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NORMALIZED GROUND STATES FOR SCHRÖDINGER EQUATIONS ON
METRIC GRAPHS WITH NONLINEAR POINT DEFECTS

FILIPPO BONI, SIMONE DOVETTA, AND ENRICO SERRA

Abstract. We investigate the existence of normalized ground states for Schrödinger equations
on noncompact metric graphs in presence of nonlinear point defects, described by nonlinear
δ-interactions at some of the vertices of the graph. For graphs with finitely many vertices, we
show that ground states exist for every mass and every L2-subcritical power. For graphs with
infinitely many vertices, we focus on periodic graphs and, in particular, on Z-periodic graphs
and on a prototypical Z2-periodic graph, the two–dimensional square grid. We provide a set of
results unravelling nontrivial threshold phenomena both on the mass and on the nonlinearity
power, showing the strong dependence of the ground state problem on the interplay between
the degree of periodicity of the graph, the total number of point defects and their dislocation
in the graph.

1. Introduction

In this paper we analyze existence and nonexistence of normalized solutions to the Schrödinger
equation on metric graphs in the presence of nonlinear point defects at some of the vertices.
Precisely, given a connected metric graph G = (VG ,EG) and a subset V ⊆ VG of its vertices, for
fixed µ > 0 we study the existence of a continuous u : G → R satisfying

u′′ = λu on every edge of G,
‖u‖2L2(G) = µ∑
e�v

u′e(v) = −|u(v)|q−2u(v) at every v ∈ V,∑
e�v

u′e(v) = 0 at every v ∈ VG \ V

(1)

for some λ ∈ R. In problem (1), the exponent q satisfies q ∈ (2, 4) and the symbol e � v means
that the sum is extended to all edges incident at the vertex v.

The last requirement in (1) is the Kirchhoff, or natural, boundary condition, while∑
e�v

u′e(v) = −|u(v)|q−2u(v), ∀v ∈ V,

can be thought of as representing the effect of a deep attractive potential well or also a strong
attractive defect at all vertices v ∈ V . In the literature it is customary to call such condition
a nonlinear δ–interaction and interpret it as a model for strongly localized, point-like defects or
inhomogeneities in the medium that supports the propagation (see e.g. [2] for a wide overview on
non-Kirchhoff vertex conditions on graphs). Models with concentrated nonlinearities have been
proposed e.g. in semiconductor theory [26, 30] to describe the quantum dynamics in resonant
tunneling diodes, as well as the effect of the confinement of charges in small regions.

Solutions to (1) correspond, formally, to standing waves for the nonlinear Schrödinger equation

i∂tψ + ∂xxψ +
∑
v∈V

δv|ψ|q−2ψ = 0 on G

via the ansatz ψ(t, x) = eiλtu(x). Finally, the constraint on the L2 norm of u in (1), which ac-
counts for the specification normalized attached to the solutions of (1), is a standard requirement
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Figure 1. A noncompact graph in G with finitely many vertices and edges.

on the mass of u (sometimes also interpreted as the number of particles in the condensate), a
quantity that is preserved along the evolution in time.

The solutions of (1) can be found variationally as the critical points of the energy functional

Eq,V (u,G) :=
1

2
‖u′‖2L2(G) −

1

q

∑
v∈V
|u(v)|q

on the space of mass-constrained functions

H1
µ(G) :=

{
w ∈ H1(G) | ‖w‖2L2(G) = µ

}
(for standard definitions of Lebesgue and Sobolev spaces on metric graphs see e.g. [7]). In this
respect, the condition q ∈ (2, 4) corresponds to the so-called L2-subcritical case, i.e. the case in
which the energy functional Eq,V is bounded from below in H1

µ(G) for every value of the mass µ
and every set V (see Lemma 3.2 below).

Due to their possible relevance in the applications, in this paper we are only concerned with
ground states, namely with functions u ∈ H1

µ(G) solving the problem

Eq,V (u,G) = inf
w∈H1

µ(G)
Eq,V (w,G) =: Eq,V (µ,G).

Although the study of nonlinear Schrödinger equations on metric graphs is relatively recent,
there is by now a very rich and steadily increasing literature, mostly devoted to the search of
ground states or bound states in presence of the diffused, standard nonlinearity

∫
G |u|

p dx, under
various conditions on p, both for the energy functional (see for instance [3, 4, 6–9, 12–14, 20, 23,
25, 27, 28, 31, 33, 34]) and for the action functional (where λ is fixed and the mass is unknown,
see e.g. [10, 21, 22, 32]). A certain attention has been devoted also to localized nonlinearities in
the form

∫
K |u|

p dx, that is when the nonlinear term is still some Lp norm of the function but
restricted to a prescribed subset K of the graph G (see [24, 29,35–37]).

Conversely, the analysis of nonlinear point defects on graphs, i.e. nonlinear terms as in Eq,V
above, seems to be at its very beginning and, up to our knowledge, the available results concern
existence and nonexistence of normalized ground states for models involving both standard and
pointwise nonlinearities on noncompact graphs with finitely many vertices and edges (see [1,15–
17], and also [3, 4] for the case of linear point defects on star graphs). These first investigations
for the doubly nonlinear model proved that the presence of pointwise nonlinearities is a source of
new phenomena, sensibly different from the ones usually observed with standard nonlinearities
only.

The purpose of the present work is to investigate normalized ground states for the model Eq,V
with the sole pointwise nonlinearity. Our aim is to work at a high level of generality, enquiring
how the presence of point defects at some of the vertices affects the existence of ground states
on some classes of noncompact graphs. In particular, for reasons that will be clear once we state
our main results, our interest will be mainly devoted to noncompact periodic graphs, i.e. graphs
with infinitely many vertices and edges arranged in some periodic pattern. However, for the sake
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Figure 2. Examples of Z-periodic graphs.

of completeness, we will also provide some results for noncompact graphs with finitely many
vertices and edges.

To simplify the notation, in what follows we denote by G the class of graphs G = (VG ,EG)
such that

· G is connected and has an at most countable number of edges;
· deg(v) <∞ for every v ∈ VG , where deg(v) denotes the degree of the vertex v, i.e. the
number of edges incident at v;

· inf
e∈EG

|e| > 0, where |e| denotes the length of the edge e.

All the graphs considered in this paper will be noncompact. For graphs in the class G noncom-
pactness is ascribable either to the presence of some unbounded edges, as usual identified with a
half-line, or to the set EG being infinite.

It is reasonable to expect the existence of ground states of Eq,V on a graph G to depend not
only on topological or metric properties of the graph itself, but also on the total number of point
defects (i.e. the cardinality of the set V ) and perhaps on how they are dislocated in the structure.
Actually, with our first result we show that, if the graph has finitely many vertices, the problem
is insensitive to any other features of G and V and ground states always exist.

Theorem 1.1. Let G ∈ G be noncompact with #VG <∞. Then, for every nonempty V ⊆ VG,
every q ∈ (2, 4) and every µ > 0, there results Eq,V (µ,G) < 0 and ground states of Eq,V in H1

µ(G)
exist.

Observe that, if G ∈ G is noncompact and such that #VG < ∞, then G has finitely many
edges and at least one is a half-line (see Figure 1). For this type of graphs, the fact that ground
states with point defects always exist already marks a difference with models involving standard
nonlinearities, for which it is by now well-known that there are both topological and metric
conditions ruling out existence of ground states (see e.g. [7]).

Let us then consider graphs in G with infinitely many vertices, i.e. #VG = ∞. Since this
class of graphs is extremely large and contains objects sensibly different from each other, here we
will not treat it in its full generality. In fact, also in view of their possible relevance, we focus on
periodic graphs, i.e. graphs with infinitely many vertices and edges arranged in a given periodic
fashion.

We avoid reporting a rigorous and general definition of periodic graph, for which we refer
the interested reader to [11, Definition 4.1.1], and we rather focus in detail on two subclasses of
periodic graphs. First, we will consider Z-periodic graphs, for us being graphs obtained gluing
together in a Z-symmetric pattern infinitely many copies of a given compact graph (see Figure
2 for some examples and Section 2 for the precise definition). Second, we will focus on the two-
dimensional square grid (see Figure 3), which we take as a prototypical model for Z2-periodic
graphs.

As for Z-periodic graphs, our main result is the following.

Theorem 1.2. Let G ∈ G be a Z-periodic graph. Then, for every nonempty V ⊆ VG, every
q ∈ (2, 4) and every µ > 0, there results Eq,V (µ,G) < 0. Moreover,

(i) if #V < +∞, ground states of Eq,V in H1
µ(G) exist for every q ∈ (2, 4) and every µ > 0;

(ii) if #V = +∞ and V is a Z-periodic subset of VG, then ground states of Eq,V in H1
µ(G)

exist for every q ∈ (2, 4) and every µ > 0;
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Figure 3. The infinite two–dimensional square grid Q.

(iii) there exists V (with #V = +∞), for which ground states of Eq,V in H1
µ(G) do not exist

for any q ∈ (2, 4) and any µ > 0.

Theorems 1.1–1.2 establish a similarity between graphs with finitely many vertices and Z-
periodic graphs, since in both classes of graphs the ground state level Eq,V is always strictly
negative and ground states always exist when the number of point defects is finite. However,
since on Z-periodic graphs it is possible to have infinitely many point defects, the existence
of ground states may be affected also by a loss of compactness at infinity. On the one hand,
Theorem 1.2(ii) shows that, when the set of point defects V is infinite but is itself Z-periodic (i.e.
it has the same periodicity of the graph, see Section 2 below for a precise definition), one recovers
enough compactness to ensure existence of ground states. On the other hand, even though at a
first glance the periodicity of V may seem a quite restrictive assumption, Theorem 1.2(iii) proves
that, dropping it, one can easily exhibit infinite sets V for which existence of ground states is
ruled out, independently of q and µ.

Let us now turn to the two–dimensional square grid Q with edges of unitary length (Figure 3).
This is, in our opinion, the most interesting case discussed in this paper, since new phenomena
occur, revealing a strong dependence of the ground state problem not only on the dislocation of
point defects, but also on their total number, in contrast to the other graphs considered so far.

We begin by assuming that V is finite. In this case, we have the next general result.

Theorem 1.3. Let Q be the two–dimensional square grid. Then, for every nonempty V ⊂ VQ
with #V < +∞ and every q ∈ (2, 4), there exists a critical mass µ∗q > 0, depending on V and q,
such that

Eq,V (µ,Q)

{
= 0 if µ ≤ µ∗q
< 0 if µ > µ∗q .

Moreover,
(i) if µ < µ∗q, ground states of Eq,V in H1

µ(Q) do not exist;
(ii) if µ > µ∗q, ground states of Eq,V in H1

µ(Q) exist.
Furthemore,

lim
q→2+

µ∗q = 0 .

This theorem describes a general, abstract feature of the energy Eq,V on the grid: when the
number of point defects is finite, independently of any other properties of V , the ground state
level undergoes a sharp transition from 0 to strictly negative values as soon as the mass crosses
a threshold µ∗q . This is sensibly different with respect to all graphs discussed before and suggests
that in presence of Z2-periodicity, finitely many nonlinear point defects are not strong enough
to trap ground states at small masses. It is also worth noticing that this is a purely nonlinear
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effect, since it is easy to prove that ground states with linear point defects (i.e. the energy above
with q = 2) always exist on Q (see Lemma A.3). This is further confirmed by the asymptotic
behaviour of the critical mass µ∗q as q approaches 2 obtained in Theorem 1.3.

In the special case of V containing a single vertex, it is also possible to derive qualitative
properties of ground states.

Proposition 1.4. Let Q be the two–dimensional square grid and V = {v}, for some given
v ∈ VQ. Let u ∈ H1

µ(Q) be a ground state of Eq,V (which exists for every q ∈ (2, 4) if µ > µ∗q by
the preceding result). Then u is radial and radially decreasing on Q with respect to v.

We point out that the radiality of ground states is by no means trivial. Usually, this property
follows from rearrangement techniques that provide Pólya–Szegő type inequalities. In general,
the validity of such inequalities (e.g. for functions on RN ) depends in a crucial way on the
isoperimetric properties of balls. Unfortunately, it turns out that, on grids, metric balls are not
isoperimetric sets. Therefore, all rearrangement inequalities based on this fundamental property
simply do not hold. This is the reason why there is no symmetry result for problems with
standard nonlinearities on grids. In the case of a single point defect, however, we prove that the
use of classical rearrangement inequalities can be replaced by a new type of argument, essentially
based on spherical means, that allows one to obtain the result of Proposition 1.4.

Next we consider infinite sets V ⊂ VQ. As already pointed out when dealing with Z-periodic
graphs, in this case it is reasonable to expect that some structural properties of V are needed to
obtain ground states. To this end, we introduce the next definitions.

Definition 1.5. A subset V ⊂ VQ is called Z-periodic if there exists a vector ~v ∈ R2 \ {0} such
that

(i) V = V + k~v, for every k ∈ Z, and
(ii) there exist P0 ∈ R2 and r > 0 such that |(v− P0) · ~v⊥| ≤ r for every v ∈ V .

Definition 1.6. A subset V ⊂ VQ is called Z2-periodic if there exist two linearly independent
vectors ~v1, ~v2 ∈ R2 \ {0} such that

V = V + k1~v1 + k2~v2 ∀ k1, k2 ∈ Z .

Observe that, by definition, a Z-periodic set V in Q contains infinitely many vertices, but they
are all contained in a strip bounded in one direction.

The next result provides a complete characterization of the ground state problem in presence
of point defects on a Z-periodic set, unravelling the appearance of a rather unexpected threshold
not only on the mass µ, but also on the nonlinear power q.

Theorem 1.7. Let Q be the two–dimensional square grid and V ⊂ VQ be Z-periodic. Then
(i) if q ∈ (2, 3), there results Eq,V (µ,Q) < 0 and ground states of Eq,V in H1

µ(Q) exist for
every µ > 0;

(ii) if q ∈ [3, 4), there exists a critical mass µ∗q > 0, depending on q and V , such that

Eq,V (µ,Q)

{
= 0 if µ ≤ µ∗q
< 0 if µ > µ∗q

and
(ii.1) if µ < µ∗q, ground states of Eq,V in H1

µ(Q) do not exist;
(ii.2) if µ > µ∗q, ground states of Eq,V in H1

µ(Q) exist.

The situation is simpler for Z2-periodic sets of point defects.

Theorem 1.8. Let Q be the two–dimensional square grid and V ⊆ VQ be Z2-periodic. Then,
for every q ∈ (2, 4) and every µ > 0, Eq,V (µ,Q) < 0 and ground states of Eq,V in H1

µ(Q) exist.
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Comparing Theorem 1.2 with Theorems 1.3–1.7–1.8 plainly shows that, on periodic graphs,
the ground state problem we are considering is strongly sensitive to the degree of periodicity
of the structure. When the degree of periodicity is the least possible (i.e. G is Z-periodic), the
behaviour of Eq,V is rather trivial and even a single point defect is enough to make it strictly
negative. As soon as the degree of periodicity increases, on the contrary, the total number of
point defects starts playing a nontrivial role. Looking at Theorems 1.3–1.7–1.8 on the two–
dimensional square grid, one sees that the main difference arises in the behaviour of Eq,V at
small masses. When the number of points defects is finite, Eq,V is equal to 0 as soon as the mass
is small enough (and ground states do not exist). If the number of point defects increases this
phenomenon ceases to rule the problem, but infinitely many defects are not always enough to
make Eq,V strictly negative for every value of q and µ. On the contrary, Theorem 1.7 suggests that
whenever the point defects are infinitely many, but constrained inside a strip which is bounded
in one direction, the negativity of Eq,V at small masses is recovered only for sufficiently small
nonlinearity powers q. Strictly speaking, Theorem 1.7 proves this fact only for Z-periodic sets
V , but it is easy to check that the argument of the proof can be generalized to obtain the same
behaviour of Eq,V on sets V with infinitely many vertices all contained in a strip of R2 bounded in
one direction (with a threshold on q possibly different than 3). If one further expands V , taking
e.g. Z2-periodic sets, Theorem 1.8 shows that the strength of point defects is then sufficiently
large to ensure the negativity of Eq,V for every q and µ.

A heuristic explanation for this phenomenology is the following. When the mass µ is small, if
the energy Eq,V (u,Q) of a function u ∈ H1

µ(Q) is low, it is easy to prove that u is uniformly small
on Q. In particular, each term of the sum

∑
v∈V |u(v)|q is small, and so is the sum if we have

few vertices v in V or large powers q. On the contrary, since u is widespread on Q, the structure
of the grid forces u to run through a large number of vertices, and this contributes to enlarge its
kinetic energy ‖u′‖2L2(Q). Since the sign of Eq,V (u,Q) is the result of the competition between
the kinetic energy and the total contribution of point defects, this provides a rough intuition
of why finitely many defects are not enough to make

∑
v∈V |u(v)|q overcome the kinetic energy

at small masses, as well as why this starts to occur first at small values of q when V contains
infinitely many vertices confined in some strip of R2.

We observe that, even though Theorems 1.3–1.7–1.8 have been proved here only for the two–
dimensional square grid Q, we believe that they unravel the main features of the problem on
general Z2–periodic graphs. We decided to work with the square grid because computations and
proofs are particularly transparent, but we are confident that all the arguments developed here
can be generalized with small effort to cover any given Z2–periodic graph.

We point out that a nontrivial dependence of the ground state problem on the degree of
periodicity of graphs has been observed also for the model with diffuse, standard nonlinearities
only (see the series of works [5, 6, 23]). In that context, a comprehensive understanding of
the problem is by now available, based on the relation between the degree of periodicity of the
graph and the validity of certain Sobolev and Gagliardo–Nirenberg inequalities peculiar of higher
dimensional spaces. Conversely, the general portrait for point defects on periodic graphs is far
from being understood. The results of the present paper shall thus be seen as a first step in this
direction and a starting point for future investigations of the problem on general Zn-periodic
graphs, with n ≥ 2.

To conclude this introduction, we remark that the periodicity assumptions on V in Theorems
1.7–1.8 are somewhat natural to guarantee enough compactness in the search for ground states.
Analogously to what happens on Z-periodic graphs, when these assumptions are dropped it is
not difficult to exhibit sets of point defects on Q for which ground states never exist.

Theorem 1.9. Let Q be the two–dimensional square grid. There exist sets V ⊂ VQ that
(i) satisfy Definition 1.5(ii) but do not satisfy Definition 1.5(i); or
(ii) satisfy Definition 1.5(i) but do not satisfy neither Definition 1.5(ii) nor Definition 1.6,

and for which ground states of Eq,V in H1
µ(Q) do not exist for any q ∈ (2, 4) and any µ > 0.
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The remainder of the paper is organized as follows. Section 2 collects some basic definitions
and preliminary results. Section 3 describes a general framework for the study of Eq,V on metric
graphs. Section 4 deals with graphs with finitely many vertices and with Z-periodic graphs,
proving Theorems 1.1–1.2. Section 5 proves the results on the grid Q with finitely many point
defects, i.e. Theorem 1.3 and Proposition 1.4, whereas Section 6 discusses the case of infinitely
many point defects on Q and gives the proof of Theorems 1.7–1.8–1.9. Finally, Appendix A
collects some results about linear problems related to those studied in the paper.

Notation. In the following, whenever possible and depending on the context we will use simpli-
fied notations as E(u), Eq(u) and E(µ), Eq(µ) in place of Eq,V (u,G) and Eq,V (µ,G), making use
of the full notation only when necessary to avoid confusion.

2. Preliminaries

We begin recalling some preliminary definitions and estimates that will be largely used in the
forthcoming sections.

2.1. Z-periodic graphs and the two–dimensional square grid Q. Since we will use it in
some arguments later on, we briefly recall here the rigorous definition of Z-periodic graph we
adopt, taken from [23, Section 2].

Let K ∈ G be a connected compact graph, i.e. a graph with a finite number of vertices and
edges, all of finite length. Let D and R be two non-empty subsets of VK and σ : D → R be a
function such that

(i) D ∩R = ∅;
(ii) σ is bijective.

Consider then G :=
⋃
i∈ZKi, where Ki, Di, Ri are copies of K, D, R respectively, for every i ∈ Z,

and, thinking of σ as a map from Di to Ri+1, say that two vertices v,w of G are equivalent,
writing v ∼ w, if either

(a) v,w ∈ Ki, for some i ∈ Z, and v = w; or
(b) v ∈ Di, w ∈ Ri+1, for some i ∈ Z, and σ(v) = w; or
(c) v ∈ Ri+1, w ∈ Di, for some i ∈ Z, and σ(w) = v.

It is not difficult to show that this is an equivalence relation on VG. We then say that the
quotient G := G/ ∼ is a Z-periodic graph with periodicity cell K and pasting rule σ (see Figure
4 for a concrete example).

With this definition of Z-periodic graph it is also immediate to give a precise notion of Z-
periodic subsets V of VG . Indeed, if G is a Z-periodic graph with periodicity cell K, we say that
V ⊆ VG is a Z-periodic set in G if there exist v1, . . . ,vn ∈ VK such that

V =
⋃
i∈Z

{
vi1, . . . ,v

i
n

}
,

where vi1, . . . ,vin ∈ VKi denote, for every i ∈ Z, the copies of v1, . . . ,vn in Ki.

Remark 2.1. For a detailed discussion of this definition of Z-periodic graphs and a comparison
with the general definition of periodic graphs as in [11, Definition 4.1.1], we refer to [23, Section
2 and Appendix A].

Clearly the two–dimensional square grid Q does not satisfy the above definition of Z-periodic
graphs. In this paper, we will often think of Q = (VQ,EQ) as the subset of R2 with vertices on
the lattice Z2 and edges between every couple of vertices at unitary distance in R2, so that

v ∈ VQ ∼= (i, j) ∈ Z2 ⊂ R2,

and
EQ = EhQ ∪ EvQ,
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x1

x2 y2

y1

D = {y1, y2} R = {x1, x2}
σ(y1) = x1, σ(y2) = x2

Figure 4. Example of a compact graph K, the sets D, R, the function σ (on
the left) and the corresponding Z-periodic graph (on the right) according to the
definition described in Section 2.

with

EhQ :=
{

(i, i+ 1)× {j} ⊂ R2, i, j ∈ Z
}

EvQ :=
{
{i} × (j, j + 1) ⊂ R2, i, j ∈ Z

}
.

Sometimes it will also be convenient to think of Q as the union of infinitely many horizontal and
vertical lines in R2, that is

Q =
( ⋃
j∈Z

Hj

)
∪
(⋃
i∈Z

Vi

)
,

with Hj being the line of equation y = j and Vi that of equation x = i, for every i, j ∈ Z.

2.2. Gagliardo-Nirenberg inequalities. Since they will be frequently used in the following,
we recall the following Gagliardo-Nirenberg inequalities, that hold on every noncompact metric
graph G:

‖u‖pLp(G) ≤ Cp‖u‖
p
2

+1

L2(G)
‖u′‖

p
2
−1

L2(G)
, ∀u ∈ H1(G), ∀ p > 2, (2)

‖u‖2L∞(G) ≤ C∞‖u‖L2(G)‖u′‖L2(G), ∀u ∈ H1(G) , (3)

with Cp, C∞ suitable constants depending on G. Furthermore, if G is the two-dimensional grid
Q, then also the next Gagliardo-Nirenberg inequality holds (see [6, Theorem 2.3]):

‖u‖pLp(Q) ≤Mp‖u‖2L2(Q)‖u
′‖p−2
L2(Q)

∀u ∈ H1(Q), ∀ p > 2 , (4)

with Mp > 0 depending only on p.
A further Gagliardo-Nirenberg type inequality can be derived also for the sum of pointwise

nonlinearities at the vertices of the graph.

Lemma 2.2. For every G ∈ G and q ∈ (2, 4) there exists C > 0, depending on G and q, such
that ∑

v∈VG

|u(v)|q ≤ C
(
‖u‖qLq(G) + ‖u‖

q
2

L2(G)
‖u′‖

q
2

L2(G)

)
∀u ∈ H1(G) .

Proof. For every v ∈ VG , let Ev be the set of all edges incident at v and set `v := min

{
1,

1

2
min
e∈Ev
|e|
}
.

Note that, since G ∈ G ensures that infe∈EG |e| =: α > 0, then α/2 ≤ `v ≤ 1 for every v ∈ VG .
For fixed v, let then ev ∈ Ev be a given edge incident at v and let v be identified with 0 along
ev. Then we have∣∣∣`v|u(v)|q − ‖u‖qLq(ev∩[0,`v])

∣∣∣ =

∣∣∣∣∣
∫
ev∩[0,`v]

(|u(v)|q − |u(y)|q) dy

∣∣∣∣∣
≤ `v

∫
ev

|(|u(z)|q)|′ dz ≤ q`v
∫
ev

|u(z)|q−1|u′(z)| dz ,
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which, recalling the lower bound on `v, yields

|u(v)|q ≤ 2

α
‖u‖qLq(ev∩[0,`v]) + q

∫
ev∩[0,`v]

|u(z)|q−1|u′(z)| dz .

Note that, by definition of `v, if v1 and v2 are two different vertices in VG , for every pair of
edges ev1 ∈ Ev1 , ev2 ∈ Ev2 the sets ev1 ∩ [0, `v1 ], ev2 ∩ [0, `v2 ] share at most one point (the one
identified with `v1 and `v2 respectively). Hence, summing over v ∈ VG the above inequality and
using Hölder inequality and (2) with p = 2(q − 1) gives∑

v∈VG

|u(v)|q ≤ 2

α
‖u‖q

Lq
(⋃

v∈VG
(ev∩[0,`v])

) + q

∫
⋃

v∈VG
(ev∩[0,`v])

|u|q−1|u′| dx

≤ 2

α
‖u‖qLq(G) + q

∫
G
|u|q−1|u′| dx ≤ 2

α
‖u‖qLq(G) + q‖u‖q−1

L2(q−1)(G)
‖u′‖L2(G)

≤ 2

α
‖u‖qLq(G) + qC

1/2
2(q−1)‖u‖

q
2

L2(G)
‖u′‖

q
2

L2(G)
,

and we conclude. �

The last estimate we report in this section, given in the next lemma, will be particularly useful
when proving Theorem 1.7 in Section 6.

Lemma 2.3. Let Q be the two–dimensional square grid and G′ ⊂ Q be a subgraph (i.e. VG′ ⊆ VQ
and EG′ ⊆ EQ) with |G′| > 0 and such that

min

{
sup
j∈Z

# (VG′ ∩Hj) , sup
j∈Z

# (VG′ ∩ Vj)

}
< +∞ ,

where Hj , Vj denote the j-th horizontal and vertical line in Q as above. Then, for every q > 2,
there exists K > 0, depending on G′ and q, such that

‖u‖qLq(G′) ≤ K‖u‖L2(Q)‖u′‖
q−1
L2(Q)

∀u ∈ H1(Q).

Proof. Without loss of generality, suppose that

min

{
sup
j∈Z

# (VG′ ∩Hj) , sup
j∈Z

# (VG′ ∩ Vj)

}
= sup

j∈Z
# (VG′ ∩Hj) =: R .

For every j ∈ Z, every e ∈ EG′ ∩Hj (if any) and every x ∈ e, we have

|u(x)|q ≤
∫
Hj

∣∣(|u|q)′∣∣ dy ≤ q ∫
Hj

|u|q−1|u′| dy ,

so that, integrating on e and summing over e ∈ EG′ ∩Hj (recalling that there are at most R of
such edges), there results ∫

G′∩Hj
|u|q dy ≤ qR

∫
Hj

|u|q−1|u′| dy.

Summing over j ∈ Z and using the Hölder inequality we obtain

‖u‖qLq(G′∩⋃j∈ZHj) ≤ qR
∫
Q
|u|q−1|u′|dy ≤ qR‖u‖q−1

L2(q−1)(Q)
‖u′‖L2(Q)

and applying (4) with p = 2(q − 1) yields

‖u‖qLq(G′∩⋃j∈ZHj) ≤ C‖u‖L2(Q)‖u′‖
q−1
L2(Q)

(5)

for a suitable C > 0 depending on q and R.
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Now, since EG′ ⊆ EQ and # (VG′ ∩Hj) ≤ R for every j, the number of vertical edges in G′
between Hj and Hj+1 is bounded from above by R uniformly on j. Arguing as above, for every
such edge e (if any) we have

‖u‖qLq(e) ≤
∫
e∪Hj

|(|u|q)′| dy ,

so that, summing first over all vertical edges e ∈ EG′ between Hj and Hj+1, and then over j ∈ Z,
we obtain

‖u‖qLq(G′∩⋃k∈Z Vk) ≤ R
∫
Q∩
⋃
j∈ZHj

|(|u|q)′| dy +

∫
Q∩
⋃
k∈Z Vk

|(|u|q)′| dy ≤ R
∫
Q
|(|u|q)′| dy ,

and, repeating the previous computations and combining with (5), we conclude. �

3. General properties of Eq,V
In this section we start the analysis of the minimization problem Eq,V , developing a general

framework that will then be used in the following sections to deal with the various families of
graphs we are interested in. To this end, we introduce the following notation

λ(G) := inf
w∈H1(G)\{0}

‖w′‖2L2(G)

‖w‖2
L2(G)

(6)

for the bottom of the spectrum of the operator −d2/dx2 on G coupled with homogeneous Kirch-
hoff conditions at every vertex of G.

Remark 3.1. Note that, for given G, V and q, the ground state level Eq,V ( · ,G) : [0,+∞)→ R
is continuous with respect to µ. Indeed, since every u ∈ H1

µ(G) can be written as u =
√
µv for

some v ∈ H1
1 (G), we have

Eq,V (µ,G) = inf
v∈H1

1 (G)
fv(µ)

where

fv(µ) := Eq,V (
√
µv,G) =

µ

2
‖v′‖2L2(G) −

µ
q
2

q

∑
v∈V
|v(v)|q .

Since q > 2, fv is a concave function of µ for every v ∈ H1
1 (G), thus showing that Eq,V is concave

in µ (and therefore continuous).

The first lemma of the section provides general upper and lower bounds on the ground state
level E .

Lemma 3.2. Let G ∈ G and V ⊆ VG. For every q ∈ (2, 4) and every µ > 0 there results

−∞ < Eq,V (µ,G) ≤ λ(G)

2
µ. (7)

Proof. The upper bound in (7) is a direct consequence of the definition of E and λ(G). As for
the lower bound, note that it is enough to prove it when V = VG , since∑

v∈V
|u(v)|q ≤

∑
v∈VG

|u(v)|q , ∀u ∈ H1(G), ∀V ⊆ VG .

Let then V = VG . By Lemma 2.2 and inequality (2) with p = q, for every u ∈ H1
µ(G) we have

E(u) ≥ 1

2
‖u′‖2L2(G) −

C

q

(
‖u‖qLq(G) + ‖u‖

q
2

L2(G)
‖u′‖

q
2

L2(G)

)
≥ 1

2
‖u′‖2L2(G) −

CCqµ
q
4

+ 1
2

q
‖u′‖

q
2
−1

L2(G)
− C

q
µ
q
4 ‖u′‖

q
2

L2(G)
,

where C is the constant in Lemma 2.2. The lower bound in (7) then follows by q < 4. �
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In view of Lemma 3.2, we give the next definition.

Definition 3.3. Let G ∈ G and V ⊆ VG. For every q ∈ (2, 4), set

µ∗q := inf

{
µ ≥ 0 : Eq,V (µ,G) <

λ(G)

2
µ

}
.

The quantity µ∗q plays an important role in the characterization of the behaviour of Eq,V in
terms of µ, as described in the next lemma.

Lemma 3.4. Let G ∈ G and V ⊆ VG. Then, for every q ∈ (2, 4), it holds

µ∗q ∈ [0,+∞).

Moreover,

(a) if µ ∈ (0, µ∗q ], then Eq,V (µ,G) = λ(G)
2 µ, but Eq,V (u,G) > λ(G)

2 µ for every u ∈ H1
µ(G) and

every µ ∈ (0, µ∗q);
(b) if µ > µ∗q, then Eq,V (µ,G) < λ(G)

2 µ.

Proof. We first prove that µ∗q < +∞. To this end, take a vertex v ∈ V , that we identify in the
following with 0, and denote by ei, i = 1, . . . , N , the edges incident at v. Setting ` := min

1≤i≤N
|ei|,

we define a function uM ∈ H1(G) as

uM (x) =

{
M(`− x) on ei ∩ [0, `], ∀ i = 1, . . . , N

0 elsewhere.

Plainly, If M → +∞, we have ‖uM‖2L2(G) → +∞ and

E(uM ) =
1

2
NM2`− 1

q
M q`q < 0.

Hence, E(µ) < 0 if µ is sufficiently large, entailing µ∗q < +∞.
We now prove (b), i.e. E(µ) < λ(G)

2 µ for µ > µ∗q . Fix µ > µ∗q and observe that, by definition
of µ∗q , there exists µ1 ∈ (µ∗q , µ) such that E(µ1) < λ(G)

2 µ1. In particular there exists u1 ∈ H1
µ1(G)

such that E(u1) < λ(G)
2 µ1. Since µ > µ1,

E(µ) ≤ E
(√

µ

µ1
u1

)
=

1

2

µ

µ1
‖u′1‖2L2(G) −

1

q

(
µ

µ1

) q
2 ∑

v∈V
|u1(v)|q ≤ µ

µ1
E(u1) <

λ(G)

2
µ, (8)

which proves (b).
Let us finally prove (a). Clearly, if µ∗q = 0 there is nothing to prove. Assume then µ∗q > 0.

Then by definition of µ∗q it follows that E(µ) ≥ λ(G)
2 µ for every µ ∈ (0, µ∗q), while E(µ) ≤ λ(G)

2 µ

by Lemma 3.2. Hence, E(µ) = λ(G)
2 µ for every µ ∈ (0, µ∗q), and thus also at µ = µ∗q by Remark

3.1. Moreover, suppose by contradiction that there exists µ ∈ (0, µ∗q) and u ∈ H1
µ(G) such

that E(u) = λ(G)
2 µ. We first note that u 6≡ 0 on V . Indeed, if this were not the case, then u

would satisfy ‖u′‖2L2(G) = λ(G)‖u‖2L2(G). If λ(G) = 0, this is impossible because u ∈ H1
µ(G) and

u ≡ 0 on V by assumption. If λ(G) > 0, u would be an eigenfunction associated to the first
eigenvalue λ(G) of the operator −d2/dx2 with homogeneous Kirchhoff conditions at every vertex
of G. Since such eigenfunctions (when they exist) do not vanish anywhere on G, this would
provide a contradiction. Fix now µ1 ∈ (µ, µ∗q) and define v :=

√
µ1
µ u ∈ H

1
µ1(G). Arguing as in

(8) and making use of u 6≡ 0 on V , one obtains that E(µ1) < λ(G)
2 µ1, contradicting the fact that

µ1 < µ∗q and concluding the proof. �

As for the dependence of µ∗q on the nonlinearity power q, we have the following general relation.
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Lemma 3.5. Let G ∈ G and V ⊆ VG. If µ∗q = 0 for some q > 2, then µ∗q = 0 for every q ∈ (2, q].

Proof. Fix q > 2 and suppose that µ∗q = 0. By Lemma 3.4, Eq(µ) < λ(G)
2 µ for every µ > 0, so

that there exist (uµ)µ>0 such that uµ ∈ H1
µ(G) and Eq(uµ) < λ(G)

2 µ for every µ > 0. Note that,
as in the final part of the proof of Lemma 3.4, uµ 6≡ 0 on V . By Lemma 2.2 and (2), this yields

1

2
‖u′µ‖2L2(G) <

λ(G)

2
µ+ CCqµ

q
4

+ 1
2 ‖u′µ‖

q
2
−1

L2(G)
+ Cµ

q
4 ‖u′µ‖

q
2

L2(G)
,

which shows that (uµ)µ>0 is bounded in H1(G) when µ is sufficiently small, and thus by (3)
it follows that ‖uµ‖L∞(G) → 0 as µ → 0. Hence, |uµ(v)| ≤ 1 uniformly on v ∈ V as µ → 0.
Therefore, if q ∈ (2, q], then

1

q

∑
v∈V
|uµ(v)|q =

1

q

∑
v∈V

(
q

q
|uµ(v)|q−q

)
|uµ(v)|q ≥ 1

q

∑
v∈V
|uµ(v)|q,

which entails Eq(µ) ≤ Eq(uµ) ≤ Eq(uµ) < λ(G)
2 µ for every µ > 0, i.e. µ∗q = 0. �

The previous lemma suggests the following definition.

Definition 3.6. Let G ∈ G and V ⊆ VG. Set

q∗ := inf
{
q ∈ (2, 4) : µ∗q > 0

}
,

where, for every q ∈ (2, 4), µ∗q is the number introduced in Definition 3.3.

Exploiting q∗ and µ∗q it is then possible to provide a general description of the behaviour of
Eq,V in terms of both q and µ.

Lemma 3.7. Let G ∈ G and V ⊆ VG.
(i) If q∗ = 2, then µ∗q > 0 for every q ∈ (2, 4);

(ii) if q∗ = 4, then µ∗q = 0 for every q ∈ (2, 4);
(iii) if q∗ ∈ (2, 4), then µ∗q = 0 for every q ∈ (2, q∗) and µ∗q > 0 for every q ∈ (q∗, 4).

Proof. Points (i) and (ii) are obvious in view of Definition 3.6, as well as µ∗q = 0 if q ∈ (2, q∗)
whenever q∗ ∈ (2, 4). To conclude, let us show that µ∗q > 0 if q ∈ (q∗, 4) when q∗ < 4. Suppose by
contradiction that there exists q1 ∈ (q∗, 4) such that µ∗q1 = 0. By Lemma 3.5, it would then follow
that µ∗q = 0 for every q ∈ (2, q1], that is q∗ ≥ q1 by definition of q∗, providing the contradiction
we seek. �

Remark 3.8. It is easy to exhibit examples of G and V for which q∗ ∈ (2, 4) and µ∗q∗ > 0 (see
e.g. Theorem 1.7). However, in general we are not able to say whether this is always the case or
µ∗q∗ = 0 for suitable choices of G and V for which q∗ ∈ (2, 4).

Up to now, all the results of this section refer to properties of the ground state level Eq,V . It
is however evident that nothing we said so far is enough to ensure the existence of ground states
with prescribed mass, as this requires compactness properties that depend on G and V . We
conclude this section with a first general result in this direction, providing an existence criterion
for ground states in the case V is finite.

Lemma 3.9. Let G ∈ G and V ⊆ VG be such that #V < +∞. If, for some q ∈ (2, 4) and µ > 0,

Eq,V (µ,G) <
λ(G)

2
µ , (9)

then ground states of Eq,V in H1
µ(G) exist.
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Proof. Let µ > 0 be such that (9) holds and consider a minimizing sequence (un)n ⊂ H1
µ(G) for

E, i.e. E(un)→ E(µ) as n→ +∞. By (9), (3) and the fact that d := #V is finite we have, for
sufficiently large n,

λ(G)

2
µ > E(un) ≥ 1

2
‖u′n‖2L2(G) −

2dµ
q
4

q
‖u′n‖

q
2

L2(G)
,

i.e. (un)n is bounded in H1(G) since q < 4. Thus, up to subsequences, un ⇀ u weakly in H1(G)
and un → u strongly in L∞loc(G). In particular, since V has finite cardinality, un(v) → u(v) for
every v ∈ V . Hence, by weak lower semicontinuity

E(u) ≤ lim inf
n→+∞

E(un) = E(µ)

and
m := ‖u‖2L2(G) ≤ lim inf

n→+∞
‖un‖2L2(G) = µ .

Clearly, if we prove that m = µ, then u ∈ H1
µ(G) and E(µ) = E(u), that is u is the required

ground state. Let us thus show this arguing by contradiction.
Suppose first that u ≡ 0 on V . Then un(v) → 0 as n → +∞ for every v ∈ V and, since V

has finite cardinality, this implies

E(µ) = lim
n→+∞

E(un) =
1

2
lim

n→+∞
‖u′n‖2L2(G) ≥

λ(G)

2
µ,

contradicting (9). In particular, this rules out the case m = 0.
Suppose then that 0 < m < µ and u 6≡ 0 on V . Since un ⇀ u weakly in H1(G), as n → +∞

it follows that

‖un − u‖2L2(G) = µ−m+ o(1)

‖u′n − u′‖2L2(G) = ‖u′n‖2L2(G) − ‖u
′‖2L2(G) + o(1)

|un(v)− u(v)|q = |un(v)|q − |u(v)|q + o(1) uniformly on v ∈ V ,

so that
E(un − u) = E(un)− E(u) + o(1) . (10)

On the one hand, since µ > m and q > 2,

E(µ) ≤ E
(√

µ

m
u

)
=

1

2

µ

m
‖u′‖2L2(G) −

1

q

( µ
m

) q
2
∑
v∈V
|u(v)|q < µ

m
E(u),

entailing

E(u) >
m

µ
E(µ). (11)

On the other hand, since for large n, ‖un − u‖2L2(G) < µ, and q > 2,

E(µ) ≤ E

( √
µ

‖un − u‖L2(G)
(un − u)

)
<

µ

‖un − u‖2L2(G)

E(un − u),

from which it follows
lim inf
n→+∞

E(un − u) ≥ µ−m
µ
E(µ). (12)

Therefore, combining (10), (11) and (12) we obtain

E(µ) = lim
n→+∞

E(un) ≥ lim inf
n→+∞

E(un − u) + E(u) >
µ−m
µ
E(µ) +

m

µ
E(µ) = E(µ),

which is a contradiction. Hence, m = µ and the proof is complete. �
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4. Graphs with half–lines and Z-periodic graphs: proof of Theorems 1.1–1.2

This section is devoted to the proof of our main results concerning noncompact graphs with
finitely many vertices and Z-periodic graphs, namely Theorem 1.1 and Theorem 1.2 respectively.

Recall first that, if G is any of these graphs, then (see e.g. Lemma A.1 below)

λ(G) = 0 . (13)

Proof of Theorem 1.1. Since G contains finitely many vertices, by (13) and Lemma 3.9, to prove
existence of ground states of Eq,V in H1

µ(G) it is enough to show that Eq,V (µ,G) < 0. Moreover,
to show that this is true for every µ > 0, by Lemma 3.4 it is enough to show that µ∗q = 0, that
amounts to constructing a sequence of functions (uµ)µ>0 such that uµ ∈ H1

µ(G) and E(uµ) < 0

as µ→ 0+.
To this end, since G is a noncompact graph with finitely many edges, we can write G =

K∪
⋃N
i=1Hi, where K is the compact core of G and Hi, i = 1, . . . , N , are the half–lines of G. For

every ε > 0, let then uε ∈ H1
µ(G) be defined as

uε(x) =

{
ε2e−ε

qx if x ∈ Hi, for some i = 1, . . . , N

ε2 if x ∈ K .

Direct computations yield

µ =

(
N

2
+ |K|εq

)
ε4−q

and

E(uε) =
N

4
εq+4 − d

q
ε2q ,

with d := #V . Since ε → 0 if and only if µ → 0 and E(uε) < 0 if ε is sufficiently close to 0 by
q < 4, we conclude. �

We now focus on Z-periodic graphs. Before proving Theorem 1.2, we give the next existence
criterion for ground states in the case of sets V that are Z-periodic in VG according to the
definition given in Section 2.

Lemma 4.1. Let G ∈ G be a Z-periodic graph and V ⊆ VG be a Z-periodic set. If, for some
q ∈ (2, 4) and µ > 0, there results Eq,V (µ,G) < 0, then ground states of Eq,V in H1

µ(G) exist.

Proof. The argument of the proof is very similar to that of Lemma 3.9. Let E(µ) < 0 and
(un)n ⊂ H1

µ(G) be such that E(un)→ E(µ) as n→ +∞. Furthermore, exploiting the periodicity
of both G and V , there is no loss of generality in assuming that each un attains its L∞ norm on
the same compact set K ⊂ G (independent of n). By Lemma 2.2, (2) and q < 4 we have that,
up to subsequences, un ⇀ u weakly in H1(G) as n → +∞. As in the proof of Lemma 3.9, if
‖u‖2L2(G) = µ, we conclude.

To show that ‖u‖L2(G) 6= 0 note that, since ‖un‖L∞(G) = ‖un‖L∞(K) for every n and the
convergence of un to u is uniform on compact sets, if it were u ≡ 0 we would have un → 0 in
L∞(G). By Sobolev embeddings it would then follow, for a suitable constant C > 0 independent
of n, ∑

v∈V
|un(v)|q ≤ ‖un‖q−2

L∞(G)

∑
v∈V
|un(v)|2 ≤ C‖un‖q−2

L∞(G)‖un‖
2
H1(G) → 0 as n→ +∞ ,

which by weak lower semicontinuity would yield

E(µ) = lim
n→+∞

E(un) ≥ 1

2
lim

n→+∞
‖u′n‖2L2(G) ≥ 0 ,

contradicting E(µ) < 0.



15

Finally, to exclude that ‖u‖2L2(G) ∈ (0, µ) one argues exactly as in the final part of the proof
of Lemma 3.9, just recalling (13) and noting that here the splitting

E(un) = E(un − u) + E(u) + o(1) as n→ +∞
holds by the Brezis-Lieb Lemma [19]. �

Proof of Theorem 1.2. We divide the proof in three steps.
Step 1: negativity of E(µ). Here we show that, for every Z-periodic graph G, every subset

V ⊆ VG , every q ∈ (2, 4) and every µ > 0, one always has E(µ) < 0. Note that, by (13) and
Lemma 3.4, to prove this it is enough to construct functions uε such that ‖uε‖L2(G) → 0 and
E(uε) < 0 when ε → 0. Furthermore, it is clear that it is sufficient to obtain the result for
V = {v} for a fixed v ∈ VG , since if V contains more than one vertex the term

∑
v∈V |u(v)|q is

not smaller than the value of |u|q at any given point of V .
Let then V = {v}. Since G is a Z-periodic graph according to the definition given in Section

2, let K, D,R be the corresponding periodicity cell and subsets of VK. Let

LK := {e ∈ EK : there exists a unique v ∈ D such that e � v}
be the set of edges being incident at exactly one vertex v in D, and set l := mine∈LK |e|,
m := #LK and

K̃ = K \
⋃
e∈LK

(e ∩ [0, l]) ,

where on each edge e ∈ LK the corresponding vertex v in D is identified with 0.
For the sake of simplicity, let us first assume that there are no edges in K̃ joining vertices in

D. For every ε > 0, let then uε ⊂ H1
µ(G) be defined as

uε(x) :=

{
ε2e−ε

q |(i+1)l−x| if x ∈ e ∩ [0, l], for some e ∈ LKi and i ∈ Z
ε2e−ε

q |i|l if x ∈ K̃i, for some i ∈ Z ,

where as usual LKi and K̃i are the copies of LK and K̃ in Ki for every i ∈ Z. Note that, exploiting
the periodicity of G if necessary, there is no loss of generality in assuming that uε(v) = ε2. As
ε→ 0+ we then have

µ = ‖uε‖2L2(G) = mε4−q + |K̃|e
2lεq + 1

e2lεq − 1
ε4 =

(
m+

|K̃|
l

)
ε4−q + o(ε4−q)

and

E(uε) =
1

2
‖u′ε‖2L2(G) −

1

q
|uε(v)|q =

m

2
εq+4 − ε2q

q
< 0

since q < 4. This proves the claim of Step 1 when there is no edge in K̃ joining vertices of D. To
adapt the construction to cover this second case, however, it is enough to set uε ≡ ε2e−ε

q |(i+1)l|

on each of such edges in K̃i and repeat the previous computations.
Step 2: proof of (i) and (ii). If V is such that #V < +∞, the existence of ground states of

E in H1
µ(G) for every q ∈ (2, 4) and every µ > 0 follows by E(µ) < 0, (13) and Lemma 3.9. The

same is true if V is a Z-periodic subset of VG , simply using Lemma 4.1 in place of Lemma 3.9.
Step 3: proof of (iii). Given G, we construct a set V ⊂ VG with #V = +∞ such that ground

states of Eq,V in H1
µ(G) never exist, independently of the values of q ∈ (2, 4) and µ.

To this end, let v be a fixed vertex of the periodicity cell K of G, let vi be the corresponding
vertex in Ki, for every i ∈ Z, and call V the union of all the vi’s. Let an := n(n + 1), n ∈ N,
and set

V := {vi | i 6= an, ∀n ∈ N}.
Note that, for every n ≥ 0, between van and van+1 (that are not in V ) there are 2n+1 consecutive
copies of v, all in V .
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We now show that, if u ∈ H1
µ(G) is such that u > 0 everywhere on G, then there exists

w ∈ H1
µ(G) such that Eq,V (w,G) < Eq,V (u,G). This, together with the fact that ground states,

when they exist, do not vanish on G, implies that for this choice of V ground states never exist.
Let then u ∈ H1

µ(G), u > 0 on G, be fixed. Since by construction V is strictly contained in the
set V and u > 0, we have ∑

v∈V
|u(v)|q <

∑
v∈V

|u(v)|q,

both sums being finite by Lemma 2.2. Therefore there exists N ∈ N such that
N∑

i=−N
|u(vi)|q >

∑
v∈V
|u(v)|q. (14)

Let now w ∈ H1
µ(G) be the function obtained by composing u with the discrete translation on G

that, for every i, maps each point in Ki into its copy in Ki+cN (where cN is the midpoint between
aN and aN+1).

By definition, ‖w′‖L2(G) = ‖u′‖L2(G) and, since vi ∈ V for every i = aN + 1, . . . , aN+1 − 1, by
(14), ∑

v∈V
|w(v)|q >

aN+1−1∑
i=aN+1

|w(vi)|q =
N∑

i=−N
|u(vi)|q >

∑
v∈V
|u(v)|q,

in turn implying that E(w) < E(u) and concluding the proof.
�

5. The grid Q with V finite: proof of Theorem 1.3 and Proposition 1.4

Here we begin our analysis of the minimization problem Eq,V on the two–dimensional square
grid Q, focusing on sets V ⊂ VQ with #V < +∞. Since this section is rather long, it is divided
in two subsections: in the first one we introduce and discuss a new minimization problem on the
half-line R+, whereas in the second one we show how that is related to our original problem on
Q and we use it to prove Theorem 1.3 and Proposition 1.4.

5.1. A new minimization problem on R+. Let g : R+ → [4,+∞) be defined as

g(x) :=

{
4 if x ∈ [0, 1]

4(2x− 1) if x > 1
(15)

and set

H1(R+, g dx) :=
{
v : R+ → R : ‖v‖2L2(R+,g dx) + ‖v′‖2L2(R+,g dx)

:=

∫
R+

|v(x)|2g(x) dx+

∫
R+

|v′(x)|2g(x) dx < +∞
}
.

Clearly, by (15), H1(R+, g dx) ⊂ H1(R+) and is a Hilbert space endowed with the norm above.
For fixed α > 0, define Ẽq,α : H1(R+, g dx)→ R as

Ẽq,α(v) :=
1

2
‖v′‖2L2(R+,g dx) −

α

q
|v(0)|q (16)

and set
Xµ :=

{
v ∈ H1(R+, g dx) | 0 < ‖v‖2L2(R+,g dx) ≤ µ

}
and

Ẽq,α(µ) := inf
v∈Xµ

Ẽq,α(v) .

Note that
Ẽq,α(µ) ≤ inf

u∈Xµ

1

2
‖u′‖2L2(R+,g dx) = 0 . (17)
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As usual, we say that u ∈ Xµ is a ground state of Ẽq,α on Xµ if

Ẽq,α(u) = Ẽq,α(µ).

The aim of this subsection is to prove the following result.

Proposition 5.1. For every q ∈ (2, 4) and every α > 0 there exists a threshold µ̃ > 0, depending
on q and α, such that for every µ ∈ (0, µ̃) there results

Ẽq,α(u) > 0 ∀u ∈ Xµ .

Before proving Proposition 5.1, we need the next two lemmas.

Lemma 5.2. Let q ∈ (2, 4), α > 0 and µ > 0 be fixed. If Ẽq,α(µ) < 0, then there exists a ground
state of Ẽq,α on Xµ. Furthermore, if u ∈ Xµ is a ground state of Ẽq,α, then ‖u‖2L2(R+,g dx) = µ

and there exists λ ∈ R such that{
(u′ g)′ = λu g on (0, 1) ∪ (1,+∞)

4u′+(0) = −α|u(0)|q−2u(0) .
(18)

Proof. Note first that, by the Gagliardo–Nirenberg inequality (3) on R+ and g(x) ≥ 1 for every
x ∈ R+, there results for every u ∈ Xµ

Ẽq,α(u) ≥ 1

2
‖u′‖2L2(R+,g dx) −

C
q/2
∞ α

q
‖u‖q/2

L2(R+)
‖u′‖q/2

L2(R+)

≥ 1

2
‖u′‖2L2(R+,g dx) −

C
q/2
∞ α

q
‖u‖q/2

L2(R+,g dx)
‖u′‖q/2

L2(R+,g dx)

≥ 1

2
‖u′‖2L2(R+,g dx) −

C
q/2
∞ αµq/4

q
‖u′‖q/2

L2(R+,g dx)
,

which shows that Ẽq,α(µ) > −∞ since q < 4.
Let then (un)n ⊂ Xµ be a minimizing sequence for (16), namely

0 < ‖un‖2L2(R+,g dx) ≤ µ and Ẽq,α(un)→ Ẽq,α(µ) as n→ +∞.

The previous computation shows that (un)n is bounded in H1(R+, g dx), and thus also in
H1(R+). Hence, up to subsequences, there exists u ∈ H1(R+) such that un ⇀ u weakly in
H1(R+) and un(0)→ u(0) as n→ +∞. Moreover, since∫

R+

|un(x)|2 g(x) dx ≤ µ,

there exists v ∈ L2(R+) such that, up to subsequences, √gun ⇀ v weakly in L2(R+) as n →
+∞, so that by the uniqueness of the distributional limit it follows that, up to subsequences,√
gun ⇀

√
gu weakly in L2(R+) as n→ +∞ and

‖u‖2L2(R+,g dx) ≤ lim inf
n→+∞

‖un‖2L2(R+,g dx) ≤ µ.

Arguing analogously we have also that, up to subsequences, √gu′n ⇀
√
gu′ weakly in L2(R+) as

n→ +∞ and
‖u′‖2L2(R+,g dx) ≤ lim inf

n→+∞
‖u′n‖2L2(R+,g dx).

Therefore, if we show that u 6≡ 0 on R+, we obtain u ∈ Xµ and

Ẽq,α(µ) ≤ Ẽq,α(u) ≤ lim inf
n→+∞

Ẽq,α(un) = Ẽq,α(µ) ,

i.e. u is the desired ground state.
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Assume thus by contradiction that u ≡ 0. This implies that un(0) → 0 as n → +∞, in turn
yielding

Ẽq,α(µ) = lim
n→+∞

Ẽq,α(un) ≥ lim inf
n→+∞

1

2

∫
R+

|u′n(x)|2 g(x) dx ≥ 0,

which contradicts the fact that Ẽq,α(µ) < 0 by assumption. Hence, if Ẽq,α(µ) < 0, then a ground
state exists.

Let now u ∈ Xµ be such that Ẽq,α(u) = Ẽq,α(µ). Note that u(0) 6= 0, since if this were not the
case we would have Ẽq,α(µ) = Eq,α(u) > 0, contradicting (17). Assume that ‖u‖2L2(R+,g dx) :=

m < µ. Then, setting v :=

√
µ

m
u, we obtain ‖v‖2L2(R+,g dx) = µ, so that in particular v ∈ Xµ,

and

Ẽq,α(v) =
µ

m

1

2
‖u′‖2L2(R+,g dx) −

( µ
m

) q
2 α

q
|u(0)|q < µ

m
Ẽq,α(u) ≤ Ẽq,α(µ) ,

which is a contradiction. Hence, if u ∈ Xµ is a ground state of Ẽq,α, then ‖u‖2L2(R+,g dx) = µ.
This also shows that

Ẽq,α(µ) = inf
{
Ẽq,α(u) : u ∈ H1(R+, g dx), ‖u‖2L2(R+,g dx) = µ

}
,

and writing the Euler-Lagrange equations of this minimization problem proves the existence of
λ ∈ R for which (18) holds. �

Lemma 5.3. Let q ∈ (2, 4) and α > 0 be fixed. If, for every µ, uµ ∈ Xµ is such that Ẽq,α(uµ) < 0,
then as µ→ 0+ there results

|uµ(0)| = O
(
µ

1
4−q
)

(19)

and ∫ 1

0
|uµ(x)|2 dx = |uµ(0)|2 + o

(
|uµ(0)|2

)
. (20)

Proof. Combining (3) on R+ with g ≥ 1 and Ẽq,α(uµ) < 0, we have

|uµ(0)|4 ≤ C2
∞‖uµ‖2L2(R+)‖u

′
µ‖2L2(R+) ≤ C

2
∞µ‖u′µ‖2L2(R+,g dx) <

2αC2
∞

q
µ|uµ(0)|q

that gives (19). Moreover, since for every x ∈ [0, 1],

|uµ(x)|2 = |uµ(0)|2 + |uµ(x)− uµ(0)|2 + 2uµ(0)(uµ(x)− uµ(0))

and

|uµ(x)− uµ(0)| ≤
∫ x

0
|u′µ(t)| dt ≤

(∫ 1

0
|u′µ|2g dt

)1/2

<

(
2α

q
|uµ(0)|q

)1/2

= o(|uµ(0)|),

we obtain, as µ→ 0,
|uµ(x)|2 = |uµ(0)|2 + o(|uµ(0)|2).

Integrating over [0, 1] yields (20). �

We are now in a position to prove Proposition 5.1.

Proof of Proposition 5.1. We prove the claim by contradiction. Suppose that for every µ > 0

there exists w = wµ ∈ Xµ such that Ẽq,α(w) ≤ 0. By (17) and Lemma 5.2, this implies that
there exists u = uµ ∈ Xµ such that Ẽq,α(µ) = Ẽq,α(u) ≤ 0, ‖u‖2L2(R+,g dx) = µ and u solves (18)
for a suitable λ ∈ R. As usual, with no loss of generality, we can take u ≥ 0 on R+.

As Ẽ′q,α(u)u = 0, ∫
R+

|u′|2g dx = αu(0)q − λµ (21)
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from which, using Ẽq,α(u) ≤ 0, we also see that λ > 0. Then (18) implies that gu′ is increasing
on R+. Therefore it has a limit as x → +∞ and it is easily seen that this limit must be zero.
This also implies that u′(x) ≤ 0 in [0,+∞), so that, by (18), we have

(gu)′′ = 2g′u′ + gu′′ = 2g′u′ + λgu− g′u′ = g′u′ + λgu ≤ λgu on [1,+∞)

which shows (by a standard application of the Maximum Principle) that gu tends to 0 (exponen-
tially) as x→ +∞. Having established that gu and gu′ tend to zero as x→ +∞, the following
computations are fully justified.

Multiplying the equation in (18) by gu′ and integrating yields, keeping into account the values
of g(0) and u′(0),∫

R+

(gu′)′gu′ dx =
1

2

∫
R+

d

dx
|gu′|2 dx = −1

2
|g(0)u′(0)|2 = −8|u′(0)|2 = −α

2

2
u(0)2q−2

for the left-hand-side. As for the right-hand-side,

λ

∫
R+

uu′g2 dx =
λ

2

∫
R+

g2 d

dx
|u|2 dx = −λ

2
|g(0)u(0)|2 − λ

∫
R+

u2gg′ dx

= −8λu(0)2 − 8λ

∫ +∞

1
u2g dx = −8λu(0)2 − 8λµ+ 32λ

∫ 1

0
u2 dx

since g′ ≡ 0 on (0, 1) and g′ ≡ 8 on (1,+∞).
Equating both sides and using Lemma 5.3 we then obtain, as µ→ 0,

α2

16
u(0)2q−2 = λu(0)2 + λµ− 4λ

∫ 1

0
u2 dx = λµ− 3λu(0)2 + o(λu(0)2) = λµ+ o(λµ)

or

λµ =
α2

16
u(0)2q−2 + o(u(0)2q−2) = o(u(0)q) as u(0)→ 0,

since q > 2. Now from this and (21) we see that

Ẽq,α(u) =
1

2

∫
R+

|u′|2g dx− α
q
u(0)q =

α

2
u(0)q− 1

2
λµ− α

q
u(0)q = α

(
1

2
− 1

q

)
u(0)q+o(u(0)q) > 0

as u(0)→ 0, contradicting the assumption Ẽq,α(u) ≤ 0 and concluding the proof. �

5.2. The minimization problem on Q. In this second part of the section we exploit the
analysis of the previous part to prove our main results concerning the minimization problem
Eq,V on Q when V is finite. To this end, we first need to recall the notion of radial functions on
the two–dimensional grid Q.

Definition 5.4. A function f : Q → R is radial with respect to the vertex v ∈ VQ if there exists
f̃ : R+ → R such that f(x) = f̃(d(x,v)) for every x ∈ Q, where d(x,v) denotes the (shortest
path) distance between the point x and the vertex v. Furthermore, we say that f is radially
decreasing on Q with respect to v if it is radial with respect to v and f̃ is decreasing on R+.

Remark 5.5. Note that, if f ∈ Lp(Q) is radial with respect to v, one can write ‖f‖pLp(Q) in

terms of the associated f̃ in the following way. For every n ∈ N, denote by Bn the open ball in
Q of radius n centered at v. It is not difficult to prove (e.g. by induction) that the number of
edges of Q belonging to Bn+1 \Bn is given by 4(2n+ 1). Then f being radial implies

‖f‖pLp(Q) =

+∞∑
n=0

∑
e∈EQ∩Bn+1\Bn

∫
e
|f |p dx =

+∞∑
n=0

4(2n+ 1)

∫ n+1

n
|f̃ |p dx .

The importance of radial functions in our setting is given by the next rearrangement-type
result.
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Lemma 5.6. Let u ∈ H1(Q), u ≥ 0 on Q, and v ∈ VQ. Then there exists w ∈ H1(Q), w ≥ 0
on Q, such that w is radial with respect to v and

‖w‖2L2(Q) ≤ ‖u‖
2
L2(Q), ‖w′‖2L2(Q) ≤ ‖u

′‖2L2(Q) and w(v) = u(v). (22)

Moreover, if u is not radial with respect to v, then the inequalities in (22) are strict.

Proof. Let v ∈ VQ be fixed, take u ∈ H1(Q), u ≥ 0 on Q, and define w : Q → R to be, at every
point x ∈ Q, the mean value of u on the sphere in Q centered at v of radius d(x,v), that is
(recalling Remark 5.5)

we(x) :=
1

4(2n+ 1)

∑
f∈EQ∩Bn+1\Bn

uf (x) if x ∈ e and e ∈ EQ∩Bn+1 \Bn, for some n ∈ N ,

where every edge of Q is identified with the interval [0, 1] so that x = 0 corresponds to its closest
vertex to v. By definition, w ≥ 0 on Q, it is continuous and radial with respect to v and
w(v) = u(v). Moreover,

‖w‖2L2(Q) =

+∞∑
n=0

∑
e∈EQ∩Bn+1\Bn

∫
e
w2
e dx =

+∞∑
n=0

4(2n+ 1)

∫ 1

0

(
1

4(2n+ 1)

∑
f∈EQ∩Bn+1\Bn

uf (x)

)2

dx

≤
+∞∑
n=0

4(2n+ 1)

∫ 1

0

(
1

4(2n+ 1)

∑
f∈EQ∩Bn+1\Bn

u2
f (x)

)
dx

=

+∞∑
n=0

∑
f∈EQ∩Bn+1\Bn

∫
f
u2
f dx = ‖u‖2L2(Q),

where we made use of the inequality(
n∑
i=1

xi

)2

≤ n
n∑
i=1

x2
i , ∀(xi)ni=1 ⊂ R, n ∈ N . (23)

Arguing analogously on w′ one also obtains ‖w′‖L2(Q) ≤ ‖u′‖L2(Q). Moreover, since the equality
in (23) is realized if and only if xi = xj for every i, j = 1, . . . , n, equalities in (22) are realized if
and only if u (and thus u′) is radial with respect to the vertex v. �

We can now prove Theorem 1.3 and Proposition 1.4. To this end, recall first that (see Lemma
A.1 below)

λ(Q) = 0 . (24)

Proof of Theorem 1.3. To prove the results about Eq,V and the ground states, by (24) and Lem-
mas 3.4–3.9, it it enough to show that µ∗q > 0 for every V ⊂ VQ with #V < +∞ and q ∈ (2, 4).
To do this, given V and q, we prove that for every u ∈ H1

µ(Q), u ≥ 0 on Q, there exists
v : R+ → R such that v ∈ Xµ and

Ẽq,d(v) ≤ Eq,V (u,Q) , (25)

where d := #V and Xµ, Ẽq,d are as in the previous subsection. Note that, once we have this,
Proposition 5.1 implies that Eq,V (u,Q) > 0 for every u ∈ H1

µ(Q) as soon as µ is small enough,
that is exactly µ∗q > 0, and we are done.

To construct v satisfying (25), note first that, since #V = d,

Eq,V (u,Q) ≥ 1

2
‖u′‖2L2(Q) −

d

q
|u(v)|q ,
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where v := arg maxv∈V |u(v)|q. Hence, by Lemma 5.6 there exists w ∈ H1(Q), radial with
respect to v such that ‖w‖2L2(Q) ≤ ‖u‖

2
L2(Q) = µ and

1

2
‖w′‖2L2(Q) −

d

q
|w(v)|q ≤ Eq,V (u,Q) . (26)

Moreover, since the function g as defined in (15) satisfies g(x) ≤ 4(2n+1) for every x ∈ [n, n+1]
and every n ∈ N, by Remark 5.5 it follows that

‖w̃‖2L2(R+,g dx) ≤ ‖w‖
2
L2(Q), ‖w̃′‖2L2(R+,g dx) ≤ ‖w

′‖2L2(Q) ,

where w̃ : R+ → R is the function associated to w as in Definition 5.4. Hence, choosing v = w̃,
we have v ∈ Xµ, v(0) = w(v) and

Ẽq,d(v) ≤ 1

2
‖w′‖2L2(Q) −

d

q
|w(v)|q ,

that together with (26) leads to (25) and completes the proof of µ∗q > 0.
It remains to show that limq→2+ µ

∗
q = 2. For every n ∈ N, n ≥ 2, let fn : R+ → R be defined

as

fn(x) :=


log n if x ∈ [0, 1]

log n− log x if x ∈ [1, n]

0 if x ∈ [n,+∞) ,

and, for a fixed vertex w ∈ V , set (wn)n ⊂ H1(Q) to be wn(x) := n−2fn(d(x,w)) for every
x ∈ Q, where d(x,w) denotes the distance in Q between x and w. By definition, wn is radial
on Q with respect to w. Furthermore, recalling Remark 5.5 and the definition of fn, direct
computations yields

4

n4

[
log2 n +

∫ +∞

1
x(log x− log n)2 dx

]
≤ ‖wn‖2L2(Q)

≤ 4

n4

[
log2 n+ 3

∫ +∞

1
x(log x− log n)2 dx

]
,

in turn giving, since
∫ +∞

1
x(log x− log n)2 dx =

n2

4
+ o(n2) as n→ +∞,

µn := ‖wn‖2L2(Q) = O(n−2) as n→ +∞ .

Furthermore, again by Remark 5.5 we have that for every n

‖w′n‖2L2(Q) ≤ 12

∫ +∞

1
x|f ′n|2 dx = 12n−4 log n .

Set then qn := 2 +
1

n
, so that

|wn(w)|qn = n−(4+ 2
n

) log2+ 1
n n, ∀ n ∈ N, n ≥ 2 ,

and, as n→ +∞, µn → 0 and

Eqn (µn) ≤ Eqn(wn) ≤ 1

2
‖w′n‖2L2(Q)

(
1− 2n

2n+ 1

|wn(w)|2+ 1
n

‖w′n‖2L2(Q)

)

≤ 1

2
‖w′n‖2L2(Q)

(
1− 2n

12(2n+ 1)

log1+ 1
n n

n
2
n

)
< 0 .

This shows the existence of a sequence of exponents qn = 2 +
1

n
such that µ∗qn → 0 as n→ +∞.
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Observe now that, arguing exactly as in the proof of Lemma 3.5 and making use of Eqn(µn) < 0,
it follows that Eq(µn) < 0 for every q ∈ (2, qn], that is µ∗q ≤ µn for every q ∈ (2, qn].

Let then (q̃n)n ⊂ R be any sequence such that q̃n → 2+ as n→ +∞. Since for every n there

exists m = m(n) ∈ N such that q̃n ≤ 2+
1

m
= qm and m(n)→ +∞ as n→ +∞, we immediately

have that 0 < µ∗q̃n ≤ µm → 0 as n → +∞. This shows that limq→2+ µ
∗
q = 0 and concludes the

proof. �

Proof of Proposition 1.4. By Theorem 1.3, if u ∈ H1
µ(Q) is a ground state of Eq,V with V = {v},

then E(u) ≤ 0. This implies that (up to a change of sign) u is a positive solution of (1) with

λ =
|u(v)|q − ‖u′‖2L2(Q)

µ
=

(
1− 2

q

)
|u(v)|q

µ
− 2E(u)

µ
> 0 .

The radiality of u with respect to v follows directly by Lemma 5.6. Indeed, if u were not
radial, then Lemma 5.6 would ensure the existence of w ∈ H1(Q) with ‖w‖2L2(Q) < µ and

E(w) < E(u) ≤ 0. Setting then v :=

√
µ

‖w‖L2(Q)
w we would have v ∈ H1

µ(Q) and

E(v) =
µ

‖w‖2
L2(Q)

1

2
‖w′‖2L2(Q) −

(
µ

‖w‖2
L2(Q)

) q
2 |w(v)|q

q
<

µ

‖w‖2
L2(Q)

E(w) < E(w) < E(u) ,

which is impossible since u is a ground state.
To show that u is decreasing with respect to v along the radial direction, let ũ ∈ H1(R+) be

the function associated to u as in Definition 5.4. Looking at Q as embedded in R2 with vertices
on Z2 and v at the origin, ũ is e.g. the restriction of u to the positive part of the x axis. Since
u solves (1) on Q, is positive on Q and radial with respect to v, it is immediate to see that ũ
satisfies 

ũ′′ = λũ on (n, n+ 1) , ∀n ∈ N
4ũ′+(0) = −ũq−1(0)

ũ′−(n) = 3ũ′+(n) ∀n ∈ N \ {0} .
(27)

Note that the pointwise condition at x = n, for every n ∈ N \ {0}, comes from the fact that, at
the corresponding vertex of Q, u satisfies the homogeneous Kirchhoff condition and, by radiality,
it agrees on three of the four edges emanating from that vertex.

Set now T := sup{t ≥ 0 : ũ′+ is strictly negative on [0, t)}. By (27) and ũ > 0 on R+, we
have T > 0. To show that ũ is decreasing on R+, it is then enough to prove that T = +∞.
Assume by contradiction that this is not the case, i.e. T < +∞. By definition of T and (27),
it then follows that ũ′−(T ) = ũ′+(T ) = 0. Then, again by (27) and ũ > 0 on R+, it follows
that ũ′+(x) > 0 on (T,+∞), which is impossible since u ∈ H1(R+). Hence, T = +∞ and ũ is
decreasing on R+. �

6. The grid Q with V infinite: proof of Theorems 1.7–1.8–1.9

In this section, we take V ⊂ VQ such that #V = +∞ and we prove our main results in this
setting, i.e. Theorems 1.7–1.8–1.9.

Remark 6.1. Comparing Definitions 1.5–1.6 with that of periodic graph given in [11, Definition
4.1.1], it is easily seen that, if V ⊂ VQ is Z-periodic according to Definition 1.5 and ~v ∈ R2 \{0}
is the associated vector, then there exist V0 ⊂ V , with #V0 < +∞, and Q0 ⊂ Q, with |Q0| = +∞,
such that

V =
⋃
k∈Z

(V0 + k~v) , Q =
⋃
k∈Z

(Q0 + k~v) and Q0 ∩ V = V0.
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Analogously, if V ⊆ VQ is Z2-periodic according to Definition 1.6 and ~v1, ~v2 ∈ R2 \ {0} are the
associated vectors, then there exist V0 ⊂ V , with #V0 < +∞, and Q0 ⊂ Q, with |Q0| < +∞,
such that

V =
⋃

k1,k2∈Z
(V0 + k1~v1 + k2~v2) , Q =

⋃
k1,k2∈Z

(Q0 + k1~v1 + k2~v2) and Q0 ∩ V = V0.

Recall that, by Lemma 3.2 and (24), if V ⊆ VQ is Z-periodic or Z2-periodic and q ∈ (2, 4),
then

−∞ < Eq,V (µ,Q) ≤ 0 .

The next lemma is the analogue of Lemmas 3.9–4.1 in the context of Z-periodic and Z2-periodic
sets V .

Lemma 6.2. Let Q be the two–dimensional grid, V ⊆ VQ be Z-periodic or Z2-periodic, and
q ∈ (2, 4). If, for some µ > 0, there results Eq,V (µ,Q) < 0, then ground states of Eq,V in H1

µ(Q)
exist.

Proof. The proof is almost identical to that of Lemma 4.1.
If V is Z-periodic, let (un)n ⊂ H1

µ(Q) be such that E(un) → E(µ) as n → +∞. Fur-
thermore, exploiting the periodicity of V there is no loss of generality in taking un to satisfy
supv∈V |un(v)| = maxv∈V0 |un(v)| for every n, where V0 is the set associated to V as in the first
part of Remark 6.1. Then, arguing as in the proof of Lemma 4.1, up to subsequences we have
that un ⇀ u weakly in H1(Q) and un → u in L∞loc(Q). The same computations in the final part
of the proof of Lemma 3.9 guarantee that either u ≡ 0 on Q or u ∈ H1

µ(Q) is the desired ground
state. To rule out the first case, observe that if it were u ≡ 0, then the argument in the proof
of Lemma 4.1 and the fact that Q0 ∩ V = V0, with #V0 < +∞ by construction, would imply∑
v∈V
|un(v)|q → 0 as n→ +∞, in turn yielding E(µ) = limn→+∞E(un) ≥ 0, i.e. a contradiction.

This proves the lemma when V is Z-periodic.
If V is Z2-periodic, it is straightforward to see that we can take (un)n ⊂ H1

µ(Q) such that
E(un) → E(µ) as n → +∞ and un attains its L∞ norm in Q0 for every n, where Q0 is the set
associated to V as in the second part of Remark 6.1. Then the proof follows the same argument
already discussed for Z-periodic sets. �

Proof of Theorem 1.7. We split the proof in two parts.

Part 1: q ∈ (2, 3). By Lemma 6.2, to show that when V is Z-periodic and q ∈ (2, 3) ground
states of Eq,V in H1

µ(Q) exist for every µ it is enough to prove that Eq,V (µ,Q) < 0.
To this end, let ~v = (vx, vy) ∈ R2 \ {0} be the vector associated to V according to Definition

1.5 and suppose, without loss of generality, that the origin of R2 belongs to V . Moreover, let
R := |vx|+ |vy| and note that

V ⊃
⋃
k∈Z

k~v ,

where with a slight abuse of notation we identify the vector k~v with its final point in R2 (which
is also a point of V for every k ∈ Z, by the periodicity of V ).

Consider then, for every ε > 0, the function

ϕε(x, y) := kεe
−ε(|x|+|y|), (x, y) ∈ R2, (28)

with

kε :=

√
εµ

2

1− e−2ε

1 + e−2ε
, (29)
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and define uε ∈ H1(Q) as the restriction of ϕε to the grid Q. By construction, uε ∈ H1
µ(Q) and

‖u′ε‖2L2(Q) = µε2. Furthermore, as ε→ 0+,

∑
v∈V
|uε(v)|q ≥

∑
k∈Z
|uε(k~v)|q ≥ kqε

+∞∑
k=0

e−εqRk =
kqε

1− e−εqR
=

µq/2

2q/2qR
εq−1 + o(εq−1) ,

so that

E(µ) ≤ E(uε) =
µε2

2
− 1

q

∑
v∈V
|uε(v)|q ≤ µε2

2
− µq/2

2q/2qR
εq−1 + o(εq−1) < 0

as soon as ε is small enough and q ∈ (2, 3).
Part 2: q ∈ [3, 4). By Lemmas 3.4–3.7–6.2, it is enough to show that µ∗3 > 0. To this end,

for every v ∈ V denote by ev ∈ EQ the horizontal edge for which v is the left vertex. Set then
G′ :=

⋃
v∈V

ev. Since V is Z-periodic, it follows that

min

{
sup
j∈Z

# (VG′ ∩Hj) , sup
j∈Z

# (VG′ ∩ Vj)

}
< +∞ .

Indeed, by Definition 1.5(ii), V is fully contained in a strip of R2 parallel to the vector ~v and
bounded in the direction ~v⊥. Since such strip cannot contain simultaneously both a horizontal line
Hj and a vertical one Vj′ , for any j, j′ ∈ Z, it follows that at least one between sup

j∈Z
# (VG′ ∩Hj)

and sup
j∈Z

# (VG′ ∩ Vj) is finite.

Hence, by Lemma 2.3 with q = 3 we have

‖u‖3L3(G′) ≤ K
√
µ‖u′‖2L2(Q) ∀u ∈ H1

µ(Q) . (30)

Furthermore, since the vertices of V are by construction in one-to-one correspondence with the
edges of G′, for every u ∈ H1

µ(Q) we obtain∣∣∣∣∣∑
v∈V
|u(v)|3 − ‖u‖3L3(G′)

∣∣∣∣∣ =

∣∣∣∣∣∑
v∈V

∫
ev

(
|u(v)|3 − |u(y)|3

)
dy

∣∣∣∣∣ ≤ 3

∫
G′
|u|2|u′| dy

≤ 3‖u′‖L2(Q)‖u‖2L4(Q) ≤ 3
√
M4
√
µ‖u′‖2L2(Q) ,

where we used the Hölder inequality and (4) with p = 4. Coupling with (30) and plugging into
the definition of E3 leads to

E3(u) =
1

2
‖u′‖2L2(Q) −

1

3

∑
v∈V
|u(v)|3 ≥ 1

2
‖u′‖2L2(Q)

(
1− K + 3

√
M4

3

√
µ

)
> 0

for every u ∈ H1
µ(Q) as soon as µ is sufficiently small, i.e. µ∗3 > 0 and we conclude. �

Proof of Theorem 1.8. By Lemma 6.2, if V is a Z2-periodic subset of VQ according to Definition
1.6, to prove Theorem 1.8 it is enough to show that Eq,V (µ,Q) < 0 for every q ∈ (2, 4) and µ > 0.

To this end, let ~v1, ~v2 ∈ R2 \ {0} be the two linearly independent vectors associated to V as in
Definition 1.6, and assume with no loss of generality that the origin of R2 belongs to V . Hence,
by the periodicity of V , the vertices k1~v1 + k2~v2 belong to V , for every k1, k2 ∈ Z (here and in
the following we identify again vectors in R2 with the corresponding final points).

Let γ ⊂ Q be a path of minimum length in Q connecting the origin (that by assumption is a
vertex in V ) to the vertex ~v1 (that is again a vertex in V ), and define the subgraph Γ0 of Q as

Γ0 :=
⋃
k1∈Z

(γ + k1~v1) .
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By construction, Γ0 is connected, has infinite length and contains all the vertices of V of the
form k1~v1, with k1 ∈ Z. Denote also by R1 := |γ| = |v1,x| + |v1,y| the length of γ, namely, by
construction, the distance in Γ0 between two consecutive vertices k1~v1 and (k1 + 1)~v1, for every
k1.

Observe that, since the length of γ is finite and ~v1 and ~v2 are linearly independent, there exists
k̃ ∈ N such that k̃ is the smallest natural number for which γ + k̃ ~v2 does not intersect γ. For
every k2 ∈ N \ {0}, define then the subgraph Γk2 of Q as

Γk2 := Γ0 + k2k̃ ~v2.

By construction, Γk2 ∩ Γk′2 = ∅ for every k2, k
′
2 ∈ N, k2 6= k′2. Moreover, for every k2 ∈ N, Γk2 is

connected, has infinite length and contains all the vertices of V in the form k1~v1 + k2k̃~v2, with
k1 ∈ Z. Furthermore, the distance in Γk2 between the vertices k1 ~v1 +k2k̃ ~v2 and (k1 +1)~v1 +k2k̃ ~v2

is again R1, for every k1, whereas the distance between Γk2 and Γ0 in Q is k2R2, with R2 :=

k̃(|~v2,x|+ |~v2,y|).
Fix now µ > 0 and, for every ε > 0, let ϕε, kε be as (28), (29) and, as in the proof of Theorem

1.7, set uε ∈ H1
µ(Q) to be the restriction of ϕε to the grid Q. As above, uε ∈ H1

µ(Q) and
‖u′ε‖2L2(Q) = ε2µ for every ε > 0. Moreover, as ε→ 0+ (recalling also the definition (29) of kε)∑

v∈V
|uε(v)|q ≥

+∞∑
k2=0

∑
v∈V ∩Γk2

|uε(v)|q ≥ kqε
+∞∑
k2=0

+∞∑
k1=0

e−εq(|k1~v1,x+k2~v2,x|+|k1~v1,y+k2~v2,y |)

≥ kqε
+∞∑
k1=0

e−εqk1R1

+∞∑
k2=0

e−εqk2R2 =
µq/2

2q/2q2R1R2
εq−2 + o(εq−2) ,

so that for every q ∈ (2, 4)

E(µ) ≤ E(uε) ≤
µ

2
ε2 − µq/2

2q/2q3R1R2
εq−2 + o(εq−2) < 0

taking sufficiently small ε. �

Proof of Theorem 1.9. To prove Theorem 1.9(i) it is enough to exhibit an example of a set V
that is not Z-periodic but is contained in a strip of R2, bounded in one direction and unbounded
in the orthogonal one, for which ground states never exist, independently of q and µ. To do this,
it is enough to repeat verbatim the argument of Step 3 in the proof of Theorem 1.2. We identify
as usual Q with the corresponding subset of R2 with vertices on Z2 and we denote by vij the
vertex with coordinates (i, j) for every i, j ∈ Z. Let an = n(n + 1), n ∈ N, as in the proof of
Theorem 1.2 and define

V = {vi0 | i 6= an ∀n ∈ N}
By construction, V is contained in the horizontal strip R × [−1, 1] of R2, so that it satisfies
Definition 1.5(ii), but it is not Z-periodic since it does not satisfy Definition 1.5(i). Then,
arguing exactly as in Step 3 of the proof of Theorem 1.2 we obtain again that for every u ∈
H1
µ(Q), u > 0 on Q, there exists w ∈ H1

µ(Q) (a translation of u along the x axis) for which
Eq,V (w,Q) < Eq,V (u,Q). As this rules out existence of ground states in H1

µ(Q), it concludes
the proof of Theorem 1.9(i).

To prove Theorem 1.9(ii) it is enough to copy the set used above on every horizontal line,
namely to define

V = {vij | i 6= an ∀n ∈ N, j ∈ Z}.
By construction, V satisfies Definition 1.5(i), since it is periodic in the vertical direction, but it
does not satisfy neither Definition 1.5(ii) nor Definition 1.6. Arguing again as in Step 3 of the
proof of Theorem 1.2, it is easy to show that ground states of Eq,V in H1

µ(Q) do not exist for
any q ∈ (2, 4) and µ > 0, thus completing the proof. �
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Appendix A. Linear problems

In this appendix we briefly collect some results on linear problems that have been used in the
previous analysis and that can be compared with the main results of the paper in the nonlinear
setting.

The content of the next lemma concerning λ(G) (as defined in (6)) is standard and well-known
but, since it has been widely used in the paper, we report here a short proof for the sake of
completeness.

Lemma A.1. Let G ∈ G be either a graph with at least one half-line, a Z-periodic graph or the
two-dimensional grid Q. Then λ(G) = 0.

Proof. If G has at least one half-line the result is obvious, since in this case 0 ≤ λ(G) ≤ λ(R) = 0.
If G is a Z-periodic graph with periodicity cell K according to the definition given in Section

2, for every n ∈ N let un : G → R be such that un ≡ 1 on Ki for every 0 ≤ |i| ≤ n, un is
linearly decreasing from 1 to 0 on every edge starting at a vertex of Kn and ending at a vertex
of Kn+1 and on every edge starting at a vertex of K−n and ending at a vertex of K−n−1, and
un ≡ 0 elsewhere on G. Since, by periodicity, the number of edges between Kn and Kn+1 and
that between K−n and K−n−1 is finite and independent of n, as n→ +∞ we have

‖un‖2L2(G) = (2n+ 1)|K|+O(1), ‖u′n‖2L2(G) = C ,

for a suitable constant C > 0 independent of n. Hence,

0 ≤ λ(G) ≤ lim
n→+∞

‖u′n‖2L2(G)

‖un‖2L2(G)

= 0

which proves the claim in the case of Z-periodic graphs.
Finally, if G = Q is the two–dimensional square grid, we think of it as a subset of R2 with

vertices in Z2. For every n ∈ N, let then Qn be the intersection of Q with the square [0, n]2 in
R2, and define un : Q → R so that un ≡ 1 on Qn, un ≡ 0 on Q\Qn+1, and un decreases linearly
from 1 to 0 on every edge of Qn+1 \Qn. Direct computations show that, as n→ +∞,

‖un‖2L2(Q) = 2n(n+ 1) +O(n), ‖u′n‖2L2(Q) = 4(n+ 1) ,

which is again enough to conclude that λ(Q) = 0. �

Remark A.2. Even though the statement of Lemma A.1 is limited to the families of graphs
covered in this paper, it is evident that the same arguments show that λ(G) = 0 on every infinite
periodic graph satisfying [11, Definition 4.1.1].

Let us now consider the following minimization problem. Fix a vertex v ∈ VG and a parameter
α > 0 and set

λα,v(G) := inf
w∈H1(G)\{0}

‖w′‖2L2(G) − α|w(v)|2

‖w‖2
L2(G)

.

It is straightforward to see that, if λα,v(G) is attained by some function u ∈ H1(G), then for
every µ > 0 there exists v ∈ H1

µ(G) satisfying
v′′e = −λα,vve on every e ∈ EG ,∑

e�v v
′
e(v) = −αv(v)∑

e�w v
′
e(w) = 0 ∀w ∈ VG \ {v},

(31)
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i.e. the linear counterpart of (1). Furthermore, arguing as in the previous sections, it is easy to
see that λα,v(G) is attained if it is strictly smaller than λ(G). The next lemma, together with
Lemma A.1 above, shows that when G = Q the linear problem (31) has always a solution, in
sharp contrast with the nonlinear case as discussed in Theorem 1.3.

Lemma A.3. For every v ∈ VQ and α > 0, there results −∞ < λα,v(Q) < 0.

Proof. By homogeneity, λα,v(Q) = infw∈H1
1 (Q)(‖w′‖2L2(Q) − α|w(v)|2). By (3), for every w ∈

H1
1 (Q) one has

‖w′‖2L2(Q) − α|w(v)|2 ≥ ‖w′‖2L2(Q) − αC∞‖w
′‖L2(Q) ,

so that λα,v(Q) > −∞.
For every n ∈ N \ {0}, consider now the radial function un ∈ H1(Q) given by un(x) =

fn(d(x,v)), with fn : [0,+∞)→ R defined as

fn(x) :=


log n if x ∈ [0, 1]

log n− log x if x ∈ [1, n]

0 if x ∈ [n,+∞) .

It is straightforward to check, recalling Remark 5.5, that

‖u′n‖2L2(Q) ≤ 12

∫ n

1
x|f ′n(x)|2 dx = 12 log n,

so that combining with |un(0)|2 = log2 n we obtain

λα,v(Q) ≤
‖u′n‖2L2(Q) − α|un(0)|2

‖un‖2L2(Q)

≤ 12 log n− α log2 n

‖un‖2L2(Q)

.

Since 12 log n− α log2 n < 0 when n is large enough, we conclude. �
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