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STEINER REPRESENTATIONS OF HYPERSURFACES

VINCENZO ANTONELLI, GTANFRANCO CASNATI

ABSTRACT. Let X C P**1 be an integral hypersurface of degree d. We show
that each locally Cohen—-Macaulay instanton sheaf £ on X with respect to
Ox ®Opn+1(1) in the sense of [3] Definition 1.3] yields the existence of Steiner
bundles G and F on P**! of the same rank r and a morphism ¢: G(—1) — FVv
such that the form defining X to the power rk(£) is exactly det(¢). We inspect
several examples for low values of d, n and rk(€). In particular, we show that
the form defining a smooth integral surface in P? is the pfaffian of some skew—
symmetric morphism ¢: F(—1) — FV, where F is a suitable Steiner bundle
on P3 of sufficiently large even rank.

1. INTRODUCTION

The description of hypersurfaces in PV as zero loci of suitable square matrices
(possibly with some further properties, e.g. with linear entries, symmetric, skew—
symmetric, etc.) is a very classical topic in algebraic geometry. We refer the
interested reader to the historic comments in [7] for a short list of references.

Such a problem can been placed in the more general framework of the study
of Ulrich sheaves on an irreducible projective scheme P of dimension N > 1 with
respect to a very ample line bundle Op(H), i.e. non—zero sheaves F on P satisfying

W (F(=(i+1)H)) = W (F(-jH)) =0

for i < N —1and j > 1: see [7 2I] for further details. While the problem of
the existence of Ulrich sheaves on projective varieties is wide open in general, the
Horrocks’ theorem completely characterizes the ones on PYV: indeed they are only
the direct sums of copies of Opn.

In [7, Proposition 1.11] the author shows that on a hypersurface X C P"*! of
degree d endowed with Ox (h) := Ox ® Opn+1(1) each h-Ulrich sheaf £ fits into an
exact sequence of the form

0— Opn+1(fl)®r — O$:+1 — & — 0,

or, in other words, has a resolution in terms of a suitable endomorphism of degree
one of an Ulrich bundle on P*+!. Moreover, the following assertions hold if X is
smooth and integral (see [7} Corollaries 1.12 and 2.4]):

e the form defining X is the determinant of a d x d matrix with linear entries
if and only if X supports a h-Ulrich line bundle &;
e the form defining X is the pfaffian of a 2d x 2d skew—symmetric matrix
with linear entries if and only if X supports a A—Ulrich bundle of rank two
& such that det(£) = Ox((d — 1)h).
In [3], we somehow relaxed the notion of Ulrich sheaf by introducing the definition
of H—-instanton sheaf. More precisely, a non—zero sheaf F on P is H—instanton with
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2 V. ANTONELLI, G. CASNATI

quantum number k if

R (F(-H)) = hN(F(-NH)) =0, h'(F(-H))=hr"""(F(-NH)) =k,
K (F(—(i+1)H)) = W (F(—jH)) =0

for 1 <i< N-—2and 2<j <N —1 (notice that the equalities in the latter row
actually contribute to the definition only when N > 3). In particular, H-Ulrich
sheaves are exactly H—instanton sheaves with minimal quantum number £ = 0.
Moreover, each H—instanton sheaf is H—Ulrich when n = 1.

In this paper we show that instanton sheaves on hypersurfaces X C P! have
a resolution in terms of certain bundles which have very few non-zero cohomology
groups, namely bundles which are linear or Steiner according the following definition
(where generically non—zero means non—zero at the generic point, so that the torsion
free part of the sheaf is not zero).

Definition 1.1. Let P be an irreducible projective scheme of dimension N > 1
endowed with an ample and globally generated line bundle Op(H).

A generically non—zero coherent sheaf F on P is called H-linear if the following
finite set of properties hold:

o h°(F(-H)) =hN(F(-NH)) = 0;
o Wi(F(—(i+1)H)) =h (F(—jH)) =0if 1<i<N-2and2<j < N-1.

If F is a H-linear sheaf on X, then it is called H—Steiner if the following additional
property holds:

o il (]:(—H)) =0.

Thanks to [3] Corollary 4.3] we know that H-instanton sheaves are H-linear,
but the converse is clearly not true.

In Section 2] we recall some general facts that will be used in the paper. In Section
we deal with linear sheaves, giving a general characterization in Proposition [3.1
of their whole cohomology and bounding in Proposition their Castelnuovo—
Mumford regularity. We also prove, motivating our terminology, that Opn~ (1)-linear
sheaves are exactly the non—zero sheaves which are cohomology of a linear monad
in Proposition [3.2}

To this purpose recall that if ¢: A — B is a morphism of locally free sheaves on
P we can define the degeneracy loci

Dy(p) i={zeP|rk(ps) <r},

which have a natural reduced scheme structure induced by their inclusion in P.

The main goal of the section is to show how one can derive linear sheaves on some
hypersurfaces X C P from linear bundles on P, when P is smooth of dimension N
(an N —fold for short: in this case wp = Op(Kp) denotes its canonical line bundle).
To this purpose, recall that the rank of a sheaf on an integral scheme is defined as
the rank of its stalk at the generic point. Moreover, if F is a sheaf on the N—fold
P, then its Ulrich dual with respect to an ample and globally generated line bundle
Op(H) is FUH .= FV((N +1)H + Kp).

Theorem 1.2. Let P be an N —fold with N > 3 endowed with an ample and globally
generated line bundle Op(H).

If G and F are H-linear bundles of the same rank r on P, ¢: G(—H) — FUH
is injective, X := D,_1(p) is irreducible and Ox(h) == Ox ® Op(H), then X
is integral with dim(X) = N — 1 and & := coker(yp) is a locally Cohen—Macaulay
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h—linear sheaf on X such that
K (E(=h)) = WN"H(F(-NH)), WV 2(E(—(N —1)h)) =N "1 (G(-NH)),
rHY = 1k(E)RN 1 + hH(E(=h)) + WV 2 (E(—(N — 1)h))
— W' (F(=H)) + h' (G(—H)).

As an immediate by—product we obtain the following method for constructing
h—instanton sheaves on hypersurfaces.

Corollary 1.3. Let P be an N—fold with N > 3 endowed with an ample and globally
generated line bundle Op(H).

If G and F are a H-linear bundles of the same rankr on P, ¢: G(—H) — FUH
is injective, X := D,_1(p) is irreducible, Ox(h) :== Ox @ Op(H) and

PN (F(-NH)) = BN HG(-NH)) =k,

then X s integral with dim(X) = N — 1 and & := coker(yp) is a locally Cohen—
Macaulay h—instanton sheaf on X with quantum number k and

rHY = rk(E)AN 1 + 2k

In Section [ the notion of Steiner bundle is inspected in a similar way. In
particular we characterize in Proposition the whole cohomology of a Steiner
sheaf, we describe in Proposition Steiner sheaves on irreducible subschemes of
PY in terms of their minimal free resolution, showing in Corollary that our
definition matches the classical one (see [I7, Definition 3.1]).

If PPt and Op(H) = Opny1(1), then FUH =2 FV and Theorem [1.2| can be
reversed as follows.

Theorem 1.4. Let X C P*L with n > 2 be an integral hypersurface of degree d
and Ox(h) =0x ® Opn+1(1).
If € is a locally Cohen—Macaulay h—linear sheaf on X, then there exists an exact
sequence
0—G(-1) 5L FY —€-—0 (1.1)
where G and F are Steiner bundles of the same rank on P"™1 and det(yp) is the
k(&)™ ~power of the form defining X .

As in the previous case the above theorem leads to the following immediate result
on locally Cohen—Macaulay h—instanton sheaves on X.

Corollary 1.5. Let X C P*t! with n > 2 be an integral hypersurface of degree d
and Ox(h) = OX ® Opn+1(1).

If £ is a locally Cohen—Macaulay h—instanton sheaf on X with quantum number
k, then & fits into sequence where G and F are Steiner bundles of the same
rank on P+ det(y) is the k(€)™ power of the form defining X and

h(G(—n — 1)) = h"(F(-n—1)) = k.

Notice that the above statements are well-known for N = n 4+ 1 = 2, because in
this case each instanton sheaf is actually Ulrich: see [7, Sections 3, 4 and 5].

The statements above can be interpreted in terms of determinantal representa-
tions of the form defining X. For this reason we introduce the following definition.

Definition 1.6. Let X C P! with n > 2 be a hypersurface of degree d.
We say that X has a Steiner r—representation if there are Steiner bundles G and
F of the same rank on P"*! such that

h*(G(—n —1)) = K" (F(-n—1)),
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and a morphism ¢: G(—1) — FV such that det(y) is the r*® power of the form
defining X. In particular, we say that X has a Steiner determinantal representation
if r =1 and a Steiner pfaffian representation if r = 2.

If X has a Steiner representation ¢: G(—1) — FV, the size of the representation
is the common value rk(G) = rk(F).

Corollaries and say us that the integral hypersurface X C P™t! of degree
d supports a locally Cohen—Macaulay h—instanton sheaf £ with quantum number
k and rank r if and only if it has a Steiner r-representation of size rk(€)d + 2k, k
being the quantum number of £.

If X is smooth, then an h—instanton sheaf with quantum number k& = 0 is actually
an Ulrich bundle. In this particular case £ is h—Ulrich and the same is true for F
and G, thus both G and F are trivial. In this case X has a linear representation
i.e. the r*" power of the form defining X is the determinant of a matrix of linear
forms.

Thanks to [3, Corollary 4.3], if £ is an instanton sheaf on the smooth hypersurface
X C P! then dim(&,) = n at each z € X. If £ is also locally Cohen—Macaulay,
then it is locally free on X thanks to the Auslander-Buchsbaum formula (see [9,
Theorem 1.3.3]). We have two different ways for making the size of the representa-
tion as small as possible: indeed, we can minimize either k& or rk(&).

The former case corresponds to the study of the existence of h—Ulrich bundles on
X, hence in this paper we focus our attention in minimizing rk(£). In particular,
in the last three sections, we study what can be said for rk(£) < 2 giving some
examples.

More precisely, in Section [f] we study the case of a Steiner determinantal rep-
resentation of X. If n > 3 (resp. n = 2) we know that Pic(X) is principal and
generated by Ox (h) for the smooth (resp. very general smooth) hypersurface X,
hence there are no h—instanton line bundles on such an X thanks to [3, Proposition
8.2]. In particular, the problem of finding a Steiner determinantal representation
of X makes sense only if n = 2 and in this case we are able to prove the following
theorem.

Theorem 1.7. Let X C P3 be a smooth surface of degree d > 2. Assume that the
characteristic of k is 0.
Then X has a Steiner determinantal representation of size s if and only if

s—d
2

is a non-negative integer and there is a smooth curve C C X with

k=

1
deg(C) = id(d + 2k —1),

Pa(C)Z(d+2k)<d+I;_2) _k(dﬂg—l) _k<d+l;—3> - (d;l) (1.2)

and such that h®(Ox(C — (k+ 1)h)) = h°(Ox((d+ k —2)h — C)) = 0.

Moreover, in the same section, we also inspect in more details the case of smooth
surfaces of degree 2 < d < 4.

In Section |§| we focus on integral hypersurfaces X C P"*! of degree d supporting
an instanton sheaf £ which is e—orientable, i.e. locally Cohen—Macaulay, reflexive
and endowed with a bilinear map £ x & — det(€) = Ox((d — 1)h) inducing an
isomorphism 7: & = £V((d — 1)h) such that ¥ (d — 1) = en where ¢ = £1.

In particular we extend [7, Theorem B] as follows.

Theorem 1.8. Let X C P! with n > 2 be an integral hypersurface of degree d
and Ox(h> =0x ® O]pn+1(1>.
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If £ is an e—orientable h—instanton sheaf on X with quantum number k, then
there erists an exact sequence

0— F(-1) L FY —€£—0 (1.3)
where ¥ (—1) = ep and F is a Steiner bundle with respect to Opn+1(1) such that
R (F(-n—1)) =k, tk(F) = 1k(£)d + 2k.

As an application we discuss the existence of a Steiner pfaffian representation
of X, i.e. of a Steiner bundle 7 on P"*! of even rank r and a skew-symmetric
morphism ¢: F(—1) — FV such that the form defining X is the pfaffian pf(yp).

In Proposition we show that each surface in P? has actually a Steiner pfaffian
representation, extending well-known classical results for linear pfaffian represen-
tations (e.g. see [7, Proposition 7.6] and [I4, Corollary 1.2]).

Finally, in Section we collect some further examples of hypersurfaces X C Pn+!
of degree d with Steiner pfaffian representation for low values of d and n.

1.1. Acknowledgements. Both the authors would like to thank J. Jelisiejew for
some helpful discussions about the content of Examples [7.2] and [7.4]

2. NOTATION AND FIRST RESULTS

Throughout the whole paper we will work over an algebraically closed field k. For
simplicity we will assume that the characteristic of k is not 2. Further assumptions
on the field will be explicitly specified in each statement when needed.

The projective space of dimension N over k will be denoted by PV: Op~ (1) will
denote the hyperplane line bundle. A projective scheme P is a closed subscheme of
some projective space over k: P is a variety if it is also integral. A manifold P is a
smooth variety: we often use the term N—fold for underlying that P is a manifold
of dimension N. The structure sheaf of a projective scheme P is denoted by Op
and its Picard group by Pic(P).

Let P be a projective scheme. For each closed subscheme Y C P the ideal sheaf
Zy|p of Y in P fits into the exact sequence

0—Zy;p — Op — Oy — 0. (2.1)

If A is a coherent sheaf on a projective scheme P we set h’ (.A) = dim H® (A)
If P is endowed with a globally generated line bundle Op(H), then we have an
induced morphism ¢z: P — PM where M + 1 = h° (OP(H)) and ¢p is finite if
and only is Op(H) is also ample.

For each i > 0 we set Hi(A) = @, H'(A(tH)). If S is the symmetric
k-algebra over H (OP(H)), then S = k[xg,..., x| and H! (.A) is naturally an
S-module. The morphism ¢ induces a morphism S — H? (Op) of k-algebras
and we denote by S[P] its image.

The non—zero coherent sheaf A on P is called m—regular (in the sense of Castel-
nuovo-Mumford) if h*(A((m —i)H)) = 0 for i > 1 and the regularity reg(A) of A
is defined as the minimum integer m such that A is m-regular.

Proposition 2.1. Let P be a projective scheme of dimension n > 1 endowed with
a globally generated line bundle Op(H).
If A is a coherent sheaf on P and there is m < n — 1 (resp m > 1) such that
hi (.A(—ZH)) =0 for each i <m (resp i > m), then the following assertions hold.
(1) hi(A(—tH)) =0 for each t >i and i <m (resp. t < i and i > m).
(2) hi(Oy ® A(—iH)) = 0 for each i < m — 1 (resp. i > m) and general
Y € |H]|.

Proof. See [3| Proposition 2.1]. O
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If A and B are coherent sheaves on an N—fold P, then the Serre duality holds
Extl (A, B®wp) = Exty (B, 4)" (2.2)

(see [27, Proposition 7.4]).

If P is an N—fold, we denote by CH"(P) the group of cycles on P of codimension
 modulo rational equivalence: in particular CH' (P) 2 Pic(P) (see [I9, Proposition
1.30]) and we set CH(P) := @, -, CH"(P). The Chern classes of a coherent sheaf A
on P are elements in CH(P): in particular, when A is locally free c; (A) is identified
with det(.A) via the isomorphism CH'(P) = Pic(P).

If X is either a smooth curve or a smooth surface, Hirzebruch-Riemann-Roch
formulas for a coherent sheaf A are

X(A) = tk(A)X(Op) + deg(er (A), (23)
X(A) = TAX(Op) + ser (AP — L Kper(A) — ex(A), (2.4)

(see [19, Theorem 14.4]).

Let A be a rank two vector bundle on an N-fold P and let s € H° (.A) In
general its zero—locus (s)g C P is either empty or its codimension is at most two.
Thus, we can always write (s)g = Y U Z where Z has codimension two (or it is
empty) and Y has pure codimension one (or it is empty). If Y = (), then Z is
locally complete intersection inside P, because rk(.A) = 2. In particular, it has no
embedded components.

The Serre correspondence reverts the above construction as follows.

Theorem 2.2. Let P be an N—fold with n > 2 and Z C P a local complete
intersection subscheme of codimension two.
If det(Nz)p) = Oz @ L for some L € Pic(P) such that h*(LY) = 0, then there
exists a rank two vector bundle A on P satisfying the following properties.
(1) det(A) = L.
(2) A has a section s such that Z coincides with its zero locus (s)o.

Moreover, if H' (EV) = 0, the above two conditions determine A up to isomorphism.
Proof. See [4]. O

In particular the Koszul complex of the section s € H° (A)
0—>Op—>A—>Iz|p®det(.A)—>0 (25)

is exact.

3. LINEAR SHEAVES ON PROJECTIVE SCHEMES

In this section we will deal with some properties of linear sheaves on irreducible
projective schemes.

In the following proposition we show that the finite set of vanishing in the coho-
mology of F in the definition give informations on the whole cohomology of F.

Proposition 3.1. Let P be an irreducible projective scheme of dimension N > 1
endowed with an ample and globally generated line bundle Op(H).
If F is a coherent sheaf on P, then the following assertions are equivalent.
(1) F is a H-linear sheaf.
(2) F is generically non—zero and the following properties hold:
o W(F(=(t+1)H))=h"N(F((t—N)H)) =0 ift >0;
e W(F(=(i+t+1)H)) = W(F((t—j)H)) =0if1 <i < N -2,
2<j<N-1andt>0.
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(8) For each finite morphism p: P — PN with Op(H) = p*Opn (1), then p.F
is a linear sheaf on PN with respect to Opn (1).

(4) There is a finite morphism p: P — PN with Op(H) = p*Op~ (1) such that
p.F is a linear sheaf on PN with respect to Opn (1).

Proof. Taking into account of Propositions the proof is analogous to the
one of the characterization of ordinary instanton sheaves in [3, Theorem 1.4] because
the image of the generic point of P via the dominant morphism p is the generic
point of P™. O

We show that linear sheaves on the projective spaces are exactly the sheaves that
can be obtained as cohomologies of linear monads. Recall that the rank of a sheaf
on an integral scheme is the rank of its stalk at the generic point.

Proposition 3.2. Let N > 1.
A coherent sheaf F on PN is linear with respect to Opn (1) if and only if it is
both generically non—zero and the cohomology of a monad M® of the form

0 — Opn (—=1)®™ — OB — Opn (1) — 0. (3.1)
Moreover, if this occurs
m' =hN"HF(-N)),  m"=h'(F(-1)),
m = x(F) + (N + 1)h' (F(-1)) = 1k(F) + b (F(-1)) + BN (F(=N)).
Proof. Let N = 1. In this case F is linear with respect to Op: (1) if and only if
K (F(-1)) = ' (F(-1)) = 0.

(3.2)

In particular it is necessarily torsion—free, hence F = (’)Eﬁrk(}-) and the statement

follows trivially.

Let N > 2. Assume that F is the cohomology of monad (3.1]). Splitting it into
the short exact sequences

0 — U — 0T — Opn (1) — 0, 33)

00— Opn (—1)®" — U — F — 0, '

as in the proof of [28, Proposition 2] one easily deduces that F is a linear sheaf
with respect to Opn (1) and obtains equalities .

Conversely, let F be a linear sheaf with respect to Opn (1). If we take a hyper-
plane ¥ C PV not containing any associated point of F we can write the exact
sequence

00— F(-1) - F — 05 F — 0.

From this point on the argument coincides with the one in the proof of [28, Theorem
3]. O

Corollary 3.3. Let P be an irreducible projective scheme of dimension N > 1
endowed with an ample and globally generated line bundle Op(H).
If F is H-linear on P, then

() = )+ v o () ()

WY (F(—H)) (N +zvt'+ 1) ~ WNU(F(-NH)) (N Jx_— 1).

Proof. If p: P — PY is any finite projection such that Op(H) = p*Opn (1), then
X(F(tH)) = x((p«F)(t)) thanks to [26, Corollary III.11.2 and Exercises II1.8.1,
I11.8.3] and p.F is linear on P™.
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The first equality in the statement follows by computing x((p.F)(¢)) from the
exact sequences (3.3), taking into account the equalities (3.2)). O

Remark 3.4. Let F is a locally free sheaf on an N—fold P. It is an immediate
consequence of the definition and of equality that F is H-linear on P if and
only if the same is true for its Ulrich dual FUH .= FV((N + 1)H + Kp).

In particular, if P = PV and Op(H) = Opn (1), then a locally free sheaf F is the
cohomology of monad if and only if FV is the cohomology of the dual monad.
This concludes the remark.

Trivially each extension of H—linear sheaves on P is again a H-linear sheaf: in
particular direct sums of H-linear sheaves are still H-linear. Below we give some
more interesting examples.

Example 3.5. Every H-instanton and H-Ulrich sheaf on P is automatically a
H-linear sheaf. E.g. Opn is linear with respect to Opn (1).

Consider monad on PV, If m’ # m” and either m > m’ +m” + N or
m > max{ m'+m”,2m'+ N —1 }, [23] Main Theorem] implies that the cohomology
of the monad is a h-linear sheaf on PV which is not h-instanton. E.g. Qpy (1) is
linear (but not an instanton) with respect to Opn (1).

In the following proposition we bound the regularity of linear sheaves from above.

Proposition 3.6. Let P be an irreducible projective scheme of dimension N > 1
endowed with a very ample line bundle Op(H).
If F is a H-linear sheaf on P, then reg(F) < h'(F(—H)).

Proof. Let p: P — PN be a finite morphism such that Op(H) = p*Opn (1). We
know that p,F is the cohomology of a monad M?* as in Proposition [3.2] Thanks
to the equality h*(F((m” — i)H)) = h*((p+F)(m” — 1)), it suffices to check that
reg(p.F) < h'((pF)(—1)) = m”, thus we will assume P = PV from now on,
whence Op(H) = Opn (1).

An analogous statement for vector bundles is proved in [I5, Theorem 3.2]: never-

theless, the proof therein can be repeated verbatim for each linear sheaf. It follows
that reg(F) < m” = h*(F(-1)). O

Remark 3.7. If F is locally free, then FU# is the cohomology of the dual of
monad (3.1)), hence reg(FY"H) < m’. This concludes the remark.

We close this section by exploiting the interesting relation between linear bundles
on an N—fold P and on certain hypersurfaces inside it.

Proof of Theorem[I.4 By definition, we have the exact sequence
0—G(-H) S FUH 60, (3.4)

hence £ is a sheaf supported on X. Since P is reduced, the same is true for X,

hence it is integral. Moreover, det(y) vanishes exactly on X, hence n = N — 1.
Notice that pdopyzé'z < 1 for each z € X, hence the Auslander-Buchsbaum

formula and [9, Exercise 1.2.26 b)] yield depthy,, & = depthy, & > N — 1.

Since dim(&,) < dim(X) = N — 1, we deduce that & is locally Cohen-Macaulay.
The cohomology of sequence (3.4) suitably twisted then yields

R (E(—(i+ 1)h)) < hH(FUH(—(i+ 1)H)) + B (G(—(i +2)H)),
Wi (E(=jh)) < W (FUH(—iH)) + W (G(—(j + 1) H)).

By definition, also thanks to Remark the summands on the right vanish if
0<i<N—-20<i14+1<N,2<j<N,2<j73+1<N. These conditions and
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the restriction n > 3 imply 0 <i < N -3 and 2 < j < N — 1, hence
R (E(=(i 4+ 1)h)) = h? (E(=jh)) =0

in the same range. Finally, the cohomology of sequence (3.4} suitably twisted and
equality (2.2) yield the two first equalities in the statement.
Computing x from sequence (3.4) we obtain

X(€) = x(FUM) = x(G(=H)) = (1) "X\ (F(~(N + 1)H) — h* (G(~H)),

because G is H-linear. By combining the above equality with Corollary we
obtain

X(€) = X(F)+(N+ )R (F(—H)) — (N+1)AN Y (F(-NH)) - h' (G(—H)). (3.5)

If p: P — P¥ is finite with Op(H) 2 p*Opn (1), then rk(p.F) = tk(F)HY. Thanks
to [26], Corollary I11.11.2 and Exercises IT1.8.1, I11.8.3] and equality (3.2) we deduce
that

X(F) =1k(F)HY — NL' (F(-H)) + BN =Y (F(-NH)). (3.6)
A similar argument yields also
x(€) = tk(E)RN T — (N — 1A' (E(—h)) + KN T2(E(—(N — 1)h)). (3.7)

The last equation in the statement follows by combining equalities (3.5)), (3.6 and
(3.7) with the first two equalities in the statement. O

4. STEINER SHEAVES ON PROJECTIVE SCHEMES

In this section we will deal with some properties of Steiner sheaves on irreducible
projective schemes, besides the ones already described in the previous section.

The proof of the following proposition is analogous to the proof of Proposition
and of [3] Theorem 1.4].

Proposition 4.1. Let P be an irreducible projective scheme of dimension N > 1
endowed with an ample and globally generated line bundle Op(H).
If F is a coherent sheaf on P, then the following assertions are equivalent.

(1) F is a H-Steiner sheaf.
(2) F is generically non—zero and the following properties hold:
o W(F(=(t+1)H)) =hN(F((t—N)H)) =0 ift > 0;
e W(F(—(i+t+1)H)) = W(F((t—j)H)) =0if1 <i < N -2,
1<j<N-—-1andt>0.
(3) For each finite morphism p: P — PN with Op(H) = p*Opn (1), then p,JF
is a Steiner sheaf on PN with respect to Opn (1).
(4) There is a finite morphism p: P — PN with Op(H) = p*Op~ (1) such that
p.F is a Steiner sheaf on PN with respect to Opn (1).

If F is H-Steiner on P, then x(F) = h°(F) and Corollary yields for each
t#£0

X(F(tH)) = h°(F) (N];f t) — WY F(-NH)) (N +A’; a 1). (4.1)

Let X C PV and set Ox(h) := Ox ® Opn(1). If X has dimension n = 1,
then each h—Steiner sheaf F on X is h—Ulrich, hence [21, Propositions 1.9 and 2.1]
characterize the minimal free resolution of F as Opv—sheaf. When n > 2, it is still
possible to identify h—Steiner sheaves via their minimal free resolutions, as in the
case of Ulrich sheaves.
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Proposition 4.2. Let X C PN be an irreducible scheme of dimension n > 2 and
set Ox(h) =0x ® O]P:N(l).

A coherent sheaf F on X is h—Steiner if and only if it is both generically non—zero
and the minimal free resolution of H? (}") as a graded module over S := K[zg, ...z N]
has the form

0 — S(n— N — 1)®ma—nts S8 g Ny@ma—n

4.2
22 §(—1)%m 2 89me s HY(F) — 0. (42)
Moreover, if this occurs, then
N — N —
S (]—")< t ”) R (F(=nh)) ( U 1") (4.3)

forO<t<N-—n+1.

Proof. If F is a h-Steiner sheaf, then h’ (f(—jh)) =0 for 1 < j < N by definition,
hence reg(F) = 0. In particular the minimal free graded resolution F, of HY (.7-' )
over S := k[xg,...7N] satisfies F; = S(—i)®™i where m; € Z thanks to [I8]
Corollary 4.17]. Moreover [37, Proposition 77.2 (a)] implies F; = 0 for ¢ > N + 1.
We certainly have my = 0. Indeed, sheafifying Fy — H?(F) and splitting it,
we obtain the short exact sequence
0— Agp1(—1) — O — Ay, — 0 (4.4)

for each 0 < s < N —1, where we set Ag := F and Ay := OI?X,”N. Thus, computing
their cohomologies we obtain 0 = h?(F(—1)) = AV (Ax(—N — 1)) = my.

If n=2,then N —n+1= N — 1, hence sequence (4.2) is exactly the resolution
F, - H? (]-') If n > 3, then H? (}') satisfies the hypothesis of [37, Proposition
77.2 (b)]. Thus the length of F, is N —n + 1 at most and we can conclude as in
the case n = 2.

Conversely, assume that F is generically non—zero on X and fits into sequence
(4.2). As above we obtain the short exact sequence (4.4) where 0 < s < N —n.
Computing their cohomologies we obtain A’ (As(—t)) = hiT (A1 (=t — 1)) for
1<t< Nand0<j<N. Taking t := j we obtain

W (F(=jh)) = my—ns 1B PN (Opx (n = N =1 —5)) =0
in the range 1 < j < n. Taking ¢ := j + 1 we obtain
W (F(=( + D)) = myns1 BN (Opn (n — N =2~ j)) = 0

in the range 0 < 7 < n — 2. Thus F is a h—Steiner sheaf on X.
In the remaining part of the proof we compute the m;’s. The cohomology of
sequence (4.4) for s := t returns

me = X(At) + X(Ae41(—1)). (4.5)
The cohomologies of sequences (4.4) for s :=t + j tensored by Opn (—j) yield
X(A45 (=) = —x(Atp145(=1 = j))
for each 1 < j < N. Thus
X( A1 (=1) = (D) "Imy 1 x(Opn (=N +n — 1 +1)) =0, (4.6)

because n > 2 and Ay _,41 = (’)Ej&”” ~"*1. The cohomologies of sequences (4.4]) for
s:=t— 1 tensored by Opn (i) yield

StV ) = S0 @)+ (A 1)

=1

(4.7)
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By combining equalities (4.5)), (4.6) and (4.7)) with equality (4.1)) we obtain the

following square system of linear equations in the variables mg, ... my—_pt1

{ 25:1(_1)177%71. (N]\J]rz) +my = (_1)th0(]:) (nxt) + (_1)t+1k,(n+r7f;1)7 (4.8)
t=0,....,.N—n+1,
where k := h"7!(F(—nh)). The matrix of the system is lower triangular and
its diagonal entries are all equal to 1. Thus system has a unique solution
exclusively depending on the two parameters h° (.7-" ) and k, say m; = h° (.7-' ) uy + kv
fort=0,...,N —n+ 1 where u; and v; are integer—valued functions.

In particular, the value of u; can be computed by taking k£ = 0. In this case F

is h—Ulrich, hence
_(N-n
=)
thanks to [2I), p. 548].

In order to compute v;, we first notice that vy = 0 thanks to system . Thus
it is enough to show that vy = u;—1 for ¢ > 1. We will prove such an equality by
induction on t.

When ¢t = 1 system yields my — mo(N + 1) = k — (n + 1)h°(F). The

equality mg = h° (f) yields v; = ug. Let ¢ > 2 and assume that equality (4.3]) is
true for s < t. System (4.8)) yields

S

me= 3 e (V) o) (M) (M,

=1

Thus, by inductive hypothesis

me =S (o) () (O )

i=1

- (—1) RO (F) (n—!—t— 1) N (_1)%(71—1—15—2),

n n

e (e (1) o) ()

=1

L (C1)O(F) (”;L”> N (_1)t+1k<” +t- 1>.

n

Computing u;—q from the first expression and v; from the second one, we obtain
v = uy_1 because the summand ¢ = ¢ in the expression of v; vanishes.
Thus the proof is complete. O

The above proposition returns immediately the following corollary (see [29, The-
orem 4.2]). In particular our definition of Steiner sheaves matches with the classical
one from [I7], Section 3.

Corollary 4.3. Let N > 2.
A coherent sheaf F on PV is Steiner with respect to Opn (1) if and only if it is
both generically non—zero and fits into an exact sequence of the form

0 — Opn (-1)%™ — O — F — 0. (4.9)
Moreover, if this occurs, then
mo = h°(F),  my=h""Y(F(-N)).

Remark 4.4. Let P be integral and endowed with an ample and globally generated
line bundle Op(H).
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If F is H-Steiner and p: P — P¥ is a finite morphism induced by Op(H), then
p«F is Steiner with respect to Opn (1) and we can apply Corollary to it. Since
deg(p) = deg(P), it follows that rk(p.F) = rk(F) deg(P), hence

KO (F) = 1k(F) deg(P) + hN 1 (F(-NH))

by confronting the ranks of the sheaves in sequence for p.F.

Thus Ulrich sheaves on P are the ones having the maximal number of generators
in the class of aCM sheaves on P of fixed rank (see [10, Theorem 3.1] and the
minimal number of generators among Steiner sheaves on P of fixed rank.

Example 4.5. Let a,b, k be non—negative integers with b < (N + 1)k + a and
consider a sheaf F fitting into an exact sequence of the form

0— O — 0% & QN (N)®* — F — 0. (4.10)
If F is generically non—zero, then it is easy to check by direct computation that it
is a Steiner sheaf with respect to Op~ (1) with AN~ (F(—N)) = k. In particular,
F fits into sequence ([{.9) with mg = h®(F) = (N + 1)k +a — b and my = k.

Conversely, if F is a Steiner sheaf fitting into sequence (4.9)), then the cohomology
of F(—1) is as in table 1.

RN (F(—N — 1)) 0 0 g=N
RN=L(F(-N - 1)) | ”N Y (F(-N)) 0 ¢g=N-1
0 0 0 0<g<N-2
p=—-N-1 p=—-N -N+1<p< -1

Table 1: Values of h?(F(ph)) in the range —N —1 < p < —1

The existence of sequence (4.10) then follows from [2 Beilinson’s theorem (strong
form)].

The notion of Steiner sheaf is stable with respect to the restriction on general
hyperplane sections.

Proposition 4.6. Let P be an irreducible projective scheme of dimension N > 3
endowed with an ample and globally generated line bundle Op(H).

If Y € |H| is general and F is a H-Steiner sheaf, then Oy @ F is a Steiner
sheaf with respect to Oy ® Op(H) and

WY F(-NH)) = BN 2(0y @ F(—(N — 1)H)).

Proof. We can assume that Y does not contain any associated point of F, hence
the natural sequence

0 —F(-H) —F —=0y®@F —0

is exact. The statement then follows by computing the cohomology of the above
sequence after suitable twists. O

When either P or Op(H) satisfy further extra conditions one can say something
more. E.g. we can assume that P is an N—fold, i.e. it is smooth, hence integral.

Proposition 4.7. Let P be an N—fold with N > 1 endowed with an ample and
globally generated line bundle Op(H). Assume that either the characteristic of k is
0 or Op(H) is very ample.

If F is a H-Steiner vector bundle on P, then

a(FYHN = = @((N +1)HY + KpHN ") + BN Y (F(-NH)).  (4.11)
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Proof. Let N > 3. Each general Y € |H| is an (N — 1)—fold by the Bertini theorem
(see [26, Theorem I1.8.18 and Corollaries I111.7.9, 111.10.9]). Let Fy := Oy ® F,
Oy (Hy) := Oy ® Op(H) and assume that the statement holds on such a Y. Thus

(N+1)HN + KpHN ™' = NHY ™' + Ky HY 2

thanks to the adjunction formula on P and ¢, (F)HN ! = ¢;(Fy ) Hy 2. Tt follows
that the equality (4.11)) holds for the bundle F on P if and only if it holds for the
bundle Fy on Y, which is a Hy—Steiner bundle thanks to Proposition [4.6]

Thus it suffices to handle the case N < 2, the case N = 1 being trivial. If N = 2,
then x(F(—H)) =0 and x(F(—2H)) = —h'(F(—2H)). Equality (2.4) yields

W' (F(=2H)) = x(F(=H)) — x(F(-2H))
k
= (F)HY ! - #“N +D)HY + KpHY ™).

Thus the statement is completely proved. O

We are now ready to prove Theorem [[.4] stated in the introduction.
Proof of Theorem[I1.j} The cohomology of £ as coherent sheaf on P™ is as in table
3.

0 0 0 0 0 0 g=n+1
R™(E(=(n + 1)h)) 0 0 0 0 0 g=n
R~ H(E(=(n + 1)R)) | A" TL(E(=nh)) 0 0 0 0 g=n-—1
0 0 0 0 0 0 2<g<n—2
0 0 0 0 Rl (E(—=h)) | R(E) g=1
0 0 0 0 0 no (&) =0
p=-n-—1 p=-n 1-n < p < =2 p=—1 p=0

Table 2: Values of h?(£(ph)) in the range —n —1<p <0

Thanks to [2| Beilinson’s theorem (strong form)] we have two sheaves G(—1) C F
fitting into exact sequences

00— F — 02%, & Qi (1) — 022, — 0, (412)
0 — Opusr (=1)®Y — Opusr (=1)% & Qs (0)®F — G(—1) — 0,
where
a:=h"(&), b:=n'(E), k:=hr'(E(-N)),
a':=h"(E(=(n+1)h), Y :=hr"YE(=(n+1h)), K :=h"""(E(—nh))
and such that £ = F /G(—1). Thus we have an exact sequence
0—G(-1)-5HF-5He—0
By construction .7? is a vector bundle and G is torsion free, thus generically non—zero.
Thus both F := FV and G are Steiner with respect to Opn+1(1) and
R (F(-n—1)) =k, R (G(—n—1)) =K

thanks to Example [£5] In particular we have proved the existence of sequence
(L.3). Since the support of € is X and ¢ is injective, it follows that rk(G) = rk(F).

If z ¢ X, then G, 2 F)/. If x € X, then dim(&,) = dim(Ox ) = n because &
is generically non—zero on X by hypothesis. Since £ is locally Cohen—Macaulay, it
follows that depthy & = depthy, & =n (see [9, Exercise 1.2.26 b)]). Thus
the Auslander-Buchsbaum formula yields pd@mw 1%6} =1, hence deWlwwgw =0

(e.g. see [26 Exercise I11.6.5]). We conclude that G is locally free on P"+1,
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Corollary [4.3| implies det(F) & Opn+1(k) and det(G) = Opn+1(k'), hence
det(¢): det(G)(—rk(G)) — det(F)~*
represents Opn+1(tk(€)d) in Pic(P") 2 ZOpn+1(1). Since the support of € is the

integral hypersurface X, it follows that det(y) is necessarily the form defining X
to the power rk(&). O

Finally, we prove the uniqueness of sequence (|1.1)).

Proposition 4.8. Let X C P*t! with n > 2 be an integral hypersurface of degree
d and Ox<h) =0x® O]pn+1(1).
If €& and &y are locally Cohen—Macaulay h-linear sheaves on X fitting into se-
quences
0—G(-1) S FLe—o,
0— Go(—1) 2% Fy %€ —0
where G, F, Gy, Fo are Steiner bundles on P, then each morphism k: & — &
can be lifted in a unique way to a commutative diagram

(4.13)

0 —— G(-1) 42— v 2L ¢ 0
19(_% ”’l Kl (4.14)
0 —— Go(—1) 22— FY —2 5 & 0.

Moreover, if k is an isomorphism, then the same is true for both v and 0.

Proof. By applying Hompnr+1 (f v, ) to the second sequence (4.13]), we obtain the
exact sequence

HY(F®Go(-1)) — H' (Fo F)) — H(F® &) — H' (F®Go(-1)).

Recall that F is a Steiner bundle on P"*!, hence the cohomology of sequence ([4.9)
tensored by Gy returns

R (F @ Go(—1)) < h°(F)h*(Go(—1)) + A" (F(—n — 1)) (Go(—2))

Thus At (.7: ® Qo(—l)) =0 for 0 < i < 1, because Gy is Steiner on P**! whence
hi(go(—t)) =0for 0<i,t<2.

We deduce that x: & — & can be lifted in a unique way to : F¥ — Fy/. Since
0=gop = qgpotop, it follows that im(v) o) C ker(qo) = im(pg) = Go(—1), hence
we have a uniquely determined induced morphism ¥(—1): G(—1) — Go(—1).

If k is an isomorphism, then ! can be also lifted uniquely to another morphism
o Fy — FV. Notice that v og: Fy — Fy and g op: F¥Y — FV are liftings
of the identities of & and & respectively. Since the identities on Fy and F are also
liftings of such maps, it follows that the same argument as above also implies that
1 and 1y are inverse each other, i.e. 1 is an isomorphism. It follows that also
¥9(—1) is an isomorphisomorphismism, thanks to the Five’s lemma. ]

5. STEINER REPRESENTATION OF SURFACES IN P3

As pointed out in the Introduction, there are no h—instanton line bundles on
smooth hypersurfaces X C P**! with n > 3 thanks to [3| Proposition 8.2]. Because
of this, one can ask for Steiner representations only for smooth surfaces in P3. In
this case we are able to prove Theorem Which generalizes |7, Proposition 6.2].

Proof of Theorem[1.7] Let Ox(h) := Ox ® Ops(1) and assume that X contains a
curve C as in the statement. If £ := Ox(C — kh), then the value of deg(C) in the
statement and the definition of £ return

ch(g)h = d(d — 1) = <3h + Kx)h
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The value of p,(C) in the statement and the adjunction formula on X return

C’Qde2+k(d2—d—2)+<§>,

hence equality yields x(€(—h)) = k. Finally
K (E(—=h)) = h°(Ox(C — (k+1)h)) =0,
h*(E(=2h)) = B*(Ox(C — (k+2)h)) = h°(Ox((d+ k —2)h — C)) = 0.

Thus [3, Theorem 1.6] yields that £ is a h—instanton line bundle on X with quan-
tum number k and the existence of the Steiner determinantal representation then
follows from Corollary Moreover, Corollary implies that the size s of such
a representation is d + 2k

Conversely, assume that a determinantal representation ¢: G(—1) — F" of size
s =1k(G) = rk(F) exists. Thus det(y) is the form defining X. Corollary |1.3|yields
the existence of a locally Cohen—Macaulay h—instanton sheaf & with rk(€) = 1,
quantum number k = h"(G(—n —1)) = h"(F(—n—1)) and s = d+ 2k. Since X is
smooth, it follows that £ is actually a line bundle as pointed out in the introduction.
Thanks to Proposition [3.6] we know that reg(€) < k. In particular £(kh) is globally
generated, hence the hypothesis on k and the Bertini theorem yield the existence
of a smooth curve C' C X such that Ox(C) = £(kh). All the assertion of the
statement then follow from such a definition of C' and the properties of instanton
sheaves. (]

Remark 5.1. Equality (2.4) and adjunction formula on X imply that equalities
(1.2) are equivalent to

deg(C) = dld + 20 -1), P =ik~ d-2)+ ()

This concludes the remark.

Remark 5.2. Notice that the smooth curve C is necessarily connected if d > 3,
hence integral. Indeed we trivially have h?(Ox(—C)) = 0. Moreover,

B (Ox(~C)) = W (£¥(~kh)) = KM (E((k + d — 4)h)).

Since k +d — 4 > k — 1 and reg(€) < k, the dimension on the right is zero. Thus
the cohomology of sequence with Y := C and P := X yields A ((’)C) =1,
hence C' is connected because it is smooth.

On the other hand, let d = 2: thus X = P! x P! and we denote by ¢; and
¢ the standard generators of Pic(X), so that h = ¢1 4+ ¢5. In this case the only
h—instanton line bundles with quantum number k are Ox ((k+1)¢;) for i = 1,2. In
particular, the smooth curve C is not connected unless £ = 0. This concludes the
remark.

In what follows we will inspect the existence of Steiner representations of smooth
surfaces of low degree.

Corollary 5.3. Let X C P? be a smooth surface of degree d = 2,3. Assume that
the characteristic of k is 0.

The surface X has a Steiner determinantal representation of size d+ 2k for each
k> 0.

Proof. If d = 2, then we know from Remark that X supports two h-instanton
line bundles with quantum number & for each k£ > 0, hence it has a Steiner deter-
minantal representation of size 2 + 2k (see the introduction).
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Let d = 3. Thanks to [25, Corollaire 2.3], X contains a smooth connected curve
C such that

deg(C) =3(k+1), pa(C) = g(Sk +1).

If h%(Ox(C — (k4 1)h)) # 0, then C € |(k + 1)h| because deg(C) = 3(k + 1). In

particular C is the complete intersection of X with a surface of degree k+ 1, hence
the adjunction formula on P? would imply

3k

Pa (C) - ?

a contradiction. Thus we deduce h®(Ox(C — (k + 1)h)) = 0. A similar argument

also yields h°(Ox ((k + 1)h — C)) = 0.
The statement then follows from Theorem [L.7 O

(k+1)+ 1,

The case of smooth surfaces of degree d > 4 is completely different and in the
last part of this section we focus on the case d = 4.

Corollary 5.4. Let X C P2 be a smooth quartic surface. Assume that the charac-
teristic of k is 0.

The surface X has a Steiner determinantal representation of size 4 + 2k if and
only if it contains a smooth connected curve C' with

deg(C) =4k +6,  p.(C) = 2k* + 5k + 3, (5.1)
and, when k = 0,2, such that h®(Ox ((k+2)h — C)) = 0.

Proof. If X has a Steiner determinantal representation of size 4+2k, then it contains
a smooth curve C satisfying equalities and such that h? (Ox (C'— (k+1)h)) =
hO(Ox ((k + 2)h — C)) = 0, thanks to Theorem Moreover such a curve C is
also connected, hence irreducible, by Remark

Conversely, assume that X contains a smooth connected curve C satisfying equal-
ities and, when k = 0,2, also h° (Ox ((k+2)h—C)) = 0: notice that the latter
equality is equivalent to |(k + 2)h — C| = () because C & |(k + 2)h|.

We first claim that such a latter equality actually holds regardless of k& > 0.
Indeed, assume that D € |(k+ 2)h — C|. Then deg(D) =2 and po(D) = =k —1 by
adjunction on X, hence D is either the union of two disjoint lines or a double line.
In the former case, D? = —4, i.e. p,(D) = —1 whence k = 0: in the latter case,
D? = -8, i.e. p,(D) = —3 whence k = 2. Finally, regardless of the value of k, if
D € |C — (k+1)h|, then DC = —2, contradicting the irreducibility of C'. Thus we
also have h®(Ox(C — (k + 1)h)) = 0. The statement then follows from Theorem
L7 O

In particular, when k = 0, we recover [7, Corollary 6.6], i.e. X has a determi-
nantal representation if and only if it contains a smooth connected curve C' with
deg(C) =6, C? = 4, p,(C) = 3 not lying on a quadric surface.

Now let us deal with Steiner determinantal representations of size larger than
4 of smooth quartics. As we already mentioned the picture is quite different with
respect to the cases of quadrics and cubics.

Proposition 5.5. Let X C P3 be a very general smooth determinantal quartic
surface over k = C.

The surface X has a Steiner determinantal representation of size 4 + 2k if and
only if k = 10A(A+1) for A > 0.

Proof. If X C P? is a determinantal smooth quartic surface, then its Picard lattice
contains the even sublattice A := Zh @ ZCy, where Ox(h) := Ox ® Ops(1) and
Cp is a smooth connected curve such that deg(Cy) = 6, CZ = 4 and p,(Cp) = 3
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(see Corollary [5.4). Thanks to [34, Theorem I1.3.1] the Picard lattice of the very
general determinantal smooth quartic surface coincides with A.

If X has a Steiner determinantal representation of size 4 4+ 2k, then we can find
a smooth connected curve C' C X satisfying equalities (see also Remark .
In particular, if C is linearly equivalent to xh + yCjy, then

4k + 6 = 4z + 6y, 4% + 10k + 4 = 42° + 122y + 4%

Thus k = 5(y% —1)/2: since y € Z, it follows that y = 2\ + 1, hence k = 10A(\+1)
(and x = A(10A+ 7).

Conversely, let &k = 10A(A+1) for A > 0: notice that k # 2 and k = 0 if and only
if C' = Cy. Moreover, Ox(C)) is globally generated (see [11l Corollary 3.7]), hence
Ox(AM10A+T)h+ (2X+1)Cy) is very ample (see [26, Exercise I1.7.5 (d)]). It follows
that the general element C' € |A\(10A + 7)h 4+ (2 + 1)Cp| is a smooth connected
curve satisfying equalities (5.1)). Corollary [5.4] then yields the statement. O

Proposition 5.6. Let k =C.
If k > 0, there exists a smooth quartic surface X C P3 satisfying the following
properties.
(1) X has a Steiner determinantal representation of size 4 + 2k.

(2) X has not any Steiner determinantal representation of size 4 + 2%k for each
kE<k.

Proof. Thanks to [32] Theorem 1.1] there exists a smooth quartic surface X C P?
whose Picard lattice is A := Zh & ZC, where Ox(h) := Ox ® Op3(1) and C is a
smooth curve satisfying equalities .

In order to show the existence of a Steiner determinantal representation of size
4+ 2k for X, it suffices to check that h°(Ox ((k+2)h—C)) = 0 which is equivalent
to |Ox((k + 2)h — C)| = 0 because C ¢ |(k + 2)h|. If E € |Ox((k +2)h — C)|,
then Eh = 2 and E? = —2k — 4, hence the support of FE contains a line L. If
L =xzh+yC, then 1 = Lh = 4z + (4k + 6)y, a contradiction.

Assume that X has a Steiner determinantal representation of size 4 + 2k. Thus
X would contain a curve O such that Ch = 4k + 6 and C? = 4k + 10k + 4. If
C € |O0x(xzh +yC)|, then

Ch =4z + (4k +6)y,  C2 = 42> + 2(4k + 6)zy + (4K + 10k + 4)y°.

Simple computations then lead to the equality (2k + 5)y? = 2k + 5 which has no
integer solutions if k& > k. (]

The Hilbert scheme of smooth quartics in P? is identified with an open non—
empty subset & C |Ops(4)| = P3%. The locus of determinantal quartics &y C £ has
dimension

16R°(Ops (1)) — 1 — 2dim(PGL(P?)) = 33.
Proposition [5.6] guarantees that the locus 8 C 8 of surfaces having a Steiner
determinantal representation of size 4 + 2k is not contained in £q for each k£ > 1.
Proposition [5.5] also yields that Ky € Ky for infinitely many & > 1. When k = 1 we
can say something more about the locus K;.

Proposition 5.7. Let k =C.
The locus £1 C K has dimension 33.

Proof. Let $ be the union of the components of the Hilbert scheme containing
curves C' C P? such that deg(C) = p,(C) = 10 and consider the incidence relation

X={(X,0)|CCX}CaxH.
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Proposition implies that the open subset X of pairs (X, C) such that
K (Ox(Bh—C)) =0

is non—empty. We have two projections a: X — $ and 5: X — K.

On the one hand, the locus of quartic surfaces admitting a Steiner determinantal
representation of size 6 is £ := im(f8) C K. Since the very general quartic surface
has cyclic Picard group, it follows that each irreducible component & C £; has
dimension 33 at most. Equality yields that the fibre of § over X € K is
isomorphic to P10, Taking &) as any component of maximal dimension we deduce
that

dim (%) = dim(8~1(&))) = dim(&)) + 10. (5.2)

On the other hand, if C € §, then sequence with Y := C and P := P3
tensored by Ops (4) yields dim(a~1(C)) = 3+h! (Zops (4)), thanks to equality (2.3).
Consider any component $’ over which h! (IC|P3 (4)) is minimal.

We know that we = Oc ® Ox (C) thanks to the adjunction formula on X. Thus,
for each pair (X, () € X, the cohomology of the exact sequence

0 — Nojx — Neps — Oc @ Nxjps — 0
and the isomorphisms Nxps = Ox ® Ops (4), Nojx = Oc @ Ox (C) = we yield
43+ h' (Zops(4)) < dim($') + dim(e'(0)) < dim(X). (5.3)
By combining equality with inequality we finally obtain
33+ h' (Zopes (4)) < dim(8)),
whence dim(R;) = dim(R}) = 33. O

Remark 5.8. Using the notation introduced in the proof of Proposition [5.7] we
also deduce that dim($)’) = 40 and h' (Zcopps(4)) = 0 for C € §'.

Thus the first actually interesting case is when rk(€) = 2 and we will inspect it
in the following sections.

6. STEINER PFAFFIAN REPRESENTATION OF HYPERSURFACES IN Pt1

We are mostly interested to Steiner representations coming from instanton bun-
dles of rank greater than 1. In order to deal with some examples in this direction
we start by proving Theorem [L.8| stated in the introduction. Its proof is similar to
the one of [7, Theorem B].

Proof of Theorem[I.8 Thanks to Corollaries [I.3] and [I.5] we know the existence of
sequence with rk(G) = 1k(F) = rk(€)d + 2k.

In what follows we will prove that G = F and that ¢ can be actually taken e—
symmetric, i.e. such that ¢V (—1) = ep. Let F' be a degree d irreducible form
defining X. Since £ is supported on X, it follows that the covariant functor
Hompn+1 (5 , ) applied to the exact sequence

0— Opn,+1(—d) —F> Opnt1 — Ox — 0
yields the isomorphisms
EV = Homx (5, Ox) = Hompn+1 (5, Ox) = 513tﬂ1;>n+1 (5, Opn+1 (7d))

because the multiplication by F' induces the zero map.
By applying Hompn+1 (',O]anrl(_l)) to sequence (|1.1) we obtain an exact se-
quence y )
0— F-1) SV gv LV d—1)h) — 0 (6.1)
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By definition there is an isomorphism n: & — £ ((d — 1)h), hence Proposition
[4:8] yields the existence of a commutative

0 —— G(-1) —4— Fv 1 £ — 0

ol
0 —— F(-1) 25 gv L evid—1)h) —— 0.

where all the vertical arrows are isomorphisms. By applying Hompn+1 (-, Opn+1 (71))
to the above diagram, taking into account that & is reflexive and nV(d — 1) = e,
we obtain the second commutative diagram

0 —— G(-1) —2— rv 1 £ — 0

we| o | - |

0 —— F(-1) 25 gv T eV d—1)h) —— 0.
Since enY(d — 1) = 7, it follows that both 1 and 9V are liftings of en¥(d — 1) = 7,
hence they must coincide by Proposition [£.8] In particular
P oY (=) =pod T (=1) = po (e !)(-1) = (¥ 0 p¥(=1))".
Replacing ¢ with 9=t oV (—1) we can assume that ¢ is e-symmetric and the proof
of the statement is complete. O

The most common cases of e—orientable sheaves occur when X is smooth. In
this case a locally Cohen—Macaulay h—instanton sheaf £ on X is locally free thanks
to the Auslander-Buchsbaum formula [9] Theorem 1.3.3]. If rk(£) = 2, we can
consider the skew—symmetric morphism induced by the exterior product so that
e=—1

By Theorem if a rank two orientable h—instanton sheaf £ with quantum
number k£ on an integral hypersurface X C P™ of degree d exists, then there is a
Steiner pfaffian representation of X of size 2(d + k), i.e. there is a Steiner bundle
F on P with h"(F(—n — 1)) = k and rank r = 2(d + k) and a skew-symmetric
morphism ¢: F(—1) — F" such that X = D,_a(y).

In this case the pfaffian pf(¢) of ¢ is defined. Moreover, det(¢) = pf(p)? and
D,—_1(p) = Dr—2(p) = { pt(p) =0 }.

If X is smooth then an e—orientable h—instanton sheaf with quantum number
k = 0 is actually an Ulrich bundle. In this particular case £ is h—Ulrich and the
same is true for F hence F = (’)[?ffl by the Horrocks theorem. Thus the polynomial
defining X is the pfaffian of a 2d x 2d skew—symmetric matrix of linear forms.

Remark 6.1. Let n > 3. We confront the above Steiner pfaffian representation of
smooth hypersurfaces X C P**! with the bundle pfaffian representation described
in [3I], Subsection 2.1] based on the results in [39].

Consider a hypersurface X C P**! endowed with a rank two orientable h—
instanton bundle £ with quantum number k: thanks to Theorem we know the
existence of a skew—symmetric morphism

o: F(=1) — FY
where F is a Steiner bundle with A™(F(—n — 1)) = k and X is defined by pf(p)

Consider any non—negative integer ¢ such that £(¢h) has a section vanishing on
a codimension two subscheme Y C X. On the one hand, since

det(Ny|X) >~ Oy ®@det(E((h)) =2 Oy @ Ox((d+ 2¢ — 1)h),

it follows from Theorem that Zyx fits into the sequence (2.5) with Z := Y/,
P := X and A := £(¢h). On the other hand, adjunction formula on X yields
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wy 2 Oy ® Opn+1(2d + 2¢ —n — 3). In particular, if n is even, then 2d +2(—n —3
is odd, hence [39, Theorem 0.1] implies the existence of a vector bundle U on P71
such that Zy pn+1 fits into the exact sequence

0 — Opnir (=25 —t) — U(—s5 — ) ~5 U (=) — Ty prsr — 0
where 6 is skew—symmetric and s, ¢, p are such that rtk(U) =2p+ 1, 1 (U) = pt — s
and wy =2 Oy @ Opn+1(2s+t—n —2), hence t =2(d+¢—s—1)+ 1.

If we make the additional assumption H} (i) = 0, setting V :=U(s+1—d —¢),
then there is another skew—symmetric morphism

vi (V@ Opnrr (0)(=1) — (V& Opnna (€))7

such that pf(v) is a form defining X, as pointed out in [31, Subsection 2.1].

In order to confront the skew—symmetric morphisms ¢ and v, we first notice that
if £ # 0, then V @ Opat1(¢) is certainly not Steiner. While in the case £ = 0 we
obtain the strong restriction h° (5) # 0.

The following result is a by—product of Theorem and of some results proved
in [3l Example 6.1]: it generalizes [7, Proposition 7.6].

Proposition 6.2. Let X C P? be a smooth surface of degree d over k = C.
There exists a Steiner pfaffian representation of X of even size r such that
2d ifd <4,

2d<r<r(d):=4 1
<r<r(d) {3(10d3—39d2+35d+12) ifd=5.

Proof. Let Ox(h) :== Ox ® Ops(1). Notice that Kx = (d —4)h, h? =d, ¢(X) =0
and py(X) = (3").

The polynomial defining each surface X C P3 of degree d < 4 is actually the
pfaffian of a 2d x 2d skew—symmetric matrix with linear entries (see [7, Proposition
7.6 (a)] and [14, Corollary 1.2]), hence the statement is true in this case.

If d > 5, as explained in [3, Example 6.10], we can construct a rank two orientable
h—instanton bundle £ on X as follows. Let C' € |(d—1)h| be smooth and connected,
and O¢(D) globally generated such that h' (Ox((d — 3)h) @ Oc(D)) = 0. Thus

there is an exact sequence
0— &Y — 0% (70.2) Oc(D) — 0.
where 0y, 01 € HO° (OC(D)) have no common zeros. The sheaf £ is a rank two
orientable h—instanton bundle with ¢1(€) = (d — 1)h and (&) = deg(D), hence
d
k=h'(E(=h)) = deg(D) — 5 (2d* —3d+1).
thanks to equality (2.4)). Thus we have to estimate deg(D). By adjunction we have
Oc(Ke) 2 Oc ® Ox(3h + 2K x), hence every divisor D with
deg(D) = 2p,(C) = (3h 4+ 2K x)C + 2 = 2d* — 7d* + 5d + 2

is globally generated. If this is the case, then we also have deg(D) > (d — 2)hC,
hence

' (Ox((d = 3)h) ® Oc(D)) = h*(Ox((d = 2)h) ® Oc(-D)) = 0.
It follows the existence of a rank two orientable A-instanton bundle £ on X with

1
k= (10d° —39d° +20d + 12).

Thus the statement follows from Theorem because 1 = rk(F) = 2d + 2k, where
k > 0 by definition. O
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The argument used in the proof above for computing r(d) when d > 5 works for
d = 4 as well and it yields the upper bound 60 in this case, which is very far from
the result in [I4]: thus the function r(d) is probably far from being optimal for each
d > 4.

On the one hand, as we pointed out in the proof, the form defining a general
surface X of degree d < 15 is the pfaffian of a 2d x 2d skew—symmetric matrix with
linear entries. On the other hand, when d > 16 the known best upper bound for
the size of a square matrix of linear forms whose determinant is a power of the form
defining X is d*(H)~1 where

<h(f) = [3d1+ 1 (dJ?:Bﬂ :

see [16, Theorem 4.2.14] and [38, Corollary 1.3]. Notice that d°*/)=1 is considerably
larger than the function 7(d) in Proposition

Moreover, if d > 16 we certainly know the size r of a Steiner pfaffian represen-
tation for the general X is at least 2d 4 2, thanks to [7, Proposition 7.6].

Thus the following question is natural.

Question 6.3. Which are the sharpest lower and upper bounds for r?

If F is a vector bundle of even rank r on P"*! and ¢ € H((A2FY)(1)) is an
injective skew—symmetric morphism, then it is expected that D,_4(p) # 0 if n > 5.
In particular, D,_5(¢) turns out to be singular in that range. Thus the following
question also sounds natural.

Question 6.4. Which classes of smooth hypersurfaces in P* and P° are Steiner

pfaffian?

7. FURTHER EXAMPLES OF STEINER PFAFFIAN REPRESENTATIONS

In this section we collect some results and examples about the Steiner pfaffian
representation of smooth hypersurfaces X C P**! for low values of n > 3. For
simplicity, we will implicitly assume in all the examples that k = C and we set
Ox(h) =0x® O]pn+1(1).

Let us first examine some examples in P*"+! with n > 4.

Example 7.1. Let X C P"*! be a smooth quadric hypersurface when n > 4.

If n > 6, then there are no rank two h—instanton bundles X (see [3, Proposition
6.3]). Nevertheless, each such X supports h—Ulrich bundles of rank 2[%1}, namely
the spinor bundles, and there are no other indecomposable aCM bundles of rank
greater than 1 up to shift (e.g. see [20]).

If n = 5, then X supports the Cayley bundle £ (see [36]) which is a rank two
orientable h-instanton. Since h°(&) = h;é') =0and k=h'(E(—h)) =1 (see [36,
Theorem 3.1]), it follows that sequence (1.3)) becomes

0 — (Q86)V(-2) 5 Qb (1) — € — 0
where ¢ is skew symmetric. Notice that
K (Q36(3)) = 35, R (Ops (2)) = 28, dim(Aut(Qps (1)) = 1,

which is consistent with the fact that the moduli space of Cayley bundles on a fixed
quadric surface has dimension 7 (see [30, Main Theorem]). In particular, X has
a Steiner pfaffian representation of size 6, but not of size 4 (because it does not
support any Ulrich bundle of rank of rank two)

Let n = 4. In this case in [B] a rank two orientable h—instanton & on X is
described. We know that h°(€) =1, h'(€) = 0 and k = h'(E(—h)) = 1 (see [B
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First table at p. 207]), hence sequence ([1.3]) becomes
0 — (28:)V(=2) ® Ops (—1) 5 Qs (1) ® Ops — E — 0

where ¢ is skew symmetric. Notice that the latter sequence can be obtained by
restricting the former one to a hyperplane P® = ¥ C PS. If we set Q := Qﬂys (1)®Ops,
then
RO ((A*Q)(1)) = 35, R?(Ops (2)) = 21, dim(Aut(Q2)) = 8,

which is again consistent with the fact that the moduli space of the bundles above
has dimension 7 (see [5, Theorem p. 206]). In particular, X has a Steiner pfaffian
representation of size 6. Moreover, it has also Steiner pfaffian representations of
size 4 coming from the two aforementioned rank two spinor bundles.

Example 7.2. In this example we deal with smooth cubic hypersurfaces X C P?.
The moduli space C of smooth cubic hypersurfaces in P° is birationally isomorphic
to H%(Ops(3))/GLg, hence dim(C) = 20.

In C there is an interesting divisor C15 C C which has been recently studied in [IJ.
We do not give here a precise definition of Cyg, but we only mention that its general
point represents a hypersurface X containing an isomorphic projection Yz C P5 of
a sextic del Pezzo surface Dg C PS: for details see [I, Proposition 6 and its proof].

By definition we have wy, = Oy, ® Ops(—1). Moreover, Yg is non-degenerate,
hence h°(Zy, x(h)) = 0. Sequence with ¥V := Y and P := X yields
hl (IY(,|X) = O, hl (IY(,\X(h)) =1 and hz(Iyﬁ|X(7h)) = hl (LGYG) = 0. Adjunc—
tion formula on X yields det(Ny;|x) = Oy, ® Ops(2), hence sequence takes
the form

0 — Ox — & — Ty, x(2h) — 0

where Ox (h) := Ox ® Ops(1). Computing the cohomology of the twists of £ from
the above sequence we deduce h'(E(—(i + 1)h)) = 0 for i < 3 and h'(£(—h)) =1,
hence £ is a rank two orientable h—instanton on X with quantum number k£ = 1,
thanks to [3|, Proposition 6.7] because ¢;1(€) = 2h. In particular X has a Steiner
pfaffian representation of size 8.

Let €3, C C be the locus of hypersurfaces containing a quintic del Pezzo surface
(see [8] for details on C5, and its closure C14 C C: see also [7, Section 8]). As in the
previous case one easily checks that fourfolds represented by points of C3, support
a rank two orientable Ulrich bundle, hence they are pfaffian in the usual sense. The
locus Cy4 is a divisor.

Finally, let us consider any del Pezzo surfaces D,, C P™ of degree 7 < m < 9,
Ys 22 P! x P'. One can consider a linear space H C P of dimension m — 6 not
intersecting its secant variety oa(D,,). Thus the projection from H onto P® maps
D, isomorphically onto a surface Y,,,. As pointed out in Appendix [A] using the
software Macaulay2 (see [24]), one checks that for a general H the homogeneous
ideal of Y;,, in P contains two linearly independent smooth cubics if m # 9. When
m = 9 there still exist two linearly independent smooth cubics through Yy for a
suitable choice of H as proved in [3I], Proposition 3.1].

Thus the same argument used in the case m = 6 shows the existence of smooth
cubic hypersurfaces X C P5 supporting orientable h-instanton bundles with quan-
tum number £ = m — 5, hence with Steiner pfaffian representations of size 2m — 4.

Example 7.3. The construction of rank two orientable instanton bundles on some
cubic hypersurfaces in P® described in Example is related to an analogous
construction on certain quartic hypersurfaces in P> via the method described in
31]

More precisely, as in the proof of [31, Theorem 3.5], one first links Y}, to another
surface Z,, of degree 36 — m through a complete intersection of two smooth cubics
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and a quartic. Then one links such a Z,, to a smooth surface S, of degree m + 9
through a complete intersection of two smooth cubics and a quintic. The surface
S, C P° is non—degenerate, regular and canonically embedded, hence minimal: in
particular h?(Og ® Ops(2)) = m + 16 by [6 Proposition VIL.5.3].

Thus [35] Theorem 5.3.1] implies

h' (Zs,,p5(2h)) = h' (Iy,, jps(h)) = m — 5, (7.1)

for each smooth quartic hypersurface X through S,,. The cohomology of sequence
[2.1) with Y := S, and P :=P® returns

B (Zs,, p5(2)) = 0. (7.2)

Theorem [2.2] and adjunction on X imply the existence of a rank two bundle £ with
det(€) = Ox(3h) fitting into sequence (2.5)) with X := S,,, and P := X. On the one
hand, h°(E(—th)) = h°(Zs,, x((3 — t)h)). On the other hand, the exact sequence

0 —>IX|]P’5 —>IS”L‘]13>5 — Ig Ix — 0

m

and the isomorphism Zxps = Ops (—4) imply
W (Zs, ps(3—t)) = h'(Zs,, | x ((3 — t)R)).

Equalities and yield h°(E(—h)) = 0, h*(E(=h)) = m — 5: moreover
h%(£(—2h)) = 0 because the embedding S,, C P® is non-degenerate.

We conclude that £ is a rank two orientable h—instanton bundle with quantum
number k£ = m — 5 on the quartic X, which then has a Steiner pfaffian representa-
tions of size 2m — 2.

Example 7.4. We give some further examples of smooth cubic hypersurfaces X C
P+ with n > 5.

Let us consider the del Pezzo (n — 2)-fold of degree 5 in P"™! for 5 < n < 8.
Its homogeneous ideal is generated by quadric forms, hence it is contained in many
smooth cubic hypersurfaces. Again the same argument used in Example ([7.2)) shows
that each such hypersurface X supports a rank two orientable Ulrich bundle.

Finally, we consider the other del Pezzo (n — 2)—folds D,, C P"T™~% of degree
m > 6. The postulated dimension of the secant variety oa(D.,) is 2n — 3, hence
dim(oo(D,,)) = 2n — 3 — & where 6 > 0 is the defect of D,,. In particular D,, can
be isomorphically projected to Y,,, € P**! if and only if 2n — 3 — § < n + 1, hence
if and only if 1 < n —4 < §. Taking into account of [I3, Theorem 1.1 and Example
2.5] we know that the only admissible cases are either m = 6 when 5 < n < 6 (in
this case Y is either the image of the Segre embedding of P2 x P? inside P® or its
general hyperplane section) or m = 8 when n = 5 (in this case Dg is the image of
the 2-uple embedding of P? inside P?).

In the first case the homogeneous ideals of the Dg’s are generated by quadrics and
the syzygies among them are linear: in particular, they have property Na (see [33]
for details on such property). Thus [33], Theorem 1.2] implies that the homogeneous
ideals of the Yy’s inside P6 and P7 respectively are generated by quadric and cubic
forms. Again we have smooth cubic hypersurfaces (in P® and P7) containing the Yg’s
which, consequently, support rank two orientable instanton bundles with quantum
number k = 1: each such hypersurface has a Steiner pfaffian representation of size
8.

Let us spend a few words also on the second case. In this case the general
projection Yz C PY is not contained in any cubic, but for a special choice of H there
is a 3—dimensional space of cubics through it: see [30]. Several computations made
using Macaulay? (see [24]) seems to suggest the impossibility of finding smooth
cubics in such a space, but we have no proof for this fact.
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Now we turn our attention to lower dimensional hypersurfaces, dealing with Fano
threefolds in P4.

Example 7.5. Let X C P* be a smooth hypersurface of degree d.

Let 2 < d < 3. In [22] Theorems C and D], the author proves that X supports
rank two bundles A with ¢1(A) = d—3, co(A)h = ¢ > d—1, h°(A) = h* (A(=h)) =
0 for each integer ¢ > d — 1. Thus it is easy to check that £ := A(h) is a rank two
orientable h—instanton bundle on X with quantum number k£ = c—d+1. We deduce
that &£ fits into sequence (|1.3) with F as in sequence where k = c—d + 1,
a = h°(A(h)), b = h' (A(% In both cases, when ¢ = d — 1, then £ = 0, hence
b = 0 because £ turns out to be Ulrich. When ¢ > d = 2 we can even find £ such
that if ¢ =2, then a =2 and b =0, and if ¢ > 3, then a = 1 and b = 2¢ — 5.

Assume finally that d = 4 and that X is ordinary, i.e. there is a line L C X C P*
such that Ny x = Op1 @ Op1(—1). Thanks to [3, Theorem 1.8] we still know the
existence of a rank two orientable h—instanton bundles £ on X.

In particular, in the aforementioned cases, X has a Steiner pfaffian representation
of size 2(d + k) for each integer k > 0.

APPENDIX A. EXISTENCE OF h—INSTANTON SHEAVES USING MACAULAY?2

As pointed out in Example[7.2] in this section we write a Macaulay code (see [24])
which allows us to show that there are smooth cubic threefolds X C P® containing
the isomorphic image Dg of the del Pezzo surface Yz C P2.

i1 : R=QQ[x_0,x_1,x_2,x_3,x_4,x_5,x_6,x_7,x_8,x_9];
i2 : R1=R/(ideal(x_9));
i3 : P5=QQ[z_0,z_1,z_2,z_3,z_4,z_5];

In order to check that Dg is contained in a smooth cubic fourfold, we start
by constructing the ideals of Y3 and 02(Y3) (see [12] Section 4] for more details).
Consider the matrix

i4 : Al=matrix{{x_0,x_1,x_2,x_3,x_4},{x_1,x_3,x_4,x_6,x_7}, -}
3 5

o4 : Matrix R1 <--- R1

i5 : 1I8= minors(2,A1);

o5 : Ideal of R1

i6 : K=minors(3,Al);

06 : Ideal of R1

Now we construct our center of projection CP by choosing six random linear
forms in the variables z; and we check that CP is disjoint from o4(Y3)

i7 : for i from O to 5 do (f_i=random(1,R));
i8 : CP=ideal(f_0,f_1,f_2,f_3,f_4,f_5);

08 : Ideal of R1

i9 : saturate (CP+K)

09 = ideal 1

09 : Ideal of R1

Finally we project Dg to P® using the following method. We consider the quotient
ring R1/1(Dg) and we see the ideal of the projection as the kernel of the map

P5 — R1/I1(Dsg)
where P5 represent the coordinate ring of P°.

i10 : Rbar = R1/18;
i1l : CP = substitute(CP, Rbar);
oll : Ideal of Rbar
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i12 : J=kernel map (Rbar, P5, gens CP);
012 : Ideal of P5
i13 : M=gens J;
1 19
013 : Matrix P5 <--- P5

The ideal J is generated by 7 cubics and 12 quartics. The first generator repre-
sents a cubic X C P° that contains Dg. Finally we check that the Hilbert polyno-
mial of the singular locus of X vanishes.

i14 : C=ideal(M_{0}1);

ol4 : TIdeal of P5

i15 : hilbertPolynomial(ideal (singularLocus(C)))
0l5 =0

015 : ProjectiveHilbertPolynomial

The code can be easily adapted to deal with the del Pezzo surface D7;. The
ideal of Dy is generated by the 2 x 2 minors of the matrix As which is obtained by
removing the fourth column from Aj.

Using the same projection method one obtains that the ideal of Y7 is generated
by 13 cubics and one quartic. It is possible to check that the ideal of the projection
contains a cubic form corresponding to a fourfold X through Y7 and whose singular
locus has vanishing Hilbert polynomial, hence such an X is smooth.
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