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Numerical Investigation of Emission Properties
and Pump Noise Transfer Functions of an

Yb3+:Er3+:Tm3+:Ho3+ Co-Doped Glass
Riccardo Ballarini and Stefano Taccheo

Abstract—Rare-earth doped glasses exhibit optical properties
that depend on the specific rare-earth used, and therefore, rare-
earth doped active devices are suitable for many different appli-
cations. In this article, for the first time to our knowledge, we
investigate the emission, the gain spectrum and the properties
of a 980-nm-pumped Yb3+:Er3+:Tm3+:Ho3+ co-doped germanate
glass. In such a complex quadruply-doped active glass, the pump-
ing process operates via both direct pumping (to ytterbium and
erbium) and energy transfer processes (ytterbium to the other
three rare-earths, erbium to thulium and holmium and thulium to
holmium), which also act as a de-excitation processes. The interplay
of all processes relies on the relative rare-earth concentrations and
the relative weights. The optimization study has been performed
by means of a numerical model based on rate equation system,
that takes into account eleven energy levels and relevant energy
transfer phenomena between the different ions. The emission and
gain properties have been studied at different rare-earth concen-
trations, in order to optimize the emission and gain spectra. With
an optimal set of concentrations, a broadband emission spectrum
with a proper power spectral density and a bandwidth at −10 dB
of 660 nm has been achieved by joining the emission bandwidth of
erbium at 1550 nm, thulium at 1800 nm and holmium at 2050 nm.
Furthermore, the pump noise effect on the output of the system
has been investigated by numerically calculating the pump noise
transfer function. We show that thulium and holmium emission
level populations are quite insensitive to pump intensity noise due
to filtering by energy transfer processes.

Index Terms—Emission spectrum, erbium, gain spectrum,
holmium, optical amplifier, thulium, transfer function, ytterbium.

I. INTRODUCTION

RARE-EARTH (RE) doped glass active materials are the
core element of lasers, amplifiers and Amplified Spon-

taneous Emission (ASE) sources. The specific RE defines the
emission and gain properties and the specific wavelength inter-
val. Most commonly used RE materials include Ytterbium (Yb),
Neodymium (Nd), Erbium (Er), Thulium (Tm) and Holmium
(Ho), which allow emission from visible [1], [2], [3], [4], [5],
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[6] to infrared at 2 μm and above [6], [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16]. Applications includes lasers and
optical amplifiers in many fields from material processing [17],
sensing [5], [18], [19], [20], [21], medical applications [21],
[22], [23], [24], [25], military [26], [27] and, in particular
for amplifiers, telecommunication applications [15], [16], [28],
[29], [30], [31]. One of the goals in several application areas is to
improve efficiency and increase the emission or gain wavelength
interval. To increase the wavelength emission bandwidth, mul-
tiple doping is a very attractive solution thanks to the possibility
to obtain broadband emission and gain [7], [8], [9], [32], [33],
[34] by overlap of emission from multiple RE ions.

Co-doped glasses using different combinations of two or three
REs are present in several studies. Su et al. [35] realized an
Yb3+:Er3+:Tm3+ co-doped tellurite glass, in which the thulium
1.8 μm emission band is well overlapped with the erbium
1.53 μm emission band, with a wide fluorescence spectrum
approximately from 1500 nm to 2000 nm. Instead, Zhu et al. [36]
tried to extend thulium band on the other side by the overlap with
the 2 μm holmium emission, realizing a Tm3+:Ho3+ co-doped
tellurite glass with a Full Width Half Maximum (FWHM) of
360 nm. Other research groups [34], [37], [38] tried to mix
emissions from these three REs, erbium, thulium and holmium,
in order to obtain an ultra-broadband emission; in particular,
Kochanowicz et al. [34] realized an Er3+:Tm3+:Ho3+ co-doped
germanate glass fiber pumped at 976 nm, able to achieve an ASE
emission bandwidth at −10 dB of 690 nm.

One of the key issue with multiple REs doping is to balance the
different ion concentrations in order to obtain a homogeneous
emission or gain spectrum and an efficient pumping. As an exam-
ple, in the works cited before [34], [35], [37], erbium is responsi-
ble for the pump absorption and energy transfer to other REs (i.e.,
thulium and holmium), so its ability to contribute to the emission
is reduced, due to a difficult optimization of its properties of both
emitter and pump absorber. In the past, co-doping with ytterbium
has been demonstrated as an efficient way to decouple pump
absorption (i.e., made by ytterbium) with emission and gain
properties of erbium or other REs [34], [39], [40]. In particular,
erbium concentration can be optimized in terms of emission and
gain and not for efficient 980-nm pump absorption [39], [40]. A
further effect of co-doping and energy transfer processes is the
transfer and filtering of the pump noise to the emitting level. This
is an important parameter where stable emission is required [41],
and a preliminary investigation is worthwhile.
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Fig. 1. Energy level scheme considered in this work for the germanate glass
doped with Yb3+, Er3+, Tm3+ and Ho3+. Black solid arrows represent the
interactions with the pump, colored solid arrows represent the spontaneous
decays, while dashed arrows represent the energy transfers.

In this paper, for the first time to our knowledge, we focus
and investigate a quadruply-doped glass in terms of emission
and gain spectra, and pump noise transfer functions. We note
that in a previous paper [42] a specific possible device, a multi-
wavelength laser, was numerically investigated. However, no
investigation about the interplay between the different REs or
about the general glass emission, gain and noise features was
developed. In detail, the glass under investigation consists of a
980-nm-pumped germanate glass doped with Yb3+, Er3+, Tm3+

and Ho3+. Germanium (Ge) has been chosen as hosting glass
thanks to its interesting properties, in particular the high RE
solubility and the wide optical transmission window (up to
5 μm) [34], [43], [44], [45], [46]. The idea is that the pump
at 980 nm interacts mainly with ytterbium, which is the main
pump absorber, but also with erbium. The pump excitation is
transferred from ytterbium and erbium to the other two REs, as
well as from ytterbium to erbium, via energy transfer processes,
as shown in Fig. 1. So, in this glass ytterbium is the main pump
absorber, while erbium, thulium and holmium are responsible
for the emission, that could efficiently cover a wavelength range
from 1500 nm to 2100 nm and beyond [32], [33], [34]. The
presence of multiple inter-ion processes makes not trivial the
design of such a glass. In order to optimize the properties of the
quadruply-doped germanate glass, we used a suitable numerical
model that simulates a bulk glass; in a future work, we will
investigate the properties of optimized fiber active devices. The
model is also able to compute the pump noise transfer function,
in order to evaluate the pump noise effect and to assess if there are
issues with the amplitude stability due to the complex interaction
system [41]. This paper is organized as follow: the first section
introduces the numerical model, the second one studies and
optimizes the emission and the gain spectra, the last one shows
and describes the pump noise transfer functions.

II. NUMERICAL MODEL

The numerical model used to simulate the germanate glass
doped with Yb3+, Er3+, Tm3+ and Ho3+ and pumped at 980 nm
is based on the energy level scheme shown in Fig. 1, which was
previously used to design a multi-wavelength fiber laser [42].
In Fig. 1, dashed arrows between ions indicate energy trans-
fer processes and solid arrows spontaneous decays by photon
or phonon emission. Any other energy level, energy transfer
process, quenching effect, or upconversion process has been

considered negligible [42] for the purpose of this model and the
results discussed in this paper. We investigate the emission and
gain properties of main laser transitions: erbium 4I13/2→4I15/2,
thulium 3F4→3H6, and holmium 5I7→5I8. The eleven energy
level system includes: three energy levels for thulium (3H6,
3F4, 3H5), three for erbium (4I15/2, 4I13/2, 4I11/2), two for
ytterbium (2F7/2 and 2F5/2), and three for holmium (5I8, 5I7, 5I6)
(Fig. 1) [42]. The overall system of eleven non-linear differential
equations is reported below (1a)–(1k), with the numeration of
the levels that follows the order above (i.e., #1 is thulium 3H6

and #11 is holmium 5I6) [42], [47]:

∂N1

∂t
= +A2,1N2 +A3,1N3 −KY bTmN1N8

+KTmHoN2N9 −KErTm13N1N6

−KErTm12N1N5 (1a)

∂N2

∂t
= +A3,2N3 −A2,1N2 −KTmHoN2N9

+KErTm12N1N5 (1b)

∂N3

∂t
= −A3,2N3 −A3,1N3 +KY bTmN1N8

+KErTm13N1N6 (1c)

∂N4

∂t
= −W4,6N4 +W6,4N6 +A6,4N6 +A5,4N5

−KY bErN4N8 +KErHoN5N9

+KErTm13N1N6 +KErTm12N1N5 (1d)

∂N5

∂t
= +A6,5N6 −A5,4N5 −KErHoN5N9

−KErTm12N1N5 (1e)

∂N6

∂t
= +W4,6N4 −W6,4N6 −A6,5N6 −A6,4N6

+KY bErN4N8 +KErTm13N1N6 (1f)

∂N7

∂t
= −W7,8N7 +W8,7N8 +A8,7N8

+KY bErN4N8 +KY bHoN8N9

+KY bTmN1N8 (1g)

∂N8

∂t
= +W7,8N7 −W8,7N8 −A8,7N8

−KY bErN4N8 −KY bHoN8N9

−KY bTmN1N8 (1h)

∂N9

∂t
= +A10,9N10 +A11,9N11 −KY bHoN8N9

−KErHoN5N9 −KTmHoN2N9 (1i)

∂N10

∂t
= −A10,9N10 +A11,10N11 +KErHoN5N9

+KTmHoN2N9 (1j)

∂N11

∂t
= −A11,10N11 −A11,9N11 +KY bHoN8N9 (1k)
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TABLE I
CONSTANTS TAKEN FROM LITERATURE AND USED IN THE NUMERICAL MODEL

where Ni is the i-level population, K is the energy transfer co-
efficient between two different REs (Fig. 1), Ai,j is the radiative
decay rate of the i→ j transition (Fig. 1) and it is given by Ai,j =
βi,j / τ i (where βi,j is the branching ratio of that transition and
τ i is the time constant of the i-level); Wi,j is the i→ j transition
rate related to the pump and it is given by [42]:

Wi,j =
σi,j(λp)

h c0
λp

Pp
Γp

Ad
(2)

where σi,j(λp) is the cross section at the pump wavelength λp

(i.e., 980 nm), h is the Planck constant, c0 is the speed of light in
vacuum, Pp is the pump power, Γp is the overlap factor between
doped region of area Ad and pump profile. Table I resumes all
the parameters present in the rate equation model (1a)–(1k) and
the references of the paper they have been taken from. The
cross sections taken from literature [48], [49], [50] have been
rescaled using the Füchtbauer-Ladenburg equation [51]. In all
the results reported in this paper, Γp is 1, Ad is 78.5 μm2 and Pp

is 10 mW. Fig. 2 shows the calculated normalized population
of the eleven energy levels at different pump power values
using the parameters of Table I and a set of concentrations
taken from literature [52]: 5.1 × 1025 ions m−3 of ytterbium,
1.7 × 1025 ions m−3 of erbium, 4.25 × 1024 ions m−3 of thulium
and 4.25 × 1024 ions m−3 of holmium.

III. ION CONCENTRATION OPTIMIZATION

The glass under investigation could be able to emits and
amplifies in a potential wavelength range from 1450 nm to

Fig. 2. Populations of the different energy state levels, normalized by the total
concentration of each RE, at different pump power values.

2150 nm [32], [33], [34], [48], [49], [50] thanks to the con-
tribution of erbium, thulium and holmium; however, the opti-
mization of the spectrum and its homogeneity is not trivial and
depends on the mutual ion concentration ratios. The algorithm
uses an initial set of concentrations taken from literature [52]:
5.1× 1025 ions m−3 of ytterbium, 1.7× 1025 ions m−3 of erbium,
4.25 × 1024 ions m−3 of thulium and 4.25 × 1024 ions m−3

of holmium. We fixed the concentration of ytterbium, while
the concentrations of the emitting ions were changing by
one order of magnitude up and down (e.g., erbium from
1.7 × 1024 ions m−3 to 1.7 × 1026 ions m−3; thulium and
holmium have been kept equal, so the overall degrees of freedom
of the system were just two and meaningful figures could be
produced to get insight into the ions interaction. In the end,
we will comment about the effect of unbalancing thulium and
holmium. The model investigates the population distribution in
each of the eleven energy levels, in order to understand the role
of all parameters.

In this section, the system has been studied and evaluated
by means of several output parameters which are discussed in
the following subsections: population reached in the emission
energy level (ions m−3), pumping efficiency, i.e. the population
in the emission level as a percentage over the whole concentra-
tion, photon emission rate (ions m−3 s−1), spontaneous emission
spectrum (a.u.), as benchmark for ASE source applications,
and gain spectrum (dB m−1). All these parameters have been
calculated for the emission levels in which we are interested:
erbium 4I13/2, thulium 3F4 and holmium 5I7.

A. Emission Level Population

Fig. 3 shows the populations of the emission levels, NRE,
where RE is one of the three emitting REs. Fig. 3(a) shows that
erbium population depends almost exclusively on its own con-
centration, highlighting that with these concentrations erbium
is high enough not to be quenched by thulium and holmium.
Instead, thulium and holmium populations increase as both
their concentrations or erbium concentration grow (Fig. 3(b)
and (c); the dependence from the erbium concentration is due
to the important energy transfer from erbium to thulium and
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Fig. 3. (a)–(c) Population (ions m−3) in the energy level (a) 4I13/2 of Er, (b) 3F4 of Tm, and (c) 5I7 of Ho. (d-f) Population pumping efficiency (%) of the
energy level (d) 4I13/2 of Er, (e) 3F4 of Tm, and (f) 5I7 of Ho. Vertical axes represent the multiplicative factor applied to Er concentration, from 0.1 to 10, while
the horizontal axes the multiplicative factor for Tm and Ho concentrations.

Fig. 4. (a), (b) Highest difference (dB) between (a) the populations in the energy levels 4I13/2 of Er, 3F4 of Tm and 5I7 of Ho, and (b) the photon emission rates
in the energy levels 4I13/2 of Er, 3F4 of Tm and 5I7 of Ho. Vertical axes represent the multiplicative factor applied to Er concentration, from 0.1 to 10, while the
horizontal axes the multiplicative factor for Tm and Ho concentrations.

holmium. In addition, Fig. 3(b) shows that thulium population
is lower than holmium (Fig. 3(c)) at low erbium concentration
level, highlighting that holmium exhibits a quenching effect
on thulium if there is not enough erbium to pump it. Lastly,
Fig. 4(a) represents the highest difference in dB between the
populations of the three REs (i.e., the highest difference between
Fig. 3(a)–(c). Fig. 4(a) shows that the sets of concentrations
with the lowest difference in the populations lie in a diagonal
area located on the right side of the graph, where the difference
between the concentrations of erbium and thulium and holmium
is lower than the initial condition. Instead, the area with the
highest difference lies in the top left corner as expected, because

there the erbium amount is too high in comparison to thulium
and holmium.

B. Emission Level Pumping Efficiency

The pumping efficiency has been defined as:

NRE =
NRE

NRE,tot
100 (3)

where NRE is the population of the RE emission level, NRE,
normalized to the total number of ions of that RE NRE,tot,
in percentage. Fig. 3(d)–(f) show the population pumping
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efficiency, i.e. the populations reported in 3(a)–3(c) divided by
the concentration of each RE. Erbium excitation efficiency is
always close to 100%, with the only exception in the bottom right
corner, where it has the lowest concentrations while thulium and
holmium have the highest concentrations (Fig. 3(d)). Thulium
excitation efficiency depends almost exclusively on erbium
concentration (Fig. 3(e)), since thulium is mainly pumped by
erbium. Instead, holmium excitation efficiency depends not only
on erbium concentration, but also on thulium one (Fig. 3(f)),
highlighting that holmium is pumped by both erbium and
thulium. However, with enough erbium, all the three REs almost
saturate to 100% (i.e., all the ions in the emission energy level
state).

C. Photon Emission Rate

Photon emission rate, i.e. the number of photons emitted per
unit of time and per unit of volume by each RE, has been defined
as:

Nphoton,RE =
NRE

τRE
(4)

where Nphoton,RE is the photon emission rate (ions m−3 s−1)
and τRE is the time constant of energy level considered. The
graphs of photon emission rates of the three REs are not reported
here, because they are very similar to graphs of Fig. 3(a)–(c),
except obviously for the values on the scale of the color bar.
In fast, they are obtained from them by just dividing each RE
by its own emission level lifetime value. Fig. 4(b) reports the
highest difference in dB between the photon rates of the three
REs; the graph is very similar to Fig. 4(a), but with a difference,
the shift of the 3dB area towards lower concentrations, due to
the higher holmium time constant respect to the thulium one,
that further reduce holmium values versus erbium and thulium.
While apparently small, Fig. 4(b) shows that photon emission
rate optimization requires far lower concentration than emission
level population optimization (Fig. 4(a)). This optimization is,
for example, relevant to ASE source design.

D. Spontaneous Emission Spectrum

To evaluate the spontaneous emission spectral properties we
used the following definition, which is used to describe the
spontaneous emission term in active fiber devices [47]:

PSE,RE(λ) =
2 h c20

λ3
NRE σe,RE(λ) (5)

where PSE,RE is the spontaneous emission spectral density, as
a function of the wavelength λ, per unit of length of the active
material [47], h is the Planck constant, and σe,RE is the emission
cross section of the emission energy level considered. Therefore,
PSE,RE is the power emitted over a given wavelength interval
per unit of length of the active material. The dimensions in the
International System are W m−2, but in Fig. 5 we have reported
the spectral power emitted in a 1-nm wavelength interval per
unit of length: W/nm m−1; Fig. 5(d) is in logarithmic scale, so
the unit is dBm/nm m−1. The area below each curve represents

the total spontaneous emission power emitted per unit of length
in W m−1.

As before, spontaneous emission graphs for each RE are not
reported, since they are very similar to the ones in Fig. 3(a)–(c).
Fig. 5(a) shows the highest difference between the spontaneous
emissions of the three REs, computed at 1550 nm for the
erbium, at 1800 nm for the thulium, and at 2050 nm for the
holmium; the area with the lowest difference is very similar
to the previous graphs (i.e., Fig. 4(a), (b). Fig. 5(b) shows the
spontaneous emission spectrum in the lowest point of Fig. 5(a)
(white marker “b”); in this case, thulium and holmium alone are
almost equal, but, since they are quite overlapped, the emission
around 1950 nm is quite high in the overall spectrum. The noise
on the side of erbium curve is not due to the numerical model, but
was already present in the cross section digitized [48]. However,
the emission spectrum of Fig. 5(b) has been taken from the area
with low erbium concentration of Fig. 5(a). In order to increase
the emission intensity, a set of concentrations from the top right
corner of Fig. 5(a) should be taken, where the RE content in
the glass is higher. Fig. 5(c) shows the spontaneous emission
spectrum with a different set of concentrations (white “c,d”
marker in Fig. 5(a): the multiplicative factor is 2.5 for erbium and
9 for thulium and holmium, resulting in a set of concentrations
of 5.1 × 1025 ions m−3 of ytterbium, 4.25 × 1025 ions m−3 of er-
bium, 3.83× 1025 ions m−3 of thulium and 3.83× 1025 ions m−3

of holmium). In order to optimize the emission bandwidth, we
selected a set of concentrations whereby the holmium contribu-
tion is lower, resulting in a more balanced shape, and the overall
spectrum cover a −10 dB bandwidth of 660 nm, from 1471 nm
to 2131 nm (Fig. 5(d)). Moreover, the power spectral density in
this point (Fig. 5(c)) is one order of magnitude higher than the
one in Fig. 5(b). This difference highlights the importance of
balancing not only the spectral bandwidth but also the emission
power. There are two main differences compared to the starting
concentrations: erbium, thulium and holmium concentrations
are now closer to the ytterbium one, and the erbium over thulium
or holmium ratio is significantly lower, from 4 to 1.1, resulting
in almost equal concentrations.

Fig. 5(e), (f) show how a variation in the concentrations affects
the emission spectrum of Fig. 5(c). Fig. 5(e) shows the effect due
to a variation of erbium concentration (along the vertical white
line in Fig. 5(a)), while Fig. 5(f) shows the effect due to a vari-
ation of thulium and holmium concentrations (along horizontal
white line in Fig. 5(a)). Fig. 5(e) shows that erbium emission
grows almost proportionally with concentration increase, while
thulium and holmium emission saturates, indicating that there
is enough erbium to efficiently transfer excitation to thulium
and holmium. Moreover, a higher content of erbium results in a
much higher emission peak, at the cost of the spectral flatness.
In Fig. 5(f) thulium and holmium emission grows proportionally
to their concentration, while the erbium emission exhibits a
little decrease, indicating that erbium concentration is again high
enough not to be quenched by thulium and holmium.

Furthermore, we tested the system with unbalanced concen-
trations of thulium and holmium, by changing the Tm/Ho ratio
(i.e., 1/5, 1/3, 1/2, 2, 3, 5). Fig. 6(a) shows an example with
more holmium than thulium (i.e., Tm/Ho ratios of 1/5); in this
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Fig. 5. (a) Highest difference (dB) between power spectral density of Er at 1550 nm, Tm at 1800 nm and Ho at 2050 nm. Vertical axis represents the multiplicative
factor applied to Er concentration, from 0.1 to 10, while the horizontal axis the multiplicative factor for Tm and Ho concentrations. (b) Power spectral density
spectrum with the REs concentration that guaranties the lowest difference (“b” marker in the first figure). (c), (d) Power spectral density spectrum with an optimal
set of REs concentrations (“c,d” marker in the first figure), represented both (c) in W/nm m−1 and (d) in dBm/nm m−1. (e) Power spectral density spectrum
variation at different Er concentration (vertical white line “e” in the first figure). (f) Power spectral density spectrum variation at different Tm and Ho concentration
(horizontal white line “f” in the first figure).

Fig. 6. (a) Power spectral density spectrum with Tm/Ho ratio of 1/5. (b) Power spectral density spectrum with Tm/Ho ratio of 5.
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Fig. 7. (a) Highest difference (dB m−1) between the gain of Er at 1550 nm, Tm at 1800 nm and Ho at 2050 nm. Vertical axis represents the multiplicative factor
applied to Er concentration, from 0.1 to 10, while the horizontal axis the multiplicative factor for Tm and Ho concentrations. (b), (c) Gain spectra from (b) the set
of REs concentrations with the lowest difference (white “b” marker) and (c) an optimal set (white “c” marker). (d) Gain spectrum variation at different Tm and Ho
concentration (horizontal white line “d”).

case, the emission spectrum exhibits a greater holmium peak,
resulting in a less flat spectrum shape if compared to Fig. 5(c);
indeed, the−10 dB flatness around 1600 nm cannot be achieved,
due to both the high 1950 nm emission peak and the quenching
effect of holmium toward thulium. In addition, there are neither
advantages in terms of power spectral density, since it increases
of barely 3dB in comparison to the ones in Fig. 5. Fig. 6(b) shows
the opposite case (i.e., more thulium than holmium, Tm/Ho
ratios of 5). As before, no advantages in terms of power spectral
density can be observed. Moreover, the holmium emission is too
low, resulting in a negligible holmium contribution, generating
a small bandwidth reduction of 30 nm on the right side of the
spectrum. Thus, the overall emission spectrum is composed only
by erbium and thulium, failing the aim to merge erbium, thulium
and holmium emissions. Therefore, the use of almost equal
concentration of thulium and holmium offers the best properties.

E. Optical Gain

Gain coefficient has been defined as [42], [47], [56]:

gRE(λ) = NRE σe,RE(λ)−NRE,0 σa,RE(λ) (6)

where gRE is the gain coefficient, NRE,0 is the population of
the ground energy level, σe,RE and σa,RE are the emission and
absorption cross sections. The graphs in this section (Fig. 7)
report the gain in dB m−1, defined as:

GRE(λ) = 10 log10 e
gRE(λ) ≈ 4.343 gRE(λ) (7)

The gain is reported in dB per unit of length (dB m−1), but we
remind that we are considering a single point emission which
may likely not be kept over a long piece of fiber. In fact, the
overall gain along a fiber is lower and with added unbalance due
to different signal, pump and ASE power. The concentrations
used to obtain Fig. 7 are lower (i.e., 1/5) than the ones in previous
graphs; the initial concentrations used for the gain graphs (Fig. 7)
are: 1.02 × 1025 ions m−3 of ytterbium, 3.4 × 1024 ions m−3 of
erbium, 8.5× 1023 ions m−3 of thulium and 8.5× 1023 ions m−3

of holmium.
As before, single RE gain graphs are not shown since they

are very similar to the population ones (Fig. 3(a)–(c). Fig. 7(a)
reports the highest difference between gain values of the three
REs, calculated at 1550 nm for erbium, at 1800 nm for thulium,
and at 2050 nm for holmium. The lowest difference area is
located in the same position as the other parameters, while the
area with the highest difference covers almost all the top part,
where the erbium has the highest concentration. Since erbium
is almost totally inverted (Fig. 3(d)–(f), the erbium ground level
population is very low, so if there is too much erbium, its
gain is too high compared to other REs. Fig. 7(b) shows the
gain spectrum with the concentrations from the lowest point
of Fig. 7(a) (white “b” marker); in this condition, thulium is
not enough inverted (Fig. 3(e)), so the gain is negative in a
small band around 1600 nm, due to the thulium absorption cross
section. Fig. 7(c) shows the gain spectrum with another set of
concentrations (white “c” marker in Fig. 7(a)), that guarantees
a better thulium inversion and thus a positive gain all over
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Fig. 8. (a), (b) Comparison between the transfer function (a) phase and (b) magnitude obtained with the analytical expression (dashed lines) and through the
numerical model (solid line). The analytical functions are not visible because of the overlap with the numerical model results.

Fig. 9. (a), (b) Numerical transfer function (a) phase and (b) magnitude of the Yb3+:Er3+:Tm3+:Ho3+ co-doped germanate glass with the set of concentrations
that guaranties an optimal spontaneous emission (Fig. 5 c): 5.1 × 1025 ions m−3 of ytterbium, 4.25 × 1025 ions m−3 of erbium, 3.83 × 1025 ions m−3 of thulium
and 3.83 × 1025 ions m−3 of holmium. Holmium lines have been truncated due to resolution issues of the numerical model.

the spectrum. Other than a better spectral homogeneity and a
positive gain all over the spectrum, the gain in Fig. 7(c) is higher
compared to Fig. 7(b). In this point, the multiplicative factor is
4 for erbium and 5.5 for thulium and holmium, resulting in a
set of concentrations of 1.02 × 1025 ions m−3 of ytterbium,
1.36 × 1025 ions m−3 of erbium, 4.68 × 1024 ions m−3 of
thulium and 4.68 × 1024 ions m−3 of holmium. As before, here
erbium is higher than ytterbium, and the erbium over thulium
or holmium ratio is lower than initial condition, from 4 to 2.9.
Fig. 7(d) shows how a variation in the concentrations of thulium
and holmium affects the gain spectrum of Fig. 7(c); thulium and
holmium gain grow proportionally to their own concentration,
while erbium gain exhibits a higher decrease respect to Fig. 5(f),
with a small negative gain before 1500 nm at high thulium and
holmium concentration. We tested the system by unbalancing
thulium and holmium concentrations, again with not significant
improvements.

IV. TRANSFER FUNCTION

The rate equations reported (1a)–(1k) form a non-linear differ-
ential equation system. This introduces a complex interplay of
time dynamics and in particular a complex transfer of the pump
intensity noise, affecting emission and gain temporal stability.
In order to have a preliminary idea if this complex system of four

REs may introduce noise degradation, we numerically evaluate
the pump noise Transfer Functions (TF). To simulate dynamic
conditions, the system has been solved using a fourth order
Runge-Kutta (RK4) algorithm. In order to obtain the pump noise
transfer function, a sinusoidal noise has been added to the pump
power steady state value. The results reported in this section has
been obtained with the peak-to-peak amplitude of the variation
equal to 2% of the pump power (e.g., 0.2 mW if the pump power
is 10 mW). We analyzed the frequency ranging from 1 Hz to
1 MHz, with a resolution of 20 steps per decade. The transfer
function magnitude has been calculated as:

Ai = 20 log10

ΔNi

Ni

ΔP
P

(8)

where Ai is the transfer function magnitude of the i-level, ΔNi

is the peak-to-peak variation of the population Ni (the i-level
population), and ΔP is the variation of the pump power P; as
said before, ΔP/P is equal to 0.02. For the sake of clarity, we
list the energy levels taken into account: 2F5/2 (Yb), 4I13/2 (Er),
3F4 (Tm) and 5I7 (Ho).

We compared analytical and numerical transfer functions for
ytterbium and erbium to assess the correctness of the method
over the wide frequency interval. The two REs were taken alone
(single doping) and the analytical transfer function has been
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obtained using Laplace transform [57]. Fig. 8 shows a perfect
overlap between the numerical and the analytical solutions and
confirms the assumption of small perturbation holds.

Fig. 9 shows the transfer function related to the pump intensity
noise, considering the system with all the four REs and the set
of concentrations that produced the best emission spectrum (i.e.,
5.1 × 1025 ions m−3 of ytterbium, 4.25 × 1025 ions m−3 of er-
bium, 3.83× 1025 ions m−3 of thulium and 3.83× 1025 ions m−3

of holmium.). Fig. 9(b) shows that the transfer function magni-
tude exhibits a low-pass filter shape, attenuating high-frequency
noise from the pump. Instead, Fig. 9(a) shows the phase graph,
in which the position of the poles depends on the time constants
and on the energy transfer coefficients; so, the transfer function
of a glass could be used to fit experimental data, becoming
an alternative tool to extract complex spectroscopic parameters
(e.g., energy transfer coefficients and time constants). Instead,
the presence of a zero in the erbium TF is representative of the
energy transfer from ytterbium. We can conclude that the ytter-
bium improves the pumping efficiency and decouples the pump
absorption from erbium, adding an extra step in transferring the
pump noise to other REs; therefore, the system can be considered
immune from pump intensity noise for frequency above few
kHz. In addition, before reaching thulium and holmium, the
pump noise is filtered firstly by ytterbium and then by erbium;
so, thanks to the energy transfer processes, thulium and holmium
are less sensitive to the pump noise, resulting in a low-pass-shape
decaying with −60 dB per decade.

V. CONCLUSION

This paper numerically investigated, for the first time to our
knowledge, the emission and gain properties of a 980-nm-
pumped Yb3+:Er3+:Tm3+:Ho3+ co-doped germanate glass. We
showed that the properties depends on the relative RE con-
centrations, which influence the weight of direct pumping and
excitation/de-excitation via the energy transfer processes among
REs. A proper optimization of relative doping concentrations
could provide a −10 dB flat emission spectrum in a wavelength
range of above 650 nm, i.e. from 1471 nm to 2131 nm, and with
a proper power spectral density. Potential applications could be
tunable fiber lasers, or ASE fiber sources. Finally, considering
the complex pumping processes involved, we analyzed the pump
intensity noise impact on population level stability. We numer-
ically calculated the transfer functions for the four REs, which
show that additional filtering is provided by the transfer function
processes.
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