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ARTICLE INFO ABSTRACT

MSC: In this work, we present and analyze a Stabilization-free Virtual Element high order scheme
65N12 for 2D second order elliptic equation. This method is characterized by the definition of new
65N15

polynomial projections that allow the definition of structure-preserving schemes. We provide

65N30 a necessary and sufficient condition on the polynomial projection space that ensure the well-
Keywords: posedness of the scheme and we derive optimal a priori error estimates. Several numerical
Virtual Element Methods tests assess the stability of the method and the robustness in solving problems characterized by
RCD problems anisotropies.

Polygonal meshes
Structure-preserving formulation

1. Introduction

Virtual Element Methods (VEMs) [1,2] are numerical methods for the solution of partial differential equations that allow the use
of general polygonal and polyhedral meshes, which is a topic of large interest in several engineering applications. The main idea
of this family of methods is to define discrete functional spaces containing polynomials and other unknown functions, in order to
satisfy the required Sobolev regularity of the scheme and use classic sets of degrees of freedom. The problem’s differential operator is
then approximated by the sum of a bilinear form providing consistency on polynomials and another bilinear form ensuring stability
whose choice remains somehow arbitrary during the years. A large literature on the role of the stability term has been produced
in the last years, in particular it has been shown that its isotropic nature can causes some issues in applications characterized by
advection-dominated regime [3,4]. Furthermore, in the classical a posteriori error analysis [5,6] the stability term appears on the
right-hand side and it does not need to reduce under mesh refinement, bringing some issues in the adaptive theory. The interest
in the topic of stabilization is proven by a large number of recent works that have been published, we mention for instance [7]
where a reduced basis method to design the stabilization term is proposed, [8-10] where bounds for the stability terms used in
the a posteriori error analysis are presented, [11] where a quantitative study of the parameters involved in the stabilization is
performed, and [12] where authors show the sensitivity of the solution of eigenvalue problems to variable parameters included in
the discretization matrices.

More recently, new H'-conforming and H(div)-conforming VEM schemes were proposed in [13-17], based on consistent and
stable polynomial projections of basis functions, thus allowing the definition of coercive discrete bilinear forms based only on
polynomial projections, that preserve the structure of the problem’s operator. These methods have then been applied in a lot of
contests: problems characterized by anisotropies [18], elasticity problems [19-21], convection-dominated problems [22], finite
strain problems [23], and for bi-dimensional elastoplastics models [24,25].
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In this paper, we deal with a 2D H'-conforming Virtual Element Method discretization and generalize the scheme presented
in [17] to allow for arbitrary polynomial accuracy of the method. Also, the scheme is formulated for a general second order elliptic
PDE with variable coefficients. The proposed method of degree k is based on high-degree polynomial projections, whose divergence
is of degree k—2. We identify a necessary and sufficient condition on the polynomial space such that the projection operator is stable
and thus the method is well-posed and optimal a priori error estimates can be derived. We notice that the polynomial degree of
such projections depends on the element’s geometry. Hence, an algorithm is proposed to compute the optimal polynomial projection.
Numerical tests are presented to confirm the robustness of the presented method. In particular, we select several polygonal shapes
to assess the stability of the method for different accuracy orders k. Furthermore, we propose comparisons with a standard VEM
approach to problems characterized by anisotropies.

The paper is structured as follows. The model problem is presented in Section 2. Section 3 is devoted to the presentation of
the discrete scheme and the definition of the new higher-order polynomial projections. Well-posedness of the discrete problem is
discussed in Section 4. Section 5 shows the L? and H! a priori error estimates. The computation of the projection is shown in
Section 6. Finally, Section 7 contains the numerical tests.

2. Model problem

Let 2 c R? be a bounded open set. We are interested in solving the following general second-order problem:

V-(-KVu+Bu)+yu =fin Q,
u=0 on 082,

(@D)]
where g € (L®(2))? with V- g =0, and y € L*(£2) and non negative on £, the loading term f € L*(2). We assume the symmetric
diffusive tensor K € (L®(£2))>? and satisfy:

Kolvl> <v-Kxw <K, |v)?>, VWweR?, Vxe®, (2)

where K, and K, are positive constants and |-| denotes the euclidean norm. We define the bilinear form 5(.,): H(')(Q) xH(')(Q) - R
as the sum of three contributions, i.e.

Bu,v) i=a@u)+bwv)+c@uv), YuveH(Q), 3)
where
a(u,v) = / (K Vu)- Vo, (€]
Q
b(u,v) := / (B - Vu) v, (5)
Q
cu,v) = / yuv, (6)
Q
and, for the right-hand side, the linear form F(-): H(l)(_Q) =R
F() := / fv VveH\(Q). ]
Q

The variational formulation of (1) reads as: find u € H(‘)(Q) such that,
B(u,v) = F(v) Vuve€H)Q). ®)

More general boundary conditions can be considered and will be considered in the numerical tests.
3. Mesh and discretization

In order to define the discrete form of (8), let M,, be a conforming polygonal tessellation of £2 and E denotes a generic polygon
of M,,. Moreover, let hy denote the diameter of E and the mesh size h := maxgeyq, hg-
We assume that M, satisfies the standard mesh assumptions for VEM, described in Assumption 3.1.

Assumption 3.1 (Mesh assumptions). 3k > 0 such that VE € M,,
* E is star-shaped with respect to a ball of radius p; > khg,
« for every edge e C 0E, |e| > khg.

Notice that the above conditions imply that, denoting by N the number of vertices of E, it holds that the number of vertices of
each polygon E has an upper bound, i.e.

AN, > 0:VE € My, Np < Npuy - 9)
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3.1. Discretization

Let a = (a;,®,) € N?, then we denote by x* a generic element of degree |a| = a, + a, of the basis of homogeneous polynomials
in R?, i.e. x* = x(;‘xgz. For any given o C R?, let P, (w) be the space of polynomials of degree up to k defined on w, and given
m,n € N, with n < m, let

P, (@\P _, (0):= span{xﬁ)}

m
|lal=n"
Then, let IT kV £ gl (E) > P, (E) be the H! orthogonal operator, defined up to a constant by the orthogonality condition: Vu € H!(E),

(v (HkV‘Eu—u>,Vp>E:0 VpeP, (E). 10)

In order to define HkV'E uniquely, we choose any continuous and linear projection operator P, : HIE) — P, (E), whose

continuity constant in H! norm is independent of 4, and continuous with respect to deformations of the geometry, and we impose
Yu € HY(E),

P0<l7kV’Eu—u> =0. an

Remark 1. Under the current mesh assumptions, given by Assumption 3.1, a suitable choice for P, is the integral mean on E,
ie.

Py (u) :=$/Eudx Yu € HI(E).

Notice that this is a common choice, see for instance [2].
For any given E € M,,, we define the local Virtual Space of order k according to [2,26] as
Vi, = {v, € H'(E) : Av, € P, (E), y*(v,) € P, (e) Ve CIE,
v, € CYOE), (u,, - ITkV’EUh,p>E =0VpeP, (E)\P,_,(E)) (12)

Given v, € Vf > the chosen degrees of freedom of this space are

» Nj pointwise values of v, at the vertices of the polygon,
« if k > 1, k — 1 pointwise values of v, at Gauss-Lobatto quadrature points internal to each edge,
cifk>1, @ internal moments % (vpom;) s Vi=1,...,n 5, where n,_, := dimP, _, (E) and {m,-}fs2 is the scalar monomial

X—Xp

basis of P,_,(E) defined as m; := ( .

a’ . . Py
) , correlating each index i to a multi-index «; = (a;;, ;) such that |a;| < k —2.

Moreover, we define the global discrete space as vhyk ={ve H(')(Q) IV € V,fk} . Note that v;, € Vh,k is a continuous function that
is a polynomial of degree k on each edge of the mesh.

To define our discrete bilinear form, for any given E € M,, let £ be a given natural number and let P, ,, (E) be the polynomial
space given by

Prs, = [Peot(B)] @ curl (Pk+ ; (O\P, (E))
=xP,_,(E)®curlP,,, (E),

13

2
where for any p € IP’k+ tx (E), curlp = (;T’;,—;Tpl) Notice that Prey C []P’k +,¢E_1(E)] and that we exploit the surjectivity of the

divergence operator defined from xP,_,(E)toP, ,(E) (see [27, Prop. 2.3.3]). Then, let ]770;E V : HY(E) » Pisy be the L2-projection
operator of the gradient of functions in H'(E), defined, Vu € H!(E), by the orthogonality condition

(Hg‘EVu,p)E =(Vu.p)p VPE Py, . (14)

Remark 2. Notice that for each function u, € V

’f > the projection H;),‘EVuh is computable exploiting only the degrees of freedom
of uy,.

Now, we can define the discrete bilinear forms. Let BF : VE, x VE — R be defined as
By (up,vp) = ay, (up,vn) + by (up,vp) +cf (upv)  Vup,0, € Vi, 15)

E pE .E .vpE E - E
and ay, by, et Vh,k X Vh’k — R defined, Vu,,v, € Vhyk, as

E . 0,E 0,E
, = (K- ) v, 12V ) , 16
ay, (up,vp) < p Vi tp VU | 1e)
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by (upsvp) = (ﬂ : H/(:’_ﬁv”h’ﬂf’E”h)Ea 17

cf (uh,vh) = (yHE’Euh,H,?’EUh>E. 18
where, VE € M,, II,?‘E :L*(E) - P, (E) is the L?-projection, defined Vu € L*(E) by

(10"up), = wpp VpeP (E). 19)

The above projection is computable for any given v, € V, ,. We remark that from the assumption on the diffusive tensor K given
in (2), for any E € M, we define:

v- K(x)v v K(x)v

Y. := inf sup , K% := sup sup (20)
E x€E [ cp2 |U|2 E xeE peR? |v|2
Summing up over all the elements of M, we define B, : ¥, , xV, , - Ras
By (upvp) == Y BE (upvy) Vupv, €V, (21)
EeM,
which results to be the sum of the following global discrete bilinear forms:
ay, (up0p) = Z ay, (up,vp) (22)
EeM,
b, (up.vy) = z bE (up,vp) (23)
EeM,
¢, (up.vy) 1= Z f (up.vp) 24
EeM,,
We can state the discrete problem as: find u, € V, , , such that
0.E
B s = LT Yo, €V, . 25
1y (44> 0n) Z (f k ”h)E Un € Vi (25

EeM,,

4. Well-posedness

The main result presented in this section consists in the coercivity and continuity of the bilinear discrete form af defined in (16).

In this perspective, we previously introduce the following notations. Let E € M,,, {qb? }gE denotes the set of basis functions of VhEk
which are lagrangian with respect to the boundary degrees of freedom of vf 0 and the set of basis functions {¢; }:'Sz of VhE i which
are lagrangian with respect to the internal degrees of freedom of Vf - Hence, let us consider the decomposition VhE = Vi(E )GBVZ(E ),
where Vp(E) = span{¢}, Vi=1,....,m_,} and V;(’(E) = span{q&f, Vi=1,...,kNg}. For each u;, € ka, there exist unique u; € V2(E)
and u) € V{(E) such that uj, = uf, +uf and u, = 3742 2° (u7) ¢7 and u) = Zgb 42 (u9) ¢?. In the following, we omit the dependency
of 47 and A? on the virtual function, with a slight abuse of notation.

Furthermore, without loss of generality let {ﬂi}fgrl
m, € P,_ (e),Ve C 0E, [,p = = 0}, such that ||”i||L°°(aE) = 1. Hence for a given u
vul - t’dE €PY_| (OE) let A? (u)) be defined such that

kNg—-1
vig -t = DAY () 7 (26)
i=1

denote a set of scaled basis functions of the space P2_1 OE) := {m :

9 € VJ(E), since the tangential derivative

In the following, we omit the dependency of A? on the virtual function, with a slight abuse of notation.

Lemma 1. Let E € M,, and let u) € VX(E). Then, the following estimates hold true:

kNg-1
c Hvuz”LZ(E) < Vhg|9E| i ‘A?)’ 27)

i=1
% “vuZ”L2(E) < Vhe |0E| max ‘A?" (28)

for a positive constant C° independent of hy and depending on the ratio pg /hg.

Proof. First, let us recall the following result that can be proved following the techniques in [28, Proposition 4.4] and in [29,
Lemma 3.19]. For any u) € V{(E), the estimate

1
7} 0 2 )
< .
¢ “VM"”LZ(E) <hg Hvuh t“LZ(aE) ?
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holds for a positive constant C° depending only on the ratio p/h. Hence, the norm at the right-hand side can be estimated as
follows:

02
() ”VuhH L2(0E)
kNp—1 kNp—1

= hy z (4%) / wds <hg0E] Y, (A7)

i=1

P)
L2(E) = hE”VM" IH

which yields (27). The estimate (28) derives immediately from (27), since
kNg-1
|42 (u)] < N = Dmax 47| . OO
i=1

Lemma 2. Under the mesh Assumption 3.1, for every E € M, and for every u; € VO(E) 3p; € xP,_, (E) such that

(Vuy, p3) = C° || Vu, L’ (29)
”p*”LZ(E) <cCe, (30)
where C° and C' are two positive constants independent of hy.
Proof. Recalling that uj = Z:’Sz A2¢?, we define p € xP,_, (E) as
&2 sg(4)
po = Z |E|I m; (31

i=1

. . . . . X|—Xx %l [ xp—x %2
where for each i = 1,...,n,_, and m; scaled monomial basis function of P,_,(E), ie.m = Mg, | ay) = (]h—EEl> (zh—;z) , My
is given by

m = — hg Mg, | +1,0;,) )
o tan+2 M, | a;5+1)
Notice that m; satisfies —V - m; = m;. Hence, exploiting the definition of the internal degrees of freedom and the equivalence of
norms we obtain

"2 5g(A°)
o o o o 1 o
(Vupp3) g == (up. V- p3) = 2 [E| (o m;) g
i=1
Ry g2
= ng(/l YA = 2|,1 |2 Vi -
which proves (29). On the other hand, using the definition (31), Young’s inequality and since Hm(a’ l,an)”Lm(E) <1 Vi, we get (30)
as follows
P22 ) = m; -m; < ” ||L2 E
® |E|2,1,1E 2 2 @
_ 2
= k-2 S h /(m2 +m? >
21EP & () +a5+2)? I (a1 +1.a;2) (@ 1,052+1)
_"kfznk_z hé o 2h ]‘22 j+1l 02
lEl & (@ +a5+2)7 [E| LG +2? ’

where at the last step we used the fact that there exactly j + 1 monomials of degree j. Notice that C° depends on k and the polygon
regularity parameter, but it does not depend on hg. []

As a further ingredient, the proof of the local coercivity requires an assumption on £.
Assumption 4.1. We assume ¢ to be the smallest integer such that any polynomial ¢ € P, (E) can be identified by a set of

degrees of freedom which contains kN — 1 distinct moments — PE EI (q, ”i) o With respect to a scaled polynomial basis of the space
k—l WE) :={x : m, € ]P’k_] (e) ,Ve C 6E,/0E7r =0}.

Remark 3. Assumption 4.1 is equivalent to assert that the L2(dE)-orthogonal projection operator defined from P ‘5 (E) to
IP’(lz_] (OF) is surjective.



S. Berrone et al. Computer Methods in Applied Mechanics and Engineering 438 (2025) 117839

Theorem 1. Under the mesh Assumptions 3.1 and 4.1, for every E € M,, the projection operator H%E V, defined in (14), is coercive,
namely there exists a positive constant o, independent of hy, such that

2
0,E E 2 E
|3 Vuh”Lz(E) > af |Vuy|lfags»  Vun € VE,- (32)

Proof. From the definition of the operator H;’,’E V (14), we have

0,E 0,E
”HP Vuh”L2(E) _ (HT’ Vuh,p>E = sup (Vuh,P)E (33)
||V“h||L2<E) PEPy ¢ ||V“h||L2(E) ||P||L2(E) PEP s ||V”h||L2(E) ||P||L2(E)
We now consider u;, = uj +uj, with u € V°(E) and u) € VJ(E), and we employ Lemma 2 denoting by p} € xP, , (E) the polynomial
that satisfies (29) and (30). Let pf € curl P (E) such that p, := pi + p2, then (33) can be rewritten as

0,E
235 v

k+€

L2(E) (V“Z’P*)E + (V“‘Z’P*)E (V“;,’p:)E + (V“Z’p*>f

”V“h”LZ(E) ||P*||L2(E> - ||V”h||L2(E) ”p*”LZ(E)
+ (V”Z’p*)g

”V“h”LZ(E)
ce||vug

L2(E) (34)

”V”h“LZ(E) <||PZ||L2(E) + C°>
Let us focus on the term at the numerator of (34)
(Vi) p)g = (Vi) p2) g + (Vul), p)g. (35)

Let g€ P, , (E) be such that pz = curl g, hence we have

k+tg
(Vu‘;,pi)E = (Vu‘;l,curlq)E = (Vuz -t,q)dE, (36)

where g € Py, ., (0E) represents the trace of the polynomial ¢ on 0E when no confusion arises.

Applying the representation of Vu‘,)l -t given in (26), let AfM be the maximum of {A?}gf ~! and, by using Lemma 1, it holds
true that
7]
(.) = 0 > —C 0
Vhp OEIA] = \/hg 10E] m9x|A, - ”Vuh”Lz(E). (37)

We now employ the key Assumption 4.1 by setting the moments of g with respect of each basis function {z; }gf ! as follows

VAEIOE] (V. pp |

|0E] A JoEI’

M
Vi 1]

l0E|

L
[0E|

(a.m, ), =sel)

@(q,ﬂi)db- = sg(Af.)) Vi#iy,

and all the other degrees of freedom of g eventually present are set to zero. Substituting these definitions of the moments of ¢ in
(35), and using Lemma 1

g—1
Vi, p,)g = \/hg 19E] kNi 47| = | v
i=1

On the other hand, we remark that from (30) and (37) we get
Vhg OE|(kNg - 1) HV“Z“LZ(E) 12202 k) _ VATl

C?|0E| HV“Z”LZ(E) T |0E|

. (38)

J o0
(Vug, p)E
A? |OE|

M

c°
(kNg — I)C_’

and employing the definitions of the moments of ¢ and we obtain, by a scaling argument,

0 o KNg-1 =
1P2]], ., = Nleurtallze, < . P Ve OETY (39)
*llL2ee) “\| A2 |0E| “~ [0E|
M =
where C,, and C? are positive constants independent of h,. In particular, Cpq = max; ||Vl 2¢z)> Where {y;}; is a set of basis

function of IP’k o5 (E) Lagrangian in the degrees of freedom defined in Assumption 4.1. With the two bounds (38) and (39) at hand,
we can conclude the proof by replacing them in (34)

0,E o o ad 7]
”HP VM’IHLZ(E) ¢ Vuh LZ(E)+C Hvuh”LZ(E) N min{C",Cd} _
Verlzey = Vagllz (€ +C7) T T
where we use the triangle inequality ||Vuy || 2z, < ”VM;‘HLZ(E) + HVMZHLZ(E)' O
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Now, for each E € M,, let
Nl = | VE V|, + | V7 1000

Furthermore, we define the respective global norm as

2., 2
Meanllle = X Munlllz- Ven € Vi
EEM,

2 E
)’ Yu, € Vh’k.

Theorem 2. Under the mesh Assumptions 3.1 and 4.1, the bilinear form B, defined in (21), is continuous, i.e. there exists a positive
constant =* such that

By, (un,vp) < E [Junllle Moallles  Yuns vn € V- (40)

Proof. For every u,,v, €V, ,, employing the definition of the bilinear form a, (22) and the continuity of the projection operator

0.E . . .
n;=v (14), the Cauchy-Schwarz inequality, and the hypothesis on K (2) and (20), we get

a, (uy,vp) = Z ar (up,vp)

EeM,

Y (lcn;’;EVu,,,H;’;EVuh>Es Y K (Vuh,ﬂ;’;Eth)E
EeM, EEM,

Z K Vunlliae 359, , . < Z K Vunllize 1Vonllioe
L2(E)
EeM,,

EeMy,
A
Z z_vz H\/EVM’IH “\/EVU}’”LZ(E) : 41)

EeM,

IA

IA

L2(E)

On the other hand, for the bilinear forms b, (23), we employ the continuity of operator H,?’_El and the Poincaré inequality on . In
particular, we get

|bh (uh,uh)‘ < Z ‘bf (uh,uh)) = Z ‘(ﬂ-HELEIV“h’HS’EUh)J
EeM, EeM,,

0.E 0.E
< Z BN Lo e ”nk—lvu"HLZ(E) “nk Uh”LZ(E)
EeM,

< 0 Bl Vunlloe loallie
EEM,,

< may | Vl= > H\/EW”HL%E)”U"”LZ(E)

EeMy /IC\L:? EEM,

1Bl Lo (k)
< Jnax —\/F H\/EVWIHLZ(Q) lonllzc)
E
e e Y [/
E
||ﬂ||L°o(E) 1
SCPhEn;%h T Enelﬁzl(h v ”\/EVuh L2(Q) H\/EVU"”LZ(Q)' (42)
V& E V&E
Finally, for the bilinear form c, (24) we have that
[ (uh,vh) = Z cf (uh,vh) = Z (7/ HS‘Euh,HE‘Evh)E
EeM, EeM,
= Z <\/7H£’Euh, \/;HI?EUh>E
EeM,
_ 0,E 0.E
_EEZA:/U. ”WH’C uhHLZ(E) “\ﬁnk U"”LZ(E)' (43)

Recalling the definition of the bilinear for (21), summing up (41), (42), and (43), we conclude the proof. []
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Theorem 3. For a sufficient small h, and under the mesh Assumptions 3.1 and 4.1, the bilinear form B, defined in (21), is coercive,
i.e. there exists a positive constant =, such that

By, (upsup) 2 2, ||[ullley s Vi € Ve (44

Proof. Letu, € v, o from the definition of af (16), employing Theorem 1 and the definitions of IC‘E and IC’;: (20), we get

a, (uh,uh) = Z af (uh,uh) = Z <ICH;))’EVuh,H%EVuh)E
EEM,, EEM,,

KY
2 Z K HH%E HLZ(E) Z Ky ”Vuh”iz(E)Z Z ICf “
EEM,, EeMy

2
ICVuh”LZ(E) .

On the other hand, given the definition of b, (5), using the continuity of the bilinear form (42), we have

1Bl (k)
by (up.up) > - CPhEHelijl(h o max. = ”\/EVuh

where Cp is the Poincaré constant. Finally, for the reactive term c, (6), we proceed as follows

[ (uh,uh) = z cf (uh,uh) = Z ()/ HI?’Euh,HI?’Euh)E = EZM ”WH/(C)’EM"HIZJ(E)‘
EMp

EEM,, EEM,,

L2(Q)

We conclude the proof by summing the three global bilinear form and under the hypotesis that # is sufficiently small. In particular
if for instance A is such that

1Bl oo Ky Ky,
Cph max JLRE max 1/ — < 1 min —EaE (45)
EEM,, IC\IZ‘ EeM;, | Ky 2 EeEM,, IC/‘
. - . 1. Kt E
it results Z, = min < 1, 5 mingey, e 0 O
E

Remark 4. The assumption that & has to be sufficiently small is needed only if the bilinear form b, is included in the operator 5,.
Since we impose Dirichlet boundary conditions, we can overcome this assumption resorting to a skew-symmetric bilinear form b,
(see [4,30]). However, the extension to more general boundary conditions would not be straightforward.

This theorem implies that the bilinear form of the discrete problem (25) satisfies the hypothesis of the Lax-Milgram theorem,
hence the problem admits a unique solution.

4.1. Necessity of Assumption 4.1

In this subsection, we analyze Assumption 4.1. In particular, we prove that it is not only a sufficient but also a necessary condition,
to get the coercivity of operator 1770,’5 V given in Theorem 1.

Lemma 3. Let VZ"O(E) ={y, € VZ(E) : [ygvn =0}. Then,
Vr e P OF) 3w, € VP ix = (Vuy-1)| . (46)

Proof. First, we notice that dim(P)_, (0E)) = dim(V{"*(E)) = kN — 1 and Yu, € V(E), (Vuy, - t)‘dE € PY_| (9E). Then, to prove
KN g1

(46) it is enough to show that, given a basis {¢?},_ KNp=1 of VZ‘O(E), the set of functions { (Ve? -1) ‘aE } lE is linearly independent

i=

on 0E. Suppose 3a;, i = 1,...,kNy — 1 such that:
kNg—-1

z Q; (V(p?-t)‘aE =0,

i=1

then, we get

(+(% 1))

Since (pf € CY(0E), there exists a constant ¢ € R, such that

kNg—1
i=1

=0.

oE

=cC.

JE
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Integrating on 0E, and recalling that [, ¢’ = 0Vi = 1,...,kNy — 1, we get that ¢ = 0. Finally, since {(p?}gg—l form a basis of
V,f'o(E), we conclude the proof. [

Remark 5. The space of the tangential derivatives of functions in V, , is P2—1 (0E).

Theorem 4. Let E € M, be given and let (32) hold true. Then Assumption 4.1 holds true.

Proof To prove Assumption 4.1, we prove that the L?(d E)-orthogonal projection on ]P’ | (OE), denoted by m’
(E) (see Remark 3). Consider the following subspace of P (E):

P | , is surjective from

k+f K+

Dyye, = {peIF’HL,E (E) : curlp:Hg'EVvh,for some vy, € th'k,/)Ep:O} .

By (32) we have that dim Imﬂg’EV =kNg + @ — 1. Then, since Vu,, € thk,

dim Diye, = dim ImH?,’EV —dimxP,_, (E)=kNg—-1= dim]P’g_1 (0FE) . 47)

)" Vuy, € xP,_, (E)® curl Dy,

Let j € Dyyr,, and let 5, € VF, such that curl = 1"V, from Lemma 3 we have

(7, D)ok (Vuy 't’ﬁ)aE

T T e e o
LOB e om 17lIzor)  w,evt, [Vun - tllizor)
(Vo t.5),; _ (Vop.curlp),, HH VUh”LZ(E)
TNVon - theor IV thizer VO tlhizer
“HOEVU,,”

>

Lo eurt Bl e \/—”VUh”LZ(E) lleurl plly2 g
Vo, - t”LZ(aE)
where in the last step we have used (32). Finally, by using a trace inequality we get the injectivity of the operator. Indeed

[ v
or ”VUhHLZ(E)

-1/
>C V a*hE ”P”LZ(E),

where the last equality holds since [, j = 0. By (47), we infer that the operator H E is a bijection from D, +¢p 1O IP’k , (OE), and
is thus surjective from IP’ e+t (E). Thus, Assumption 4.1 is satisfied. []

Vo, - t|IL2(aE)

1/2 —
> Cy/a,h)/? lleurl s

To conclude, the proof of Theorem 4 implies that Assumption 4.1 and (32) are equivalent.
5. Error estimates

In this section, we derive optimal a priori error estimates for the proposed scheme. First, we need to recall well-known results
in literature about polynomial approximation and interpolation error estimates for the VEM space ¥, , (see [31, Theorem 11]).

Lemma 4. Under Assumption 3.1, given H,?’E be the local 1.>-orthogonal projection into P, (E) and I kv ‘E H!(E)-orthogonal projection
defined by (10), then, 3C > 0, that depends only on K and on the degree k, such that V¢ € H*(E)

‘qb—Hf’Eqﬁ‘ L SCR" g, withm<s<k+1, (48)
m,
and if s > 1
‘¢—H§’E¢( L SCRlop, withm<s<k+1, (49)
m,

where |-|, o denotes the H*(E)-seminorm.

Remark 6. The results of the previous lemma can be easily extended to the vector case of ¢ € H“(E)]d, with d € N, where the
projection operators are defined component-wise HI?‘E : [LZ(E)]d - [P, (E)]d and IT kv £ [H'(EB)]" - [P, (E)]d.

Lemma 5. Under Assumption 3.1, let u € H*(R2), 1 < s < k + 1, there exists C > 0 such that V h, Ju; € Vk satisfying
flu— ”l”LZ(Q) +h|Vu- V“l”LZ(n) <Ch' uly g, (50

where C is a positive constant, depending only on k and on the mesh regularity (the aspect ratio of M,,).



S. Berrone et al. Computer Methods in Applied Mechanics and Engineering 438 (2025) 117839

Theorem 5. Letu € HS(.Q)nH(I)(Q) and f € H™05-2}(Q), with 1 < s < k+1, be the solution and the right-hand side of (1), respectively.
Then, 3Cgy > 0 independent of h such that the unique solution u, € V, , of problem (25) satisfies the following error estimate:

e = unll|o < Cpyh! (lulyq+ |f|max{o,s—2},g) . (51)

Proof. Let u; be given by Lemma 5. Applying the triangle inequality, we have

Il = wnlll < Nl = willlo + e = walllo - (52)

We deal with the two terms separately. The first can be bounded applying (50) and the regularity hypothesis on £ (20) and y, i.e.
2 2 0.E 2
[T N T e M
h

L2(E)

< ) Ky||Vu- V“I”iz(m 17l flu = “I||i2<5>
EeM,;,

2 2(s—1 2
< max { (mgx ]CAE) , (mgx ||y||Lm(E>> h } RO 2, (53)

where < denotes that there exists a constant independent of 4 and of the problem’s parameters. This notation is widely used in the
following.

On the other hand, in order to deal with the second term of (52) let ¢, = u; — u,,. First, applying the coercivity of the bilinear
form Bh(44), problems (25) and (8)

Zolllenlls < By (emen) = X, BE (w=uep) + B (wey) = (£.1707es)
EeM,,

2 Bf (ul —u,eh) + Bf (u,eh) - BE (u,sh) + (f,eh - H,?‘Eeh> 54)
EeM, E

The first term is estimated using the continuity of B (40) and (53):
B (u—uep) < Z*|||u—w|]g |lenlll

< E* \/max { (mkgx IC’E) R (mgx ||y||Lw(E)) hz}hs‘1 luls.a|llenlllo (55)

Regarding the second and third local terms, they provide the approximation error with respect to polynomials. Applying definitions
of Bf and B, we can split them as

Bf (u,eh) - BE (u,sh) = af (u,&h) —af (u,eh) +bf (u,eh) —bE (u,eh) +c,‘l‘r (u,eh) —cE (u,eh) . (56)

The first and the second term of (56) can be bounded exploiting [2, Lemma 5.3] and, since [IP’k_l(E)]2 C Prey V¢ > 0, we can
apply (48), i.e. for each v € H'(E)

vo - 1%Evy vo- 1%Evy <h ol g, (57)
” P ” | k-1 E rE

<
LX(E) — ‘ ”LZ(E)

and we obtain
af (u, eh) —af (u,sh) = <ICH;))’EVM, H%EV£h>E — (ICVu, Vsh)E

< || mpFaevi - kva| ,  ||Ver - 1" Ve

2(E) ‘ L2(E)

|yt ve =i, | Ven - mpF e,

L%(E) ) L2(E)

+1 | Iy Evu=va|| ,  |[Ven - T3 Ve

L2(E) | L2(E)
S ARVl g IVenllizce + R ul, g IXVenllze) + Kyphiy ! lul g IVenllizce

hi ul g | VEVe

1l ys—t.00(
& Wl
\2

The third and the fourth term of (56) can be bounded applying the estimate in [2, Lemma 5.3] and the polynomial approximation
estimate (48), i.e.

bf (ue,) = b (u,g,) = (ﬁ . I'[E’_Equ, H,?’Eeh)E —(B-Vug,),

< |}t 8- vy - 8-V

@ (58)

0.E
- e
L2(E) “eh K Ehlliacp
0.E
H'Bsh -z (ﬁsh)”

0.E 0.E
Bl HHk—lvu B VuHLZ(m “eh -1, Eh“LZ(E)

AR

L2(E) L2(E)

10
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S hy 1BVuly_y g || Venllizgy + A 1l [Benly g + I1BllLe ey b uls e | Vel 2g)
S Bl B sk | Venlliae) - (59)

The last two terms of (56) can be bounded applying the estimate in [2, Lemma 5.3] and the polynomial approximation estimate
(48), i.e.

cf (u,sh) —cE (u,sh) = (yHI?‘Eu,Hg’Eeh)E - (yu,eh)E
< || F o - |

+ “H,?’Eu —uH

e, — 11"Fe

L2(E) H k hHLz(E)

)J’Eh - H,?’E(th)”

L2(E) ‘ L2(E)

0.E 0,E
Ul ”Hk “ ““LZ(E) HE” - 6"HL2<E>
3 s+1 3
3 h?l |y uls.g ||V6h||L2<E) + h;r |uls,g |75h|1,E 17l ey h?l |uls,g ||V5h||L2(E)
+1
S I sy luls e Vel (60)
The last term of (54) can be bounded applying the definition of IT (()) 'E| the Cauchy-Schwarz inequality and the approximation property
(48), i.e.

Z (f,eh—ﬂg’Eeh)E= Z (f—H,?’Ef,eh—H]?’Eeh)E

EeM,, EeMm,

z ”f HOEfHLZ(D “E" HO £"“LZ(E)

EeM
’ 61
SE ™ f o s-210 D ”\/_VE" L2(E) ()

EEM,, ,/ICV
1 -
S —————=1"fImaxio.s-21.2 el o -
ming /K

Finally, considering together (55), (58), (59), (60) and (61), and substituting them into (54), we obtain

= Nenlly 5 2* fma { (mgn ) (ma e ) 2 0 o Dl

.y ”’C”Wﬂﬂ\/—vgk”
| e

By B [ Venllizge ) A7 il +

ey T s | Vel

N S
ming 4/ K},
< E* \/maX { (mgx IC/E) , (mgx ||)/||Loo(E)) hz}hs—l |u|s’g |||£h|||g

1 _
s max { Il ety 1% 1wy o Blhs- vy} 2~ ol el
ming /K,

B f lmaxio, s-21.2 1€l @

1 _
+————n! |f Imax(o, s—21.2 | |€nll] ©2)

ming /Ky,

Considering this last estimate together with (53), we have the thesis (51). []

Theorem 6 (L? Error Estimate). Let Q be convex. Let u € H(2)n H(l)(Q) and f € H™*{0:5-2)(Q) with 1 < s < k+ 1, be the solution and
the. right-hand side of (1), respectively. Then, 3C > 0 such that the unique solution u € Vik of problem (25) satisfies the following error
estimate:

4 = unlli2c) < CF° (luls.0 + 1f lnax(o,s-21.2) - (63)

Proof. Let us define the auxiliary problem: let v € H2(2) n Hé(.Q) the solution of the adjoint problem B* (y,v) = (u — up, v) o
Vv e H(l)(Q), where, given a and ¢ as in (4) and (6),

B* (', v) :=a(u/,v)—/(ﬁ~Vu/)v+C(u1,v). 64
Q
By definition, B (u,v) = B* (v,u) for each u,v € H}(£2) and we get:
lwly S |lu— ”h”LZ(Q)’ Vw2 S flu— ”h”LZ(.Q) , (65)

11
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where, as previously, < denotes that there exists a constant independent of 4 and of the problem’s parameters. Let y; denote the
interpolant of y for which it holds true

v = villo + 2 IVY = Vwilliz) < CR Wl - (66)
Applying the auxiliary problem, the discrete problem (25) and the definition of B (3), we have

s = wnlli 2y = B (wou=up) = B (u=upow) = B (wow =) + B (wyy) = B (wpv)

=B (ww —y) + (fowr) g = B (up.v)

=By =vi)+ (Fw)g= X (£ ), + By (wnowr) =B (unw)
EeM,

=B(u—upy—yr)+ Z (f,y/,—H,?’Eu/1>£+3h(uh,wl)—B(uh,y/I). (67)
EeM,

Let us consider the terms of the previous relation separately. First, applying the continuity of 3 (40), proceeding as (53), and using
(65) and (66), we have, for the first term,

B (u=upy —yr) < E|lu—wllo v -villlq

= \/max { (mgx /cg) , (mgx ||y||Lw(E)) n? }h e =l g 1¥lo0

2y { (3 ) (g b ) 2l = ol = - (c®

N

N

The second term of (67) is estimated using the orthogonality property of HS’E , we have that VE € M,,

0.E 0.E
HW’ -1 WIHLZ(E) = ”W’ — 1T l//”LZ(E)’ (69)
hence we have
0.E 0.E 0.E
> (fw-mtur) = X (r- i rw - )
EeMy EeM,,
0.E 0.E
s 2 ”f -1 fHL2(E) “W’ -1 W’”LZ(E)
EeM,;,
S P 1 f Imax(o,s-2}.2 W0 S 8 1 flmaxqo, s—21. |4 = 4all 20 - (70)

where (50), (48) and (65) are applied, omitting higher order terms.
Finally, considering (67) we have to bound B, (up.wy) = B (up, wy ). Applying definitions of B, and B, we can split them as

By (wwr) = B (unwr) = 3 ay (o) = a® (upv)
EeM,

+bE (uh,u/,) —bE (uh,y/,) +c,’zz (u,,,l//,) —cE (uh,ty,) . 71D
Considering for each E € M,, the local contribution, we can apply [2, Lemma 5.3], orthogonality properties similar to (69), adding

and subtracting terms, the polynomial approximation property (48), the estimates (66) and (65) for y, hence we obtain the following
local estimates

af (upwry) — aF (upowy) = (Jcn;’;EVuh, H;),‘EVWI)E — (KVuy, Vyy )

< ”H;’;E(lcwh) - KVu, H “Vu/, - ) vy

L2(E) L2(E)

| V= V| (chvw, = myE vy

+[[feVu = KVl 2 )

+ K ”w, - n;),’EwH

L%(E) L2(E) LZ(E))

S (HH%E(ICVI‘) - lCVM“LZ(E)

: (||V'//1 =Vl + HV"’ - HgEVW|‘L2<E>>

(v =, + V0= Vi)

(Ievws = Vi + [0Vw - v,

#4191 =Vl + [V = 15504, )

VEE

S hSEfl |uls g + maxq ~———— e = wnl| g |1 Nws=1.00) 2 1w |20

1
||’C||ermE ’ Vv
(E) ICE

12
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\/ K% 1

”“T’ _V
® E
and, similarly,

by (unswy) = b" (upwy) = (ﬂ : HELEIV“thQ’EWI)E — (B Vupy;)

3 hsfil |uls g + max e = || g |l ws—t.osiy B || = ”h”LZ(Q)

1

VEE

ep (upwy) = F (upwy) = (rH,f’Euh,Hf’Ew;)E = (rupvr) g

S l’lSETl |u|s,E+ hmin(Z,k

It = | [N1BlIws-rr Ml = unfl 200

and

5 (th uly g+ ||“ - “h”LZ(E)) 1 llws.co(y h? ||“ - ”h”LZ(Q) :
Hence, the estimate (71) results
Bh (“h’ll/l) -B (uh’WI)
S g (max {1l IBllgsvesy A sy 7 )
- luls o “” - ”h”LZ(g)

A
ICE 1
+ max | max

EEM,, 1K Nwys-tosiy v
V™E
- max | max 3 |[K|lyws—t.oo gy » o hmin[l,k—l]})
EEM,,( {” llws-teocy » 1 Bllws-1.0o(E)

Cpnh’ (|”|s,.@ + |f|s—l) ||u - uh||L2(Q)

+Cp mélx Cpyh® (luls_.Q + 11521 ) n? ||}’||wx,°°(g) ”'4 — Uy ||L2(Q) (72)

VK

where we apply the error estimate (51) and a Poincaré inequality.
Finally, applying (68), (70), (72) to (67) and simplifying, we obtain the thesis (63). []

6. Computation of H;])’E v

Algorithm 1 Algorithm for the computation of # and of the corresponding right-hand side on a given polygon.

Input: A polygon E € M,,
1: Let £ be the smallest number satisfying (76).

2: Compute the matrix B corresponding to £ defined by (74).

3: Compute the factor R of a QR decomposition of B (Householder QR is advisable).

4: N < number of diagonal elements of R whose absolute value is > le — 11.

5: while N < kN + 2= — 1 do

6 fpe—fp+l.

7. Compute B = (C’,f v 0) such that (CZ e )ij = (V(p? -1, Fi)aE’ V7, basis of homogeneous polynomials of degree k + ¢ .
& R« [B;R|

9:  Using Givens rotations, update R to triangular matrix.

10 B« [B; B

11: N < number of diagonal elements of R whose absolute value is > le — 11.
12: end while

13: return ¢, B.

In this section, we analyze the computation of H?;E V and, following [17], we propose an algorithm that provides the polynomial
projection degree ensuring stability. The algorithm is based on an incremental QR decomposition of the right-hand side of the linear
system that needs to be solved to compute the matrix representing the projection operator. In particular, let E € M,, be given and let
dimVE, dimP, () be the

{(Pj}- j=1

j=1 be a lagrangian basis of th P with respect to the degrees of freedom. In particular, let {(p? }fivf and {¢°}

J

13
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subsets of basis functions lagrangian with respect to the boundary and the internal degrees of freedom, respectively. Furthermore,
dimP,  (E)-dimP, (E)

given any value of 7, let M = {mi}?:?m""(E)]k be a scaled monomial basis of [IP’,C_I(E)]2 and let C = {curlr;},_ e e
a basis of curl (IP’k+ . (E)\P, (E)). Let B be the matrix with the following block structure
B EZ—I Elcc)—l (73)
= X ,
Ck,fE 0
where
. . 2
(E),, = (V(p?,m,-)b_ , Vi=1,...dim [P, (B)]” ,j=1,....kNg
o o . . 2, .
(E.,),, = (V(p].,m,-)E . Vi=l..dim [P (E),j=1,...dimP,_, (E) (74)

(Cffff>,-,,~ = (VoJ-tr) . VislodimP,,, (E)=dimP, (E).j=1.....kNp

We notice that the matrices EZ_I and E}_| are used in the computation of the standard projector of the stabilized VEM method and
that our approach requires the additional computation of the matrix C,f p that involves only 1D boundary integrals. Hence, the

matrix IT representing the projection defined in (14) is the solution of the matrix equation
GIl =B, (75)

where G is the mass matrix of the polynomial basis M U C. In order to get a stable scheme, we need to ensure that the rank of IT
is at least kNy + @ — 1, and since G is symmetric and positive definite, this is guaranteed if the rank of B is kN + 240 _ 1,
Following [17], we employ an incremental Q-less QR decomposition of B, with increasing polynomial degrees, which is described

in Algorithm 1. First, we set ¢ to be the smallest integer satisfying
dimP,,, >dimVVE, < (fp+k+1)(lp+k+2)>2kNg, (76)

which is a necessary condition for the injectivity of 1772'5 V. We then compute the B matrix corresponding to ¢ and the factor
R of an Householder QR-decomposition of B. The rank of B is then computed as the number of diagonal elements of R that are
greater than a chosen threshold (that we chose equal to e — 11). If the rank is not large enough, we compute additional rows of the
right-hand side corresponding to homogeneous polynomials of degree # + 1 and we update the R matrix by using Givens rotations
on the additional rows, until we reach the desired rank. Notice that the computational cost of the algorithm is equivalent to the one
of computing the R matrix of a QR decomposition of the final right-hand side. Applying Algorithm 1, we identify the minimum ¢
providing numerically the coercivity and the corresponding right-hand side B. Then, we compute the matrix G and solve (75).

Remark 7. Notice that considering the second decomposition of P, in (13) together with Lemma 2, we can rewrite Algorithm
1 computing the incremental QR decomposition only for the basis functions {(p? }fivf related to the boundary degrees of freedom.

7. Numerical results

In this section, we first carry out a numerical investigation on the stability of the method given by the application of Algorithm
1 on different sets of polygons, then we present some convergence tests. In all the numerical tests we use the following definition
of the scalar monomial basis of P, (E):

x—xg\%
m; 1= <2 7 E) s i=1,...,n.
E

In particular, the factor 2 allows for a dramatic reduction of the ill-conditioning of the matrix, as shown in [32]. These monomials
are also used in the definition of internal degrees of freedom.

7.1. Coercivity tests

We here take into consideration elements with different polygonal shape and we apply Algorithm 1 to get a stable local discrete
bilinear form. Then, we build the corresponding local stiffness matrix A related to the local discrete bilinear form af . In all the
tests, we report the square root of the smallest non-vanishing singular value o to estimate the square root of the coercivity constant
in Theorem 1. For each set of polygons, we perform this test for k = 2,3,4. Analogous tests for k = 1 are performed in [17], where

a lowest-order version of the scheme is introduced.

7.1.1. Regular polygons

) ) Ng
We first consider the test case of regular polygons whose vertices are given by the set {cos (%) ,sin (%) } *. The results
E E i=1
for the cases k = 2,3,4 are reported in Tables 1, 2, 3, respectively. !

7.1.2. Concave polygons
Now, we consider the set of concave polygons depicted in Fig. 1. The results for the cases k = 2, 3,4 are reported in Tables 4, 5,

6, respectively.

14
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Table 1
Regular polygons, k = 2. Values of #, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ny 3 4 5 6 7 8 9 10

g 1(0) 2 (1) 3 (D) 4(2) 5(2) 6 (3) 7(3) 8 (3)
op 6.5e-01 7.0e-01 6.8e-01 6.5e-01 6.2e-01 5.9e-01 5.6e-01 5.3e-01
Ng 11 12 13 14 15 16 17 18

‘p 94 10 (4 11 4 12 (4 13 (5) 14 (5) 15 (5) 16 (5)
op 5.1e-01 4.9e-01 4.8e—-01 4.6e—01 4.5e-01 4.3e-01 4.2e—01 4.1e-01
Table 2

Regular polygons, k = 3. Values of ¢, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 3 4 5 6 7 8 9 10

‘r 0 (0) 1) 2 () 3 (2) 4 (2) 5(3) 6 (3) 7 (4
op 4.5e-01 3.9e-01 3.1e-01 2.5e-01 2.8e-01 2.4e-01 2.3e-01 2.0e-01
Ng 11 12 13 14 15 16 17 18

g 8 (4) 94 10 (5) 11 (5) 12 (5) 13 (6) 14 (6) 15 (6)
op 2.1e-01 1.9e-01 1.9e-01 1.7e-01 1.8e-01 1.7e-01 1.7e-01 1.6e-01
Table 3

Regular polygons, k = 4. Values of #, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 3 4 5 6 7 8 9 10

lr 1 (0) 2 (1) 3 42 5(2) 6 (3) 73 8 (4)
oE 4.6e-01 4.8e-01 4.2e-01 3.4e-01 2.7e-01 2.3e-01 2.0e-01 1.7e-01
Ng 11 12 13 14 15 16 17 18

‘r 94 10 (5) 11 (5) 12 (6) 13 (6) 14 (6) 15 (7) 16 (7)
op 1.5e-01 1.4e-01 1.2e-01 1.1e-01 1.0e-01 9.4e—02 8.8e—02 8.2e—02

<V PO+
Y Do gl
0P € G 3K

Fig. 1. Concave polygons with N ranging from 4 to 18.

7.1.3. Convex polygons

We here consider the set of convex polygons shown in Fig. 2. In Tables 7, 9, 11, we report the results for k = 2, 3,4, respectively.
The tables show that in cases of elements with a lot of edges, the value of o might be small. In Tables 8, 10, and 12 we show that,
increasing the value of #; by one, we can enlarge the value of o. In Table 12 we report also the effect of increasing 7 by two,
we note an increasing behavior of o w.r.t. Z.

7.1.4. Hexagon with aligned edges
We consider the set of hexagonal-shape elements with aligned edges depicted in Fig. 3. We perform the test for different order
of the method, k = 2,3,4, and we collect the results in Tables 13, 14, 16, respectively.
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Table 4
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Concave polygons, k = 2. Values of ¢, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 4 5 6 7 8 9 10 11

g 1) 1) 3(2) 2 (2) 4 (3) 3 (3) 5 (3) 4 (4)
op 3.9e-01 3.5e-02 4.2e-01 1.1e-01 3.9e-01 6.2e—02 3.6e-01 6.4e—02
Ng 12 13 14 15 16 17 18

Cp 6 (4) 4.(4) 7 (4 5 (5) 8 (5) 5 (5) 9 (5)

op 3.2e-01 2.9e-02 2.5e-01 8.9e-02 1.9e-01 1.4e-02 1.5e-01
Table 5

Concave polygons, k

= 3. Values of ¢, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 4 5 6 7 8 9 10 11

‘r 1) 2 (1) 3 (2 3(2) 5 (3) 3(3) 6 (4 44
or 2.1e-01 1.8e-01 2.8e-01 1.1e-01 3.1e-01 9.2e—04 2.8e-01 6.3e-03
Ng 12 13 14 15 16 17 18

Cp 7 4 5 (5) 8 (5) 6 (5) 9 (6) 6 (6) 10 (6)

op 2.3e-01 1.6e—02 1.6e-01 2.4e-02 1.1e-01 6.3e-03 8.3e-02
Table 6

Concave polygons, k = 4. Values of ¢, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 4 5 6 7 8 9 10 11
tr 1) 2 (1) 3(2 22 43 33 6 (4) 44
o 7.2e~02 5.8e—02 7.1e-02 2.3e-03 6.3e—02 6.1e-04 2.4e-02 5.3e-04
Ng 12 13 14 15 16 17 18

lr 8 (5) 5(5) 9 (6) 6 (6) 10 (6) 7 (7) 11 (7)

o 1.8e-01 9.1e-04 1.2e-01 2.9e-03 8.0e—02 2.8e-03 5.4e-02

UL/ ES
A g X g
OO

Fig. 2. Convex polygons with N ranging from 3 to 18.

Table 7
Convex polygons, k = 2. Values of 7, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 3 4 5 6 7 8 9 10

‘r 1 (0) 1) 1) 22 2(2) 33 33 3(3)
o 5.0e-01 2.8e-01 1.0e-03 7.9e—02 2.9e-02 2.8e—02 1.3e-02 7.2e—05
Ny 11 12 13 14 15 16 17 18

tp 44 44 44 44 5 (5) 5 (5) 5 (5) 5 (5)
op 5.0e-04 1.0e-04 2.5e-04 2.2e-07 2.8e-04 1.6e-05 9.5e-07 1.9¢-08
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Table 8
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Convex polygons, k = 2. Increased values of # with respect to Table 7, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ny 14 14 N 17 17 Ny 18 18
‘p 4@ 54 Cr 5 () 6 (5) g 5 (5) 6 (5)
op 2.2e-07 6.6e—04 op 9.5e-07 1.6e—04 op 1.9e-08 9.9e-05
Table 9

Convex polygons, k = 3. Values of #, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

N 3 4 5 6 7 8 9 10
lr 0 (0) 1 (1) 2 (1) 2(2) 3(2) 3(3) 313 4@
op 3.4e-01 4.1e-02 8.3e—03 3.6e—02 3.1e-02 2.2e-03 7.2e—04 5.8e—06
Ng 11 12 13 14 15 16 17 18

lr 4 (4 5 (4) 5 (5) 5 (5) 6 (5) 6 (6) 6 (6) 6 (6)
o 7.9e—05 2.7e-06 7.6e—05 9.7e—07 1.9e-05 3.1e-07 6.1e—08 5.2e—08
Table 10

Convex polygons, k = 3. Increased values of ¢, with respect to Table 9, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ny 14 14 Ny 16 16

Cp 5 (5) 6 (5) p 6 (6) 7 (6)

op 9.7e-07 2.3e-04 op 3.1e-07 8.9e-06

Ny 17 17 N 18 18 18

g 6 (6) 7 (6) ‘g 6 (6) 7 (6) 8(6)

op 6.1e-08 2.3e-06 op 5.2e-08 5.5e-07 1.3e-05
Table 11

Convex polygons, k = 4. Values of #, given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

N 3 4 5 6 7 8 9 10

tr 1 (0) 1 (1) 1M 22 2(2) 313 33 44

op 3.5e-01 2.9e-02 2.2e-06 1.6e—-02 1.6e-05 1.1e-04 3.6e—05 7.4e~07

Ng 11 12 13 14 15 16 17 18

Cp 44 5 (5) 5 (5) 6 (6) 6 (6) 6 (6) 7 (7) 7 (7)

o 1.9e-06 2.6e—06 1.5e-06 2.7e-06 1.6e-06 7.9e~08 2.4e-07 1.1e-07
Table 12

Convex polygons, k = 4. Increased values of 7, with respect to Table 11, in parentheses the smallest value
satisfying the necessary condition (76), and computed value of o.

Ny 10 10 Ny 16 16 16
‘r 4 (4 5(4) Cr 6 (6) 7 (6) 8 (6)
op 7.4e-07 1.8e-05 op 7.9e-08 2.6e-07 7.6e-06
N 17 17 Ny 18 18 18

Cr 7 (7) 8 (7) tr 7 () 8 (7) 97
or 2.4e-07 2.8e—06 op 1.1e-07 4.9e-07 1.5e-05

As in previous cases, Tables 14 and 16 show that in the cases of elements with a lot of edges, the computed o, might be small.
In this cases, increasing the value of # we obtain larger o, as depicted in . In particular, for k = 4 we provide Table 17 with the
values of 7 such that the values of o are larger than 1e—06.

7.1.5. Triangle with aligned edges
Finally, we take into consideration the case of the triangles with aligned edges shown in Fig. 4. The singular values o5 and the

computed ¢ are shown in Tables 18, 19, 20 for the cases k = 2,3, 4, respectively.

7.2. Convergence tests

In this section, we perform three tests solving problem (1) on the unit square, tessellated by three families of meshes. The first
is made by cartesian meshes, labeled Cartesian and shown in Fig. 5(a). The second sequence, depicted in Fig. 5(b) and labeled
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d 4 d d 44
d d d d d

Fig. 3. Hexagons with aligned edges with N ranging from 7 to 18.

Table 13

Hexagon with aligned edges, k = 2. Values of £ given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 7 8 9 10 11 12 13 14

g 2(2) 313 313 33 4 (4) 44 4@ 5@
op 5.8e-03 1.1e-02 9.5e-03 3.4e-03 2.8e-02 1.5e-02 2.1e-04 1.7e-04
Ny 15 16 17 18

73 5 (5) 5(5) 6 (5) 6 (5)

op 1.7e-04 1.1e-04 6.5e—04 5.2e-04

Table 14

Hexagon with aligned edges, k = 3. Values of £ given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 7 8 9 10 11 12 13 14
g 32 313 313 44D 4 (4) 5@ 5 (5 6 (5)
op 6.5e-03 5.6e-05 2.0e-07 1.4e-04 3.2e-06 5.8e-04 1.6e-06 1.4e-07
Ny 15 16 17 18
73 6 (5) 7 (6) 7 (6) 8 (6)
op 6.3e—08 4.7e-07 1.3e-07 2.1e-06

Table 15

Hexagon with aligned edges, k = 3. Increased values of #, with respect to Table 14, in parentheses the smallest value
satisfying the necessary condition (76), and computed value of o.

N, 9 9 N 14 14 N 16 16

g 33 413 g 6 (5) 7 (5) r 7 (6) 8 (6)

op 2.0e-07 2.3e-04 op 1.4e-07 1.1e-06 op 4.7e—-07 3.8e—-06

N, 15 15 15 Ny 17 17

Cp 6 (5) 7 (5) 8 (5) ‘p 7 (6) 8 (6)

o 6.3e—08 7.4e-07 5.6e—06 op 1.3e-07 3.7e-06
Table 16

Hexagon with aligned edges, k = 4. Values of # given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ny 7 8 9 10 11 12 13 14

g 312 43 4(3) 44 54 5 (5) 7 (5) 8 (6)
op 3.0e-04 1.4e-06 5.2e-07 3.0e-07 1.0e—-06 3.6e—07 1.5e-06 3.2e-07
Ng 15 16 17 18

Ck 8 (6) 9 (6) 9 9(7)

op 3.2e-07 1.7e-07 1.4e-07 2.0e-07
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Table 17
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Hexagon with aligned edges, k = 4. Increased values of # with respect to Table 16, in parentheses the smallest value satisfying
the necessary condition (76), and computed value of .

Ng 7 8 9 10 11 12 13 14
‘g 3(2 43 5(3) 54 5@ 6 (5) 7 (5) 13 (6)
op 3.0e-04 1.4e-06 6.7e—-06 4.8e-06 1.0e-06 1.4e-05 1.5e-06 2.4e-06
Ny 15 16 17 18
‘r 12 (6) 13 (6) 12 (7) 13 (7)
og 1.4-06 1.6e—-06 1.2e-06 1.2e-06
Fig. 4. Triangles with aligned edges with N ranging from 4 to 18.
Table 18

Triangles with aligned edges, k = 2. Values of ¢ given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 4 5 6 7 8 9 10 11
Cr 1) 2 3(2) 32 4(3) 5(3) 5@ 6 (4
o 3.7e-01 4.1e-01 3.9e-01 2.1e-01 2.4e-01 3.3e-01 1.0e-01 1.1e-01
Ng 12 13 14 15 16 17 18
Ck 7@ 7 (4) 84 9 (5) 9 (5) 10 (5) 11 (5)
o 2.9e-01 4.3e-02 4.6e—02 2.0e-01 1.7e-02 1.7e-02 1.0e-01

Table 19

Triangles with aligned edges, k = 3. Values of ¢ given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 4 5 6 7 8 9 10 11
g 2 (1) 3 () 4(2) 5(2) 6 (3) 6 (3) 84 94
op 2.5e-01 2.8e-01 3.2e-01 9.5e-02 1.0e-01 7.1e-02 2.6e-02 2.6e-02
Ng 12 13 14 15 16 17 18
‘g 10 (4 11 (5) 12 (5) 12 (5) 14 (6) 15 (6) 16 (6)
op 1.2e-01 6.1e-03 6.0e-03 4.5e-03 2.6e-03 1.8e-03 1.2e-02

Table 20

Triangles with aligned edges, k = 4. Values of ¢ given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of o.

Ng 4 5 6 7 8 9 10 11

‘r 3(D) 41 5(2) 7 (2) 8 (3) 9(3) 11 & 12 (4
op 1.6e-01 1.7e-01 2.8e—01 4.0e—-02 4.0e—02 1.5e-01 5.8e-03 4.6e—03
Ng 12 13 14 15 16 17 18

[ 13 (5) 15 (5) 16 (6) 17 (6) 21 (6) 21 (7) 21 (7)

oE 3.9e-02 3.3e-03 7.1e-03 1.6e-02 1.7e-01 1.8e-01 1.3e-01
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(a) Cartesian (b) Concave (c) Polymesher

Fig. 5. Meshes used for convergence tests.

~Polymesher -Concave ~Polymesher -=-Concave ~Polymesher -=-Concave
- Cartesian - Cartesian - Cartesian
1073
5
10-2 “\\\ 10
—4 .
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= = =07
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1079
1071410716108 1072 1072210724 1071410716108 1072 1072210724 107141071610718 1072 1072210724
h h
(a) k=2 (b) k=3 (c)k=14

Fig. 6. Test 1: Convergence plots.

Concave, is made by pentagons, half of which are concave. Finally, the last family, shown in Fig. 5(c) and labeled Polymesher,
is made by convex polygons, obtained using Polymesher [33].

For each test, we compute the discrete solution u; for various orders of the method, in particular k¥ = 2,3,4, and show the
convergence curves of Energy and L? errors, that we measure as follows

2 2
\/E(VHV‘Euh —Vu) y(HV’Euh —u)
‘ k L2(E) \/_ k L2(E)
\/EV 2 2
[VETul s g, + [ VP oo
2
V.E
2rem, ”nk Yo = u”LZ(E)
llull?

L2(2)

ZEEM;,

"

Energy error? =

L? error’ =

The discrete solution u,, is obtained selecting locally on each polygon E the value ¢ as described in Section 6, using the value of
¢ provided by Algorithm 1.

7.2.1. Test 1
Let us consider problem (1) with

1 0 1
=y 9 =) oo

and the forcing term being such that the exact solution is u,,(x, y) = sin(2zx) sin2zy) + x. We consider Dirichlet conditions on 92
according to the exact solution. In Fig. 6, we report the trend of the Energy and L? errors for all the families of meshes considered.
The results are a numerical confirmation of the convergence rates proved in Section 5.

7.2.2. Test 2

. 103
Now, we want to analyze problem (1) where K = <8 10

0
set Dirichlet boundary conditions and the forcing term such that the exact solution results u,,(x, y) = 10 2xy(1 —x)(1 — y)(e2** — 1). We
compare the results given by the proposed method with the ones perfomed using a standard VEM method [2], where the discrete

1> is an anisotropic diffusivity tensor, f= (0 0)" and y = 0. We
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E o:
,, with

0,E 0,E V,E V,E
af (up,vy) = (ICHk_quh,Hk_IVvh)E + Kl oy SE ((I—Hk tps (I=11 )vh> 77

problem is given by substituting in (25) the definition of the local bilinear form a

and SF:VE xVE — R denotes the local dofi-dofi stabilizing bilinear form
SE (upvp) = xEp) - xEy) Vuy, 0, € V;Ek,

with y£(v,) defined as the vector of degrees of freedom of v, on E. This stabilization is chosen since it is the most widely used in
the VEM literature. In Fig. 7, we report the results obtained by the two methods in the case k = 2. In the captions, we refer to the
proposed method with the acronym SFVEM and to the standard method with VEM. We observe that standard VEM displays larger
errors in the case of Polymesher mesh, whereas the two methods behave equivalently in the case of Concave and Cartesian
meshes. As also discussed in [18], these results can be related to the isotropic nature of the stabilization term, that can induces
larger error when the mesh is not aligned with the principal directions of the anisotropy.

7.2.3. Test 3

. . . . . 1 0
With the same purpose of the previous test case, we now take into consideration a case where K = <0 6251 074>,

B =(0 0)T and y = 0. We impose Dirichlet boundary conditions and the forcing term such that the exact solution results
U, (x,y) = sin(2zx) sin(807ry). We depict the convergence results for the two analyzed methods with k = 2 in Fig. 8. We observe that
as in the previous test, differences between the two methods’ behavior appear when the mesh is not aligned with the anisotropy,
i.e. when Polymesher meshes are used. Moreover, due to the very strong anisotropy of the solution, we see in 8(a) and 8(b) that
the proposed method reaches the expected asymptotic regime before the standard VEM.

Conclusions

In this work, we propose a high-order virtual element scheme for a 2D second order elliptic equation, that do not require an
arbitrary stabilizing term. It is based on the definition of high-order polynomial projections that induce the existence of consistent
and stable bilinear forms. The well-posedness is proved and optimal a priori error estimates are derived, identifying a necessary
and sufficient condition on the projection polynomial space. We propose an algorithm to provide the polynomial projection degree
ensuring stability, based on a local incremental QR decomposition. Numerical tests on polygons with several different shapes confirm
the local stability of the method and validate the proposed algorithm. Finally, we perform convergence test to assess the robustness
of the proposed method, especially in problems characterized by anisotropic diffusion and solutions. We compare the performance
with a stabilized VEM scheme and results on meshes that are not aligned with anisotropies show that a structure-preserving scheme
can reduce the magnitude of the error and help convergence.
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Fig. 7. Test 2: Convergence plots. In each figure, the y-axis on the left refers to the errors, while the y-axis on the right refers to the ratio between the errors

made by the two methods.

22



S. Berrone et al. Computer Methods in Applied Mechanics and Engineering 438 (2025) 117839

= L2 error - VEM =17 error - SFVEM -=Energy error - VEM --Energy error - SFEVEM

Aratio VEI\/[/SFVENI aratio VE]\I/SFVEI\’I
100 [ B 3 10() L ‘ ‘ ‘ ‘ i 3
1070.3 L 1
12 19
o100 I,
10 e e : : : : ‘
1071210741076 10718 10 1071210714 1071610718 1072
h h
(a) Polymesher (b) Polymesher
=12 error - YEM ~L? error - SFEVEM -=Energy error - VEM -=-Energy error - SFVEM
“ratio VE]\I/SFVE]\/I sratio VE]\T/SFVE]\’I
100 F | 3 10() L 13
107 ]
ED) 19
1071 L
1072,
11 11
1040 "0 101810210 240 24 1019010160 1510210290 2+
h h
(c) Concave (d) Concave
+L? error - VEM =L error - SFVEM -=Energy error - VEM  --Energy error - SFVEM
“ratio VEM/SFVEM “ratio VEM/SFVEM
10°) B 100F — I3
1071,
2 101! 12
1072
—30
10 1 1072 1
1071 1072
h
(e) Cartesian (f) Cartesian
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