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A B S T R A C T

The problem of multi-task regression over graph nodes has been recently approached through Graph-Instructed
Neural Network (GINN), which is a promising architecture belonging to the subset of message-passing graph
neural networks. In this work, we discuss the limitations of the Graph-Instructed (GI) layer, and we formalize
a novel edge-wise GI (EWGI) layer. We discuss the advantages of the EWGI layer and we provide numerical
evidence that EWGINNs perform better than GINNs over some graph-structured input data, like the ones
inferred from the Barabási-Albert graph, and improve the training regularization on graphs with chaotic
connectivity, like the ones inferred from the Erdos–Rényi graph.
1. Introduction

Graph Neural Networks (GNNs) are powerful tools for learning
tasks on graph-structured data [1], such as node classification [2], link
prediction, or graph classification. Their formulation traces back to
the late 2000s [3–5]. In the last years, GNNs have received increasing
attention from the research community for their application in biol-
ogy [6], chemistry [7,8], finance [9], geoscience [10], computational
social science [11], and particle physics [12], to name a few. Among
the available models in the literature, we mention Graph ConvNet,
GraphSage, and Graph Attention Networks as models for tasks such
as graph, node, or edge classification, or for graph regression [13,14].
Yet, the community has neglected the applications concerning the
Regression on Graph Nodes (RoGN) learning task. Indeed, to the best
of the authors’ knowledge, the most used benchmarks do not include
datasets for this task [13,14]. Nonetheless, there is an increasing inter-
est in RoGN, especially among researchers working on physics-based
simulations where, for example, predictions on mesh or grid nodes are
performed (see for example [15]).

RoGN can be stated as multi-task regression, where the input data
are endowed with a graph structure. The benchmark models for multi-
task regression are Fully Connected Neural Networks (FCNNs). Re-
cently, a new type of layer for GNNs has been developed in [10],

∗ Corresponding author at: Department of Mathematical Sciences, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129, Turin, Italy.
E-mail address: francesco.dellasanta@polito.it (F. Della Santa).

belonging to the class of message-passing GNNs [8]. From now on
we will refer to these layers as Graph-Instructed (GI) layers; Graph-
Instructed NNs (GINNs) are built by stacking GI layers. GINNs have
demonstrated good performance on RoGN, showing better results than
FCNNs, as illustrated in [10]. Although the GINN architecture has been
specifically designed for RoGN, the usage of GI layers has been recently
extended to supervised classification tasks (see [16]).

We point the reader to the fact that in [10] GI layers and GINNs
are denoted as Graph-Informed layers and Graph-Informed NNs, re-
spectively. In [17], in a different framework from the one addressed
in [10], a homonymous but different model is presented; therefore, to
avoid confusion with [17], we have changed the names of both layers
and NNs.

GI layers are based on a weight-sharing principle, such that their
weights rescale the outgoing message from each node. In this paper,
to improve the generalization capability of their inner-layer repre-
sentation, we introduce Edge-Wise Graph-Instructed (EWGI) layers,
characterized by additional weights (associated with graph nodes) that
enable the edge-wise customization of the passage of information to
each receiving node.

We compare the Edge-Wise GINN (EWGINN) with the GINN in the
experimental settings originally used in [10] for validating the models;
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Received 13 September 2024; Received in revised form 3 December 2024; Accepte
vailable online 2 January 2025 
877-7503/© 2025 The Authors. Published by Elsevier B.V. This is an open access a
d 26 December 2024

rticle under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/jocs
https://www.elsevier.com/locate/jocs
https://orcid.org/0000-0002-2202-9600
https://orcid.org/0000-0002-8823-0163
https://orcid.org/0000-0002-0077-6285
https://orcid.org/0000-0002-0610-9168
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
https://github.com/Fra0013To/GINN/tree/ewginn_dev/experiments/ewginn_paper_2024
mailto:francesco.dellasanta@polito.it
https://doi.org/10.1016/j.jocs.2024.102518
https://doi.org/10.1016/j.jocs.2024.102518
http://creativecommons.org/licenses/by/4.0/


F. Della Santa et al.

o

a
o
b

l
t
t

𝑤

s
b
f
I
t

𝑣

n
n
o

c

(

t
G

l

t

c
i
p

s

Journal of Computational Science 85 (2025) 102518 
these settings are RoGN tasks on two stochastic flow networks based
on a Barabási-Albert graph and an Erdos–Rényi graph, respectively.
In particular, we show that EWGINNs perform better on the Barabási-
Albert connectivity structure, with a small increment of the number of
learning weights.

The work is organized as follows: in Section 2 the GI layers are
introduced, recalling their inner mechanisms. Section 3 formally de-
fines EWGI layers and theoretically discusses their properties. Then, in
Section 4, we analyze the experiment results for the RoGN tasks, com-
paring with the previous literature [10]. Finally, Section 5 summarizes
ur work and discusses future improvements and research directions.

2. Graph-instructed layers

This section briefly reviews previous GINNs to establish the frame-
work for introducing our main contribution. Graph-Instructed (GI)
Layers are NN layers defined by an alternative graph-convolution oper-
ation introduced in [10]. Given a graph 𝐺 (without self-loops) and its
djacency matrix 𝐴 ∈ R𝑛×𝑛, a basic GI layer for 𝐺 is a NN layer with
ne input feature per node and one output feature per node described
y a function 𝐺 𝐼 ∶ R𝑛 → R𝑛 such that

𝐺 𝐼 (𝒙) = 𝝈
(

(diag(𝒘)(𝐴 + I𝑛))𝑇 𝒙 + 𝒃
)

, (1)

for each vector of input features 𝒙 ∈ R𝑛 and where:

• 𝒘 ∈ R𝑛 is the weight vector, with the component 𝑤𝑖 associated
to the graph node 𝑣𝑖, 𝑖 = 1,… , 𝑛.

• diag(𝒘) ∈ R𝑛×𝑛 is the diagonal matrix with elements of 𝒘 on the
diagonal and I𝑛 ∈ R𝑛×𝑛 is the identity matrix. For future reference,
we set 𝑊 ∶= diag(𝒘)(𝐴 + I𝑛);

• 𝝈 ∶ R𝑛 → R𝑛 is the element-wise application of the activation
function 𝜎;

• 𝒃 ∈ R𝑛 is the bias vector.
In brief, Eq. (1) is equivalent to the action of a Fully-Connected (FC)

ayer where the weights are the same if the connection is outgoing from
he same unit, whereas it is zero if two units correspond to graph nodes
hat are not connected; more precisely:

̂𝑖𝑗 =

{

𝑤𝑖, if 𝑎𝑖𝑗 ≠ 0 or 𝑖 = 𝑗
0, otherwise

,

where 𝑎𝑖𝑗 , 𝑤̂𝑖𝑗 denote the (𝑖, 𝑗)-th element of 𝐴,𝑊 , respectively.
On the other hand, from a message-passing point of view, the

operation described in (1) is equivalent to having each node 𝑣𝑖 of 𝐺
ending to its neighbors a message equal to the input feature 𝑥𝑖, scaled
y the weight 𝑤𝑖; then, each node sum up all the messages received
rom the neighbors, add the bias, and applies the activation function.
n a nutshell, the message-passing interpretation can be summarized by
he following node-wise equation:

𝑥′𝑖 =
∑

𝑗∈Nin(𝑖)∪{𝑖}
𝑥𝑗 𝑤𝑗 + 𝑏𝑖, (2)

where 𝑥′𝑖 is the output feature of the GI layer corresponding to node
𝑖 and Nin(𝑖) is the set of indices such that 𝑗 ∈ Nin(𝑖) if and only if

𝑒𝑖𝑗 = {𝑣𝑖, 𝑣𝑗} is an edge of the graph. We dropped the action of the
activation function 𝜎 for simplicity.

Layers characterized by (1) can be generalized to read any arbitrary
umber 𝐾 ≥ 1 of input features per node and to return any arbitrary
umber 𝐹 ≥ 1 of output features per node. Then, the general definition
f a GI layer is as follows.

Definition 2.1 (GI Layer — General form [10]). A GI layer with 𝐾 ∈ N
input features and 𝐹 ∈ N output features is a NN layer with 𝑛𝐹 units
onnected to a layer with outputs in R𝑛×𝐾 and having a characterizing

function 𝐺 𝐼 ∶ R𝑛×𝐾 → R𝑛×𝐹 defined by

𝐺 𝐼 (𝑋) = 𝝈
(

𝐖̃
𝑇 ver t cat (𝑋) + 𝐵

)

, (3)

where:
 t

2 
• 𝑋 ∈ R𝑛×𝐾 is the input matrix (i.e., the output of the previ-
ous layer) and ver t cat (𝑋) denotes the vector in R𝑛𝐾 obtained
concatenating the columns of 𝑋;

• tensor 𝐖 ∈ R𝑛𝐾×𝐹×𝑛 is the concatenation along the 2nd dimen-
sion (i.e., the column-dimension) of the matrices 𝑊 (1),… ,𝑊 (𝐹 ),
defined as

𝑊 (𝑙) ∶=
⎡

⎢

⎢

⎣

𝑊 (1,𝑙)

⋮
𝑊 (𝐾 ,𝑙)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

diag(𝒘(1,𝑙))𝐴
⋮

diag(𝒘(𝐾 ,𝑙))𝐴

⎤

⎥

⎥

⎦

∈ R𝑛𝐾×𝑛, (4)

for each 𝑙 = 1,… , 𝐹 , after being reshaped as tensors in R𝑛𝐾×1×𝑛.
Vector 𝒘(𝑘,𝑙) ∈ R𝑛 is the weight vector characterizing the con-
tribution of the 𝑘-th input feature to the computation of the 𝑙-th
output feature of the nodes, for each 𝑘 = 1,… , 𝐾, and 𝑙 = 1,… , 𝐹 ;
matrix 𝐴 denotes 𝐴 + I𝑛.

• the operation 𝐖̃
𝑇 ver t cat (𝑋) is a tensor-vector product and 𝐵 ∈

R𝑛×𝐹 is the matrix of the biases.

Additionally, pooling and mask operations can be added to GI layers
see [10] for more details).

From now on, we call Graph-Instructed Neural Network (GINN) a NN
made of GI layers [10]. We point out that the number of weights of
a GI layer is equal to 𝑛𝐾 𝐹 + 𝑛𝐹 . On the other hand, the number of
weights of a FC layer of 𝑛 units, reading the outputs of a layer of 𝑚
units, is equal to 𝑚𝑛 + 𝑛; therefore, if we consider the case of 𝑚 = 𝑛
and 𝐾 𝐹 + 𝐹 < 𝑛 + 1 (typically satisfied for sufficiently large graphs),
GI layers have fewer weights to be trained compared with the FC layer.
Moreover, we observe that adjacency matrices are typically sparse and,
therefore, the tensor 𝐖 in (7) is typically sparse too. Then, it is possible
o exploit the sparsity of this tensor to reduce the memory cost of the
INN implementation.

3. Edge-wise graph-instructed layers

A possible drawback of GI layers is that their weights rescale
only the outgoing information of the nodes. For example, if nodes 𝑣𝑗
and 𝑣𝑘 are connected to node 𝑣𝑖 in a graph 𝐺 = (𝑉 , 𝐸) such that
(𝑣𝑖, 𝑣𝑗 ), (𝑣𝑖, 𝑣𝑘) ∈ 𝐸, then the units corresponding to 𝑣𝑗 and 𝑣𝑘 in a GI
ayer based on 𝐺 receive the same contribution from the input features

corresponding to node 𝑣𝑖; moreover, if nodes 𝑣𝑗 , 𝑣𝑘 have the same
neighbors, the GI layer’s outputs corresponding to these nodes are the
same except for the contribution of the bias and the contribution from
hemselves. This property is useful to reduce the number of weights per

layer and, depending on the complexity of the target function defined
on the graph nodes, it is not necessarily a limitation. Nonetheless, it
surely limits the representational capacity of the model. Therefore,
some target functions can be too complicated to be modeled by GI
layers.

Given the observation above, it is useful to define a new GI layer
apable of improving the capacity of the model at a reduced cost
n terms of the total number of trainable weights. In this work, we
ropose to modify the classic GI layers by adding an extra set of weights

associated with the nodes to rescale their incoming information. In
brief, given the node-wise Eq. (1), we change it into

𝑥′𝑖 = 𝑤in
𝑖

∑

𝑗∈Nin(𝑖)∪{𝑖}
𝑥𝑗 𝑤

out
𝑗 + 𝑏𝑖, (5)

where 𝑤out
𝑗 denotes the (old) weights for rescaling the outgoing infor-

mation from node 𝑣𝑗 , while 𝑤in
𝑖 denotes the (new) weights for rescaling

the incoming information to node 𝑣𝑖 (see Fig. 1).
A NN layer based on (5) is a layer with one input feature per node

and one output feature per node, described by a function  ∶ R𝑛 → R𝑛

uch that

(𝒙) = 𝝈
(

(diag(𝒘out )(𝐴 + I𝑛) diag(𝒘in))𝑇 𝒙 + 𝒃
)

(6)

for each vector of input features 𝒙 ∈ R𝑛 and where 𝒘out ,𝒘in ∈ R𝑛 are
he weight vectors, where the components 𝑤out , 𝑤in are associated to
𝑖 𝑖
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Fig. 1. Visual representation of (5). Example with 𝑛 = 4 nodes (non-directed graph),
𝑖 = 1; for simplicity, the bias is not illustrated.

the graph nodes 𝑣𝑖, for each 𝑖 = 1,… , 𝑛. For future reference, from now
on, we set 𝑊 ∶= diag(𝒘out )(𝐴 + I𝑛) diag(𝒘in).

In brief, (6) is equivalent to a FC layer where the weights are zero
if two distinct units correspond to graph nodes that are not connected,
otherwise 𝑤̂𝑖𝑗 = 𝑤out

𝑖 𝑤in
𝑗 if 𝑒𝑖𝑗 ∈ 𝐸 or 𝑖 = 𝑗. Therefore, we observe that

each weight 𝑤̂𝑖𝑗 = 𝑤out
𝑖 𝑤in

𝑗 is associated with the edge 𝑒𝑖𝑗 = (𝑣𝑖, 𝑣𝑗 ) in
the graph or the self-loop added by the layer (if 𝑖 = 𝑗). Given the above
observations, we can interpret (6) as the operation of a NN layer with
weights associated with edges instead of nodes. Then, we define the
new layer as Edge-Wise GI (EWGI) Layer.

Remark 3.1 (EWGI Layers — Advantages of the Formulation). Note
that in principle EWGI layers could be defined by associating an in-
dependent weight 𝑤̂𝑖𝑗 to each edge of 𝐺 and each added self-loops.
Nonetheless, the approach here proposed exhibits the following advan-
tages:

• If 𝐺 is a directed graph, we have that 𝑛 − 1 < |𝐸| < 𝑛2 −
𝑛; therefore, for the independent weight formulation the total
number of weights is in the range [2𝑛 − 1, 𝑛2] (biases excluded).
On the other hand, in (6) the number of weights is always equal
to 2𝑛 (biases excluded).

• If 𝐺 is an undirected graph, we have 𝑛 − 1 < |𝐸| < (𝑛2 −
𝑛)∕2; therefore, for the independent weight formulation the total
number of weights is in the range [2𝑛 − 1, 𝑛 + (𝑛2 − 𝑛)∕2] (biases
excluded). On the other hand, in (6) the number of weights is
always equal to 2𝑛 (biases excluded).

The advantage of using formulation (6) is therefore evident: indepen-
dently of the number of graph edges, the number of weights is always
2𝑛, which is essentially the lower bound of the number of weights in
the other formulation.

Analogously to classic GI layers, EWGI layers can be generalized to
read any arbitrary number 𝐾 ≥ 1 of input features per node and to
return any arbitrary number 𝐹 ≥ 1 of output features per node. Then,
the general definition of a EWGI layer is as follows.

Definition 3.1 (EWGI Layer — General Form). An EWGI layer with 𝐾 ∈
N input features and 𝐹 ∈ N output features is a NN layer with 𝑛𝐹 units
connected to a layer with outputs in R𝑛×𝐾 and having a characterizing
function 𝐸 𝑊 𝐺 𝐼 ∶ R𝑛×𝐾 → R𝑛×𝐹 defined by

𝐸 𝑊 𝐺 𝐼 (𝑋) = 𝝈
(

𝐖̃
𝑇 ver t cat (𝑋) + 𝐵

)

, (7)

where the tensor 𝐖 ∈ R𝑛𝐾×𝐹×𝑛 is defined as the concatenation along
the 2nd dimension of the matrices 𝑊 (1),… ,𝑊 (𝐹 ), such that

𝑊 (𝑙) ∶=

⎡

⎢

⎢

⎢

⎣

diag(𝒘(1,𝑙)
out )𝐴 diag(𝒘(1,𝑙)

in )
⋮

diag(𝒘(𝐾 ,𝑙)
out )𝐴 diag(𝒘(𝐾 ,𝑙)

in )

⎤

⎥

⎥

⎥

⎦

∈ R𝑛𝐾×𝑛, (8)

for each 𝑙 = 1,… , 𝐹 , after being reshaped as tensors in R𝑛𝐾×1×𝑛, and
where:

• 𝒘(𝑘,𝑙)
out ∈ R𝑛 is the weight vector characterizing the contribution

of the 𝑘-th input feature to the computation of the 𝑙-th output
feature of the nodes, for each 𝑘 = 1,… , 𝐾, and 𝑙 = 1,… , 𝐹 , with
respect to the outgoing information;
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• 𝒘(𝑘,𝑙)
in ∈ R𝑛 is the weight vector characterizing the contribute of

the 𝑘-th input feature to the computation of the 𝑙-th output feature
of the nodes, for each 𝑘 = 1,… , 𝐾, and 𝑙 = 1,… , 𝐹 , with respect
to the incoming message.

From the definition above, we observe that the number of weights
of a general EWGI layer is 2𝑛𝐾 𝐹 + 𝑛𝐹 . Therefore, if we consider a FC
layer of 𝑛 units, reading the outputs of a layer of 𝑚 = 𝑛 units, the EWGI
layers have a smaller number of weights to be trained if 2𝐾 𝐹+𝐹 < 𝑛+ 1.

From now on, we call Edge-Wise Graph-Instructed Neural Network
(EWGINN) a NN made of EWGI layers.

4. Preliminary results

In this section, we illustrate the results of a preliminary experimen-
tal study about the representational capacity of the new EWGI layers
and EWGINNs. We compare the performances of a set of EWGINNs with
the ones of a set of GINNs for the RoGN task of the two stochastic
maximum flow problems reported in [10]. In particular, we train the
models using the same architectures, hyperparameters, and training
options; for the EWGINNs, we replace GI layers with EWGI layers. In
order to strengthen the study, we train each configuration with respect
to five different random seeds, reporting the median performances for
each configuration.

4.1. Maximum flow regression for stochastic flow networks

Concerning the regression problem, we recall that a stochastic
maximum-flow problem is a problem where the edge capacities in a
flow network are modeled as random variables and the target is to find
the distribution of the maximum flow (e.g., see [18]). The task is to
approximate with a NN model the function
𝛷∶R𝑛

+ ⟶ R𝑚
+

𝒄 ⟼ 𝛷(𝒄) = 𝝋
(9)

where 𝒄 ∶= (𝑐1,… , 𝑐𝑛) ∈ R𝑛
+ is the vector of the capacities of all

the 𝑛 edges of the network and 𝝋 ∶= (𝜑1,… , 𝜑𝑚) ∈ R𝑚
+ is the flow

vector corresponding to the 𝑚 incoming edges of the network’s sink
that generate the maximum flow; in other words, the maximum flow
corresponding to 𝒄 is 𝜑 ∶= ‖𝛷(𝒄)‖1 =

∑𝑚
𝑗=𝑖 𝜑𝑗 .

To address this regression task, we build the GINNs and the
EWGINNs with respect to the adjacency matrix of the line graph of the
flow network; i.e., on the graph where the vertices correspond to edges
of the network and two vertices are connected if the corresponding
edges in the network share at least one vertex. We refer to [10] for
more details about the formulation of this RoGN task for learning the
maximum flow of a stochastic flow network (SFN).

4.2. Performance measures

Let 𝛷̂ denote a NN model trained for learning (9) and let  be a test
set used for measuring the performances of the model. Then, denoted
by 𝝋̂ ∶= 𝛷̂(𝒄) ∈ R𝑚

+, we define the following performance measures:

• Average Mean Relative Error (MRE) of sink’s incoming flows, with
respect to the max-flow:

MRE𝑎𝑣() ∶= 1
𝑚

𝑚
∑

𝑗=1

(

1
||

∑

(𝒄,𝝋)∈

|𝜑𝑗 − 𝜑̂𝑗 |

𝜑

)

. (10)

This error measure describes the average quality of the NN in
predicting the single elements 𝜑1,… , 𝜑𝑚.

• Average max-flow MRE:

MRE𝜑() ∶ 1
||

∑

(𝒄,𝝋)∈

|𝜑 − 𝜑̂|
𝜑

(11)

This error measure describes the NN capability to predict the
vector of fluxes 𝝋̂ such that the corresponding maxflow 𝜑̂ approx-
imates the true maxflow 𝜑.
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Fig. 2. BA. Performances of GINN and EWGINN models in the (MRE𝑎𝑣 ,MRE𝜑) plane.
Marker sizes are proportional to the number of NN weights.

4.3. Data, model architectures, and hyperparameters

We run our experiments on the same data reported in [10] for two
randomly generated SFNs: a network based on a Barabási-Albert (BA)
graph and a network based on an Erdos–Rényi (ER) graph. Each of the
datasets BA and ER consists of 10 000 samples of capacity vectors and
corresponding flow vectors.

In this work, we focus on the harder case illustrated in [10]: for each
SFN, we train the EWGINN and GINN models on 500 samples (20%
used as validation set), measuring the errors MRE𝑎𝑣 and MRE𝜑 on a test
set of 3000 samples. Then, we compare the performances obtained by
EWGINNs and GINNs, looking at the ‘‘median models’’ of each training
configuration, where the median is computed with respect to the five
initializations generated through the different random seeds.

For a fair comparison, the architectures and hyperparameters of
the EWGINN and GINN models are the same and follow the criteria
indicated in [10]. Specifically, we build 60 EWGINN and GINN models
configurations, respectively, for each SFN, varying among these param-
eters: hidden layers’ activation function 𝜎 ∈ {𝐸 𝐿𝑈 , 𝑠𝑤𝑖𝑠ℎ, 𝑠𝑜𝑓 𝑡𝑝𝑙 𝑢𝑠},
depth 𝐻 ∈ {3, 5, 7, 9} for BA and 𝐻 ∈ {4, 9, 14, 19} for ER, output
features of each EWGI/GI layer 𝐹 ∈ {1, 5, 10}, output layer’s pooling
operation (if 𝐹 > 1) 𝑝𝑜𝑜𝑙 ∈ {𝑟𝑒𝑑 𝑢𝑐 𝑒_𝑚𝑎𝑥, 𝑟𝑒𝑑 𝑢𝑐 𝑒_𝑚𝑒𝑎𝑛}. Also, the train-
ing options are the same used in [10]: Adam optimizer [19] (learning
rate 𝜖=0.002, moment decay rates 𝛽1 = 0.9, 𝛽2 = 0.999), early stopping
regularization [20] (550 epochs of patience, starting epoch 200, restore
best weights), reduction on plateau for the learning rate (reduction
factor 𝛼 = 0.5, 50 epochs of patience, minimum 𝜖 = 10−6). Each model
configuration is trained five times, with respect to five different random
seeds, respectively, for a total number of 1200 trained models (600 per
SFN).

4.4. Analysis of the results

Figs. 2 and 3 compare the errors between classical GINNs (tripod
markers) and EWGINN (circular markers). The error plane shows the
MRE𝑎𝑣 error on the 𝑥-axis and the MRE𝜑 on the 𝑦-axis. The dot sizes
are proportional to the number of NN weights, and dots corresponding
to ‘‘median models’’ are colored according to the activation functions.
Each median model is computed, among the five random seeds for each
configuration, with respect to the distance of (MRE𝑎𝑣, MRE𝜑) from the
origin of the plane.

We observe that the performance of GINNs and EWGINNs are
comparable both in BA and ER, but different behaviors characterize
them. In BA (Fig. 2), the comparison is almost straightforward: GINNS
and EWGINNs show similar trends in their performance, varying con-
figurations and random seeds; however, EWGINNs show general better
4 
Fig. 3. ER. Performances of GINN and EWGINN models in the (MRE𝑎𝑣 ,MRE𝜑) plane.
Marker sizes are proportional to the number of NN weights.

performance than GINNs for this SFN.
On the other hand, in ER (Fig. 3), the performance trends of

GINNs and EWGINNs are different. In particular, we observe that the
EWGINN performances appear ‘‘more stable’’ than the GINN ones,
varying configurations and random seeds. Indeed, we observe that
EWGINN error points present a rather compact distribution, showing
good regularization abilities of EWGINNs on the RoGN task (i.e., they
reduce equally both the errors); on the contrary, GINN errors exhibit a
sparser distribution; then, these models sometimes learn the task focus-
ing more on MRE𝜑 than MRE𝑎𝑣. We point out that the ability to learn
the RoGN task without preferences in reducing one of the two errors is
well appreciated. Indeed, as observed in [10], a small MRE𝜑 and large
MRE𝑎𝑣 can be the result of symmetric underestimation/overestimation
of the single flows. Therefore, even if the best performances are reached
by a subset of GINNs, the EWGINNs prove to be more reliable, varying
hyperparameters and initializations, while maintaining very good per-
formances. These observations in ER can be explained by the more
chaotic connection structure of the SFN, if compared to BA; Indeed,
EWGINNs has a clear advantage in regularizing their training, thanks
to the property of rescaling the incoming information of nodes through
additional weights.

We conclude by observing a cluster of GINNs and EWGINNs with
poor performances for ER, constrained in an extremely small region
(top-right corner, Fig. 3); the reason is an issue with early stopping.
Specifically, a relatively fast reduction of the validation loss (VL)
happens, resulting in a temporary overfitting or non-decreasing-VL phe-
nomenon. This induces an interruption of the training due to the early
stopping. Nonetheless, by removing the early stopping and increasing
the training epochs, we observe that the overfitting phenomenon tends
to disappear (see Fig. 4); moreover, in some cases, the VL starts to de-
crease again after some epochs. Therefore, we conclude that the larger
representational capacity of EWGINNs is an advantage but requires
more careful tuning of the training hyperparameters. On the contrary,
the GINNs are less influenced by this behavior because of their reduced
size; nonetheless, when they ‘‘escape’’ from such situations, they usually
fall into the problem of focusing more on MRE𝜑 than MRE𝑎𝑣.

We defer to future work an in-depth analysis of EWGINNs by
varying the training hyperparameters, such as the early stopping pati-
ence.

5. Conclusion

In this work, we proposed a novel type of GI layer: the Edge-
Wise GI layer. Compared with the original GI layers, each node of
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Fig. 4. Training and validation loss of the EWGINN corresponding to the top-rightmost
dots in Fig. 3.

an EWGI layer is equipped with an additional weight for rescaling
the incoming message. This enables improved representational capacity
and breaks the symmetry of GI layers, where nodes with the same
neighborhood invariably receive the same message from the previous
layer. To analyze the performance of the newly proposed layers, we
compared EWGINNs and GINNs on two benchmark RoGN tasks based
on two SFNs, respectively: one with graph connectivity concentrated
on a few more central nodes (BA); one characterized by a random
structure (ER).

The numerical experiments show comparable performance between
GINNs and EWGINNs on both SFNs, though we observe distinct be-
haviors. EWGINNs perform better than GINNs on BA; on the other
hand they exhibit improved regularization abilities on ER, maintain-
ing comparable performance with GINNs. These results highlight the
advantages of EWGINNs, particularly in handling the chaotic struc-
ture of ER, though their larger representational capacity demands
more careful hyperparameter tuning. Observations of poor performance
models caused by a too-early stopping suggest future studies focused
on optimizing training configurations for EWGINNs. Future work will
focus on applications to real-world problems.
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