe of hadronic
physics, although this means that one must reject the traditional local Lagrangian formalism.
The connection may be restored in the approximation of low-energy “phenomenological”
Lagrangian. The logical aspects of the related approaches were discussed and clarified. This
approach is under some development today on the new grounds.

It should be said that the conceptualisation and adaptation processes of other great ideas
and concepts were difficult and even dramatic in part (Peat 2002; Weinert 2013; Kuzemsky
2023a,b). There are some concepts, e.g., vacuum, space, time, information, emergence, etc.,
the conceptualisation process of for which is still in progress and is characterized by the
hottest debates and polemics (Barrow 2001; Mittelstaedt and Weingartner 2005; Mittelstaedt
2011; Kuzemsky 2023b).

The present study aims to improve the fundamental understanding of the concepts of
space, time, action, and entropy by placing them in a suitable context. By confronting the
concepts of time and action, it is possible to emphasize transparently the dynamical aspect
of both notions (Truesdell 1968; Barbour 2001). These points are so basic to how science
works that it is worth looking at the rationale for it more carefully. We will discuss and
critically examine various physical and mathematical accounts of these core concepts and
their relevance in various fields.

2. Time and action

When describing the notions of space and time, Davies (1977) remarked: “In common
understanding the space is empty but time is fulfilled with action”. Hence space, time, and
action have their specificity (Kuzemsky 2023b). In common usage, the term action means a
doing or making. It is the process of doing something, or something done, especially for a
particular purpose. The time of action can be the moment in time or period when an action
takes place. That means that the notions of time and action are interrelated intimately, even
on the linguistic level. These problems were discussed in the context of representations for
natural language systems, problem-solving systems, and work in linguistics and philosophy
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(Allen 1984). In physics, time is considered a change associated with the second law of
thermodynamics. In other words, it may be treated as the physical result of increasing
entropy. Time is also a spacetime dimension with the opposite metric signature to space
dimensions. Hence it is the fourth dimension. Einstein (1947) formulated this statement
in a semi-axiomatic way: “Physical space was thus increased to a four-dimensional which
also included the dimension of time. The four-dimensional space of the special theory of
relativity is just as rigid and absolute as Newton’s space”.

These matters were reformulated within constructive axiomatic space-time geometry
combined with some elements of quantum theory (Lammerzahl and Macias 1993). It was
speculated that by using the specificity of the dynamical behaviour of general matter fields
in a geometry-free way, it may be possible to give plausible arguments for the spacetime
dimension to be four. In addition, the low-dimensional manifolds were also seen to possess
special mathematical properties. For a space with more than three dimensions, it is more
difficult. There can be no atoms in the usual sense and, consequently, no stable structures.
In addition, a space with less than three dimensions prevents gravitational force. It also may
be too primitive to contain observers. However, it should be stressed that space-time is a
tool for explaining one aspect of reality and, in this sense, is a model of reality. It is worth
mentioning that there is a detailed analysis of the special theory of relativity kinematics and
dynamics as well as the general theory of relativity under the aspect of logic (Tornebohm
1952; Prokhovnik 1967; Andréka et al. 2010; Ma 2013; Kanda, Prunescu, and Wong
2020; Engler 2021). In these studies, the axiomatic logical analysis of relativity theories
was described. In this context, scientific arguments are usually highlighted as rational
descriptions of certain scientific ideas and the evidence for or against them. A scientific
argument uses a logical approach to establish a rigid background for whether a scientific
idea is relevant or irrelevant (Baker 2007).

3. Time, change and dynamics

Time and dynamics are highly linked to one another. The fundamental property of dy-
namical systems is the dependence of their state changes upon time (Synge 1960; Whittaker
1988; Barbour 2001). The interpretations of time and change are complementary in mechan-
ics. Indeed, “change consists in a single object having a given property at a given time and
a distinct and incompatible property at a different time” (Belot 2007). Belot analysed the
formulation of time and change in the general theory of relativity, based on Hamiltonian
and Lagrangian mechanics, highlighting the role of dynamics in the comprehension of the
evolution of physical quantities in time. Indeed, the aim of dynamics is the description of
the trajectories of particles under the action of external forces. He showed that “it is a fact of
primary importance that for well-behaved theories the space of initial data and the space of
solutions share a common geometric structure - these spaces are isomorphic as symplectic
manifolds” (Belot 2007).

Guillemin and Sternberg (1990) proved that symplectic geometry is a very useful tool
for a clear and concise formulation of some classical physics topics, e.g., the importance of
symmetries, analogies between classical dynamics and optics, the importance of symplectic
techniques in classical variational theory, symplectic features of classical field theories, and
the principle of general covariance. They used the uncluttered, coordinate-free approach to
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symplectic geometry and classical mechanics. Concerning the fundamental principles in
physics, Guillemin and Sternberg (1990) conjectured three principles (or axioms). These
axioms differ substantially from the other, but all give rise to the same systems of Hamilton
equations. The first is the variational principle. The second is the method of high-frequency
approximation. The third is the principle of general covariance (Kuzemsky 2023a).

The first fundamental principle emphasizes the variational approach (Lanczos 1986). The
Hamilton equations of motion are the Euler-Lagrange equations for the integral

∫︁
L (q, q̇)ds

along curves. Here L (q, q̇) = 1/2∥q̇∥2 and q̇ denotes the tangent vector to the curvature.
In this approach, Fermat’s principle, or Maupertuis’s principle states itself as being the core
principle of mechanics. Hence in certain cases, the problem of finding the basic laws of
physics may be formulated as the problem of finding the true Lagrangian.

Following the Lagrangian formalism, Belot (2007) analysed the two groups of solutions:
the solutions that represent change and changeless solutions “which are invariant under the
action of a group of time translations” (Guillemin and Sternberg 1990; Sternberg 1995;
Belot 2007). Thus, Belot developed a workable formalism of the representation of time
and change, concerning the implementation of time translation and evolution. In addition,
Belot studied the problem of time in general relativity (Schwinger 1986), reconsidering
the general covariance of general relativity with related consequences. So, he developed a
workable approach for time and change in general relativity.

Thébault (2012) introduced a complementary approach to symplectic reduction and to
the problem of time in non-relativistic mechanics, describing a deep connection between the
theories invariant under local symmetry transformations (for example the gauge theories)
and the concepts of space and time. As in general relativity, the Hamiltonian constraints are
also introduced in the canonical formulation of these theories. Thébault (2012) conjectured
that the physical foundation of the problem is the symplectic reduction. Indeed, if reduction
is avoided, two viable alternative strategies could be introduced to deal with Hamiltonian
constraints. Consequently, a new re-conception of time and change emerged in non-
relativistic mechanics. Both these approaches and the failure of reduction determine
important consequences on the relational or absolute status of time in physics.

4. Dynamics and action

Action in mechanics is the movement using force or power for some purpose; how a
body moves. In this context, it is worth stressing that action is one of the key concepts in
classical and quantum physics (Landau and Lifshitz 1976; Barrow and Tipler 1988; Kibble
and Berkshire 2004; Toms 2007). The concept of action is in the row of other key concepts,
such as time, space, energy, force, field, etc. It interconnects in a specific way with the
notion of time (Kuzemsky 2020; Lucia, Grisolia, and Kuzemsky 2020).

A short historical account of the development of the concept of action will not be out
of place here. The notion of the action was introduced by Leibnitz about 1699 (Kuzemsky
2023b). He called it actio formalis, i.e., formative action. Maupertuis introduced an
analytical definition for the action as AM = m · v · s, where m is the mass, v is the velocity,
and s is the path length. Considering that s = vt it follows that AM = 2Ekin · t. We indicate
the Maupertuis action by AM to avoid confusion with the Hamilton action AH (Kuzemsky
2023b). More precisely, action may be defined as an integral A associated with the trajectory
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of a system in configuration space, equal to the sum of the integrals of the generalized
momenta of the system over their canonically conjugate coordinates (Landau and Lifshitz
1976; Kibble and Berkshire 2004). This is usually known as the action integral (Kibble and
Berkshire 2004). This terminology does not accord with the original, in which the term
action was used for a related but different quantity (the integral of twice the kinetic energy),
which is relatively little used (Kibble and Berkshire 2004). However, it is more convenient,
and it is usual nowadays, to call it the action integral (Kuzemsky 2023b).

The scientific validity of the concept of action is closely linked to the fundamental law
(or axiom) of physics, i.e., the principle of least action formulated by Maupertuis and Euler
(Kuzemsky 2023b), whose basis is the principle of Pierre de Fermat, who conjectured that
light travels between two given points along the path of shortest time, today named the
principle of least time or Fermat’s principle. This can be analytically expressed in modern
notation as

∫︁
ds/v = min. We wish to highlight that Euler was the first to replace the path

s with the element of the path ds in the variational problem. Maupertuis (1698-1759)
developed the principle of least action (Kuzemsky 2023b) as an improvement for Leibnitz’s
ideas of mvs = min. This expression is known as Maupertuis’ principle (Landau and Lifshitz
1976) - an integral equation that determines the path followed by a physical system. We
stress that Maupertuis proposed this principle as a metaphysical idea that underlies all the
laws of mechanics. The principle of least action states that in all natural phenomena, a
quantity called action tends to be minimised (Landau and Lifshitz 1976; Lanczos 1986), an
idea that Maupertuis stated (Kuzemsky 2023b):

Nature, in the production of its effects, does so always by the simplest
means.

We highlight that in optics the quantity that presents the minimum is the time (Kuzemsky
2023b). Hence, what should be done, is to arrange a possibility for the measurement of
time’s intervals and to establish the relations for it: equal, more than, and less than.

On the contrary, mechanical problems are very different from the optical ones. Indeed, it
is not obvious which is the quantity that presents the extremum (minimum or maximum).
Following Leibnitz and Maupertuis, this quantity is quite non-trivial: the action. Maupertuis
writes the action as the product of the body mass , the distance travelled and its velocity
(Kuzemsky 2023b). Moreover, he pointed out that a system of bodies at rest tends to reach
a position where any change determines the smallest possible change in the action. The
fundamental property of this principle is the great number of applications so it is universal.
Moreover, Maupertuis admitted that the major arguments advanced to prove God, from
the wonders of nature or the apparent regularity are all open to objection. But a universal
principle of wisdom provides an undeniable proof of the shaping of the universe by a wise
Creator.

5. The basic notions of mechanics and time

To clarify the various mechanical and quantum mechanical base concepts and the notions
discussed above we summarise here the relevant information very briefly for the sake of a
self-contained presentation (Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire
2004; Kuzemsky 2017, 2023b).
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Classical mechanics describes the evolution of mechanical systems over time. Thus,
the state of the system under consideration is identified by a set of physical quantities
concerning the physical condition of the system itself at any time, {state} = {q, q̇} =
{position,velocity}. From a classical mechanics viewpoint, the description of a many-
particle system composed of N particles (molecules) needs the knowledge of several
variables of the order of the total number of molecules. Consequently, if the system
has n degrees of freedom then the identification of 2n variables {q1,q2, . . .qk, . . .qn} and
{p1, p2, . . . pk, . . . pn} is required, being the set {q(t)} of the generalised coordinates and
the set {p(t)} of the particles’ associated conjugate momenta, defined as:

pk =
∂L

∂ q̇k
, k = 1,2, . . . ,n; q̇k =

dqk

dt
(1)

where q̇k = dqk/dt are the generalised velocities, and L = T −U represents the Lagrange
function, with T = Ekin(q, q̇) the kinetic energy and U = Epot(q) the potential energy.
The quantities qk and pkare named canonically conjugate. For a N-particles system, the
Lagrangian results:

L = L (qk, q̇k, t) =
1
2 ∑

k
mkq̇2

k −U(q1,q2, . . .qk, . . .qN , t) (2)

The generalised coordinates can represent different physical quantities (length, angle, etc.),
but the Lagrange function always has the dimension of energy. The number of generalised
coordinates is always the same as the number of the system’s degrees of freedom. We wish to
highlight that in classical mechanics the time t and the Hamiltonian H are never canonically
conjugate. In classical mechanics, the Lagrangian approach allows us to obtain the equations
of motion and the related conserved quantities (Landau and Lifshitz 1976; Lanczos 1986;
Kibble and Berkshire 2004; Kuzemsky 2017, 2023b), reformulating Newton’s second law
by a system of n second order differential equations concerning time (Landau and Lifshitz
1976; Lanczos 1986; Kibble and Berkshire 2004; Kuzemsky 2017, 2023b):

d
dt

∂L

∂ q̇k
− ∂L

∂qk
= 0 (3)

Their solutions require 2n integration constants.
The Lagrange equations and Newton’s second law are two equivalent formulations of

classical mechanics. However, the Lagrangian approach presents some limitations; indeed,
the Lagrangian L that brings to a set of equations of motion is not unique. For example,
both the Lagrangian L (qk, q̇k, t) and L̃ (qk, q̇k, t) = L (qk, q̇k, t)+ dF/dt, where dF/dt
is a total time derivative of a function F(q, t), yields the same equations of motion since
dF/dt satisfies Lagrange’s equations identically for arbitrary F(q, t). Moreover, the system
of the Lagrangian equations does not consider dissipation. For example, a Lagrangian that
describes a damped simple harmonic oscillator has been shown to describe a completely
different physical system than the harmonic oscillator (Landau and Lifshitz 1976).

A basis for approximation methods of classical mechanics is the variational principle,
which was introduced in physics and applied mathematics as a useful tool for the analysis
of mechanics, hydrodynamics, theory of elasticity, etc., (Landau and Lifshitz 1976; Lanczos
1986; Kibble and Berkshire 2004; Kuzemsky 2017, 2023b). Let q̃k(t) be a trajectory
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between two different positions qk(t1) and qk(t2), slightly deviated from the real pathway
qk(t), i.e., q̃k(t) = qk(t)+ δqk(t), where δqk(t) is the virtual displacement and q̃k(t) is
the virtual trajectory. Hamilton’s variational principle within the Lagrangian formulation
represents an efficient approach in classical dynamics because it involves the action function
A defined as (Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004;
Kuzemsky 2017, 2023b)

A =
∫︂ t2

t1
L (qk, q̇k, t)dt (4)

To summarise, the action functional A [q(t)], whose dimensions are energy times time
(Dim[A ] = J× s), is an integral associated with the trajectory of a system in configuration
spaces (Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004; Kuzemsky
2017, 2023b), which presents a symmetry concerning time because the Lagrangian L is
not an explicit function of t: time symmetry implies energy conservation. In this context,
a fundamental role is played by Hamilton’s variational principle which is the principle of
minimum action

δ

∫︂ t2

t1
L dt = δA [q(t)] = 0 (5)

We highlight that the Hamilton principle is independent of the choice of coordinates. An
extremum principle is equivalent to the equations of motions of Newton or Lagrange
(Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004; Kuzemsky 2017,
2023b).

Hamiltonian mechanics introduces the Hamiltonian function defined as (Landau and
Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004; Kuzemsky 2017, 2023b):

H = Σ
n
k=1q̇k pk −L (qk, q̇k, t) (6)

where Hamilton introduced the generalized momenta pk = ∂L /∂ q̇k, with the consequence
that L ̸= H. Legendre transform allows the transition from the Lagrange to the Hamilton
approach. The Legendre transformation also plays a fundamental role in thermodynamics
to transform state variables into other ones. The Hamiltonian gives the energy value along a
solution (that is preserved for time-independent systems) whereas the Lagrangian describes
the action. Hamilton’s equations are equivalent to the Euler-Lagrange equations for the
Lagrangian. These equations express the variational character of solutions of the Lagrangian
system (Siburg 2004).

Garrido (1961) in a few papers analysed complementary aspects of the action principle
for classical mechanics. He considered a differential action principle for classical mechanics
from which the equations of motion can be deduced and also yields an easy method for
treating perturbations in classical mechanics. The equations of motion determine the time
development of the system. They are a set of differential equations that relate quantities
evaluated at the same instant. All mechanics involve two different sets of hypotheses,
corresponding to the kinematic description of the system at a time instant and to the
specific dynamical time evolution of the same. The action principle considered by Garrido
(1961) refers to the second aspect when one uses sets of canonical conjugate variables
to describe the system, that is, in phase space. Perturbations have so far been treated
in classical mechanics in an elementary way. It was assumed that the solution to the
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perturbed equations of motion could be written as a power series of a certain parameter,
the coupling parameter between the unperturbed and perturbed system; substituting this
solution into the perturbed equations of motion author got, as a consequence of equating
to zero the different coefficients of the successive powers of the coupling parameter, a set
of equations whose solutions generated the perturbed solution up to any desired degree of
approximation in the coupling parameter provided that the convergence of the series was
assumed. The full complexity of classical perturbation theory was revealed in a detailed
treatment that goes as far as treating the adiabatic invariance of action variables. Garrido
formulated a differential principle for systems whose motion can be deduced from the
variation of an action integral; the Lagrangian may depend on time explicitly. A differential
action principle was obtained using variations of the action integral. It yielded Hamilton’s
equations of motion, provided a general method to treat perturbations in classical mechanics,
and corresponds to Schwinger’s principle of quantum mechanics (Watson 1989). Garrido
considered also a general action principle for mechanics written using the elements of a Lie
algebra. He studied the physical reasons for which we must choose a Lie algebra to write
the action principle. Using such an action principle author worked out the equations of
motion and a technique to evaluate perturbations in general mechanics that is equivalent to
a general interaction picture. Classical or quantum mechanics come out as a particular case
when one makes realizations of the Lie algebra by derivations into the algebra of products
of functions or operators, respectively. Later, the author developed the applications of the
action principle to classical and quantum mechanics, seeing that in this last case, it agrees
with Schwinger’s action principle (Watson 1989). The main contribution (Garrido 1961)
was to introduce a perturbation theory and an interaction picture of classical mechanics on
the same footing as in quantum mechanics.

The Maupertuis’ principle was discussed clearly by Landau and Lifshitz (Landau and
Lifshitz 1976). According to their approach, the motion of a mechanical system is entirely
determined by the principle of least action. Indeed, they stressed that by solving the
equations of motion which follow from that principle, we can find both the form of the path
and the position on the path as a function of time.

If the problem is the more restricted one of determining only the path, without reference
to time, a simplified form of the principle of least action may be used. They assumed that
the Lagrangian, and therefore the Hamiltonian, does not involve the time explicitly so that
the system energy is conserved: H(p,q) = E = constant. According to the principle of least
action, the variation of the action, for given initial and final coordinates and times (t0 and
t, say), is zero. If, however, we allow a variation of the final time t, the initial and final
coordinates remaining fixed, we have

δA =−Hδ t (7)

They compared only the system motion that satisfies the law of energy conservation. For
such paths, we can replace H in the above equation with a constant E, which gives

δA +Eδ t = 0 (8)

Next, they rewrite this equation in the form

A =
∫︂

∑
i

pidqi −E(t − t0) (9)
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The first term on the right side of this equation is sometimes called the abbreviated action A0.
A combination of the last two equations gives the equality δA0 = 0. Thus, the abbreviated
action has a minimum concerning all paths that satisfy the law of conservation of energy
and pass through the final point at any instant. Using the differential dt in terms of the
coordinates q and their differentials dq it is possible to express the momenta in terms of q
and dq, with the energy E as a parameter. The variational principle so obtained determines
the path of the system and is usually called Maupertuis’ principle, although its precise
formulation is due to Euler and Lagrange (Landau and Lifshitz 1976). For the abbreviated
action, Landau and Lifshitz (Landau and Lifshitz 1976) write down the following equation

∂A0

∂E
= t − t0 (10)

which manifests an inherent interconnection of time and action (Lucia, Grisolia, and
Kuzemsky 2020). Hence, the principle of least action states that, for sufficiently short times,
trajectories of a Lagrangian system minimise the action amongst all paths in configuration
space with the same endpoints. However, when the time interval becomes larger, the Euler-
Lagrange equations describe just critical points of the action functional; they may well be
saddle points. This is why the right term should be the principle of critical action.

Hamilton equations, formulated by Hamilton (1805-1865) as ordinary canonical first-
order differential equations of motion for holonomic mechanical systems, are equivalent to
Lagrangian ones (Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004;
Kuzemsky 2017, 2023b); their analytical expression is:

dqk

dt
=

∂H
∂ pk

,
d pk

dt
=− ∂H

∂qk
(11)

If there are the non-potential generalized forces Fk acting on the system, they must be added
to the right-hand side of the second equation. A variational principle for non-holonomic
systems can be obtained (Kuzemsky 2023b) from a different variational approach in which
the comparison paths do not satisfy the velocity-dependent constraint conditions: this result
cannot be obtained by the Lagrangian approach.

It is worth mentioning that classical analytical mechanics may be connected with entropy
production. Indeed, the usual canonical Hamiltonian or Lagrangian formalism of classical
mechanics for macroscopic systems expresses energy conservation for adiabatic motions,
but, if irreversible diabatic processes must be considered, then the law of increasing entropy
must also be introduced (Silverberg and Widom 2007). In this way, the concept of entropy
is introduced into the classical mechanical formalism.

When the Hamiltonian is time-independent, it represents the total energy which is a
conserved quantity (or integral) of the motion:

∂H
∂ t

=
dH
dt

= 0,
∂H
∂ t

=−∂L

∂ t
(12)

i.e., H = T +U = E = constant. In classical dynamics, the time derivative of a quantity is
obtained as:

dA
dt

= {A,H}+ ∂A
∂ t

(13)
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where A is some function of p and q and {A,H} is the Poisson bracket:

{A,H}=
n

∑
k=1

[︂
∂A
∂qk

∂H
∂ pk

− ∂A
∂ pk

∂H
∂qk

]︂
(14)

A function of phase f (p,q, t) will evolve in time according to the equation

d f (p,q, t)
dt

= { f ,H}+ ∂ f
∂ t

(15)

Constants of motion are important quantities in classical mechanics and statistical mechanics
(Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004; Kuzemsky 2017,
2023b), because any integrable dynamical system has additional (to the energy) constants
of motion, which commute with the Hamiltonian under the Poisson bracket. Let f (p,q) be
a constant of motion, thus (p(t),q(t)) is a trajectory or solution to the Hamilton equations
of motion, so, d f/dt = 0 along that trajectory:

d
dt

f (p,q) = { f ,H}+ ∂ f
∂ t

= 0 (16)

where, as above, the intermediate step follows by applying the equations of motion. Let
us consider the density of representative points of an ensemble, ρ = ρ(p,q, t). The total
number of representative points in the ensemble is a conserved quantity. It implies that their
density ρ must obey a conservation equation in the 2N−dimensional phase space, named
Liouville’s theorem:

{ρ,H}+ ∂ρ

∂ t
= 0;

dρ(p,q, t)
dt

= 0 (17)

If ρ is time-dependent, the equation for ρ results:

∂ρ

∂ t
= {ρ,H}= {H,ρ} (18)

We highlight that this equation is not a precise equation of motion (dρ(p,q, t)/dt ̸= {H,ρ}).
A Hamiltonian system is completely integrable if all the constants of motion are in mutual
involution (Landau and Lifshitz 1976; Lanczos 1986; Kibble and Berkshire 2004; Kuzemsky
2017, 2023b).

In classical mechanics every solution of the equations of motion is a state of definite
energy; consequently, position, momentum and energy are well-defined and evaluated in
any instant. This is not the case in quantum mechanics.

6. Uncertainty and action

Quantum mechanics (Birkhoff and Von Neumann 1936; Heisenberg 1949; Mackey 1963;
Blokhintsev 1964, 1968; Piron 1976; Von Neumann 2018) formulates two basic axioms, in
terms of the notions of the states and the observables. The important aspect of this approach
is the reconstruction of quantum theory based on a formal language of quantum mechanical
axioms and propositions (Mackey 1963; Von Neumann 2018). These concepts are related
tightly to the notion of measurement (Blokhintsev 1964, 1968; Von Neumann 2018). This
section aims to clarify some of the issues.
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The measure of a physical quantity is an eigenvalue of the Hamiltonian and the state is the
related eigenvector, so any observable is a self-adjoint operator acting in the Hilbert space
H . Only in the particular case of the simple physical systems can the state be identified by
a single observable, while in the usual real systems, a greater number of observables are
required. Consequently, the set of possible measures of an observable X is identified by
the spectrum of its representative operator. In quantum mechanics, time t determines the
evolution of any system, even if it is not represented by a dynamical variable (operator),
so, while any measurement is developed at an instant of time, histories cannot be measured
(Kuzemsky 2020, 2023b). Observables are represented by operators identified based on
specific commutation relations, which are the basic axioms of quantum mechanics: as
axioms, they cannot be deduced or proven. They are the cornerstones of quantum physics on
the whole (Birkhoff and Von Neumann 1936; Heisenberg 1949; Mackey 1963; Blokhintsev
1964, 1968; Piron 1976; Von Neumann 2018). The Poisson brackets of classical physics
in quantum mechanics are replaced by the commutator of two quantities which represent
observables

{A,B}PB → 1
ih̄
[AB−BA] =

1
ih̄
[A,B]− (19)

For the position x and momentum p, it gives

[xp−px] =
[︂
x,−ih̄

∂

∂x

]︂
= ih̄ (20)

where h̄ = h/2π , with h the Planck’s constant.
A fundamental difference between quantum mechanics and classical physics is the intro-

duction of Heisenberg uncertainty relations (Heisenberg 1949) for the canonical variables,
e.g., position x and momentum p:

∆x∆p ≥ h (21)
In general case

∆A∆B ≥ 1
2
|⟨AB−BA⟩|, (22)

where ∆A is the standard deviation (∆A)2 = ⟨(A−⟨A⟩)2⟩. Hence we can write that

⟨(∆A)2⟩⟨(∆B)2⟩ ≥ h2

4
; ∆x∆p ≥ h̄

2
= 5.3×10−35J · s. (23)

Uncertainty relations result in canonical variables because they are operators in the Hilbert
space. A Hilbert space H (or complex Hilbert space) is a complex vector space with an
inner product that is a complete metric space concerning the norm associated with the inner
product. So, from the mathematical viewpoint, quantum mechanics is the implementation of
the representation of commutation relations by operators in the Hilbert space (Piron 1976;
Kuzemsky 2017). The measures of some particular quantities are required to form a basis
for the Hilbert space imposing the observables to be compatible, i.e., their related operators
must all commute. This set of variables is usually called a complete set of commuting
observables.

The state of a system in quantum mechanics is fully described by a function ψ(r, t)
(or Ψ(r1,r2, . . . , t)), the wave function, which is a basic notion of quantum physics. It
is defined so that the probability of finding the particle in the interval x to x+ dx results
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P(x)dx = |ψ|2dx = ψ∗ψdx. It contains all the measurable information about the system
(particle). Thus, while in classical physics a particle follows a definite trajectory (x(t), p(t)),
in quantum mechanics the state of a particle is described in terms of a wave function ψ(r, t),
whose probabilistic interpretation is to obtain the probability to find the particle at position r
at time t as P(r) = |ψ(r, t)|2, being P(r) = |ψ(r, t)|2d3r the probability to find the particle
in an infinitesimal volume d3r centred at r at time t. Consequently, in classical physics, the
position and momentum of a particle are precisely determined, while in quantum physics
the probabilistic description of phenomena at the atomic level emerges (Heisenberg 1949;
Blokhintsev 1964, 1968), whose quantum state is completely determined by the complex
wave function ψ(r, t). The Schrödinger equation

ih̄
∂ψ(r, t)

∂ t
= Hψ(r, t) (24)

is a fundamental equation which demarcates and determines the temporal behaviour of
quantum objects (Kuzemsky 2017), with H the Hermitian operator, called the system’s
Hamiltonian, depending on the properties of the interaction both inside the system itself and
outside with its environment. Remarkably Schrödinger’s equation includes the universal
constant h̄ that defines all the specificity of the quantum world.

The Schrödinger equation, a basic reference of quantum mechanics (Kuzemsky 2017), is
a second-order partial differential equation that allows us to obtain the spatial shape and
the temporal evolution of a wave function in a given potential V under definite boundary
conditions. Its solutions ψ(r, t) are complex functions. Concerning quantum dynamics, the
state vector ψ(r, t) at time t is related to the initial state at time t0 by unitary transformations.
In quantum dynamics, time is not considered an observable depending on the state, but it
is used as a parameter, useful for obtaining an ordered sequence of events. The axiom of
continuous unitary transformation for time evolution is introduced.

The Schrödinger equation presents a symmetry (Kuzemsky 2017); indeed, the wave
function is arbitrary up to a global phase and changing ψ → exp(iα)ψ does not modify
the probability distribution P(r). It is mathematically realised by multiplying the wave
function by exp(iϕ), with ϕ phase represented by a real number, constant over all of space,
with the consequence of the invariance of the squared modulus of the wave function: a
symmetry emerges about the global phase factor. The action of a free particle, in the range
of coordinate position [0,r] over time t results (Kuzemsky 2023b):

A =−Et +p · r. (25)

If the free particle is in rest, the action becomes:

A =−E0t =−mc2t. (26)

where E0 is the energy at rest and c is the velocity of light, and the wave function results:

Ψ ∼ exp
(︂ iA

h̄

)︂
. (27)

with exp
(︂

iA /h̄
)︂

amplitude and A the action for the path considered, A /h̄ is the phase
angle, also considering that an amplitude phase is a complex number. Both action A
and Planck’s constant h̄ have the same dimensions (energy times time), so, A /h̄ is a
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dimensionless quantity. Thus, the equation is non-linear in the new quantities, even if
Ψ obeys a linear equation. The path integral formalism allows us to interpret the term
exp(iA /h̄) considering a particle described by a Lagrangian L (r, ṙ, t) and providing a
set of formal rules to establish how the probability of observing such particle at some
spacetime position (r, t) can be obtained in terms of the quantum theory. The variations of
Acl lead to strong oscillations of the terms exp(iA /h̄) to the path integral, also determining
a destructive interference between these contributions. Only the paths close to the classical
one is the interference ruled out, because of the extremal property of the action integral,
so near the classical path the value of the action integral changes so little that destructive
interference cannot occur. On the contrary, concerning microscopic particles, it results in
10 ⪆ A /h̄, so, the variations of the exponent result in the order of unity and the destructive
interference is still present but less destroyable than in the macroscopic case.

So, two domains result in the parameters concerning two pictures - classical and quantum.
Classical systems are characterised by the values (v/c)≪ 1 and (A /h̄)≫ 1, while quantum
systems are characterised by the values (v/c)≪ 1 and (A /h̄)≪ 1, with v velocity of the
particle and c the speed of light. In quantum mechanics (Blokhintsev 1964) two kinds
of states occur: for instance, the pure state, represented by a wave function ψ(r, t), and
the mixed state, represented by a density matrix ρnm. A mixed state may be regarded
as a probability distribution over a set of pure states. Similarly, in classical mechanics,
a pure state is represented by a point in phase space and a mixed state by a probability
distribution over phase space. A basis of quantum theory is the time-dependent Schrödinger
equation which determines the quantum evolution (Bayfield 1999) and temporal behaviour
of quantum systems; it governs all phenomena of the microscopic world.

Field (2011) showed how the time-dependent Schrodinger equation can be derived
reasonably from the dynamical postulate of Feynman’s path integral formulation of quantum
mechanics (Derbes 1996) and the Hamilton-Jacobi equation of classical mechanics. Field
(Field 2011) analysed the Schrödinger original derivation of quantum wave equations, based
on the Hamilton-Jacobi equation. The Field’s derivation of the time-dependent equation
was based on a certain postulate which is equivalent in his opinion to Feynman’s dynamical
postulate. de Broglie’s concepts of ’matter waves’ and their phase and group velocities were
also critically discussed.

Schleich et al. (2013) also clarified the origin of the Schrödinger equation also. They
deduced the Schrödinger equation from a mathematical identity by a general formulation
of classical statistical mechanics based on the Hamilton-Jacobi equation. This approach
elucidated that the linearity of quantum mechanics is intimately connected to the strong
coupling between the amplitude and phase of a quantum wave.

Briggs (2015) conjectured some complementary approach. Beginning with the principle
that a closed mechanical composite system is timeless, he speculated that “time may be
defined by the regular changes in a suitable position coordinate (clock) in the observing
part when one part of the closed composite observes another. Translating this scenario into
classical and quantum mechanics allows a transition from time-independent mechanics
for the closed composite to a time-dependent description of the observed part alone. The
Hamilton-Jacobi theory yields a very close parallel between the derivations of classical
and quantum mechanics. The time-dependent equations, Hamilton-Jacobi or Schrödinger,
appear as approximations since no observed system is truly closed. The quantum case
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has an additional feature in the condition that the observing environment must become
classical to define a real classical time variable. This condition leads to the removal of the
entanglement begotten by the interaction between the observed system and the observing
environment. The comparison was also made to the similar emergence of time in quantum
gravity theory”.

It should be stressed that an important aspect of quantum theory, which has attracted the
most general attention, is the novelty of the logical notions which it presumes (Birkhoff
and Von Neumann 1936; Beltrametti and Cassinelli 2010). It states that even a complete
mathematical description of a physical system Φ does not in general enable one to predict
with certainty the result of an experiment on Φ, and that in particular, it is difficult to
predict with certainty both the position and the momentum of Φ (Heisenberg’s uncertainty
principle). The observation and the measurement themselves produce disturbances in the
phenomenon under observation (Blokhintsev 1964, 1968).

Uncertainty relations, which were heuristically created (or postulated) by Heisenberg
(1949), are the fundamental notions of quantum mechanics. They state limits of precision
for simultaneous measurements of some pairs of physical quantities. These relations are the
internal properties of quantum systems. The important fact is that time is not observable in
quantum mechanics (Hilgevoord 2002; Briggs, Boonchui, and Khemmani 2007; Arce 2012;
Bauer 2017; Kuzemsky 2023b). Contrary to the coordinate-momentum uncertainty relation
where the uncertainty in momentum and coordinate at a given moment is emphasised, in the
energy-time uncertainty relation, just opposite to that, the uncertainty in energy and time
at a given value of the coordinate is considered. As a result the time-energy uncertainty
relation

∆H∆t ≥ h or ∆E∆t ≥ h (28)

has a different character from the uncertainty relation involving any pair of non-commuting
observables (J. B. M. Uffink and Hilgevoord 1985; Busch 1990a,b; Hilgevoord and J. Uffink
1991). Moreover, the method for its derivation and its interpretation depends on the physical
context (Briggs 2008; Busch, Lahti, and Werner 2014). Hilgevoord (1996, 1998) claimed
that an uncertain relation between energy and time does not exist in the usual sense. It
was also conjectured that there is a general uncertainty relation of a different type between
energy and time which provides a workable expression of the relation between the lifetime
and the energy spread of a quantum state; that relation was discussed and elucidated.

Briggs (2008) discussed some of the difficulties associated with the derivation of a
time-energy uncertainty relation. In particular, the construction of the uncertainty relations
was analysed in the context of the measurement of two observables (Busch, Lahti, and
Werner 2014). That approach clarified to some extent the notions of the state and observ-
able and uncertainty relations which were derived heuristically by Heisenberg (1949). It
was demonstrated also that “the quantum uncertainties can be derived directly from the
limits imposed on the action, Et = pλ = h, without introducing further, more complex
premises (Antonopoulos 2004). The weird predictions entailed by such premises, namely
the Fourier treatment of E = hν leading to ∆E∆t ≥ h, which have caused the scepticism
of all concerned since the first appearance of the Aharonov-Bohm attack on ∆E∆t ≥ h,
were completely avoided and this uncertainty, as presently interpreted, complies fully with
ordinary experience. A distinction was drawn between a particle associated with a wave and
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the action thus associated, rendering wave-particle duality idle as a basis of complementary
reasoning. Reciprocity, a concept introduced by Bohr but kept behind the scenes, was
reinstated and understood as a duet of complementary ‘counter-happenings’ at either end of
a quantized unit of action, the E, p end, on the one hand, the t,q end, on the other, and was
shown to be the mediating link between quantum wholeness and complementarity”. Indeed,
the important thing is that the pairs xp and Et have the dimension of action Dim:[A ]. Hence
their values have the lower bound, namely the Planck constant h.

7. Planck constant and Planck scale

It will be instructive to briefly discuss the dimension of the basic physical notions. The
dimensional analysis is a conventional and workable tool. In sciences, dimensional analysis
(Bridgman 1963; Gibbings 2011) aims to establish the relationships between different
physical quantities by identifying their base quantities (such as length, mass, time, and
electric charge) and units of measure (such as second, meter and kilogram) and tracking
these dimensions as calculations or comparisons are performed. The importance of a full
and consistent system of units was recognized long ago. The derived units depend on the
arbitrary fundamental units; they are functions of them. The function which corresponds to
a given derived unit is called its dimensions. Thus, if l a length, t a time, and m a mass, the
dimensions of a velocity, for instance, are l/t or l t−1.

The most convenient base is the metric system. The International System of Units (SI)
is based (Bordé 2005; Gibbings 2011; Bich 2019; Gupta 2020) on precise and definite
standards and uses base 10, just like our number system. SI units are interrelated in such a
way that one unit is derived from other units without conversion factors. Any physically
meaningful equation (and any inequality) will have the same dimensions on its left and right
sides, a property known as dimensional homogeneity.

The dimension of a physical quantity can be expressed as a product of the basic physical
dimensions such as length, mass and time, each raised to a rational power. In symbolic
form, the dimension of the quantity X can be written as Dim: X = La Mb Tc Id Θe N f Jg,
where a,b,c,d,e, f ,g are the dimensional exponents. Other physical quantities could be
defined as the base quantities, as long as they form a linearly independent basis (Table 1).

The dimensional analysis may be considered as the other language of physics. It is of
use as a method for the systematic study and analysis of physical concepts and phenomena
at numerous levels of the physical sciences. It is worth mentioning that Mach devoted to
dimension analysis a special section of his book (Mach 2014): The Formulae and Units of
Mechanics. He examined thoroughly the mechanical units of his time and discussed such
terms as force, living force, momentum, impulse, and energy. Mach (2014) systematized
carefully the mechanical units: “Thus, as the unit of area and the unit of volume, the square
and cube of the unit of length are always employed. According to this, we assume then, that
by unit velocity, unit length is described in unit time, that by unit acceleration, unit velocity
is gained in unit time, that by unit force, unit acceleration is imparted to unit mass, and so
on”. He selected the nine basic mechanical notions in the form of a table similar to Table 1.
Consequently, it is possible to think of a unit as a convenient reference physical quantity
with the aid of which it is possible to characterize other quantities of the same kind (Bordé
2005; Bich 2019; Gupta 2020).
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TABLE 1. Some units and their dimension

Unit Name Unit Symbol Quantity Name Dimension Symbol

kilogram kg mass M

meter l length L

second t time T

joule J energy M L2 T−2

energy × time A action M L2 T−1

action ×time−2 P power M L2 T−3

kelvin K thermodynamic temperature Θ

joule/kelvin J/K entropy M L2 T−2 Θ−1

Planck introduced the constant h in his efforts to fit the classical theory of radiation to
the emission spectrum of a blackbody (Jammer 1966). It is by this fundamental constant
namely, and by the choice of that constant as an action, Dim:[A ] = M L2 T−1, the Planck
quantum radiation law

ρ(ν ,T )dν =
8πhν3

c3(exp(hν/kBT )−1)
dν

and the Sommerfeld’s quantization conditions∮︂
pdq = nh

were deduced (Jammer 1966). Here ν is the frequency of radiation. The Planck constant
may be written as

h ∼= 6.626×10−34 J
Hz

or h̄ =
h

2π

∼= 1.055×10−34J · s

Using dimensional analysis, Epstein (1954) has shown that both the Stefan-Boltzmann law
and Wien’s displacement law imply the existence of Planck’s constant of action h or an
equivalent constant. Maslov (2008) carried out a complimentary consideration of these
aspects. Carati and Galgani (2004) re-analysed some aspects of Planck’s derivation in
the context of the equipartition axiom. As the second step, Planck constructed a system
of ‘natural’ units (Lesche 2014) for the fundamental quantities of mass, length, and time,
which could be constructed from the three fundamental constants h̄, c, and G, where h̄ is the
reduced Planck constant h/2π , c = speed of light, and G = Newton’s gravitation constant.

Faraoni (2017) examined the three new roads to the Planck scale (Barrow 1983, 2009).
He presented the three new heuristic derivations of the Planck scale. They are based on
basic principles or phenomena of relativistic gravity and quantum physics. The Planck scale
quantities thus obtained are within one order of magnitude of the ‘standard’ ones. The
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author contemplated the pair creation of causal bubbles so small that they can be treated as
particles, the scattering of a matter wave of the background curvature of spacetime that it
induces, and the Hawking evaporation of a black hole in a single burst at the Planck scale. It
should be stressed that temperature and entropy are the non-mechanical notions (Kuzemsky
2023b). Its dimensions depend on the units selected for the purpose. Thermodynamic
entropy has the dimensions of energy per temperature, in SI units, it is joules per kelvin
(J/K), i.e., coincides with the dimension of the Boltzmann constant kB. The Boltzmann
constant is equal to the ratio of the gas constant R to Avogadro number NA

kB =
R

NA
= 1.38 ·10−23 J

K
= 8.617 ·10−5 eV

K
(29)

Hence the Boltzmann constant is a derived physical constant since its value is determined by
other physical constants. It should be stressed that the Boltzmann constant is very important
but not a fundamental constant. It is the conversion between average translational kinetic
energy per particle and temperature units. As a consequence, its value depends on the size
of the temperature unit. In the case of SI its value follows from the water-based centigrade
scale. The Boltzmann constant would have an arduous numerical value if SI had been
based on the different (e.g., Rankin) temperature scale, or some other scale derived from
the properties of a substance other than water. Thermodynamic entropy is the dynamical
units of measurement has dimensionality (Bridgman 1963; Gibbings 2011) which coincides
with the dimensionality of energy divided by temperature: [S] = [E/Θ] =L2 T−2 M Θ−1.
In principle, it would be practical to have a special unit for entropy. It is not so clear why
the entropy does not obtain a separate unit name. One reason for this may be the fact that
entropy’s dimensions are linked to the definition of the Kelvin temperature scale (Kuzemsky
2023b). Entropy can be defined as dimensionless when temperature Θ is defined as an
energy.

When using natural units (Bridgman 1963; Bordé 2005; Gibbings 2011; Bich 2019)
one sets each of the constants h̄, kB and c equal to unity. It is still possible to check the
dimensions of a given equation, but one then has to understand that quantities such as
those associated with velocity are dimensionless and that things like length and time have
the same dimensions. One can write every quantity in terms of the powers of a single
unit, e.g., GeV(= 109 eV). The conversion factors to SI units are: Energy : 1 GeV = 1.6
10−10 J; Temperature : 1 GeV = 1.16 1013 K. It is worth noting that the action function
has the dimension energy times time. The simplest analysis of dimension (Bridgman 1963;
Gibbings 2011) gives the relation:

t ∼ Action
Energy

.

As a simplest illustration we take the minimal possible action, the Planck constant h, and
obtain

t ∼ h
hν

∼ h
h̄ω

∼ 2π

ω
.
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8. Concluding remarks

In this review, we formulated a conceptual framework of the key notions: action and
time. The science and logic of studies of time and action do not allow us to ignore the
deep interconnection of these core concepts. The study enlightens the problem in some new
way and might help gain insight into the statement (Barrow and Tipler 1988): “Physical
theories have their most fundamental expression as action integrals”. In this connection,
it was important to show and underline that at the heart of the physical and astrophysical
sciences and, more generally, natural sciences, lies the smallest possible action, i.e., the
Planck constant h. It was stressed that the Planck constant makes rules for a wide variety of
physical, chemical, astrophysical and, in part, biological processes (Kuzemsky 2023a,b).

Our purpose was to address the basic problems of finding foundations for the conceptu-
alisation and organisation of the key notions used for the description of natural processes.
We demonstrated also that there is an intricate interconnection between these two core
concepts, action and time. The arguments were formulated earlier (Kuzemsky 2023a,b)
about the necessity of the study and careful reconsideration of the problem of time and
temporality from a broad perspective in the context of natural processes. And the first of
all processes is the flow of physical time. These ideas may reveal possible fundamental
principles of how the logical and axiomatic approaches work in natural phenomena. We
have highlighted the perspective of finding global principles and tried to explicate the rules
governing the emergence of these global principles. These matters are of great importance
for cosmological (Ridderbos 2003; Calcagni 2017; Kuzemsky 2023a,b), biological (Kuzem-
sky 2023b; Velazquez, Mateos, and Guevara 2023) and other processes studies (Lucia 2023).
We discussed the main features of quantum mechanics that distinguish it from classical
physics. It is a fact that canonical variables are related to each other by the Heisenberg
uncertainty principle and are considered operators in the Hilbert space. We emphasized the
central role of the Planck constant, which is the universal constant that defines the quantum
nature of energy and relates the energy of a photon to its corresponding frequency. Planck
constant determines the amount of energy that a photon can carry, in accordance with the
frequency of the wave by which it propagates.

To summarize, we considered and justified the thesis that action and time are the founda-
tional concepts in classical and quantum physics and surveyed certain selected advances
in the theoretical understanding of the interrelation of these two core concepts concerning
other basic notions of the science of complex systems. Now, we wish to suggest some
considerations on recent advances in research on time because time remains a big problem
in physics. Annila (2021) proved that the flow of time is associated with the flow of quanta
and it pointed out how the equation of time can be derived from statistical mechanics of
open systems: time and energy change are linked together. Annila (2021) proved that the
evolution of any substance can be understood so that the quanta redistribute through all kinds
of events until the most likely state has been attained. Following the results of Annila and
the physical-mathematical rigorous approach of Barbour (2009) and Kon (2011), modified
to introduce the laws of thermodynamics, we consider the Second Law of Thermodynamics
(Bejan 1997):

dS
dt

=
φ

T
+Σ (30)
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where S is the entropy [J K−1], φ is the heat power [W], T is the temperature [K], Σ= dσ/dt
is the entropy production rate [W K−1], with σ entropy production [J K−1] and t time [s].
For a stationary system dS/dt = 0, so it follows (Lucia and Grisolia 2024):

φ

T
+

dσ

dt
= 0 (31)

obtaining (Lucia and Grisolia 2024):

dt =− dσ

φ/T
(32)

from which a time interval, τ [s], can be defined as (Lucia and Grisolia 2024):

τ =−T σ

φ
(33)

Considering the experimental evidence (Doyle 1968; Batalhão et al. 2015; Doyle 2016,
2023) a thermodynamic approach to irreversibility in quantum systems has been developed
(Lucia 2016, 2023) focusing the causes of irreversibility on the continuous interaction
between the environmental electromagnetic waves and the matter (Planck 1959; Jammer
1966; Surdin, Braffort, and Taroni 1966; Rueda 1974; Fonseca, Gomes, and Moura-Melo
2009; Heitler 2010; Beretta and Gyftopoulos 2015; Boyer 2018). Consequently, considering
that the radiation inflow is an inflow of energy that in thermodynamics can be considered as
the heat inflow from an reservoir, it follows (Beretta and Gyftopoulos 2015):

φ =
A
2

ε0cE2
el +

A
2µ0

cB2
m (34)

where Eel is the electric field, Bm is the magnetic field, c = 299792458 m s−1 is the speed
of light, ε0 = 8.8541878128(13)×10−12 F m−1 is the electric permittivity in vacuum and
µ0 = 4π ×10−7 H m−1 is the magnetic permeability in vacuum, A is the area of the border
of the thermodynamic control volume, and T0 is the environmental temperature, while the
entropy production has been evaluated with respect to the semi-classical analysis of the
photon-bound electron interaction (Lucia 2016):

T0 σ =
me

M
Eγ (35)

where T0 is the environmental temperature, me and M are the mass of the electron and the
atomic nucleus respectively, and Eγ is the energy of the incoming photon. Time interval
results from Equation (33) (Lucia and Grisolia 2024):

τ =
2me

M cA
Eγ

ε0 E2
el +µ

−1
0 B2

m
(36)

This result is based on the principle of increasing entropy, which is a universal principle
derived from the statistical physics of open systems assuming that quanta of actions embody
everything. Consequently, all systems, atoms included, evolve from one state to another
either by acquiring quanta from their surroundings or by discarding quanta to the surround-
ings in ubiquitous scale-free patterns (Annila 2016). Moreover, this result is in accordance
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with the statistical notion of flows of energy that diminishes differences between energy
densities that form space so that the flow of energy can be identified with the flow of time.
Consequently, following Tuisku, Pernu, and Annila (2009), the curved space–time is in
evolution when energy is flowing down along gradients and levelling the density differences.
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