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Abstract
In 1965, T. S. Motzkin and E. G. Straus established an elegant connection
between the clique number of a graph and the global maxima of a quadratic
program defined on the standard simplex. Over the years, this seminal finding
has inspired a number of studies aimed at characterizing the properties of the
(local and global) solutions of the Motzkin-Straus program. The result has also
been generalized in various ways and has served as the basis for establishing new
bounds on the clique number and developing powerful clique-finding heuristics.
Despite the extensive work done on the subject, apart from a few exceptions, the
existing literature pays little or no attention to the Karush-Kuhn-Tucker (KKT)
points of the program. In the conviction that these points might reveal interesting
structural properties of the graph underlying the program, this paper tries to fill
in the gap. In particular, we study the generalized KKT points of a parameterized
version of the Motzkin-Straus program, which are defined via a relaxation of the
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usual first-order optimality conditions, and we present a number of results that
shed light on the symmetries and regularities of certain substructures associated
with the underlying graph. These combinatorial structures are further analyzed
using barycentric coordinates, thereby providing a link to a related quadratic pro-
gram that encodes local structural properties of the graph. This turns out to be
particularly useful in the study of the generalized KKT points associated with a
certain class of graphs that generalize the notion of a star graph. Finally, we dis-
cuss the associations between the generalized KKT points of the Motzkin-Straus
program and the so-called replicator dynamics, thereby offering an alternative,
dynamical-system perspective on the results presented in the paper.

Keywords: Standard quadratic optimization, KKT points, Clique, Regular graphs,
Equitable partition, Replicator dynamics

MSC Classification: 90C20 , 90C35 , 90C27 , 05C69 , 05C50

1 Introduction
In 1965, T. S. Motzkin and E. G. Straus published a study [1] on the quadratic
program (QP)

maximize
x ∈ ∆n

f(x) = x⊤Ax, (1)

where A is the adjacency matrix of a graph G with n nodes, and ∆n denotes the
standard simplex in Rn, i.e., the convex hull of the canonical basis of Rn. Motzkin and
Straus discovered that the value of Program (1) is 1 − ω(G)−1, where ω(G) stands
for the clique number of G, and they also provided an explicit formula to map every
maximum clique of G to a global solution for Program (1), so that distinct cliques
correspond to distinct solutions. This correspondence naturally extends to an injection
that maps every non-empty set of nodes of G to an element of ∆n and that can be
used [2, 3] to characterize (strict) local solutions of Program (1) in terms of (strictly)
maximal cliques of G.

However, as discussed e.g. in [2], the Motzkin-Straus QP can exhibit spurious
solutions, i.e., optima that do not correspond to any maximum clique. This may have
a negative impact on applications, such as the one pioneered in [4], where Motzkin and
Straus’s discoveries are used to find maximum cliques. To address this issue, scholars
investigated modified versions of the Motzkin-Straus QP, see e.g. [5–7]. In particular,
in [5] the Motzkin-Straus QP was modified by incorporating a regularization term into
its objective function, and this adjustment resulted in a program with local (global)
solutions that are in one-to-one correspondence with maximal (maximum) cliques.

Since its introduction, the Motzkin-Straus QP and its variations have been exten-
sively explored in the literature, inspiring various bounds on the clique number, see
e.g. [8–12], and a number of heuristics for the maximum clique problem [4, 6, 13–17]
as well as for extensions of the maximum clique problem in the presence of weights
on the nodes [6, 9, 13], or on the edges [18, 19], or in the case of hypergraphs [20].
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As a natural consequence of Motzkin and Straus’s findings, most of these stud-
ies focused on Motzkin-Straus QP primarily due to the properties of its optima.
However, little to no attention was put on a broader set of points, namely the
Karush-Kuhn-Tucker (KKT) points [21] of the program, and their connection with
specific combinatorial structures that are associated with these points — with some
exceptions, see e.g. [3, 6, 22].

This paper is the outcome of an exploratory study aimed at investigating additional
combinatorial properties related to the Motzkin-Straus QP. To pursue this task, we
considered a parametric version of the program, which is due to Bomze [5] and was
further analyzed in [14, 15], and we performed a theoretical analysis pertaining to its
generalized KKT points [5, 22], defined by a relaxation of the usual KKT conditions.

In this paper, we present new results linking the properties of these points with
those of certain substructures of the graph underlying the program, including sym-
metries and regularity. After introducing the reader to the parametrized program and
its generalized KKT points, we extend known results that link these points and reg-
ular induced subgraphs, and we describe how a generalized KKT point is related to
the symmetries, i.e., automorphisms, of the subgraph induced by its support. To fur-
ther analyze the combinatorial structures associated with these points, we leverage
the notion of barycentric coordinates [23, 24] to obtain a convenient representation
of points in the standard simplex, and study some conditions such that these new
coordinates, when related to generalized KKT points, satisfy the KKT conditions for
another QP encoding the local structure of the graph. Under additional hypotheses
that involve equitable partitions [25], it is possible to obtain stronger results, valid in
particular for a class of graphs that generalizes star graphs [26]. Finally, we discuss a
connection with replicator dynamics, a model developed in evolutionary game theory
[27–29] that found applications in diverse fields and is related to standard quadratic
optimization [5, 22]. Thanks to this connection, the results presented in the paper
admit an alternative, dynamical-system-related interpretation. A shorter version of
this work can be found in [30].

2 Notation
For n ∈ N, we set [n] = { i ∈ N : 1 ≤ i ≤ n }. We denote by 0 (resp. 1) a vector with
every component equal to 0 (resp. 1), with dimension in agreement with the context
in which it is used. In this paper, diag(r1, r2, . . . , rn) denotes the n × n diagonal
matrix having on its main diagonal ri as its i-th element. Given x1, x2, . . . , xk ∈ Rn,
their convex hull conv(x1, x2, . . . , xk) is the set {

∑k
m=1 ymxm : y ∈ ∆k }, which is

the smallest convex subset of Rn containing x1, x2, . . . , xk. In particular, we write
[x1, x2] = conv(x1, x2) for the closed segment with endpoints x1 and x2. The linear
span of x1, x2, . . . , xk is the set span(x1, x2, . . . , xk) = {

∑k
m=1 αmxm : α ∈ Rk },

which is the smallest R-linear subspace of Rn containing x1, x2, . . . , xk.
The support of a vector x ∈ Rn is the set supp(x) = { i ∈ [n] : xi ̸= 0 }. The

standard simplex in Rn is the set ∆n = { x ∈ Rn : 1⊤x = 1, x ≥ 0 }. For a non-empty
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S ⊆ [n], the face of ∆n associated with S is the set

∆n(S) = { x ∈ ∆n : supp(x) ⊆ S } ,

and we also define

int ∆n(S) = { x ∈ ∆n : supp(x) = S } ,

∂∆n(S) = ∆n(S) \ int ∆n(S),

where int ∆n(S) and ∂∆n(S) are the relative interior of ∆n(S) and the relative
boundary of ∆n(S) respectively. In this notation, ∆n([n]) is an alias for ∆n.

As for the graph-related notation, G = (V, E) denotes in the sequel an unweighted
undirected graph with no loops on the set V and with set of edges E ⊆

(
V
2
)
. Given

two distinct nodes i, j ∈ V , we call i a neighbor of j, and write i ∼ j, if { i, j } ∈ E.
A node i ∈ V is an end of an edge e ∈ E if i ∈ e. Given a non-empty S ⊆ V , we
write G[S] for the subgraph of G induced by S, i.e., G[S] is the graph on the set S
in which two nodes i, j ∈ S are adjacent if and only if { i, j } ∈ E. A non-empty
C ⊆ V is called a clique if i ∼ j for every pair of distinct i, j ∈ C. A graph is said
complete if its set of nodes is a clique. The degree of a node in a graph is the number
of neighbors that node has in the graph. A graph G′ is regular if every node of G′ has
the same degree in G′, and, in particular, it is called a d-regular graph if every node
of G′ has degree equal to d in G′. We also recall that an automorphism of a graph is
an isomorphism with itself, i.e., a permutation σ of its nodes such that two nodes i
and j are neighbors if and only if also σ(i) and σ(j) are neighbors.

3 Parametric Motzkin-Straus Programs
Consider a graph G = (V, E) on a finite non-empty set V , and let n = |V |. Without
loss of generality, we assume that V = [n] to simplify the notation.

Let A = [aij ]i,j be the adjacency matrix of G, i.e., the n × n symmetric matrix
with coefficient aij equal to 1 if i ∼ j and equal to 0 otherwise, and write I for the
n × n identity matrix. Fix now a parameter c ∈ R and consider the QP

maximize
x ∈ ∆n

fc(x) = x⊤(A + cI)x (2)

and the associated Lagrangian [21]

L(x, µ0, µ) = fc(x) + µ0(1⊤x − 1) + µ⊤x,

where (x, µ0, µ) ∈ Rn ×R×Rn. Program (2) is discussed in [5] for c = 1
2 and in [14] in

its more general formulation. Note that Program (2) is precisely the Motzkin-Straus
QP in case c = 0.
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Definition 1 Given x ∈ Rn, we call x a KKT point for Program (2), and write x ∈ KKT (c),
if x ∈ ∆n and some (µ0, µ) ∈ R × Rn exists such that

∂ L
∂x

(x, µ0, µ) = 0,

µixi = 0 for every i ∈ V ,

µ ≥ 0.

(3a)

(3b)
(3c)

We call x a generalized KKT (gKKT) point for Program (2), and we write x ∈ gKKT (c),
if x ∈ ∆n and some (µ0, µ) ∈ R × Rn exists such that Eq. (3a) and Eq. (3b) hold.

In other words, the notion of KKT point is generalized1 in Definition 1 by dropping
Eq. (3c), which prescribes the sign condition on µ appearing in Eq. (3). This obviously
entails that KKT (c) ⊆ gKKT (c).

A brief comment on this sign condition is helpful to provide insight into the defi-
nition of generalized KKT points. As it is well known [21], KKT conditions: i) cause
every multiplier associated with inactive constraints to be equal to zero; ii) prescribe
the sign for multipliers associated with inequality constraints. In our case, for every
i ∈ V the multiplier µi appearing in Eq. (3) corresponds to the constraint xi ≥ 0,
and so the sign condition µi ≥ 0 appears in Eq. (3), together with µixi = 0, which is
meant to force µi = 0 in case xi ̸= 0. Consequently, for a given point x in the feasible
set, dropping the sign condition on all multipliers is precisely how KKT conditions for
x are modified if active inequality constraints are replaced with equality constraints.
Following this idea, we can prove that every element of gKKT (c) is a KKT point for
a suitable modification of Program (2).

Proposition 1 For every non-empty S ⊆ V , denote by K(S) the set of KKT points for the
program

maximize
x ∈ int ∆n(S)

fc(x). (4)

Then
gKKT (c) =

⋃
S∈2V \{ ∅ }

K(S). (5)

Proof By construction K(S) ⊆ int ∆n(S) for every S ∈ 2V \ { ∅ }, and note that
{ int ∆n(S) : S ∈ 2V \ { ∅ } } is a partition for ∆n, hence Eq. (5) is equivalent to

gKKT (c) ∩ int ∆n(S) = K(S) for every S ∈ 2V \ { ∅ }. (6)
Let S ∈ 2V \ { ∅ } and let x̂ ∈ int ∆n(S), i.e., let x̂ ∈ ∆n satisfy supp(x̂) = S. Then
x̂ ∈ gKKT (c) if and only if some (µ0, µ) ∈ R × Rn exists such that∂ L

∂x
(x̂, µ0, µ) = 0,

µi = 0 for every i ∈ S. (7a)

1Generalized KKT points appear also in [5, 14], where x ∈ ∆n is called a generalized KKT point if some
(µ0, µ) ∈ R × Rn exists such that both Eq. (3a) and µ⊤x = 0 are satisfied. If Eq. (3c) is satisfied, then
µ⊤x = 0 and Eq. (3b) are equivalent, but in general the constraint µ⊤x = 0 is weaker than Eq. (3b).
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Note that Program (4) can be written as
maximize
x ∈ Rn

fc(x)

subject to 1⊤x = 1,

xi > 0 for every i ∈ S, (8a)
xi = 0 for every i ∈ V \ S, (8b)

and x̂ is a KKT point for Program (8) if and only if some (µ0, µ) ∈ R×Rn exists such that
∂ L
∂x

(x̂, µ0, µ) = 0,

µix̂i = 0 for every i ∈ V ,

µi ≥ 0 for every i ∈ S.

(9a)
(9b)

The constraints given in Eq. (8a) are not active in x = x̂, hence Eq. (7a) holds if and only
if both Eq. (9a) and Eq. (9b) hold simultaneously. Consequently, Eq. (7) is equivalent to
Eq. (9), which means that x̂ ∈ gKKT (c) if and only if x̂ is a KKT point for Program (4).
Since S is arbitrary in 2V \ { ∅ }, this proves Eq. (6). □

We remark that KKT (c) ∩ int ∆n = gKKT (c) ∩ int ∆n by Proposition 1.
To prove that Definition 1 is satisfied, it is helpful to use the following simpler

description of KKT (c) and gKKT (c), as in [6, 14, 22]:

Proposition 2 Let x ∈ ∆n, let M ∈ Rn×n, define λ = x⊤Mx and consider the properties:
(S1) (Mx)i = (Mx)j for every i, j ∈ supp(x);
(S2) (Mx)i = λ for every i ∈ supp(x);
(S3) (Mx)i ≤ λ for every i ∈ V \ supp(x).
Then:
(a) (S1) and (S2) are equivalent;
(b) x ∈ KKT (c) if and only if both (S2) and (S3) hold for M = A + cI;
(c) x ∈ gKKT (c) if and only if (S2) holds for M = A + cI.

Proof (a): First, observe that

x⊤Mx =
∑

i∈supp(x)

xi(Mx)i. (10)

Clearly (S2) implies (S1). Conversely, if (S1) holds, then for some r ∈ R we may write
(Mx)i = r for every i ∈ supp(x), and Eq. (10) yields

λ = fc(x) =
∑

i∈supp(x)

xi(Mx)i =
∑

i∈supp(x)

xir = r,

hence (S2) holds.
(b), (c): Assume M = A+cI and note that Eq. (3a) is equivalent to µ = −(2Mx+µ01),

hence Eq. (3b) is equivalent to

(Mx)i = −µ0
2 for every i ∈ supp(x),
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whereas Eq. (3c) is equivalent to

(Mx)i ≤ −µ0
2 for every i ∈ V .

Then (b) and (c) follow by (a). □

Proposition (2) enables us to introduce a notation that extends Definition 1.

Definition 2 Consider a graph G′ with set of nodes V . Then we write AG′ for the adjacency
matrix of G′, and we define for every γ ∈ R

KKT
(
G′, γ

)
= { x ∈ ∆n : (S2) and (S3) hold for M = AG′ + γI } ,

gKKT
(
G′, γ

)
= { x ∈ ∆n : (S2) holds for M = AG′ + γI } .

By Proposition 2, it is immediate to check that KKT (G′, γ) (resp. gKKT (G′, γ))
is the set of KKT (resp. generalized KKT) points for the program

maximize
x ∈ ∆n

g(γ, G′, x) = x⊤(AG′ + γI)x. (11)

Theorem 1 Let S be a non-empty subset of V , and consider two graphs G′, G′′ with set of
nodes V such that G′[S] = G′′[S]. Let x ∈ ∆n with S = supp(x).
(a) If x ∈ gKKT

(
G′, c

)
, then x ∈ gKKT

(
G′′, c

)
;

(b) If x ∈ KKT
(
G′, c

)
, then it is not necessarily true that x ∈ KKT

(
G′′, c

)
.

(c) Assume c ≥ 0 and that in G′′ every node in V \S has no neighbors. If x ∈ gKKT
(
G′, c

)
then x ∈ KKT

(
G′′, c

)
.

Proof (a): Assume x ∈ gKKT
(
G′, c

)
. A direct computation shows that G′[S] = G′′[S] entails

(AG′ x)i = (AG′′ x)i for every i ∈ S, and so the thesis follows by Definition 2.
(b): Let V = { 1, 2, 3 }, let S = { 1, 2 } and suppose G′ and G′′ satisfy

AG′ =

(0 1 0
1 0 0
0 0 0

)
, AG′′ =

(0 1 1
1 0 1
1 1 0

)
.

Let x =
( 1

2 , 1
2 , 0
)⊤. Then

AG′ x + cx = 1
2

(
c + 1
c + 1

0

)
AG′′ x + cx = 1

2

(
c + 1
c + 1

2

)
,

hence x ∈ KKT
(
G′, c

)
\ KKT

(
G′′, c

)
in case −1 ≤ c < 1.

(c) Assume x ∈ gKKT
(
G′, c

)
. The condition on c gives (AG′ x)i = (AG′′ x)i ≥ 0 for

every i ∈ S, whereas (AG′′ x)i = 0 for every i ∈ V \ S, hence x ∈ KKT
(
G′′, c

)
. □
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Theorem 1 offers an early indication that elements of gKKT (c) reflect the prop-
erties of induced subgraphs of G, and that these elements are also in KKT (c) only if
additional conditions depending on the overall structure of G are met. See [3, 6, 22] for
additional structural information related to local optima of the Motzkin-Straus QP.

It is possible to describe how KKT (c) and gKKT (c) are affected by replacing the
graph G appearing in Program (2) with the complement graph of G. This kind of
replacement was considered also in [1, 4, 5], and is related to the well-known property
that a maximum clique for a given graph is, for its complement graph, a maximum
independent set [26]. Let G denote the complement graph of G.

Proposition 3 Consider the minimization program

minimize
x ∈ ∆n

x⊤[A + (1 − c)I]x. (12)

(a) KKT
(
G, c
)

coincides with the set of KKT points for Program (12);

(b) gKKT
(
G, c
)

= gKKT (G, 1 − c).

Proof (b): Recalling that A = AG, let B = A
G

and let x ∈ ∆n. The identity A+B+I = 11⊤

implies that
Bx + cx = 1 − Ax + (c − 1)x,

and so
(Bx + cx)i = 1 − (Ax + (1 − c)x)i for every i ∈ V. (13)

Consequently, x ∈ gKKT (G, 1 − c) if and only if x ∈ gKKT
(
G, c
)
.

(a): Note that x ∈ KKT
(
G, c
)

if and only if for some λ ∈ R{
(Bx + cx)i = λ for every i ∈ supp(x),
(Bx + cx)i ≤ λ for every i ∈ V \ supp(x),

i.e., by Eq. (13), if and only if for some r ∈ R{
(Ax + (1 − c)x)i = r for every i ∈ supp(x),
(Ax + (1 − c)x)i ≥ r for every i ∈ V \ supp(x),

(14)

and note that Eq. (14) is equivalent to the KKT conditions for Program (12). □

Proposition 3 has been inspired by [1], in which a similar idea is used to show that
the Motzkin-Straus QP is equivalent to a certain minimization program.

We remark that Proposition 3.(b) applied for c = 1
2 gives

gKKT
(

G,
1
2

)
= gKKT

(
G,

1
2

)
,

a curious equality involving on both sides the QP studied in [5].
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4 Characteristic Vectors
Definition 3 Let S be a non-empty subset of V . We call characteristic vector2 representing
S in ∆n the vector xS ∈ ∆n defined by

xS
i =

{
|S|−1 if i ∈ S,

0 otherwise.

Characteristic vectors representing maximum (resp. maximal) cliques emerge as
global (resp. local) solutions to Program (1), see e.g. [1–3]. Indeed, the injection men-
tioned in Sect. 1 maps every non-empty S ⊆ V to its corresponding characteristic
vector. We remark that xS may be in KKT (c) even if S is not a clique, i.e., even if
the graph G[S] is not complete. What is known, however, is that if xS is in gKKT (c),
then the graph G[S] is necessarily regular, and this is independent of the value of c.

Proposition 4 Let x be a characteristic vector. Then x ∈ gKKT (c) if and only if G[supp(x)]
is regular.

Proof Set S = supp(x), so that x = xS . For every i ∈ S, call di be the number of neighbors
of i in S. Then (AxS)i = di|S|−1, thus ((A + cI)xS)i = (di + c)|S|−1. By Proposition 2, the
vector xS is in gKKT (c) if and only if for some λ ∈ R the equality (di + c)|S|−1 = λ holds
for every i ∈ S. This is possible if and only if di has the same value for every i ∈ S, i.e., if
and only if G[S] is regular. □

Proposition 4 is proved in [5] for the case c = 1
2 , and in [14] it is mentioned that

the same proof works for 0 ≤ c ≤ 1. We can say more in the following generalization
of [14, Proposition 6]:

Proposition 5 Let x ∈ ∆n and suppose two distinct c1, c2 ∈ R exist such that x ∈
gKKT (cj) for j = 1, 2. Then x = xS for some S ⊆ V and G[S] is regular.

Proof Set S = supp(x). By Proposition 2, there exist λ1, λ2 ∈ R such that for j = 1, 2, the
equality ((A + cjI)x)i = λj holds for every i ∈ S. Therefore, every non-zero component of x

equals (λ1 − λ2)(c1 − c2)−1. This entails x = xS , hence G[S] is regular by Proposition 4. □

By Proposition 5, a characteristic vector is in gKKT (γ) either for every value of
γ ∈ R or for no value of γ ∈ R. By contrast, a rather different behavior can be observed
for elements of ∆n that are not characteristic vectors, and the general element of ∆n is
of this type, considering that exactly 2n − 1 elements of ∆n are characteristic vectors.

Proposition 6 Let x ∈ ∆n and suppose x is not a characteristic vector. Then x ∈ gKKT (γ)
for at most one value of γ ∈ R.

2Some authors adopted a different terminology. For instance, the vector that we denote by xS is called in
[5] the barycenter of the face of ∆n corresponding to S, a terminology providing more geometrical insight.
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Fig. 1 The cherry graph, characteristic vectors representing non-empty subsets of { 1, 2, 3 } in ∆3,
and the spurious solution x̃

Proof If there exist distinct c1, c2 ∈ R such that x ∈ gKKT (cj) for j = 1, 2, then x is a
characteristic vector by Proposition 5, and this contradicts the hypothesis on x. □

5 Automorphisms of Induced Subgraphs
The elements of KKT (c) need not be characteristic vectors. For instance, suppose
G is the graph on the set of nodes { 1, 2, 3 } and edges { { 1, 3 } , { 2, 3 } }, sometimes
called the cherry graph (Fig. 1). It is easy to check that the point x̃ =

( 1
4 , 1

4 , 1
2
)⊤ —

clearly not a characteristic vector — is an element of KKT (0), as well as an instance
of spurious solution for the Motzkin-Straus QP [4].

To introduce our next result, note that both the vector x̃ and the cherry graph are
preserved if node 1 and node 2 are exchanged. To be rigorous, call σ the permutation
on { 1, 2, 3 } swapping 1 and 2. Then σ is an automorphism for the cherry graph and
at the same time x̃ is invariant under the pull-back by σ, i.e., the vector x̃ is preserved
if its i-th coordinate is replaced with its σ(i)-th coordinate for every i ∈ V . Indeed,
this is an instance of a more general fact.

Lemma 1 Let x ∈ gKKT (c), set S = supp(x) and let G be a group of automorphisms for
the induced subgraph G[S]. Then there exists a point x̂ ∈ gKKT (c) such that supp(x̂) = S
and such that x̂σ(i) = x̂i for every i ∈ S and every σ ∈ G.

Proof For every σ ∈ G, denote by σ∗x the vector in ∆n defined by3

(σ∗x)i =
{

xσ(i) if i ∈ S,

0 otherwise.

It suffices to prove that x̂ = |G|−1∑
σ∈G σ∗x satisfies the desired properties. Note that

x̂ ∈ ∆n by convexity of ∆n, and that supp(σ∗x) = S for every σ ∈ G, thus supp(x̂) = S by
construction. By hypothesis on x, some λ exists such that ((A + cI)x)i = λ for every i ∈ S.

3The reader may note a subtle abuse of notation for the pull-back: we are identifying σ, which is a
permutation on S, and the permutation on V extending σ to V so that it keeps fixed every node in V \ S.
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Then, using that aij = aσ(i)σ(j) holds for every σ ∈ G and every i, j ∈ S, we get

((A + cI)σ∗x)i =
(∑

j∈S

aijxσ(j)

)
+ cxσ(i)

=
(∑

j∈S

aσ(i)σ(j)xσ(j)

)
+ cxσ(i)

= ((A + cI)x)σ(i) = λ,

and so
((A + cI)x̂)i = 1

|G|
∑
σ∈G

((A + cI)σ∗x)i = λ,

showing that x̂ ∈ gKKT (c). Finally, let τ ∈ G. By hypothesis G is a group, hence Gτ = G,
therefore

τ∗x̂ = 1
|G|
∑
σ∈G

τ∗(σ∗x̂) = 1
|G|
∑
σ∈G

(στ)∗x̂ = 1
|G|
∑
σ∈G

σ∗x̂ = x̂.

□

Lemma 1 will be central in our next result, which relies also on the following
definition:

Definition 4 Given x ∈ ∆n, define on supp(x) the equivalence relation ∼x such that

i ∼x j if and only if xi = xj .

The partition induced by x is the family of the equivalence classes of ∼x.

In the sequel, for a given non-empty S ⊆ V we write A[S, S] for the principal
submatrix of A having entries in the rows and columns of A indexed by S, see [31].

Theorem 2 Consider a non-empty S ⊆ V . Suppose there exists x ∈ KKT (c) such that
S = supp(x) and suppose −c is not an eigenvalue of A[S, S]. Then every class of the partition
induced by x is invariant under every automorphism of G[S].

Proof The thesis is that xσ(i) = xi for every i ∈ S and every automorphism σ of G[S]. Let
σ be an automorphism of G[S] and let G be the group of automorphisms generated by σ. By
Lemma 1, there exists x̂ ∈ gKKT (c) satisfying supp(x̂) = S and x̂σ(i) = x̂i for every i ∈ S.
By hypothesis on c, there exists a unique z ∈ Rn such that{

(Az)i + czi = 1 for every i ∈ S,

zi = 0 for every i ∈ V \ S,

and by Proposition 2 every element of gKKT (c) with support equal to S is necessarily a
multiple of z. Since z admits at most one multiple in ∆n, this means that x = x̂. □

Given a non-empty S ⊆ V , Theorem 2 may provide some information about
the orbits of the automorphisms of G[S]. Specifically, if −c is not an eigenvalue
of A[S, S] and we are able to find some x ∈ gKKT (c) with supp(x) = S, then
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Theorem 2 states that for every automorphism σ of G[S] the partition on S given
by { { σk(i) : k ∈ Z } : i ∈ S } — namely, the collection of the orbits under σ — is a
refinement of the partition induced by x. For |S| = 1, 2 note that G[S] is regular,
hence by Proposition 4 there exists x ∈ gKKT (c) with supp(x) = S regardless of the
value of c. However, for |S| ≥ 3 the structure of G[S] may be more complicated, and
such an element of gKKT (c) may not exist.

Proposition 7 Suppose three distinct nodes i1, i2, i3 ∈ V satisfy i1 ̸∼ i3 and i2 ∼ i3.
Let S′ ⊆ V \ { i1, i2, i3 } be such every neighbor of i1 in S′ is also a neighbor of i2. Let
S = S′ ∪ { i1, i2, i3 }.
(a) If i1 ∼ i2, then no element of gKKT (1) has support equal to S;
(b) If i1 ̸∼ i2, then no element of gKKT (0) has support equal to S.

Proof Let M ∈ Rn×n such that M = A + γI for some γ ∈ R. Write M = [mij ]i,j and note
that mij = aij for every distinct i, j ∈ S, hence mi2j − mi1j = ai2j − ai1j ≥ 0 for every
j ∈ S′ by hypothesis on S′, and the inequality is strict for j = i3, whereas

mi2i1 − mi1i1 = ai1i2 − γ and mi2i2 − mi1i2 = γ − ai1i2 .

(a): Suppose γ = 1 and i1 ∼ i2. Then ai1i2 = 1 and mi2j − mi1j = 0 for j = i1, i2. Suppose
now some x ∈ gKKT (1) satisfies supp(x) = S. By Proposition 2, every i ∈ supp(x) yields
the same value for the expression

∑
j∈V mijxj , hence:

0 =
∑
j∈V

mi2jxj −
∑
j∈V

mi1jxj =
∑
j∈S

(mi2j − mi1j)xj ≥ (mi2i3 − mi1i3 )xi3 > 0,

and this is absurd.
(b): This time, suppose γ = 0 and i1 ̸∼ i2. As before mi2j − mi1j = 0 for j = i1, i2, and

a vector x ∈ gKKT (0) such that supp(x) = S leads to a contradiction. □

The two conclusions of Proposition 7 are indeed equivalent in light of Proposition 3.
Observe that in Proposition 7 the graph G[S] is isomorphic to either the cherry graph
or its complement graph in case S′ = ∅.

Even though it is possible that no element of gKKT (c) has support equal to S,
the next proposition shows that a different scenario occurs if |c| is sufficiently large.

Proposition 8 Let S be a non-empty subset of V . There exists a bounded interval I ⊂ R
such that if c /∈ I then at least an element of gKKT (c) has support equal to S.

Proof Call s = |S| and assume s ≥ 3, for otherwise the proof is trivial. Observe that

0 < min
x∈∆n(S)

x⊤x = 1
s

<
1

s − 1 = min
x∈∂∆n(S)

x⊤x,

thus as γ → −∞ we get the asymptotic estimates

max
x∈∆n(S)

fγ(x) ∼ γ

s
, max

x∈∂∆n(S)
fγ(x) ∼ γ

s − 1 .
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Consequently, if c is negative and with modulus sufficiently large, then the function fc

restricted to ∆n(S) admits a maximum z ∈ int ∆n(S). By Proposition 1, it follows that
z ∈ gKKT (c). In case c is positive, the same idea shows that if 1 − c is negative and with
modulus sufficiently large, then there exists some w ∈ gKKT

(
G, 1 − c

)
with supp(w) = S,

and the proof is concluded after observing that w ∈ gKKT (c) by Proposition 3. □

A tighter bound on the interval I in Proposition 8 can be derived from the spectral
radius of A[S, S], as shown in [32, Theorem 1].

6 Barycentric Coordinates
Note that for a family of non-empty and pairwise disjoint subsets of V , the corre-
sponding characteristic vectors are linearly independent. This enables us to introduce
a convenient representation of points of ∆n based on barycentric coordinates, a type
of coordinate system for simplices that is widely employed in finite element method
and computer graphics, see e.g. [23, 24].

Definition 5 Consider a tuple E = (V1, V2, . . . , Vk) of non-empty and pairwise disjoint
subsets of V . Given x ∈ conv(xV1 , xV2 , . . . , xVk ), the vector of barycentric coordinates4 of x

with respect to E is the unique vector y = baryE(x) in ∆k such that x =
∑k

ℓ=1 yℓxVℓ .

We remark that in the setting of Definition 5 we must have xi = xj = yℓ|Vℓ|−1

in case i, j ∈ Vℓ. A trivial example of barycentric coordinates is obtained considering
E = ({ 1 } , { 2 } , . . . , { n }), for which baryE(x) = x for every x ∈ ∆n.

Barycentric-coordinates notation will be combined with another concept that
qualifies a particular way to partition the support of an element of ∆n.

Definition 6 Let x ∈ ∆n. A partition P of supp(x) separates distinct values of x if for
every i, j ∈ supp(x) such that xi ̸= xj the nodes i and j belong to distinct classes of P.

In other words, a partition P of supp(x) separates distinct values of x if and only
if P is a refinement of the partition induced by x described in Definition 4. Moreover,
we remark that in the setting of Lemma 1 the orbits of supp(x̂) under the action of
G constitute a partition of supp(x̂) separating distinct values of x̂.

We now aim to discuss how a partition as in Definition 6 is related to barycentric
coordinates. This requires the following result:

Proposition 9 Consider a family { V1, V2, . . . , Vk } of non-empty and pairwise disjoint
subsets of V . Then

conv(xV1 , xV2 , . . . , xVk ) = ∆n ∩ span(xV1 , xV2 , . . . , xVk ).

4We introduce here an abuse of language. Strictly speaking, the entries of baryE(x) constitute the
barycentric coordinates of z with respect to the vectors xV1 , xV2 , . . . , xVk .
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Proof The vectors xV1 , xV2 , . . . , xVk are elements of span(xV1 , xV2 , . . . , xVk ) and of ∆n,
which are convex sets, hence conv(xV1 , xV2 , . . . , xVk ) is included in their intersection. The
trivial inclusion conv(xV1 , xV2 , . . . , xVk ) ⊆ ∆n ∩ span(xV1 , xV2 , . . . , xVk ) is thus proved.

To prove the reversed inclusion, consider some real coefficients a1, a2, . . . , an such that
x =

∑k
ℓ=1 aℓxVℓ is an element of ∆n. For every ℓ ∈ [k], the hypotheses on V1, V2, . . . , Vk

entail the existence of some i ∈ Vℓ \
(
∪m ̸=ℓVm

)
, and so aℓ|Vℓ|−1 = xi ≥ 0, thus aℓ ≥ 0.

Moreover, by x ∈ ∆n we obtain

1 =
n∑

i=1
xi =

n∑
i=1

( k∑
ℓ=1

aℓxVℓ

)
i

=
k∑

ℓ=1

n∑
i=1

(aℓxVℓ )i =
k∑

ℓ=1

aℓ.

But then (a1, a2, . . . , ak)⊤ ∈ ∆k, hence x ∈ conv(xV1 , xV2 , . . . , xVk ). □

Choose now x ∈ ∆n and consider a partition P = { V1, V2, . . . , Vk } of supp(x) sep-
arating distinct values of x. Then x ∈ span(xV1 , xV2 , . . . , xVk ), and by Proposition 9
it follows that x ∈ conv(xV1 , xV2 , . . . , xVk ). Therefore, it makes sense to consider some
barycentric coordinates of x associated with P, that in general depend on how the
elements of P are ordered.

Definition 7 Given a family F ⊆ 2V , we call enumeration of F any tuple E =
(V1, V2, . . . , Vk) of distinct subsets of V such that F = { V1, V2, . . . , Vk }.

Continuing with the previous example, if E = (V1, V2, . . . , Vk) is an enumeration
of P, then baryE(x) is a well defined element of ∆k, and it is immediate to see that
supp(x) ⊆ ∪k

ℓ=1Vℓ, with equality if and only if baryE(x) ∈ int ∆k.
Moreover, if x ∈ gKKT (c), then baryE(x) satisfies some additional algebraic rela-

tions that depend on the structure of G and that involve the graph-theoretical notion
of density [26]. For every non-empty S1, S2 ⊆ V , let eG(S1, S2) count the ordered
pairs of adjacent nodes in the set S1 × S2, i.e., let

eG(S1, S2) = |{ (i, j) ∈ S1 × S2 : i ∼ j }|.

By definition, eG(S1, S2) provides a way to count the edges crossing S1 and S2, but
note that every edge with both ends in S1 ∩ S2 is counted twice. Call edge density
between S1 and S2 the ratio

dG(S1, S2) = eG(S1, S2)
|S1||S2|

.

In particular, given a family F of non-empty subsets of V , the edge densities between
all possible pairs (S1, S2) ∈ F × F can be collected into a matrix, which in a sense
sketches the connectivity between elements of F . Once again, an enumeration for F
allows us to establish a unique way to build this matrix.

Definition 8 For a tuple E = (V1, V2, . . . , Vk) of distinct non-empty subsets of V , the edge
density matrix associated with E is the symmetric matrix D ∈ Rk×k with general coefficient
dℓ,m = dG(Vℓ, Vm).
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Suitable edge densities and barycentric coordinates can be combined to produce
an alternative expression for the multiplication by A.

Lemma 2 Let E = (V1, V2, . . . , Vk) be a tuple of non-empty and pairwise disjoint subsets of
V , let x ∈ conv(xV1 , xV2 , . . . , xVk ) and set y = baryE(x). Then

(Ax)i =
k∑

m=1
dG({ i } , Vm)ym for every i ∈ V .

Proof By hypothesis x =
∑

ℓ yℓxVℓ , hence

(Ax)i =
n∑

j=1
aijxj =

k∑
m=1

∑
j∈Vm

aijxj =
k∑

m=1

∑
j∈Vm

aijym|Vm|−1

=
k∑

m=1

eG({ i } , Vm)
|Vm| ym =

k∑
m=1

dG({ i } , Vm)ym.

□

Thanks to Lemma 2, we can prove that for x ∈ gKKT (c), a certain vector y of
barycentric coordinates for x is a KKT point for a corresponding quadratic program.

Theorem 3 Let x ∈ ∆n and let P be a partition of supp(x) separating distinct values of x.
Let E = (V1, V2, . . . , Vk) be an enumeration of P, call D the edge density matrix associated
with E and set Λ = diag(|V1|, |V2|, . . . , |Vk|). If x ∈ gKKT (c), then baryE(x) is a KKT point
for the program

maximize
y ∈ int ∆k

y⊤(D + cΛ−1)y. (15)

Proof Let y = baryE(x). We may write x =
∑

ℓ yℓxVℓ by definition of y. By Proposition 2
and Lemma 2, there exists λ such that for every i ∈ supp(x)

λ = ((A + cI) x)i =
( k∑

m=1
dG({ i } , Vm)ym

)
+ cxi.

For every ℓ ∈ [k], the arithmetic mean of the previous expression as i varies in Vℓ gives

λ = 1
|Vℓ|

∑
i∈Vℓ

[( k∑
m=1

dG({ i } , Vm)ym

)
+ cxi

]

= 1
|Vℓ|

∑
i∈Vℓ

[( k∑
m=1

eG({ i } , Vm) ym

|Vm|

)
+ c

yℓ

|Vℓ|

]

=
( k∑

m=1
dG(Vℓ, Vm)ym

)
+ c|Vℓ|−1yℓ
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Fig. 2 An instance for G such that x{ 1,2,3,4 } is not an element of gKKT (c)

=
((

D + cΛ−1)y
)

ℓ
.

Then y is a KKT point for Program (15). □

We remark that Eq. (6) in the proof of Proposition 1 is a trivial consequence of
Theorem 3 when the partition considered is P = { { i } : i ∈ S }.

7 Equitable Partitions
The converse of Theorem 3 would be helpful in characterizing the elements of
gKKT (c). Unfortunately, the implication appearing in Theorem 3 cannot be replaced
with a double implication. In fact, suppose G is the graph on V = [4] depicted in
Fig. 2, for which the adjacency matrix is

A =


0 1 1 1
1 0 0 0
1 0 0 1
1 0 1 0

,

and consider the vector x =
( 1

4 , 1
4 , 1

4 , 1
4
)⊤, which by Proposition 4 is not an element

of gKKT (c). For V1 = { 1, 2 } and V2 = { 3, 4 }, for which diag(V1, V2)−1 = 1
2 I, the

family P = { V1, V2 } with enumeration E = (V1, V2) has edge density matrix

D = 1
2

(
1 1
1 1

)
,

and baryE(x) =
( 1

2 , 1
2
)⊤ is a KKT point for the program

maximize
y ∈ int ∆2

y⊤
(

D + c

2 I
)

y.

However, Theorem 3 admits a partial converse under stronger hypotheses, which can
be expressed using the notion of equitable partition [25].

Definition 9 Given a graph G′ on a non-empty set of nodes S, a partition P =
{ V1, V2, . . . , Vk } of S is called equitable for G′ if for every ℓ, m ∈ [k] the number of
neighbours in Vm of a vertex i in Vℓ is a constant bℓm, independent of i.
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Note that, if { V1, V2, . . . , Vk } is an equitable partition for a graph G′, then in
particular Vm ̸= ∅ and G′[Vm] is regular for every ℓ ∈ [k]. The following proposition
provides an equivalent formulation of Definition 9 involving edge densities:

Proposition 10 Given a graph G′ and a partition P = { V1, V2, . . . , Vk } of the set of nodes
of G′, then P is equitable for G′ if and only if

dG′ (Vℓ, Vm) = dG′ ({ i } , Vm) for every ℓ, m ∈ [k] and every i ∈ Vℓ. (16)

Proof Suppose first that P is an equitable partition. Fix ℓ, m ∈ [k] and some i ∈ Vℓ. Then∑
j∈Vℓ

eG′ ({ j } , Vm) = eG′ (Vℓ, Vm), (17)

and every term appearing in the summation is equal to eG′ ({ i } , Vm) = bℓm by defini-
tion of equitable partition. Consequently, dividing both sides of Eq. (17) by |Vℓ||Vm| we get
dG′ ({ i } , Vm) = dG′ (Vℓ, Vm), and this value is independent of the choice of i in Vℓ. Con-
versely, suppose Eq. (16) holds. Then every node in Vℓ has dG′ (Vℓ, Vm)|Vm| neighbors in Vm

for every ℓ, m ∈ [k], and this shows that P is equitable. □

Equitable partitions for induced subgraphs will play a key role in the remaining
part of this paper.

Proposition 11 Consider some non-empty S ⊆ V . Then:
(a) The partition { { i } : i ∈ S } is equitable for G[S];
(b) The partition { S } is equitable for G[S] if and only if G[S] is a regular graph;
(c) If S is not an independent set, then every partition of S is equitable for G[S] if and only

if S is a clique;
(d) If G is a group of automorphisms for G[S], then the orbits of G form an equitable partition

for G[S].

Proof (a), (b): Trivial by Definition 9.
(c): Note first that every partition of a complete graph is equitable. To prove the other

implication, assume there exist two adjacent nodes i1, i2 ∈ S and that every partition of S
is equitable for G[S]. In particular, this is true for the partition { { i1 } , S \ { i1 } }, and since
i2 ∼ i1, then i ∼ i1 for every i ∈ S \ { i1 }. Also { S } is an equitable partition for G[S], thus
G[S] is a regular graph by (b), and so every i ∈ S has |S|−1 neighbors in S, i.e., S is a clique.

(d): This follows by [25, p. 216, Exercise 2]. □

As mentioned before, stronger assumptions enable us to strengthen the conclusions
drawn in Theorem 3.

Theorem 4 Let x ∈ ∆n and let P be a partition of supp(x) separating distinct values of x.
Let E = (V1, V2, . . . , Vk) be an enumeration of P, call D the edge density matrix associated
with E and set Λ = diag(|V1|, |V2|, . . . , |Vk|). Assume P is equitable for G[supp(x)]. Then
x ∈ gKKT (c) if and only if baryE(x) is a KKT point for Program (15).
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Proof One implication follows immediately by Theorem 3. For the other implication, set
y = baryE(x) and assume that y is a KKT point for Program (15). Then supp(y) = [k], and
there exists λ ∈ R such that for every ℓ ∈ [k]:

((D + cΛ−1)y)ℓ = λ.

Pick any i ∈ supp(x). The node i is in Vℓ for some ℓ ∈ [k], and dG({ i } , Vm) = dG(Vℓ, Vm)
by Proposition 10. By Lemma 2,

((A + cI)x)i =
( k∑

m=1
dG({ i } , Vm)ym

)
+ cxi =

( k∑
m=1

dG(Vℓ, Vm)ym

)
+ c|Vℓ|−1yℓ = λ.

Then x ∈ gKKT (c) by Proposition 2. □

8 Application to Equitable Bipartitions
Let P = { V1, V2 } be a partition for some subset of V , define E = (V1, V2) and assume
that P is an equitable partition for G[V1 ∪ V2]. Moreover, let D = [dij ]i,j be the edge
density matrix associated with E and set{

α1(E) = |V2|(d12 − d22),
α2(E) = |V1|(d21 − d11).

Proposition 12 G[V1 ∪ V2] is a regular graph if and only if α1(E) = α2(E).

Proof For ℓ = 1, 2, every node in Vℓ has dℓ1|V1| + dℓ2|V2| neighbors in V1 ∪ V2. Then
G[V1 ∪ V2] is regular if and only if d11|V1| + d12|V2| = d21|V1| + d22|V2|, which is equivalent
to α1(E) = α2(E). □

The regularity of G[V1 ∪V2] plays a key role in how gKKT (c) intersects [xV1 , xV2 ].

Corollary 1 Assume G[V1 ∪ V2] is a regular graph. Then c∗ = α1(E) = α2(E) is such that
• If c = c∗, then gKKT (c) ∩ [xV1 , xV2 ] = [xV1 , xV2 ];
• If c ̸= c∗, then gKKT (c) ∩ [xV1 , xV2 ] = { xV1 , xV2 , xV1∪V2 }.

Proof By Proposition 12, α1(E) = α2(E), hence c∗ is well defined. Both xV1 and xV2 are in
gKKT (c) by Proposition 4, and by Theorem 4 we can find the remaining elements of gKKT (c)
within [xV1 , xV2 ] by looking for points of the form y1xV1 + y2xV2 , where (y1, y2)⊤ ∈ int ∆2
satisfies for some λ ∈ R (

D + c diag
(
|V1|−1, |V2|−1))(y1

y2

)
=
(

λ
λ

)
.

By eliminating λ, this means that

(c|V1|−1 + d11)y1 + d12 y2 = d21 y1 + (d22 + c|V2|−1)y2,
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which is equivalent to
(c − α2(E))y1|V1|−1 = (c − α1(E))y2|V2|−1. (18)

Then for c = c∗ every (y1, y2)⊤ ∈ int ∆2 satisfies Eq. (18). For c ̸= c∗, dividing both sides in
Eq. (18) by c − c∗ yields y1|V1|−1 = y2|V2|−1, leading to the solution xV1∪V2 . □

Corollary 2 Assume G[V1 ∪ V2] is not a regular graph. Then the closed interval I =
conv(α1(E), α2(E)) is such that:

• If c ∈ I, then gKKT (c) ∩ [xV1 , xV2 ] = { xV1 , xV2 };
• If c ̸∈ I, then gKKT (c) ∩ [xV1 , xV2 ] = { xV1 , xV2 , x(c) }, where

x(c) =
2∑

ℓ=1

(c − αℓ(E))|Vℓ|
(c − α1(E))|V1| + (c − α2(E))|V2|x

Vℓ (19)

satisfies supp x(c) = V1 ∪ V2 and x(c) ̸= xV1∪V2 .

Proof As before, both xV1 and xV2 are in gKKT (c) regardless of the value of c by Propo-
sition 4. However, this time α1(E) ̸= α2(E) by Proposition 12, and so I is a closed interval
with distinct endpoints. Let x ∈ [xV1 , xV2 ] such that x ̸= xV1 , xV2 . Arguing as in the proof
of Corollary 1, then x ∈ gKKT (c) ∩ [xV1 , xV2 ] if and only if x = y1xV1 + y2xV2 , where
(y1, y2)⊤ ∈ int ∆2 satisfies Eq. (18). For positive y1, y2 a solution to Eq. (18) exists only in
case c ̸∈ I, and if that occurs, then it is easy to check that x = x(c). □

Recall that a star graph is a complete bipartite graph in which one node, called
center, is an end of every edge in the graph [26].

Definition 10 We say that a graph G′ = (V ′, E′) is a generalized star with core5 H ′ if:
(GS1) H ′ is a proper non-empty subset of V ′;
(GS2) Every node in H ′ is adjacent to every node in V ′ \ H ′;
(GS3) H ′ is a clique, but V ′ is not a clique;
(GS4) The induced subgraph G[V ′ \ H ′] is regular, but not a clique.

Proposition 13 Let G′ = (V ′, E′) be a star graph with center u ∈ V ′. If |V ′| ≥ 3, then G′

is a generalized star with core { u }.

Proof A star graph that has three or more nodes is not a clique. It is then immediate to see
that Definition 10 is satisfied. □

Note that the cherry graph (Fig. 1) is a star and admits the equitable partition
{ { 1, 2 } , { 3 } }. In this case, x(c) given by Corollary 2 for c = 0 is precisely the
spurious solution

( 1
4 , 1

4 , 1
2
)⊤. Similarly, Corollary 2 can be applied to every star graph

with at least 3 nodes, as well as to generalized star graphs.

5The term core has a different meaning in algebraic graph theory, see e.g. [25, p. 104].
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Theorem 5 Let H, P be disjoint subsets of V such that G[H ∪ P ] is a generalized star with
core H. Set h = |H|, p = |P | and assume G[P ] is a d-regular graph. Then b = p − d > 1, and
for c ̸∈ [1, b] and {

y1 = (c − 1)p [(c − 1)p + (c − b)h]−1,

y2 = (c − b)h [(c − 1)p + (c − b)h]−1,
(20)

the vector x = y1xP + y2xH is an element of gKKT (c) with support H ∪ P .

Proof By hypothesis, F = { H, P } is an equitable partition for G[H ∪ P ], and the edge
density matrix associated with (P, H) is

D =
(

d/p 1
1 1 − 1/h

)
.

A direct computation shows that{
α1((P, H)) = h[1 − (1 − h−1)] = 1,

α2((P, H)) = p(1 − dp−1) = p − d = b.

Moreover, G[P ] is not complete by (GS3), thus d < p − 1 and so 1 < b ≤ p. Finally, if
c ∈ R \ [1, b], then the thesis follows by Corollary 2 applied to (V1, V2) = (P, H). □

In [2, Theorem 10], a configuration of cliques C1, C2, . . . , Cq of equal cardinality
is exhibited such that conv(xC1 , . . . , xCq ) is entirely contained in gKKT (0). To show
this, the authors prove that every point of that specific convex hull is a local solution
for the Motzkin-Straus QP. Recently, this result has been generalized in [3].

As an application of Theorem 5, we are able to exhibit a particular configuration of
cliques C1, C2, . . . , Cq and conditions on c such that at least one vector with support
∪ℓCℓ is an element of gKKT (c) \ conv(xC1 , . . . , xCq ).

Corollary 3 Consider q ≥ 2 distinct cliques C1, C2, . . . , Cq such that:
(i) There exists an integer s ≥ 2 such that |Cℓ| = s for every ℓ ∈ [q];

(ii) The set H = ∩ℓCℓ is not empty and Cℓ ∩ Cm = H for every distinct ℓ, m ∈ [q];
(iii) The set P = ∪ℓCℓ \ H is not empty and G[P ] is regular but not complete.

There exist c0 < 1 and 1 < b ≤ |P | such that, if c ̸∈ { c0 } ∪ [1, b], then at least one vector
with support ∪ℓCℓ lies in gKKT (c) \ conv(xC1 , . . . , xCq ).

Proof Observe that G[H ∪ P ] is a generalized star with core H. Define h = |H|, p = |P |,
and assume G[P ] is a d-regular graph. For b = p − d and c ∈ R \ [1, b], define y1 and y2 as in
Eq. (20) so that, by Theorem 5, the vector x = y1xP + y2xH is an element of gKKT (c). It
will be useful to note that dividing termwise the equalities in Eq. (20) yields

y2
h

: y1
p

= c − b

c − 1 . (21)

Now, suppose it is possible to write x as a convex combination of xC1 , xC2 , . . . , xCq . In this
case, there is an alternative way to compute the left-hand side of Eq. (21). In fact, note that
xi = xj whenever i, j ∈ P by construction, and due to hypothesis (i) there exists only one

PREPRINT 20 PREPRINT



PREPRIN
TFig. 3 Some generalized stars, with core nodes represented in gray

element of conv(xC1 , . . . , xCq ) with this property, namely the arithmetic mean of xC1 , xC2 ,
. . . , xCq . Therefore

x = 1
q

q∑
ℓ=1

xCℓ ,

hence

xi =


q−1s−1 i ∈ P ,
s−1 i ∈ H,
0 otherwise.

Consequently, y1 = pq−1s−1 and y2 = hs−1 and so
y2
h

: y1
p

= q. (22)

By Eq. (21) and Eq. (22) we get (c − b)(c − 1)−1 = q, i.e., c = (q − b)(q − 1)−1. To complete
the proof, define c0 = (q − b)(q − 1)−1 and note that b ≥ 2 implies c0 < 1. □

9 Replicator Dynamics
Consider a matrix M ∈ Rn×n and the associated ordinary differential equation

ẋi = xi

[
(Mx)i − x⊤Mx

]
, for every i ∈ [n]. (23)

It is known that ∆n is invariant under the flow defined by Eq. (23), see e.g. [28],
and the corresponding dynamical system defined on ∆n by Eq. (23) is known as the
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continuous-time replicator dynamics with payoff-matrix M . We recall that a point
z ∈ ∆n is stationary for Eq. (23) if the constant function x(t) = z is a trajectory under
Eq. (23). Bomze provided in [5] a characterization of stationary points for Eq. (23).
In particular, this characterization can be rephrased as follows when specialized to
the case M = A + cI:

Theorem 6 A point x ∈ ∆n is stationary for the replicator dynamics with payoff-matrix
A + cI if and only if x ∈ gKKT (c).

Proof Imposing ẋ = 0 in Eq. (23), it is easy to see that a point x ∈ ∆n is stationary for the
replicator dynamics with payoff-matrix M if and only if there exists some λ ∈ R such that
(Mx)i = λ for every i ∈ supp(x). By Proposition 2, this is equivalent to x ∈ gKKT (c) in
case M = A + cI. □

Thanks to Theorem 6, every result presented in this paper about gKKT (c) can be
restated as a result about stationary points for the replicator dynamics with payoff-
matrix A + cI. This can be used, for instance, to describe the following consequence
of Proposition 6. Let x ∈ ∆n and assume x is not a characteristic vector. As reported
in [14, 15], an analysis on the spectrum of A + cI shows that if c lies in a certain
range, which depends on both supp(x) and A, then x cannot be a stationary point
for the replicator dynamics with payoff-matrix A + cI. This information is applied
in [14, 15] to derive annealing procedures on c providing heuristics for the maximum
clique problem — see also [16] for a parallelized implementation. By Proposition 6,
we can say more: since x lies in gKKT (γ) for at most one value of γ ∈ R, if x is a
stationary point for the replicator dynamics with payoff-matrix A + cI, then x is no
longer a stationary point if we perturb c to change its value, and this is true for any
non-null perturbation on c.

Moreover, the following theorem reports additional known results, which can be
proved using that the matrix A + cI is symmetric, see e.g. [22, Theorem 2], [5,
Theorem 3, Lemma 4] and [33]:

Theorem 7 Let x(t) be a non-stationary trajectory under Eq. (23) for M = A + cI and
such that x(0) ∈ ∆n. Then:
(a) The function (fc ◦ x)(t) = x⊤(t)(A + cI)x(t) is strictly increasing in t;
(b) There exists z = limt→+∞ x(t) and z ∈ gKKT (c);
(c) If x(0) ∈ int ∆n then z ∈ KKT (c).

Theorem 7 motivates the use of replicator dynamics to solve the generalized
Motzkin-Straus QP [5, 14–16, 34] since it guarantees that the replicator dynamics
trajectories initialized in int ∆n will always converge to a KKT point of the program.
However, although such trajectories will never hit a (proper) face in finite time (see
e.g. [29, p. 119]), in practical numerical implementations they might be subject to
additional complications. In fact, a “jump” into a face of ∆n may occur for various
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reasons, such as approximation errors due to floating-point arithmetic or threshold-
ing procedures, and sometimes it might even be an explicit design choice to speed up
convergence.6 We remark that once a trajectory hits a face it cannot move away from
it, and if that face does not contain a KKT point then the process is guaranteed to
converge only to a generalized KKT point. In this respect, our results can be seen as
a contribution towards understanding the properties of the limit points of such ill-
behaved (simulated) trajectories, in terms of properties of the subgraphs induced by
their support.

10 Conclusion
In this article, we discussed properties of the generalized Karush-Kuhn-Tucker points
associated with a parametric version of the Motzkin-Straus QP introduced by Bomze.
We extended some known results regarding characteristic vectors and generalized
KKT points, and provided new insights into these points and the symmetries of
the subgraphs induced by their support. Thanks to a suitable use of barycen-
tric coordinates, we studied the generalized KKT points by representing them as
convex combinations of characteristic vectors. Finally, considering equitable biparti-
tions for induced subgraphs, we identified some generalized KKT points associated
with generalized star graphs and related to the well-known spurious solution of the
Motzkin-Straus QP for the cherry graph.

We conclude by suggesting potential research directions for future work. On the
one hand, it would be interesting to find a weaker version of Theorem 4 that does not
involve equitable partitions, as it could lead to a more precise description of generalized
KKT points. On the other hand, an interesting direction is related to the replicator
dynamics. In particular, Theorem 3 and Theorem 4 provide a correspondence between
stationary points associated with two distinct replicator dynamics, evolving on sim-
plices having (in general) different affine dimension. It would be interesting to further
explore this correspondence and to understand whether it may simplify the search for
replicator dynamics stationary points via a suitable dimensionality reduction. Addi-
tionally, it would be interesting to investigate to what extent the consequence of
Proposition 6 mentioned in Sect. 9 may be useful to improve the annealing procedures
described in [14–16]. Finally, as explained in Sect. 9, numerical implementations of
the replicator dynamics with payoff matrix A + cI may return vectors of gKKT (c)
that are not KKT points for the generalized Motzkin-Straus QP, despite the theory
regarding the trajectories initialized in int ∆n. The results presented in this paper sug-
gest that these vectors could still offer insights into the underlying graph structure. It
remains an open question, however, whether this kind of information might be useful
in practical applications.

6Bomze [35] shows several examples of interior trajectories that, after getting very close to a simplex
face, suddenly move away from it. In such cases, approximation or thresholding issues as the ones described
above might result in an improper convergence of the algorithm.
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