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Abstract

This paper presents a general method to solve space logistics trajectory optimiza-
tion problems in the case of low-thrust propulsion. The problem of multiple orbital
transfers is considered for a servicing satellite that must visit a set of client satellites
only once. A near-optimal distance metric based on the Q-law feedback controller is
adopted in order to quantify the cost of the transfer of the servicing satellite between
each pair of client-satellite orbits. This distance metric is evaluated for a discrete
set of departure orbits, arrival orbits, initial servicer masses, i.e., mass before the
transfer, and departure times. A four-dimensional array representing the overall cost
is then constructed, and its elements are interpolated in order to efficiently solve the
tour-optimization problem using genetic algorithms, particle swarm optimization,
and simulated annealing. Both minimum-time and minimum-fuel problems are con-
sidered. The proposed method accounts for the following time-dependent factors:
secular J, perturbations, eclipse power constraints, and fuel mass depletion. The pro-
posed method is tested on a case study involving 20 client satellites with low eccen-
tricity and low inclination, between medium Earth orbit and geosynchronous Earth
orbit, and with randomly distributed right ascension of the ascending node and argu-
ment of perigee. The efficiency and accuracy of the proposed approach are assessed
by comparing the results to solutions found by a direct optimization method.

Keywords Astrodynamics - Low-thrust trajectories - Space logistics - Traveling
salesman problem
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p €[ —-90,90] Out-of-plane control thrust angle [deg] - Angle between the
thrust vector and its projection onto the RT plane. Positive when
the normal component of the thrust vector is positive.

cCeR Distance metric

D Set of satellites IDs

A Finite differential operator

AV e R* Velocity increment [m/s]

ee[0,1] Eccentricity [-]

Sav Velocity increment bilinear interpolation function

T Time of flight bilinear interpolation function

i €[0,180] Inclination [deg]

I, € R* Specific impulse [s]

J, e R* Second zonal harmonic coefficient [-]

m; € R* Initial mass [kg]

ueRt Earth gravitational parameter [m*/s?]

m, € R* Total mass [kg]

my,, € R* Dry mass [kg]

deN Problem initial orbit ID [-]

N,., €N Number of generations [-]

Ny eN Number of initial mass discretization points [-]

N, eN Subset dataset size [-]

N,,, € N Population size [-]

N,, €N Number of runs [-]

N, €N Number of satellites [-]

Ny €N Number of stall generation [-]

Ny eN Number of departure time discretization points [-]

w € [0,360] Argument of perigee [deg]

Q € [0,360] Right Ascension of the Ascending Node [deg]

p Distance metric parameters

R, € Rt Earth mean radius [m]

ToF € R Time of flight [s]

t, € R* Arrival time [s]

t, e RF Departure time [s]

te Rt Time [s]

T e R? Control thrust law described in the radial, transverse, and out-
of-plane (RTN) frame [N]

T Set of control thrust functions

T, € R* Maximum available thrust [N]

) € R* Mission start time [s]

ToF € RN Times of flight [s]

X State of the satellite

6 € [0,360] True anomaly [deg]

VeRt Orbital velocity magnitude [m/s]

W, € [0,1] Eclipse factor [-]

zeN Number of distance metric evaluations [-]
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Z, Equality constraints
L, Inequality constraints
Subscripts

err Error value

min Minimum value

max Maximum value

opt Optimal value

tot Total sequence value

1 Introduction

In-space servicing and on-orbit fuel depot positioning are among the most interest-
ing application areas for space logistics [1, 2]. Many of these missions fall into the
category of multiple-visitation problems, requiring multiple rendezvous between a
servicer spacecraft and multiple client spacecraft. As the propellant of the spacecraft
is limited, tour optimization becomes necessary.

Satellite motion is governed by orbital dynamics and affected by various pertur-
bations; therefore, any space-based tour optimization problem involving rendez-
vous belongs to the class of “Moving-Target (or time-dependent) Path Optimiza-
tion Problems” (MTPOPs). These problems are Nondeterministic Polynomial-time
complete (NP-complete) [3] and become very complicated when a large number of
clients is considered (N, 2 5).

The overall problem can be reduced to a time-dependent nonlinear problem, con-
sisting of the following two subproblems [4]:

1. Functional subproblem: The cost of each orbital transfer maneuver (distance
metric) is computed by solving an optimal control problem.

2. Combinatorial subproblem: The optimal sequence of clients is selected to mini-
mize the overall cost.

Even considered separately, these two subproblems are hard to solve. Previously,
several authors [5-9] suggested using a servicer equipped with a high-thrust propul-
sion system. This assumption simplifies the functional problem, as it limits the num-
ber of variables. Additionally, these studies used distance metrics based on either
non-optimal control theory [7] or predefined sequences of impulsive maneuvers to
quantify the cost associated with each maneuver [5-8]. Also, most previous works
have not considered the effect of perturbations, such as accelerations induced by
higher-order harmonics of the geopotential and atmospheric drag. Due to the pres-
ence of various perturbations, the cost of maneuvering from orbit i to j becomes dif-
ferent from the cost of maneuvering from j to i.

Regardless of the effect of perturbations, the main disadvantage of using high-
thrust propulsion for multiple rendezvous is that the fuel requirements become
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enormous even for visiting a very small number of clients. To overcome this issue,
Cerf [8] includes passive Right Ascension of the Ascending Node (RAAN) correc-
tion, by exploiting a drift orbit to reduce fuel consumption.

The use of low-thrust propulsion is proposed in literature as an alternative strat-
egy to serve a larger number of satellites [10—-16]. Due to the complexity of the
problem, these studies adopt assumptions regarding the functional problem and/or
the combinatorial one to obtain a solution.

Hudson and Kolosa [10] address an on-orbit servicing mission in Geosynchro-
nous Earth Orbit (GEO) to serve ten clients with various operational needs (e.g.,
refueling, relocation), considering both high-thrust and low-thrust propulsion. They
solve the combinatorial problem using a genetic algorithm. Similarly, Sarton Du
Jonchay et al. [17] expands upon this work by incorporating a detailed case study
that accounts for launch costs and the use of multimodal servicers for a GEO sat-
ellite servicing mission, solving the combinatorial problem through Mixed-Integer
Linear Programming (MILP). However, in these studies, the functional problem
considers only phasing maneuvers, and the effect of perturbations is not addressed.

Wijayatunga et al. [11] considers a three-phase-maneuver distance metric includ-
ing the effects of drag, eclipse power constraints, and fuel mass depletion to obtain
the cost and the associated trajectories of a five debris removal mission. Jorgensen
and Sharf [12] accurately solve the functional problem by adopting a non-linear pro-
gramming-based algorithm. The six-element targeting problem is solved for a five
debris removal mission. A single-parameter drift orbit is also included to minimize
the cost due to RAAN correction. However, in those works the combinatorial prob-
lem is not addressed.

Gatto and Casalino [13] solve the optimal sequence problem for a multiple-ren-
dezvous mission involving four asteroids, starting from a dataset of 7075 Near-Earth
Asteroids (NEAs). However, the distance metric neglects the fuel mass depletion
and can be applied only in the case of small differences in the orbital elements. A
similar distance metric is used by Li et al. [14] with the inclusion of the secular J,
perturbation in the model. The effect of the fuel mass depletion is taken into account
by introducing empirical formulas. The optimal tour solution of an active debris
removal mission is found. These works neglect both the effect of drag and the pro-
pulsion constraint due to eclipse phases.

Narayanaswamy et al. [15] finds the optimal sequence to visit twelve debris by
using a simple distance metric that accounts only for inclination and RAAN dif-
ferences between satellites; then, the optimal-sequence trajectories are obtained by
a six-element-targeting feedback controller. Zuiani and Vasile [16] present a solu-
tion of an optimal tour problem for an active debris removal mission. The distance
metric is derived by assuming averaged dynamics equations and an in-plane control
acceleration in order to reduce the number of optimization parameters. However,
they do not consider propulsion constraints due to eclipse phases.

Lee and Ahn [18] adopt a two-phase framework to address the optimal multi-
target rendezvous problem. Their method combines high-thrust and low-thrust
trajectories using an extended Q-law from Varga and Pérez [19]. This framework
is applied to an open tour problem involving eight satellites in nearly circular
Low Earth Orbit (LEO). The method starts by calculating maneuver costs for the

@ Springer



The Journal of the Astronautical Sciences (2025) 72:7 Page 5 of 38 7

single-target problem at various departure times. These costs are then used to
address the combinatorial problem through Integer Linear Programming (ILP).
However, their solution does not account for variations in the servicer’s mass dur-
ing maneuver cost calculations, which can significantly affect the available accel-
eration, thereby impacting both the total time of flight and fuel consumption. Fur-
thermore, the reliance on ILP introduces limitations, as the method is best suited
for scenarios with linear objective functions and constraints.

In previous work, Apa et al. [20] presents a solution to the optimal tour problem,
which focuses on visiting forty-one satellites in Medium Earth Orbit (MEO) with
a single low-thrust servicing spacecraft. This solution utilizes the Q-law feedback
controller proposed by Petropoulos [21] to quantify the cost of five orbital element-
targeting maneuvers, while the combinatorial problem is tackled by using MILP.
However, the proposed approach does not account for the effects of perturbations.

In this paper, by starting from and expanding upon the approach of Cerf [4], we
propose a general approach that can be applied to mission scenarios involving mul-
tiple-visitation problems with low-thrust propulsion in the presence of perturbations.
In order to solve the functional problem, we adopt a Q-law-based distance metric that
incorporates the effects of fuel mass depletion, eclipse caused by Earth’s shadow,
and secular J,. Both minimum-time and minimum-fuel problems are considered. All
possible visitation costs are computed for a discrete number of servicer masses and
departure times. Bilinear interpolation is applied to obtain a quick-to-evaluate contin-
uous approximation of the distance metric. Furthermore, to solve the combinatorial
problem, different heuristics are run multiple times to assure the convergence to the
global optimal sequence. The performance of a genetic algorithm, simulated anneal-
ing, and a particle swarm method are compared with respect to a benchmark prob-
lem, where a servicer must visit all clients of a dataset once. A dataset of twenty sat-
ellites located between MEO and GEO is considered. The accuracy of the proposed
approach is assessed by comparison with respect to a direct optimization method.

The main original contributions of the paper are: 1) A novel method for solving
the functional problem is proposed by integrating a distance metric-incorporating
eclipse power constraints, fuel mass depletion, secular J, effects, and considering
both minimum-time and minimum-fuel transfer strategies-with a discretization
approach that accounts for variations in the servicer’s mass and departure time;
and 2) the functional problem is addressed independently and prior to the combi-
natorial one. This separation allows for flexibility in adapting to various operational
constraints-which define different types of multi-client path optimization problems-
and supports the use of heuristics for efficiently solving the combinatorial problem,
achieving high accuracy in finding the optimal solution while avoiding problem
linearization.

The paper is organized as follows. Section 2 reports the problem statement of
a generic MTPOP. Section 3 presents the dynamic model. Section 4 introduces
the Q-law-based distance metric. In Sect. 5, the time-varying matrix interpolation
method is derived. Section 6 examines the combinatorial problem and presents the
algorithms for its resolution. In Sect. 7, the proposed approach is applied to a bench-
mark problem and validated by a direct optimization method. Finally, in Sect. 8, the
conclusions are drawn.
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2 Moving-Target Path Optimization Problem (MTPOP): Problem
Statement

The “Moving-Target (or time-dependent) Traveling Salesman Problem” (MTTSP)
represents the archetype of multiple-visitation problems where a salesman must visit
all cities of a dataset once and only once and the city locations are time-varying.
From a mathematical point of view, the MTTSP falls into the class of combinato-
rial problems, where both integer and continuous variables need to be optimized
[22]. The cost of each visitation is quantified by a time-dependent distance metric.
MTPOPs represent a more general class of problems where generic constraints and
objective function formulation are taken into consideration [4]. The global optimiza-
tion problem can be mathematically defined by mixing integer variables, real vari-
ables, and functions.

Let £=1{1,...,i,..,Ny,} be the set of IDs associated with N, satel-
lites. A visiting sequence is defined by an ordered set of positive integers
D= {dl, e d, ...,de},d,- € K whose components are the IDs of the N; < N, cli-

ents to be visited. Let ToF = [tl, S tNd] € RN be the vector containing the
time of each rendezvous between the servicer and the clients. A set of N, — 1 func-
tions 7= {Tl(t), e L), .y TNd_l(t)} is used to denote the servicer control law to
perform each visitation. Finally, let ¢, be the start time of the mission. In its general
form, the MTPOP can be stated as follows

Problem 1 Moving-Target Path Optimization Problem

Ny—1
min_ Y C(d;, diyy. 1141, T,(0), p)
i=1

D,ToF, T

subject to

X(1) = F(Xg(0), T(0)) Vi € [tg, 1y 1,Vi € {1,... N, — 1}
1T, < T, Vi € [ty, ty 1.Vie€ {1,... , N, — 1}
X;(0) = G;(X,(), T{(0)) Vi € [ty 1y, 1. Vi € K
X(10) = X0

Xi(to) = X9 vie{l,...,N,;}
Xs1:61) = Xg 1:6) (1) Vie{l,...,N,}
deKX Vie{l,...,N;}
d; # d; Vije{l,....N},i#)j
f <ty vie(l,...,N,— 1}

Z,,(D,ToF, TXs,X,,....Xy ) =0
Zioy(D.ToF, T. X, X, ... ,XNd) <0
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where T, denotes the maximum available thrust, while C represents the cost
associated with transferring from satellite d; at time ¢; to satellite d;,; at time 7,
by the control law T,(¢). The vector p encapsulates additional parameters. Further-
more, X(#) denotes the state of the servicer, consisting of the Keplerian elements
(semi-major axis, eccentricity, inclination, RAAN, argument of perigee, and true
anomaly) and the current mass, X(#) = [a(f), e(?), i(t), Q(t), w(¢), 6(¢), m()]; and
X,(¢) represents the state of the i’ client. F and G, represent the dynamics of the
servicer and the dynamics of the i client, depending on the control thrusts T;(¢) and
T; (1), respectively. Initial boundary conditions X, and X, are set, while the ren-
dezvous condition X ;.¢(;) = X |1./(7;) ensures matching orbital elements at time
t; between the servicer and the client d;, with the subscript [1 : 6] indicating equiva-
lence of the first six components. Finally, Z,, and Z,,,, represent other non-linear
equality and inequality constraints involving the sequence, the times of flight, the
control laws, and the states of the satellites. The choice of the cost function C (also
called distance metric) and the algorithm to find D, ToF, and 7 will affect both the
accuracy of the optimal solution and the computational time.

The problem stated above is intrinsically time-dependent. The satellites are sub-
ject to dynamics; if perturbations are included in the propagation model (e.g., J,,
drag, eclipse) the orbits of clients change over time. Furthermore, as the servicer’s
fuel mass decreases, the available control acceleration varies under the condition of
constant thrust. Finally, rendezvous constraints impose that the servicer and each
client must have the same orbital elements (or, equivalently, same absolute position
and velocity) at time ¢,. It is also evident that other time-dependencies can result
from equality and inequality constraints.

In the context of low-thrust propulsion, solving the functional problem to
derive the optimal-control-theory-based set of functions 7 represents the most
challenging aspect. The use of optimal computational methodologies, based on
Direct Methods (DM) or Indirect Methods (IM) [23] optimization, for the evalu-
ation of the cost associated with the individual leg would be the most natural.
These methods succeed in finding the optimal solution but can present some
problems such as a restricted convergence domain (especially for IM), the need
of an accurate first guess (for DM) [24] and, in general, a relatively high compu-
tational cost that makes their application to MTPOPs prohibitive because of the
large number of possible sequences to be evaluated.

Another critical aspect involves the combinatorial problem. Sequence optimi-
zation algorithms typically fall into two categories: deterministic and heuristic.
Deterministic algorithms aim at finding the global optimum and are suitable for
small datasets; examples include Exhaustive Search (ES) [25], which evaluates
the cost for all possible sequences to determine the global minimum. However,
deterministic algorithms incur a significant computational burden that becomes
impractical for large datasets. To obtain a feasible solution within reasonable
computational time, heuristic algorithms (e.g., greedy algorithm [26], genetic
algorithm [27], simulated annealing [28], particle swarm [29]) introduce prob-
ability functions to generate sequences for evaluation. Their accuracy depends on
user-defined parameters, and global optimality is not assured.
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In summary, the problem stated above is difficult to solve, especially when N,
is large. Assumptions are necessary to find computationally viable solutions.
The following assumptions will be adopted from now on:

A.1Orbital Transfer
The phasing cost is neglected, i.e., five orbital-element transfers are considered.
Previous studies have demonstrated that the cost difference between a transfer
maneuver and a rendezvous maneuver is generally negligible when low-thrust
propulsion systems are employed [30]. In particular, the solution of the combi-
natorial problem is barely affected by the fast variable targeting. This is a usual
assumption when dealing with multiple-visitation low-thrust problems [14-16,
311
A.2Distance Metric
The cost to transfer between a given ordered pair of satellites depends only on
their initial states.
This assumption implies that a distance metric form C can be defined a priori
for each possible transfer.

The MTPOP is completely defined by the choice of a distance metric and an algo-
rithm to solve the combinatorial path problem. In the following, the dependence

of the distance metric on the parameters p will be assumed and not explicitly
underlined.

3 Dynamic Model

Let T(¢) be the control thrust described in the radial, transverse, and out-of-plane
(RTN) reference frame. The dynamics of the servicer can be written as

+X,,(0) )

. A YedT b
Xs(@) = FXs@, T0) = | _ ey | + 0

801.\-,;

where A € R®3 and b € R%*! represent the contribution of the central body acceler-
ation and X ;, () that of the secular J, perturbation. Denoting with p = a(1 — e?) the
semi-latus rectum, with & = \/ﬁ the angular momentum, and with rg the distance
of the satellite from the center of the Earth, the following equations hold [32, 33]

B
A= [pcosw) —(ptrsc) sin(9) 0] 2)
he he
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22 ¢ sin(6) 2L 0
I'sc
2psin(0) ((p+ rsc)cos(0) +rece) 0
Feor COS(w+6
B= 0 0 rccolor?) h(‘ *0)) 3)
Igc Sin(w+
R T
I _Ep COS(@) E(p + rsc) Sll’l(e) - T tan(i)
05,
Tsc
03)(1 )
3 H Rc I
‘EJ 2V aw? <p<z>) cos i(r)
v — 3 H Re 2 2 7
X, =| /L <pm) (5cosi(t) — 1) (&)
3y [ (Re )2(2—3s'n2 (1)
4v2 a()? \ p(t) mt
0

where g, = 9.8066 m/s’ is the reference gravitational acceleration, I, is the spe-
cific impulse of the propulsion system, J, = 1.083 x 10~ is the first zonal harmonic
coefficient, y = 3.986 x 104 m>/s? is the gravitational constant of the Earth, and
R, = 6378.137 km is its mean radius. Equation 3 represents the Gauss Variational
Equations (GVEs) for the slow variables. The eclipse effect is represented by the
variable 0 < w,., < 1(its expression can be found in Appendix B).

Equations 1-5 describe the spacecraft dynamics under the assumption that short-
and long-period oscillations due to perturbations are neglected. This approximation
aligns with the objective of employing a feedback controller (see Sect. 4), as the
presence of short-period oscillations would introduce chattering effects that nega-
tively impact the controller’s performance. The accuracy of this approximation and
its complete derivation can be found in [33].

Considering the eclipse effect is crucial for electric low-thrust propulsion systems,
which rely on solar energy to generate thrust. During eclipse phases, energy is stored in
the spacecraft’s batteries to power critical subsystems, resulting in the deactivation of
the thrusters. This aspect has a relevant impact on a transfer maneuver (especially in the
time of flight [34]).

Finally, we assume that the satellites to be visited are uncontrolled (Tf(t) =0,V
but subjected to the central body perturbation and secular J, perturbation. Their dynam-
ics are governed by the following equation

Xi(n) = Gi(X;(1),0) = FX;(1),0) Vi € {1,...N,,} (6

If the dynamics X(¢) Vz and the initial Keplerian elements at the start of the mission
1, (i.e., X;(#,)) are known, the complete state can be obtained at the generic time ¢ as
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X;(0) = X,(to) + / Xi(ndt Vie{l,..Ny} 7

Ty

4 Distance Metric

In this work, a Q-law-based distance metric is employed to quantify the cost in terms of
both fuel and time of flight for a generic transfer maneuver.

4.1 Q-law Overview

Q-law is a closed-loop feedback-driven (CLFD) guidance method, first proposed in
[21], based on Lyapunov’s second theorem [35]. Let X(¢) = [a(?), e(?), i(t), Q(f), @(t)]T
be the state of the spacecraft represented by the Keplerian elements (neglecting the fast
variagle (7] anil the mass m); let X, = [ary, er, iy, Qp, @;]" be a fixed target state; and let
Z = X(t) — X be the error state. By using Egs. 1 and 3, and considering only the cen-
tral body perturbation, the following equation holds

7 = i X — Xy = X() = Bu(?) (8)
where u(r) = T(¢)/m(¢) is the vector of control acceleration. It is possible to write
the time derivative of the general Lyapunov function Q(Z) as

00(Z) 0Q(Z)dZ _ 00(Z)% 00Z) b
0Z

0Z) = = X(®) =

ot 0Z ot 07 ®

For a given Lyapunov function, it is possible to obtain near-optimal minimum-time
trajectories by minimizing its time derivative at each instant by choosing

00@)"
=BT == 10
" IZ (10
As proposed in [21], the following Lyapunov function is considered
a—ar
2 57, \? eTer
0Z) = (1+WPP)ZW,~S,~(max92X)) , 8L = i— i an

i=1

arccos (cos (Q — Q7))
arccos (cos (@ — wr))

where Wp > 0, W; > 0 are user-defined parameters and could be adjusted in order to
prioritize the convergence of a particular element, P and S; are predefined functions,
and max,(X;) is the maximum rate of change of i’ orbital element with respect to
true anomaly over the current osculating orbit and can be calculated analytically for

@ Springer



The Journal of the Astronautical Sciences (2025) 72:7 Page 11 of 38 7

all elements except for w in the case of Keplerian dynamics. The analytical expres-
sions for these terms are provided in Appendix A.

From Eq. 11 it is possible to compute the analytic form of 0Q(Z)/0Z and from
Eq. 10 the control acceleration at each instant by using the osculating orbital ele-
ments. It is sufficient to integrate the system starting with initial orbital elements
using the control in Eq. 10 in order to drive the satellite to the target; the integra-
tion is stopped when ||6Z;|| < €;, Vi = {1,...,5} where ¢; is the i orbital element
predefined tolerance.

Pontryagin’s Principle applied to space trajectories finds that, for Constant
Specific Impulse (CSI) propulsion systems, the minimum-time optimal trajectory
is composed of maximum-thrust, always-on arcs [36]. It is possible to modify
Eq. 10 to consider the maximum available thrust 7, as

_grea’ 7 | sin(a)cos(p)

T, T,
P B et e RS
B = sin(f)

Here, a and g denote the in-plane and out-of-plane angles of the thrust, respectively.
These angles are illustrated in Fig. 1 in the RTN reference frame, represented by the
unit vectors &g, &7, and éy,.

For minimum-fuel optimal trajectories, Pontryagin’s Principle finds that the
solution is composed of maximum-thrust arcs and thrust-off arcs (coast arcs)
[37]. This aspect is taken into account by the introduction of two additional
parameters, the so-called relative and absolute effectivities (#, and #,). These
parameters introduce coast arcs at points along the orbit where the engine thrust
is less efficient; they are defined as [38]

min, 4(0) _ min, ;(Q)—-max, (min, 4(0))
=, N, = — - —— - -
min, (min, 4(Q)) min, (min, 4(Q))—max, (min, 4(Q))

Ny = 13)
where mina,ﬂ(Q) is the minimum of the Lyapunov function with respect to a and f
evaluated at the osculating orbital elements and can be computed as

90 r( 99
mm(Q) m1n<<aZ>Bu> —||B <0Z>

while min, (mina’ﬂ(Q)) and max, (mina’ﬂ(Q)) are respectively the minimum and the
maximum of the time derivative of the Lyapunov function with respect to a, f and
0 over an entire orbit (6 € [0, 2x]); these quantities can not be expressed in closed
form and they have to be obtained numerically (for example through a grid search
algorithm). #, and #, attempt to quantify the effectiveness of changing the orbital
parameters at a given osculating point compared to the optimum point for changing
the orbital parameters over a complete orbit. When some thresholds are set (7,, 77,),
the control law follows
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Fig. 1 Tllustration of the in-
plane angle & and out-of-plane
angle f of the thrust

0 lf‘ ’17‘ S ﬁr or r]u S ﬁa
3 sin(a) cos(f)
U=19 T, cos(a) cos(f) | otherwise (1
sin(f)

The control thrust can be computed from Eqs. 12 and 14 for minimum-time and
minimum-fuel scenarios, respectively, as

T(@®) = m(Hu(r) 15)

Equations 12 and 14 represent a near-optimal solution of the functional problem
respectively in minimum-time and minimum-fuel scenarios.

Q-law cannot be used in any of its forms where the time of flight is prescribed.
The time of flight and the fuel depletion are a direct consequence of the weights, the
stopping criteria, and the effectivity thresholds.

Q-law does not account for perturbations (i.e., B(¢) represents the dynamics
equation for Keplerian motion). However, its closed-loop feedback nature allows
the use of osculating orbital elements coming from the propagation of the per-
turbed dynamics [39]. In particular, the same form of Eqgs. 10 and 11 is main-
tained and evaluated at the servicer and target perturbed states X(¢) and Xy (¢)
computed by Egs. 1 and 6.

4.2 Q-law-Based Distance Metric

For a given propulsion system, characterized by 7,,, and I,, and a specified
mission start time f,, the Q-law allows the computation of the velocity incre-
ment (AV) and the time of flight (ToF) for each possible transfer. This calcu-
lation requires the selection of user-defined Q-law parameters (i.e., weights W,
and W,, stopping criteria ¢;, effectivities thresholds #,,7,) and the transfer type

i’
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(minimum-time or minimum-fuel). Specifically, the values of AV and ToF are
obtained as follows

1ty d; i)
AV(ti» i’ J7 dk) / u(t)dt (16)
1,

i

ToF (1, m, d;, dy) = t;(t;, m;, dj, di) — 1; (17)
where ¢, is the departure time computed from £, m; is the initial mass of the servicer,
d; and d, are the indexes referring respectively to the initial and target orbit, and
u(?) is computed by Eq. 12 or Eq. 14. The initial state of the servicer for integra-
tion within the Q-law algorithm is derived by propagating the Keplerian elements
associated with index d; through Eqs. 6 and 7, evaluated at time ;. The integration
terminates at time 7, (correspondmg to the arrival time at the target orbit d;) once the
stopping criteria ¢; are satisfied.

From Eqgs. 16 and 17, a distance metric in the form reported in Sect. 2 (i.e.,
C(d; d;.1;,1,,T(1))) can be constructed.

(Rt AR R L

5 General Approach: Time-Varying Matrix Interpolation

The Time-Varying Matrix Interpolation (TVMI) method is here proposed to find
a solution to general optimal path problems within reasonable computational
times. The approach is composed of two steps:

1. Cost-Array Computation
2. Bilinear Interpolation

The output of the procedure is an approximate, yet quick-to-evaluate, distance
metric that accounts for time dependencies. As a result, the MTPOP reduces to a
combinatorial problem (Sect. 6).

5.1 Cost-Array Computation

In previous sections, two four-variable functions were derived (Eqs. 16 and 17). In a
real mission scenario, the servicer total mass m, the dry mass of the servicer m,,,
the start time #;, and the maximum total mission duration At,, are either known or
design quantities. By defining the continuous closed intervals M. = [m,,, my] and
T = [ty, ty + Aty,], the number of mass points N,, and the number of time points N,
M and T can be discretized as follows

Mp={My,... My, o1}, M; = mg, + (= D=2 Vi€ {1, Ny, + 1}
Tp={TpnTyu}s  T=to+U=D22  vie{l..N+1} 1P
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Eq. 18 represents a discretization of the intervals M- and T in Ny, + 1 and N + 1
points, respectively. Starting from Eqgs. 16, 17, and 18 two four-dimensional arrays
(AVp i and ToFy, ;) can be computed as follows

AVp i = AVIM, Ty ddy) Vi€ {1,...Ny+1}
vie{l,..N;+1} (19)
Vjk € {1,...Ny}

ToF ), gy = ToF(M,, T\ d,,d,) Vi€ {1,...Ny +1}
vie{l,..N;+1} (20)
Vi ke {l,..Ny}

Due to the time-dependency, a permutation of d; and d; in Egs. 16 and 17
does not yield the same results (i.e., AV(t,m;, ],dk) # AV(t;,m;, dy. d;) and
ToF(ti,mi,dj, dy) # ToF(t;, m;, dk,dj)). Considering that in case j= k the initial
orbit coincides with the final orbit (i.e., AV = ToF = 0), computing Egs. 19 and 20
requires a number of Q-law evaluations, which is given by Eq. 21.

= (NM+1)(NT+1)<Nsat_1)Nsaz (21)

The arrays AV, ;. and ToFy, ;; contain the costs, respectively, in terms of fuel and
time of flight, obtained by solving the functional problem for all possible transfers
between the satellites in a given dataset, considering a finite number of servicer ini-
tial masses and departure times.

Figure 2 shows a conceptual visualization of the AVp;; array in the case of
N, =3, Ny, =3, and a generic N;. Each element of the array is obtained by solving
the functional problem. Colors represent different values of AV. The same schematic
decomposition can be applied to ToFy, ;.

5.2 Bilinear Interpolation

In real applications, both the initial mass of the servicer and departure time can assume
any values within specified continuous intervals. Starting from the pre-computed arrays

(Eqgs. 19 and 20), two mapping functions f,y j : R?> - R and Jrorji R? — R, oper-
ating on the sub-matrices AVp, y 1= AVp 5, Vi, land ToFy, y 1= ToFp ., Vi, [, can be
defined to obtain an approximation of the costs on the continuous closed intervals M
and T previously introduced. The following equations hold

AVCszAVCJk(t m;,d;,d ) fAVJk(ti,mi) vt, € Te,Ym; € M (22)

ToF ¢ = ToF ¢ (t,my d; dy) = fropp(tnm;) Vi, € Te,Ym; € M (23)

Equations 22 and 23 refer to the costs associated with the transfer between the d;
and d, satellites of the dataset. The complete set of mapping functions is defined for
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Fig.2 AV}, array decomposition

all possible transfers as fyy 4. Vj.k € {1,... N, } and frp ;. V). k € {1,...Ny, }. In
this work, fyy j and fz,r ; are chosen as bilinear interpolating functions, as follows
[40]

Savat,m) = 1 [Tl+1_li]T
A = O T My, M | =T, ,
9 [ AVpuik — AVpiarnj ] [M,»Jrl —mi]
AVp, ik AV ik m; — M,
1 T.. —¢t 1"
Jror it m;) = 1~k
(T —T)WM =My | 6,=T,
+1 1 +1 (25)

[ ToF D,iljk ToF D,i(l+1)jk ] [Mi+l - mi]
ToF D,(i+1)ljk ToF D,Gi+D)({+1)jk m; — M,

Equations 24 and 25 are presented for the case where #; and m; belong to the intervals
T, <t; Ty and M; <m; < M, ,, respectively. The same applies to all contiguous
subintervals in the discrete sets T}, and M,
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6 Combinatorial Problem

The TVMI method provides two models, AV ; and ToF . ., representing an approx-
imate solution of the functional problem. The dynamics and the optimization vari-
ables 7 are included in the models thus reducing the MTPOP to a combinatorial
problem, which can be stated as follows

Problem 2 Combinatorial MTPOP

Ny—1
min Y D(AVejgon (1 mije i dis ). ToFc g (1372 mi 2 o ))
=1
subject to
Zeq(D, Lits oo s lin s Mg oo ,m,-’Nd) =0
Ziy, (D, Bils oo s BN My oo ,mi’Nd) <0

where D has the same meaning as in Problem 1. D indicates a generic function
describing the cost to transfer from d; to d,,,, while Z,, and Z,,,, represent generic
equality and inequality constraints.

The combinatorial MTPOP stated above can describe a great variety of real mis-
sion scenarios. Its domain of validity is only constrained by the assumptions made to
derive the two models AV ; and ToF ;.

In this paper, we adapt the general MTPOP framework to focus on a specific case:
the optimal open tour problem. In this scenario, the servicer, initially positioned on
a given orbit de {1, ,Nm}, must visit each satellite exactly once while minimiz-
ing the total fuel consumption. This specific adaptation is detailed in the problem
statement below.

Problem 3 Open Tour Problem

Ny =1 _ 8% (tijmig didie )
min Z m| 1—e lsps0
D 4
j=1

subject to
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m; = my
d.d,,) vie{l,...,Ny, —1}

tijar = 1y + ToF ¢y (1o m

i’

Ve (igmigdidis1 )

Mijpg =M e fsp%o vie{l,...,Ny, —1}
m;j 2 My, Vie{l,...,Ny}
D={d,,....dy_}

d; € {l,...,Ny} Vie{l,...,Ny]}
d,=d

d; # d, Vi,ke{l,....Ny,}.j#k

As discussed in Sect. 2, both deterministic and heuristic algorithms can be
applied to solve Problem 3. For small datasets, ES is effective for identifying the
globally optimal sequence. For larger instances with more satellites, heuristic meth-
ods are advantageous as they provide solutions within a reasonable time frame.

In this work, three heuristic methods-namely, genetic algorithm, simulated
annealing, and particle swarm-are used and compared. The computational effi-
ciency in evaluating the models AV ; and ToF ; makes it possible to run the
algorithms multiple times to verify convergence to the global optimum. A brief
overview of these methods is given below.

(a) Genetic Algorithm
In this work, a genetic algorithm with mutation is used [27]. The number of
members of a population N,,,, the maximum number of generations N,,,, and
maximum number of stall generations N,,,; are the user-defined parameters.
After each generation, the sequence associated with the minimum cost is selected
and saved in case of an improvement in the objective function.
(b) Simulated Annealing
Simulated annealing is an iterative algorithm to perform global optimization
[28]. The initial temperature T, the cooling rate R, the number of iterations
N,,, and the number of elements to swap at each iteration Ny, are the user-
defined parameters.
(c) Particle Swarm
Particle swarm is a bio-inspired ensemble learning algorithm to perform
global optimization [29]. Similar to the genetic algorithm N,,,, N,,,, and Ny,
are the number of members of a population, the maximum number of genera-
tions, and the maximum number of stall generations, respectively. The hyperpa-
rameters are indicated using b, , ¢;, and c¢,, where b,y denotes the inertia weight
and the parameters related to cognition and social influence are respectively ¢,

and c,.
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Table 1 Satellites’ initial

. D a[km] e i[deg] Q[deg] w[deg] O[deg]
Keplerian elements

Satellite- 1~ 22164.8 0.050 3.250 291.6 10.00  30.17
Satellite -2 23166.7 0.070 5950 2982 10.00 100.8
Satellite-3  25164.8 0.050 7.510 298.0 50.00 78.52
Satellite -4 261589 0.080 9.130 3034  20.00 240.3
Satellite-5  28166.7 0.100 2.180 67.46  10.00 330.5
Satellite - 6 291804 0.060 10.84 310.1  20.00  200.2
Satellite - 7 301589 0.090 9.850 305.6 0.002 150.2
Satellite - 8  31162.8 0.080 11.67 3152 37.00 300.6
Satellite -9 321589 0.110 13.63 3244 1800 1759
Satellite - 10  33166.7 0.120 13.36 3354  20.00 286.2
Satellite - 11 34164.8 0.090 15.01 10.09 280.0 45.23
Satellite - 12 35162.8 0.070 13.96 3423 2400 1235
Satellite - 13 361589 0.120 13.73 340.1 2100 91.22
Satellite - 14 37164.7 0.150 14.00 343.8 36.50 2104
Satellite - 15 38162.8 0.050 9.740 3055 8.020 350.1
Satellite - 16 39158.9 0.050 14.47 3489 22.00 250.1
Satellite - 17 40162.8 0.090 14.66 15.07 8800 35.11
Satellite - 18  41166.7 0.120 1491 3572 7250 60.11
Satellite - 19 42164.8 0.100 14.89 3589 3500 70.11
Satellite - 20  43166.7 0.060 14.92 9420 85.00 10.11

Table 2 Inertial and low-thrust

. . . I, [s] T,0c [N] my [kg]
propulsion servicer properties

2000 2 2000

7 Simulation Results

The proposed methodology was applied to a multiple-visitation application case on
a set of Ny, = 20 MEO/GEO satellites. Their orbital elements at the mission start
time are reported in Table 1 while the initial mass and low-thrust propulsion system
properties of the servicer [38] are reported in Table 2.

7.1 Solution of the Functional Problem

The dynamics model presented in Sect. 3 was integrated using the control accel-
erations computed by the Q-law, both in the minimum-time and minimum-fuel sce-
narios, to compute the arrays (Eqs. 19 and 20) by means of Eqs. 16 and 17. Tables 3
and 4 report respectively the Q-law user-defined parameters and the data used in the
array computation. These parameters were selected by a trial-and-error procedure
on a sample transfer maneuver. They proved to be a good choice in terms of Q-law
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Table 3 Q-law weights, stopping criteria tolerances and effectivities thresholds

Wp W, €, [km] € €3 [deg] €, [deg] €5 [deg] n, Ny

1 [1,1,1,1,1] 0.001a, 0.le, 0.1 0.1 0.1 0.25 0.25

Table 4 Array computation data

Mission start date Mgy, [ke] 1, [days] At,, [days] Ny, N;

01 = Jan — 2023 06 : 00 : 00 1000 0 950 19 38

convergence computational time. In principle, they can be optimized for each pos-
sible transfer at the expense of increased computational burden. In Table 3, a, and e,
indicate the stopping criteria tolerances on semi-major axis and eccentricity, set as a
fraction of the targeted values.

The computation involved 296, 400 system integrations per case (see Eq. 21),
either minimum-time or minimum-fuel. All the computations were conducted in
MATLAB [41]. The built-in function odel13 with a relative tolerance of 1 x 10~/
was used requiring 2.62 h and 4.85 h for the minimum-time and minimum-fuel
cases, respectively. All numerical simulations were conducted using parallel com-
puting, implemented through the MATLAB parfor keyword to specify parallel for-
loops. The computations were performed on a laptop equipped with an 11th Gen
Intel(R) Core(TM) i7 processor (2.3 GHz) with 8 physical cores, running a 64-bit
Windows operating system and 32 GB of RAM.

7.1.1 Example of Bilinear Interpolation

Figures 3 and 4 show an example of bilinear interpolation for the transfer between
satellites 15 and 1. The initial Keplerian elements of these satellites are provided
in Table 1. The mapping functions fyy 4 and fr,r ; were applied to pre-computed
arrays, which were derived from the data outlined in Table 4. The servicer propul-
sion system’s maximum thrust and specific impulse match those reported in Table 2.
Each element of the arrays was computed by executing the Q-law within the mini-
mum-time framework, using the parameters defined in Table 3. In this example, the
computation required approximately 30 seconds.

From Fig. 3 two main findings can be obtained. First, the AV needed is
slightly dependent on initial mass. Second, the AV needed initially increases for
increasing values of the departure time, reaching a plateau for values between
600 days and 950 days, indicating that the satellites are drifting apart because
of the differential nodal precession; it becomes more efficient to visit the sat-
ellite at the beginning of the mission where the AQ is lower. Figure 4 shows
that a lower initial mass (i.e., greater available acceleration) generally results
in shorter times of flight. By accounting for transfer cost variations with mass,
the proposed method effectively addresses time-of-flight fluctuations. These
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Fig.3 AV bilinear interpolation example, j = 15and k = 1

Fig.4 ToF  bilinear interpolation example, j = 15and k = 1

fluctuations significantly impact mission duration, especially as the number of
satellites increases and servicer mass variation becomes substantial.

It is clear that a finer discretization would increase both the accuracy of the
bilinear interpolation and the computational time required to create AV, ;; and
ToFp ., making the choice of Ny, and N mainly dictated by a trade-off between
these two quantities. The main advantage of this approach lies in the possibility
of quickly evaluating the AV and ToF ; functions, making the combinatorial
path problem easily solvable.
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Fig.5 AV}, array inspection

Fig.6 ToF array inspection

7.1.2 Cost-Array Inspection

Figures 5 and 6 show the elements of AVp; and ToFp; matrices
Vj,k e {1,...,Nw,}, covering both the minimum-time and minimum-fuel sce-
narios. In these figures, the same color is assigned to the simulations with the
same initial mass and departure time, across all possible combinations of j and
k. This color consistency creates vertical bands, where differences in cost due
to varying j and k (i.e., different initial and target orbits) are visible along the
vertical axis; zero values associated with j = k cases are also plotted. Figure 5
shows that most transfers have costs between 0.1 and 2.5 km/s, with the high-
est costs reaching approximately 4.0 km/s. Variation in the AV range along the
x-axis provides insights into how the dispersion of Keplerian elements of satel-
lites changes with variations in the servicer’s initial mass and departure time.
Comparison of AV and time of flight across minimum-time and minimum-fuel
scenarios shows that coasting, while reducing fuel consumption, leads to longer
flight durations. Specifically, in the minimum-time scenario (Fig. 5a), the AV
range is broader compared to the minimum-fuel scenario (Fig. 5b), where AV
values exhibit a narrower range along the vertical axis. Conversely, the time-
of-flight range is wider in the minimum-fuel scenario (Fig. 6b), reflecting the
additional time required due to periods of thruster inactivity during the transfer.
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7.1.3 Bilinear Interpolation Accuracy Analysis

The accuracy of the bilinear interpolation was evaluated using a different discretiza-
tion of the intervals M- and T. To assess the potential errors between the inter-
polated values and those obtained through a direct application of the Q-law, two
validation matrices (AV,,, ; and ToF, ;) were computed for all possible transfers,
employing the same parameters as in Tables 2, 3, and 4, with the exception of N,,
and Ny (where N, = Ny = 4). The validation sets, denoted by Mp,,,, and Tp ),
were then used to calculate the percentage error for each sample using the following
equations

B |AVCJk(ti’mi"1j’ dk) - AVval,jk<ti’mi’dj’ dk)|

AV, 100 VY, € Ty
AV, ik (li’ m;, d;, dk)
Vm; € Mp
Vjike {1,..Ny
|ToF - 4 (t;,m;,d;,d, ) — ToF 4 (t;, m;,d., d} )|
ToF,, = e -d) el )l 100 V1, € Ty
ToF,, jx (ti’ m;, d;, dk)
Vmi € MD,val
Vj k€ {l,...Ny

Figure 7 shows the results for all samples in the minimum-time case. In particu-
lar, the top and bottom left plots report the percentage errors while the absolute
AV and ToF values are reported in the top and bottom right plots. The absolute AV
and ToF are denoted as Interpolated for the values obtained by interpolating and

Fig.7 Validation set results
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evaluating the elements of the arrays described in Sect. 7.1.2 at the validation sets
Tp,q and Mp, ;. while they are referred as Computed to denote the values obtained
by direct evaluation of the Q-law.

Very few cases are associated with a large percentage error, and the estimations
are accurate as demonstrated by the distribution mean and standard deviation values
(Hay = 1.0527 %, o5y =1.9072 % and pg,r = 13205 %, o7, = 2.1570 %).
The grccuracy noted in the minimum-time case is also similar in the minimum-fuel
scenario, further emphasizing the robustness of the method.

7.2 Solution of the Combinatorial Problem

The open tour problem (Problem 3 ) was solved using the genetic algorithm, simu-
lated annealing, and particle swarm optimization. The user-defined parameters for
these algorithms are detailed in Table 5. Additionally, the servicer was considered to
depart from the orbit of satellite 1 (i.e., d= 1, see Table 1), with a total mass m at
start time #, as specified in Table 2 and Table 4, respectively.

Each algorithm was executed N,,,, = 100 times in parallel for both the minimum-
time and minimum-fuel cases. This choice of N,, balances the computational
expense with the need to mitigate the stochastic nature of the algorithms. The best
sequence across all 100 runs was selected, thereby ensuring the accuracy of the
results while keeping the computational effort manageable.

Table 6 reports the CPU time, the optimal sequence, the costs associated with
the optimal tour in terms of both total fuel consumption and total time of flight, and
their absolute percentage errors with respect to the non-interpolated function (i.e.,
the results of the Q-law computed for the optimal sequence) obtained by the heu-
ristics. Notably, the CPU time is lower than 5 min for all simulations. The genetic
algorithm found the sequences associated with the minimum objective function in
spite of a greater computational time. The absolute percentage errors remain coher-
ent with the values of mean and standard deviations reported for the validation set
(Sect. 7.1.3). The optimal sequence is the same for the two cases, meaning that
longer times of flight (due to coast arcs for the minimum-fuel case) are not sufficient
to let the perturbations modify the orbital elements significantly.

Figures 8 and 9 show the Keplerian elements history of both minimum-time and
minimum-fuel optimal sequences found by the genetic algorithm. It is evident that
the sequence of visited clients is characterized by an almost monotonically increas-
ing RAAN relative to the initial location of the servicer. This behavior, referred to
as RAAN walk [42], is consistent with the fact that RAAN correction requires a large
amount of fuel. In Fig. 10, the mass depletion comparison between the two cases

Table 5 Heuristics simulation parameters

Genetic Algorithm Simulated Annealing Particle Swarm
anp Ngen Nvtal[ TK() RC Nit Ncwap anp Ngen Nvm[l [bIN’ €y CZ]
25 500 50 3000 0.5 5000 5 25 500 50 [09,1, 1]
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Fig. 8 Optimal sequence Keplerian elements history (minimum-time)
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Fig.9 Optimal sequence Keplerian elements history (minimum-fuel)

is shown (visitation instants are indicated by red dots). In the minimum-time case,
fuel decreases almost linearly because the thrust is always on and constant (except
when in eclipse). Conversely, in the minimum-fuel case, the coast arc mechanism
reduces fuel consumption, though this results in a longer mission duration compared
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Fig. 10 Minimum-time vs minimum-fuel mass depletion comparison

to the minimum-time case. This comparison underscores the value of applying the
Q-law in both scenarios, as it helps evaluate the time-fuel trade-off, which is crucial
for assessing mission feasibility and operational constraints during the preliminary
design phase.

Finally, the full visiting sequence trajectory is shown in Figs. 11, and 12 respec-
tively for the minimum-time and minimum-fuel cases in Cartesian coordinates. The
client orbits and the eclipse phases are intentionally not shown in Fig. 12 to make
coast arcs more visible (in red).

Fig. 11 Optimal sequence trajectory (minimum-time)
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Fig. 12 Optimal sequence trajectory (minimum-fuel)

7.3 Direct Optimization Method Validation

The accuracy of the Q-law was compared with GPOPS-II [43] direct optimiza-
tion software for both minimum-time and minimum-fuel optimal sequences. The
dynamics model implemented for the validation included the J, (secular, long and
short period terms) and the same eclipse model as presented in Sect. 3. Equinoc-
tial elements propagation was employed in order to avoid singularities and client
orbits were propagated by means of Eq. 6. Table 7 reports the GPOPS-II simulation
settings.

Each leg of the optimal sequences was compared with GPOPS-II simulations,
using the same initial servicer state, global time, and targeted client elements as
those used in the Q-law. The first guess was provided by discretizing the Q-law
state trajectories and controls into 10 X N,,, mesh points where N,,, is the number

Table 7 GPOPS-II settings GPOPS-II Setting Value

NLP Solver
Linear Solver

Derivative Type

IPOPT
ma57

Central Differences

Collocation Method RPM-Differentiation
Scales Method Automatic-bounds
NLP Tolerance 1x 1077

Mesh Method hp-LiuRao-Legendre
Mesh Tolerance 1x10™

Max Col. Pts 14

Min Col. Pts 2
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Fig. 13 Minimum-time optimal sequence validation
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Fig. 14 Minimum-fuel optimal sequence validation

of revolutions of the transfer maneuver. The error in both fuel consumption and time
of flight were measured individually for each leg of the optimal sequences. For each
leg of the sequence, the initial state and time correspond to those obtained by the
GPOPS-II simulations after the convergence to the previous visitation. In the min-
imum-fuel case, the final time was set as equal to that calculated by the Q-law to
assess the coast arc mechanism accuracy. In the minimum-time case the comparison
is straightforward and no other considerations are needed. The errors in terms of
fuel consumption and time of flight were quantified using Eq. 26.

_ Amgy —Amgp .
ERRy,, = =427 100
(26)
ERRy, = Dol 100

ToFgp

In Eq. 26, the subscripts QL and GP refer to the values computed by the Q-law and
GPOPS-II, respectively. Figures 13 and 14 show the percentage errors per leg for
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both minimum-time and minimum-fuel cases. A more detailed report is provided in
Appendix C.

In the minimum-time case, the Q-law estimations per leg of both fuel deple-
tion and time of flight report an absolute maximum error of about 10 % com-
pared to the real optimal values. In the minimum-fuel case, the Q-law fuel
depletion estimations show worse performance; however, the percentage error
never exceeds 17 %. The fuel depletion and total time of flight estimation errors
for the total sequence cost decrease to respectively 3.11 % and 2.81 % in the
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minimum-time case and to 7.10 % for the mass depletion in the minimum-fuel
case.

Finally, in Figs. 15 and 16 a comparison between GPOPS-II and Q-law results
is shown for the transfer 1 — 2 in terms of Keplerian elements, thrust norm, and
mass history, respectively (minimum-fuel case). It is evident how the Q-law pro-
vides a good first guess for the direct optimization method; important differ-
ences in thrust switching times are visible, which nevertheless cause minor fuel
savings.

8 Conclusions

A new method has been developed, building upon the approach previously pro-
posed in [4], to address multi-target optimal path optimization problems in the
context of low-thrust propulsion. The algorithm incorporates the main time-
dependent factors, including perturbations (secular J, effects and propulsion con-
straint due to eclipse) as well as servicer fuel mass depletion.

The overall problem is decomposed into two parts: the functional problem
and the combinatorial problem. The functional problem is solved for all possible
transfers between the satellites of a dataset and for discrete values of initial mass
and departure time ranging in pre-defined intervals. The cost in terms of both
fuel and time of flight is assessed by a Q-law-based distance metric for both min-
imum-time and minimum-fuel problems. This procedure provides two four-varia-
ble arrays. Bilinear interpolation is then applied to estimate the costs for continu-
ous values of initial mass and departure times. The problem is thus reduced to
a pure combinatorial problem where generic constraints and objective function
formulations can be considered.

The methodology is demonstrated on a benchmark problem where a servicer
spacecraft must visit multiple targets once and only once. In this work, a genetic
algorithm, simulated annealing, and particle swarms are employed to solve the
combinatorial problem and compared in terms of accuracy and computational
times. Each of them is run multiple times to assure the convergence to the global
optimum. For all simulations, the optimal sequence is found in less than five min-
utes. The accuracy of the proposed approach is assessed by a direct optimization
method. Small errors in terms of total fuel mass expenditure and total time of flight
are reported.

Key features of the proposed approach are the computational efficiency and
flexibility. The method can be applied to solve a variety of mission scenarios by
appropriately defining the objective function and constraints of the combinatorial
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problem. For instance, it can address on-orbit refueling problems, where the goal
is to maximize the number of clients refueled within the constraints of the servic-
er’s maximum available fuel, or multi-platform open tour problems, where mul-
tiple servicers are tasked with visiting all clients in a dataset exactly once while
minimizing the total fuel consumption. Limitations of the proposed approach may
arise in highly perturbative environments, such as low Earth orbit, where acceler-
ations due to the J, effect can exceed the servicer’s available control acceleration.
Under these conditions, the Q-law may lead to reduced solution accuracy.

Overall, the results indicate that the proposed algorithm would serve as a valu-
able tool to solve low-thrust multi-target path optimization problems.

Appendix A Q-law Analytic Functions

The following expressions for constructing the Lyapunov function in the Q-law
derivation are presented in [21]
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k<1—yl_>
P=c¢ pmin

_ _nl/r
S CRE) ]
1

S
otherwise
N a’(1+e)
max,(a) = 2u /2—”(1_9)
max,(é) = %
max,(i) = -
h(\/ 1—¢2 sin®(w)—e| cos(w)l)
max,(Q) = P
o) hsinGi) (/1= cos2(@)—e| sin((u)l)
. maxg (@, )+bmax, (@ )
max,(®) = o N
, 1A /p? o8 (0,)+(ptr ?(1-c0s?(0,,))
maxy(®;, ) = v =
. pu| cos(i)|
max,(w =
0( op) hsin(i)(\/l—ezcosz(w)—dsin(m)l)
1 1
2 3 2 3
_ | 1=2 1(1-=¢ 11 _|_ 1= 1(1=¢ 1] _1
COSQXX— 2¢3 + 4< e3 ) +27 23 + 4( e3 > +27 e
T = 1+ecos(f,,)

where k=100, m =3, n=2,r=2,b =0.01, T min = 6578 km, r, = a(l — e) is the
periapsis distance, u(z) = T(t)/m(¢) is the instantaneous control acceleration norm
(T(¢) being the thrust magnitude), 4 is the gravitational constant, p = a(l — ¢*), and

h = /up.
Appendix B Eclipse Constraint Model
Denoting with ¢,,(¢) the Julian date corresponding to time ¢, rg(¢;5,) the Sun’s position

with respect to the ECI frame, r,.(X(#)) the spacecraft position with respect to the ECI
frame as a funciton of the Keplerian state X(¢) = [a(?), e(?), i(2), (1), 0(2), 6(®)], R, as
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Table 8 Minimum-time optimal sequence validation results

Transfer Amg, [kg]l  Amgplkgl  ERR,, [%] ToFy [days] ToFgpldays] ERRy, [%]
1-2 33.22 32.92 0.907 3.770 3.736 0.907
2-3 28.22 28.57 -1.216 3.203 3.242 -1.216
354 22.95 22.24 3.209 2.605 2.524 3.209
47 30.47 31.03 —1.789 3.458 3.523 —1.833
76 14.55 15.80 -7.917 1.651 1.793 -7.917
6—8 19.68 18.28 7.640 2.234 2.076 7.572
8> 15 43.32 40.13 7.934 4917 4.555 7.934
15-9 66.81 60.66 10.12 7.583 6.885 10.13
913 41.34 40.27 2.662 4.740 4.575 3.598
13- 12 13.98 14.29 -2.121 1.660 1.629 1.917
12 - 10 39.77 38.48 3.347 4.763 4.432 7.466
10> 14 27.30 27.19 0.403 3.247 3.167 2.536
14 - 16 23.60 23.01 2.562 2.806 2.669 5.132
16 - 19 24.49 22.54 8.705 2.916 2.645 10.22
19 - 18 12.47 13.49 —7.542 1.503 1.627 —7.588
18 - 20 23.28 25.84 —9.878 2.729 3.081 -11.39
20 - 17 23.20 21.45 8.168 2.734 2.545 7.440
17 - 11 36.08 35.92 0.422 4.260 4.295 —0.827
11-5 110.5 104.0 6.302 12.67 12.44 1.817
Total Sequence  635.4 616.2 3.114 73.46 71.45 2.806
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Table 9 Minimum-fuel optimal sequence validation results

Transfer Amyg, kgl Amgp [kg] ERR,,, [%]  ToFy, = ToFgp
(days]
1-2 28.21 26.80 5.278 4.371
2-3 23.47 23.19 1.241 3.719
354 20.99 19.84 5.768 3.081
417 27.03 26.91 0.428 4.100
7-6 15.11 15.14 —-0.173 2.263
6—8 17.05 16.21 5.193 3.068
8- 15 38.21 37.36 2.295 6.305
15-9 60.31 51.79 16.45 9.247
913 35.60 34.56 2.992 6.389
13512 14.77 14.16 4.283 2.623
1210 36.31 31.16 16.52 6.785
10 - 14 25.07 23.05 8.784 5.118
14 > 16 20.13 19.17 5.009 3.887
16 —» 19 22.37 19.93 12.24 3.739
19 - 18 11.37 9.827 15.78 3.113
18 — 20 22.58 21.69 4.083 3.546
20 > 17 17.79 16.98 4.766 4.190
17 - 11 28.59 24.47 16.81 5.687
11 -5 104.1 99.12 5.054 15.17
Total Sequence 569.2 5314 7.103 96.41

the mean Earth radius, and R as the Sun mean radius, the eclipse factor can be com-
puted as [44]

I'S/sc =Ty =T

. R
agg = arcsin
rS/sc

. (R,
aBR = arcsin | —
rSC

T
I'SCI‘S/SC

ap = arccos
rsch/sc

1

+ e [al)_ct(aSR+aRR)]

Wecl(X(t)’ tJD) = 1

where the coefficients assume the values C; =298.78 and C, = 1. w,, is a con-
tinuous function bounded between 0 and 1; w,, = 0 if the satellite is in eclipse
(agp +apgg > ap), 0 < w,,; < 1in penumbra and w,, = 1 otherwise. In this work, the
eclipse caused by Earth’s shadow is considered, and the Sun’s ephemeris model, as
described in [45], is adopted.
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Appendix C GPOPS-II Validation Details

Tables 8 and 9 report the fuel consumption and time of flight as computed by the
Q-law and GPOPS-II validation for each leg of the optimal sequence both in the
minimum-time and minimum-fuel cases.
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