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Abstract. Over the past decade, Building Isolation Systems (BIS) have gain sig-
nificant relevance due to their ability to reduce horizontal acceleration and inter-
story drifts in structures. Since the 1950s, researchers have focused on developing
numerical models to simulate the dissipative behavior of High Damping Rubber
Bearings (HDRB) in parallel major earthquake events have highlighted the need
for BIS devices in medium and large-scale infrastructure, accentuating the need for
further research into accurate models and adding the pressing interest in variabil-
ity of mass-produced HDRB parameters. This study presents initial results from
an identification process using two numerical models, validated using experimental
tests at the SISMALAB laboratory. The experimental data involved eight samples
subjected to compression forces and horizontal displacement. Optimal values were
obtained through a Genetic Algorithm optimization process, minimizing discrep-
ancies between experimental and numerical response. Preliminary variability anal-
ysis was conducted on data from 20 independent iterations over the eight samples.

Keywords. High Damper Rubber Bearings (HDRB), Numerical Model, Optimization,
Genetic Algorithm, Statistical Analysis

1. Introduction

Civil Engineers meticulously design structures to enhance safety [1] and resilience [2,3],
particularly against seismic events. Building Isolation Systems (BIS), like High Damp-
ing Rubber Bearings (HDRBs), have emerged as an effective solutions, absorbing and
dissipating energy during ground motion therefore reducing seismic forces transmitted
to structures[4]. Compared to other methods, HDRBs offer simultaneous energy dissi-
pation and deformation capacity across various frequencies, enhancing structural perfor-
mance. Their well-documented numerical performance, durability, and straightforward
installation position the devices as a leading alternative to improve the behavior of the
structures[5,6]. Evidence of this can be seen in the extensive research on laws such as
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algebraic, transcendental, and differential models. These models, which strive to repli-
cate complex hysteretic behavior[7], balance accuracy with computational demand and
ultimately offer a solid understanding of the phenomena[8]. The acquired knowledge
and advantages of these devices pose an increasing demand in the market and raise new
challenges for the industry and the researchers, as now their behavior in numerical mod-
els must accurately describe the response and also be safely replicable considering the
massive production effects, therefore leading to a statistical understanding of the device
behavior. To attempt to fill this new gap this paper researches the variability of the laws’
parameters of two different numerical models to reproduce the experimental behavior of
a mass-production HDRB device. Based on the outcomes provided in previous research
of one of the authors [9,10], a preliminary discussion has been provided to identify the
most accurate numerical model.

2. Numerical Models

Several numerical models have been formulated to accurately represent the behavior of
High Damping Rubber Bearings (HDRBs), as documented in the literature. These mod-
els are classified based on the type of mathematical formulation required to evaluate the
output variable. The Jankowski and Bouc-Wen models were selected for further investi-
gation, considering the following attributes of each.

First, Jankowski model is well-established, computationally efficient, and capable
of accurately representing various physical effects associated with HDRB hysteretic be-
havior, making it an appropriate selection among the group of algebraic laws. Second,
the Bouc-Wen model is widely used, extensively validated, and offers a comprehensive
description of hysteresis while effectively capturing nonlinear behavior.

The parameters for both models will be adjusted by defining an objective function
(or cost function) [11] to be minimized through an identification process using the well-
known Genetic Algorithm (GA). The goal is to achieve a satisfactory level of accuracy
between the experimental data and the calculated output variables of each model[12,13,
14]

2.1. Jankowski et al. Model - Law #1 [15]

Rubber properties are responsible for non-linear hysteretic behavior, Jankowski et al. in
their article proposed a non-linear strain rate-dependent transcendent model for HDRB
devices under a constant vertical load and stable temperature. The model simulates hori-
zontal response force using a nonlinear elastic spring dashpot element.[16]

The mathematical formulation of the adopted numerical model is shown in Eq.(1):

F = F1(x(t), ẋ(t))+F2(x(t), ẋ(t)) F = K(x(t), ẋ(t)) · x(t)+C(x(t), ẋ(t)) · ẋ(t) (1)

In these formulas, as shown in Eqn.s (2)-(3), the shear stiffness (K) and damping
coefficients (C) at a given time (t) are calculated based on the appropriate values of
experimental deformation (x(t)) and velocity (ẋ(t)).[17]
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K(x(t), ẋ(t)) =a1 +a2x2(t)+a3x4(t)+
a4

cosh2 (a5ẋ(t))
+

a6

cosh(a7ẋ(t))cosh(a8x(t))
(2)

C(x(t), ẋ(t)) =
a9 +a10x2(t)√

a2
11 + ẋ2(t)

(3)

In the model, parameters ai are determined numerically by fitting experimental data
using the GA search. Specifically, a1 sets the baseline stiffness level, with a2 and a3
adjusting for larger shear strains. Parameters a4 and a5 control stiffness near maximum
displacements, while a6 to a8 modifies stiffness for lower amplitude movements. Lastly,
a9 to a11 adjust the damping to shape the hysteresis loops as needed.

2.2. Bouc Wen Model - Law #4 [18]

The Bouc-Wen hysteresis model is recognized for its simplicity and effectiveness in re-
producing experimental results, making it a favorite among practitioners. Its robustness
in both mathematical and physical aspects, along with strong agreement between exper-
imental and numerical data, supports its use for representing the force output of HDRB
devices [19]. The mathematical formulation of such a model is reported in Eq. (4):

F(t) = αKix(t)+(1−α)Kiz(t) (4)

In this context, Ki represents the model’s stiffness before yielding, α denotes the
ratio of stiffness before and after yielding. x(t) represents the experimental deformation
and z(t) characterizes the hysteretic response. [20].

dz
dt

= A · dx
dt

−
(

β ·
∣∣∣∣dx

dt

∣∣∣∣ · z · |z|η−1
)
−
(

γ · dx
dt

· |z|η
)

(5)

The hysteretic variable z(t) is introduced by defining the differential component of the
model as observed in Eq. (5). The parameter A influences initial stiffness, β controls
hysteresis cycle amplitude and energy dissipation, γ regulates unloading curve linearity,
and n facilitates smooth phase transitions.

3. Experimental Campaign

From 2021 to 2023, the SISMALB s.r.l. laboratory conducted an experimental survey
on periodically developed devices. Randomly chosen samples from different manufac-
turing lots were tested to ensure compliance with the Italian national annex and govern-
ment regulations before shipment. Over 160 elastomeric isolators from the ISI-S 600/208
P40 series were evaluated. The experiments used SISMALAB’s ISOL 1000 apparatus,
featuring a hydraulic cylinder with pressure transducer control. The horizontal displace-
ment was regulated by a load cell or position transducer on the piston rod, managed by
the Sisma-Control program. A load cell between the actuator and HDRB specimen and
a transducer tracked cyclic forces. The system’s autonomous hydraulic control allowed
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real-time adjustment and data acquisition, following a sinusoidal displacement-time pat-
tern. The laboratory test protocol adhered to UNI EN 15129-8.2.1.2.2 for testing Hori-
zontal Characteristics under Cyclic Deformation (H.C.C). A constant vertical load of 6
MPa was applied, followed by three sinusoidal cycles at 0.5 Hz, reaching a deformation
equal to 100% of the total active thickness.

4. Identification Procedure

This section presents the mathematical formulation for the optimization problem, intro-
ducing the objective function and design variables. Reliability in terms of accuracy and
dispersion was assessed by performing 20 runs for each device and observing parameter
variability across the subjects. The settings were retrieved referring to the research of
Cucuzza et al.[9], for this device typology and research scope, a population size of 100
and 50 iterations gave satisfactory results.

4.1. Mathematical Formulation

The calibration process for the model parameters involves solving an unconstrained opti-
mization problem. The objective function (OF) aims to minimize the difference between
experimental input and numerical output. The design vector x consists of parameters
framed by their respective lower and upper bounds, xl

i and xu
i . This process evaluates the

accuracy of both models for each device in the series. Reported in Eq. (6) is the problem
statement for the OF.

Minimize W = f (xi), i = 1, . . . ,n Subject to xl
i ≤ xi ≤ xu

i (6)

The vector x={x1, ...,x j, ...,xn} contains real parameters determined by the chosen
numerical model, and its size corresponds to the variables governing the constitutive law.
xl={xl

1, ...,x
l
j, ...,x

l
n} and xu={xu

1, ...,x
u
j , ...,x

u
n} represent the lower and upper bounds of

x. These limits restrict x within a feasible solution sub-domain, where its values range
between xl and xu. For this research, a suitable OF has been defined in integral form as
introduce in Eq. (7):

f (x) =
1

σpm(tend − tstart)

∫ tend

tstart

abs(pm − pe(x))dt (7)

The start and end time records, denoted by tstart and tend respectively, pm(t) repre-
sents experimentally measured force and pe(t) denote the numerically estimated force.
For the Bouc Wen differential law, the Matlab ODE45 function utilizing the Runge-
Kutta method was employed to solve the ordinary differential equations (nonstiff). The
fixed time step matched the sampling time step during laboratory tests. To ease the opti-
mization process and prevent numerical noise from critical values, lower (xl) and upper
(xu) bounds for each design variable were predetermined based on a sensitivity analysis.
This strategy aims to reduce computational effort by narrowing the optimization problem
search domain, facilitating an efficient exploration phase of the algorithm [21]. In Table
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1, the single design variable of the optimization problem and the corresponding range
variability are displayed for each law.

Table 1.: Lower and upper bounds of the models’ parameters

Law Parameter Lower Bound

(Xl )

Upper Bound

(Xu)

Law #1 a1 [N/m] 104 106

Jankowski a2 [N/m3] 106 9×106

Model a3 [N/m5] 106 9×106

a4 [N/m] 103 105

a5 [s/m] 103 104

a6 [N/m] 105 3.5×106

a7 [s/m] 0 10
a8 [1/m] 5 20
a9 [N] 104 105

a10 [N/m2] 104 105

a11 [m/s] 0 10

Law #2 α [-] 0.1 0.2
BoucWen Ke [kN/mm] 2 4
Model A [-] 1 2

β [1/mm] 0.025 0.075
n [-] 1 1.25
γ [1/mm] 0.025 0.075

5. Statistical Analysis

The results obtained through the optimization for both numerical models will be intro-
duced, and some visual representation will detail the significance of the findings.

(a) (b)

Figure 1. OF mean (μ) distribution for each test devices (a); OF standard deviation (σ ) distribution for each
test devices (b). For each law, (X −axis), a color legend is assigned to each device

Figure 1 presents a bar representation of the mean (μ ) and standard deviation (σ )
distribution for both hysteresis models, including the 8 sampled devices and consider-
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ing the 20 runs for each device. Particularly, Fig. 1(a) depicts, in terms of OF, the ac-
curacy of each device to properly fit the experimental data. Closing in, is possible to
determine in both Laws an approximate error of around 8%, with a slightly better mean
precision for Jandowski model (Law#1). In terms of overall dispersion, Fig. 1(b) tilts the
crossing found between both models, as the precision for both were relatively the same,
the dispersion after performing 20 iterations in the parameters calibration showed that
BoucWen Model is more robust and sufficiently accurate for the data at hand. After re-
viewing the overall behavior, a device-by-device accuracy review considering both mod-
els under study is presented in Fig. 1(a). In terms of expected behavior, is worth mention-
ing that disregarding the model, the devices behave similarly. Being the most accurate in
both laws devices #4, #5, #6 and #7 and the worst performers devices #3 and #8.

(a) (b)

(c) (d)

Figure 2. Normalized standard deviation and mean distribution of the identified a11 (a), a4 (b) for law #1 and
β (c), A (d) for law #2.. The left y−axis shows the standard deviation error bar (σ ), while the right y−axis is
the percentage variation of mean distribution (μ). The dotted line represents the mean reference value among
all ten mean values calculated over 20 runs for each device.

A follow-up question related to calibration and the statistical results is the influence
of each calibrated parameter on the overall accuracy and dispersion of the model. After
addressing each parameter for both models, the most significant outliers in accuracy and
precision are introduced in Fig. 2. It displays graphs with two vertical axes: on the left
side, it shows the standard deviation of the parameter relative to the mean of all runs for
each device (represented by error bars denoting the standard deviation, Error σ ). Mean-
while, the right axis illustrates the percentage variation of the parameter’s mean (calcu-
lated over 20 optimization runs) compared to the reference mean value. The reference
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mean value, shown as a red dotted line, is determined as the mean of all mean values for
each device.

For Jankowski model, Fig. 2(a) displays a dominant mean error in the parameter a11
for device 1, overcoming the mean at about 75%. This result is particularly interesting
since within the numerical formulation of Jankowski’s equation, this parameter controls
the energy dissipation and degradation. In terms of the parameter that shows the largest
dispersion Fig. 2(b) indicates a μ error of about 1.5 for parameter a4, being an almost
constant trend for all devices. According to Jankowski’s approach the largest even dis-
persion among all devices for calibrating a4 might represent inconsistencies to fit a value
regarding the stiffness for maximum displacements. The Bouc-Wen model parameters
represented in Fig. 2(c) show, in terms of μ , a peak discrepancy of 80% in parameter β
with respect to the reference average value, being particularly prominent for device 1, in
which a value of about 50% error with respect to the average is identified. The model
attributes this parameter to the control of the energy dissipation and the amplitude of
the hysteresis cycle. For the same law, referring to the dispersion (Fig.2(d)), parameter
A is a slightly above the average dispersion, encountering a maximum value of around
1.25.The physical meaning given by Bouc-Wen to this parameter relates to the setting
of the initial stiffness. The variability related to the fixing of such a parameter will be
further discussed in the upcoming section.

6. Closing Remarks and Future Developments

As shown in Fig. 3, a satisfactory fit between the selected numerical models and the
experimental data has been achieved. The results from the independent runs using the
genetic algorithm (GA) indicate a mean average error of approximately 8% for the
Jankowski model and around 9% for the Bouc-Wen model (see Fig. 4). The experimental
test used for this calibration, as described in UNI EN 15129-8.2.1.2.2 for testing Hori-
zontal Characteristics under Cyclic Deformation (H.C.C.), does not allow for the visual-
ization of large progressive deformations. Consequently, effects such as aging, pinching,
and stiffness degradation were not observable, either for the evolutionary algorithm or
for the numerical models.
Given this limitation, it is important to note that practitioners intending to use this pro-
cedure for calibrating and selecting the appropriate numerical model must also take into
account the intended performance of the device. Specifically, for this particular set of
data, the HDRBs were not subjected to deformations beyond their elastic range, and the
fitting of the models is directly related to this condition. Therefore, if a model is required
in the F.E. software to compute the base response and perform verifications for large de-
formations, the HDRB numerical model used to compute the horizontal force might not
be suitable for elastoplastic deformations or when degradation is considered. Since the
experimental data were only tested and calibrated within the elastic range, the selected
model may not perform optimally for other conditions.
Finally, a the future attempt to correlate in a deeper way the physical meaning of a given
parameter’s accuracy lost or massive dispersion might be of interest. Particularly if such
analysis might lead to identifying a production lot of devices with manufacturing issues
or out-of-trend response. Preliminarily, in accordance with the results obtained in Fig. 2.
The lot where Device 1 was subtracted might have out range rubber mixture since param-
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eters of the models regarding energy dissipation and initial stiffness are inconsistent and
out of trend. However, such an assumption requires further study. The future research
goals will initially consider to increase the number and typology of models, using two
or three typologies of each category (e.g algebraic, transcendent and differential), also,
increase the number of devices to explore furthermore the production variability, includ-
ing, if possible, results from other laboratories, over devices from other production fac-
tories. Using these measures seeks to improve the OF error, to outperform the calibration
for this test typology in terms of accuracy and robustness. Such ideas are possible due to
the vast experimental data available and the computational resources at the disposal to
perform several iterations using the G.A.

(a) (b)

Figure 3. Comparison between experimental and numerical force-displacement relationships for the algebraic
and differential models (refers respectively to law #1 (a), law#2 (b)) with specific regard to Device #4 Test #20

(a) (b)

Figure 4. OF mean (μ) values for each device considering 20 independent runs for each device and each law.
The dotted line represents the mean values calculated over the 8 devices.
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