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Abstract. The study analyzes the development of analytical models for the
reinforcement of structures using nanomaterials. Initially, it introduces the
"Surface stress" phenomenon within the context of composite materials. In
fact, nanocomposites show distinct characteristics compared to traditional
composites due to the high surface-to-volume ratio at the nanoscale, which
significantly influences the mechanical properties. Secondly, the research ex-
plores the Eshelby Tensor for a homogeneous solid with inclusions. Thirdly,
various homogenization methods are compared, such as the Mori-Tanaka
method, the self-consistent method with Eshelby Tensor and the refined
Mori-Tanaka method for determining the effective stiffness tensor of nano-
composites. Fourthly, the introduction of “interface stress” between matrix
and nanomaterials is analyzed. All the models are compared based on values
of experimental results; moreover, a comparison with traditional composite
techniques is performed. Overall, this work provides a detailed analytical
framework for understanding and predicting the behavior of nanocomposites,
integrating advanced mathematical models to account for the unique effects
observed at the nanoscale.

Keywords: nanomaterials, nanocomposites, RVE, homogenization,
Molecular Dynamics, Mori-Tanaka, multiscale

1 Introduction

1.1  Features of nanoscale materials

Nanocomposites are composite materials in which at least one characteristic di-
mension of the filler ranges from 1 to 100 nm [1]. At these scales, materials exhibit
properties different from those observed in bulk materials [2]. When the matrix is
composed of polymers, the materials are referred to as Polymer Matrix Nanocom-
posites (PMNCs); if the matrix is metallic, they are called Metal Matrix Nanocom-
posites (MMNCSs). In bulk materials, a significant portion of the material resides
within the particles themselves; however, nanomaterials have a high surface-to-
volume ratio [3]. Consequently, surface atoms with dangling bonds exhibit
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quantum mechanical behaviors [4], but also new mechanical properties emerge [5],
such as the condition of surface stress [6].

Consider a simple model of two-dimensional metal nanoparticles from [6]. An
atom P located within the material experiences equal forces in both the X and Y
directions (Figure 1a, left). In contrast, a surface atom experiences an unbalanced
force along the X-axis and is therefore subjected to an attractive force from the in-
terior of the particle (Figure 1a, right). As a result, a condition of surface tension
arises [6]. In the context of MMNCs, the lattice mismatch between the nanofiller
and the external matrix can amplify this condition, leading to localized stresses. In
practical cases, the interface is more complex; there is no clear boundary between
the matrix and the filler [7].

polymer

Silica nanoparticle

Q = atoms in plane of figure
@ = atoms in planes adjacent and parallel to xy plane Composite

@ (b)

Fig. 1. On the left, an example of the lattice of a metal nanoparticle from [6]; on the right, a
Molecular Dynamics simulation of a PMNC with silica filler from [7].

Several differences exist between traditional composites and nanocomposites.
Assuming the filler is more rigid than the matrix, in bulk composites, particle diam-
eter has little effect on the final elastic modulus; moreover, in some cases, the
Young's modulus decreases with the size of particles, as reported by [2] in compo-
sites of epoxy and alumina particles with radii of 1, 2, 5, and 8um. Surface func-
tionalization also does not enhance load transfer [2]. However, when particle sizes
are below 100 nm, the behavior is opposite: smaller particles lead to greater in-
creases in Young's modulus [2], a phenomenon confirmed in several studies [2][8].
Therefore, appropriate models must capture this behavior.

1.2 Simulating the nanoscale

There are two approaches to studying the mechanical properties of nanocomposites.

The first is the top-down approach, which involves extending classical conti-
nuum mechanics and micromechanics to the nanoscale by incorporating surface and
size effects unique to nanomaterials. This method adapts existing theories to



3

account for how surfaces and interfaces influence the overall mechanical properties
of materials. For example, surface elasticity theories have been developed for iso-
tropic materials to consider these surface effects [9]. This approach has been suc-
cessfully applied to various problems, such as analyzing elastic solids with
nanoinclusions or nanocavities [10] and examining the elastic behavior of ultra-thin
films [6].

The bottom-up approach focuses on building models of nanocomposites from
the atomic or molecular level, often using molecular dynamics (MD) simulations to
study their mechanical properties. In this method, the interactions between indivi-
dual atoms or molecules are considered to predict the overall structural behavior
[5].

In some cases, these approaches can be used together; for example, Molecular
Dynamics can provide useful results for micromechanical analysis when experi-
mental data are not available [12].

The application of nanotechnology offers significant advantages in the fields of
structural analysis, thermal insulation, and improved fatigue behavior [41]. The pur-
pose of this research is to provide an overview of existing homogenization models
so that bulk data of nanocomposites can be easily derived and used in commercial
software, facilitating the work of structural analysts.

In the first section, semi-empirical theories will be analyzed. These are simple
models developed for bulk composites that, in many cases, have been applied to
nanocomposites. In the second section, models based on variational principles will
be discussed. Thirdly, Eshelby tensor model is introduced, which is the most
widely used theoretical framework for analyzing the mechanics of nanocomposites.
Initially, models considering a spheroidal filler in an infinite medium will be dis-
cussed, followed by the case of a finite Representative Volume Element (RVE), and
finally models with realistic boundary conditions.

A limitation of the Eshelby tensor approach is that it uses bulk material properties
to describe nanoscale phenomena, thereby neglecting interface effects. Therefore,
in section four, we will introduce additional models that take these effects into ac-
count.

Finally, we will reproduce these models and compare them with experimental
results from various authors [8][27-40].

Acronym Meaning
PMNC Polymeric Matrix Nano-Composite
MMNC Metal Matrix Nano-Composite
RVE Representative Volume Element
f Volume Percentage
Wy Weight Percentage

Xo “0” indicates a property of the matrix



X2, “1,2,...” indicate a property of the fillers
X The bar indicates a property of the final composite
C Stiffness tensor
: Double contraction between tensors
E Young modulus
v Poisson’s ratio
G Shear modulus
K Bulk modulus
Q Volume
o0 Boundary of the volume

Tab.1: Notation used in the present work.

2 Empirical Models

The following theories are derived from the interpolation of experimental data.
These models typically assume idealized conditions, such as perfect adhesion be-
tween the filler and matrix, as well as the complete dispersion of individual filler
particles. Einstein's equation was originally formulated to describe the effective
shear viscosity of dilute suspensions of rigid spheres:

E = E,(1 + 2.5f) 1)

In this equation, E and E,, denote the Young’s modulus of the composite and the
matrix, respectively, while f represents the particle volume fraction. This equation
is valid only for low filler concentrations and predicts a linear relationship between
E and f, independent of particle size. However, at higher concentrations, interac-
tions between the strain fields surrounding the particles lead to inaccuracies in the
model's predictions [2]. To address this, Guth introduced a particle interaction term,
modifying Einstein's equation to:

E = Ey(1 + 2.5f + 14.1f?) )

In this formulation, the linear term represents the stiffening effect of individual
particles, while the quadratic term accounts for particle interactions [2]. Both for-
mulations do not include the influence of the stiffness of the inclusions but only
their concentration.

The Halpin-Tsai equation is used to model composites containing short fibers.
In this model, the aspect ratio of the filler is first calculated. The elastic modulus in
the fiber direction is then given by [12]:
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where £ = %l, 1 represents the fiber length and d is the diameter. For nanoparticles,

E;, = E can be assumed. For instance, this formula has been employed to derive
the elastic properties of nanocomposites composed of spherical particles in homog-
enized finite element models [13].

3 Models from Variational principles

Several models are derived from variational principles, such as the principle of mi-
nimum potential energy. In these models, displacement boundary conditions are ap-
plied to the boundary 0Q of the volume Q of the material. The macroscale potential
energy density W () is defined as:

1 i
W(e) = Efg Cijki€ij€rdfd (4)

where &;; represents the strain using Einstein’s notation. Within this framework,

the Voigt model is the well-known "rule of mixtures" for composite materials. For
a composite with a single type of filler, it is expressed as:

E = foEy + fiEy 5)

where f, denotes the volume fraction of the matrix and f; the volume fraction of
the filler. In the Voigt model, this equation provides an upper bound for the effective
modulus of composite materials [14].

By applying the complementary strain energy principle, the Reuss model, or
lower bound predictor, can be obtained:

L _fo h

E E, E ©)

This model represents the lower bound of the effective modulus [14]. The same
equations (4) and (5) can be applied to the full elastic stiffness tensor. Other boun-
dary models are the Hashin-Shtrikman bounds [18].
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4 Models from Eshelby’s formulation

4.1  Eshelby’s tensor on Infinite RVE

The Eshelby model serves as the foundation for numerous analytical approaches.
Eshelby considers an elastic medium containing inclusions, assuming perfect bond-
ing between the matrix and inclusions. The matrix is treated as infinitely large rel-
ative to the inclusions, such that from the perspective of the inclusions, the medium
appears infinite. Additionally, the inclusions are assumed to be well-dispersed and
non-interacting, allowing for the assumption of an "infinite representative volume
element (RVE)" surrounding each inclusion. Under these assumptions, the model
proceeds through the following virtual operations:

e Start with the composite consisting of both the matrix and fillers.

e Virtually remove the fillers, allowing the matrix to relax into the voids
created.

o Apply surface tractions to the voids to restore their original shape; for in-
stance, if shrinkage occurs after filler removal, the surface traction enlarges
the void to its initial size.

o  Finally, the voids are virtually refilled with the matrix material, rather than
the composite [15].

The result is a composite where the stiffness tensor of the matrix can be legiti-
mately used, as the matrix remains the only constituent in this virtual operation.
However, eigenstrains are applied to the regions where the fillers were originally
located [16]:

& X €04

g”(x)z{ 0, x€Q/Q,

U]

where Q; represents the volume of the filler, and Q is the volume of the infinite
RVE surrounding the filler. The purpose of Eshelby's method is to find a tensor that
relates the strain in the material to the eigenstrain [16]:

Eidj (x) = §?;kl(x)“5}:l (8)

In this equation, e denotes the strain in the homogenized material, ¢, the ei-
genstrain, and Sukl the Eshelby tensor (with “co0” signifying the infinite RVE).
Eshelby provides an exact, closed-form solution for the problem, offering values
for the interior (1) Eshelby tensor §Ukl (which applies to the volume Q, inside the
filler) and the exterior Eshelby tensor Sukl (which applies outside the inclusion,

that is Q/€Q,). Here it is reported the equation for interior Eshelby tensor in 2D
problem [16], see [16] for the exterior Eshelby tensor:

(3 4v) 4v-1)
St () = grma (G + 6adjs) + g3 80, XEQs ()
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It is important to note that the value of the interior Eshelby tensor is spatially
constant, ensuring that the eigenstrain remains uniform inside the inclusion. In con-
trast, the exterior Eshelby tensor is not constant.

4.2  Mori-Tanaka method

The Mori-Tanaka method utilizes the Eshelby tensor derived from an infinite
representative volume element (RVE) to determine the homogenized stiffness ten-
sor of a composite material [17]. The assumptions underlying this model are that
the composite consists of two perfectly bonded phases (matrix and filler), with the
filler being well dispersed throughout the matrix. Additionally, it is assumed that no
inclusions are located near the boundaries of the matrix, thus avoiding boundary
effects [17].

2

0 interface

Fig. 2. Scheme for Mori-Tanaka lemma; the fluctuation stress is present only in an interface
zone and vanishes if the distance from the inclusion increases.

The method is based on the Mori-Tanaka lemma, which states that if the com-
posite is subjected to far-field stress, the stress in the matrix near an inclusion is
equal to the far-field stress plus fluctuations caused by the presence of the inclusion.
These fluctuations diminish as the distance from the inclusion increases [17][18].
Using this principle, it is possible to derive the first estimation of the homogenized
stiffness tensor for the composite [7]:

C=(foCo+f1Cr:T):(fol +f1T1) ™!

-1 (10)
Ty=(1+5":c51:(61—Co) )

In this equation, I represents the fourth-order identity tensor, f the volume per-
centage of matrix or filler and T} is the dilute strain concentration tensor.

Several authors have proposed simplified expressions based on this model. For
instance, [2] provides the following formula for the composite's elastic modulus:



— 9KG
E=—— (11)
3K+G

where K is the bulk modulus and G is the shear modulus. A similar expression
is derived by [19], who demonstrates the connection between their micromechanical
formulation, the Mori-Tanaka method, and the Hashin-Shtrikman bounds.

4.3  Eshelby’s tensor on Finite RVE

The previously discussed models assume that the Eshelby tensor is computed in
an infinite representative volume element (RVE), which results in the omission of
geometrical parameters, such as the size of the filler, in the final formulation. In
contrast, [16] introduces the concept of the Eshelby tensor within a finite RVE. The
hypothesis is that both the inclusion and the surrounding RVE are circular or spher-
ical in shape (see figure 3).

Aej

Fig. 3. Spherical Representative Volume Element from [26]

First, [16] decomposes the classical infinite RVE Eshelby solution into a basis of
circular coordinates:

8ij0k
S Sj + 60
G)ijkl(r) = 5ijrkrl (12)
6klrirj
TN

Given that the RVE is finite and circular, they hypothesize a radially symmetric
solution. Under this assumption, a closed-form solution for the Eshelby tensor is
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derived. In this case, the presence of boundary conditions alters the form of the
solution, yielding different results depending on whether Dirichlet or Neumann
boundary conditions are applied [16]. For the complete expression of the Eshelby
tensor in a finite RVE under Dirichlet boundary conditions, see equation (57) in
[16]. Moreover, [20] presents expressions for the Eshelby tensor in a three-dimen-
sional spherical finite RVE under both Dirichlet and Neumann boundary conditions.
The final solution consists of a constant dilatational part and a term that depends
on the radius of the RVE; as this radius approaches infinity, the solution converges
to the Eshelby tensor for an infinite RVE, as described in previous models. To
achieve proper homogenization, spatial averaging is required. For Dirichlet bound-
ary conditions, the following formulas are obtained [20]:
(shda,=st " Egju+ss "Eg

Em _ _Emp(1) En(2)
(S 1ag=S1" EjjiitS2" Eiji

(13)
where [E represents the E-bases and B stands for Dirichlet (D) or Neumann (N)
boundary conditions. Consult equations (8-14) of [20] for the full expressions. The
resulting estimation of the stiffness tensor is given by [20]:

C= CO—fC0:<A—(SI'D)QI>_1

(14)
A:(CO—Cl)_llc
In practical scenarios, a combination of Dirichlet and Neumann boundary condi-
tions is often observed, representing conditions on displacement and force, respec-
tively. [21] proposes a linear combination of these boundary conditions:

S*F = aS*P (x) + (1 — a)S*N (x) (15)

where # stands for interior () or exterior (E) Eshelby tensor, “F” indicates the
composition of boundary condition, “D” the Dirichlet boundary condition, “N” the
Neumann boundary condition and « is a coefficient in the range from 0 to 1. With
this new expression for the averaged Eshelby tensor, it becomes possible to refine
the Mori-Tanaka equation, therefore the estimation of stiffness tensor results in
[20]:

-1

€= flo: (4= =P (8", =6 ))) a9

For the full expression of the combined boundary conditions, refer to [21].
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5 Interface Models

A key limitation of the Eshelby model is its reliance on the bulk properties of ma-
terials, without accounting for the interface effects, which are critical to the final
properties of nanocomposites [10]. As previously discussed, the interface plays a
crucial role in determining the mechanical behavior of nanocomposites. The first
study of surface stress, conducted by Gurtin and Murdoch [9], developed a frame-
work to account for stress and strain in elastic bodies. Building on this, [10] applied
their formulation to study stress in nanopores using an energetic approach, mini-
mizing the free energy of a symmetrical RVE with a spherical inclusion, modeled
as a void. In [22], the double-inclusion model is introduced, wherein the interface
is treated as a shell surrounding the nanoparticle. This model assumes perfect bond-
ing between the three phases (matrix, nanoparticles, and interphase) and applies the
Eshelby formulation to all phases. However, no special conditions are applied to the
shell, with the claim that it does not significantly affect the estimation of the com-
posite's final stiffness. A similar approach is adopted by [23], who propose an "in-
terlayer domain™ model, suggesting that the Eshelby tensor for the interface is iden-
tical to that for the inclusion's interior.

Another important study on interface properties is provided by [7]. This work
suggests that the zone between the filler and matrix involves a mixture of their re-
spective molecules and constituents, justifying the introduction of an "interphase"
layer. The geometric and elastic properties of this interphase are determined using
Molecular Dynamics (MD) simulations, after which the micromechanical model of
[24] is used by [7] to compute the composite's final properties:

C=0Co+ ((f1 + f2)(C, = Co): T, + f1(Cy — Cz):T1)(f01 + i+ f)T)7!
(7)

where “2” indicates the interphase. Simulations show that as the particle radius in-
creases, the effect of the interface on the final stiffness decreases. This finding aligns
with the surface stress hypothesis introduced in [6]: as the surface-to-volume ratio
decreases, the Young’s modulus approaches the value predicted by the Mori-
Tanaka model.

Until now, we have assumed perfect bonding between the matrix, interface, and
inclusion. However, [25] classifies three different interface models:

e The free sliding model, where normal traction and displacement at the in-
terface are continuous, but shear traction is neglected.

e The linear spring model, in which the interface behaves like a linear spring
in both tangential and normal directions.

e The dislocation-like model, similar to the linear spring model, but where
displacement in one direction is proportional to displacement in another di-
rection.
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e The interface stress model, which treats the interface as an independent
phase, as in previous studies by [7][23][22].
Here some details about interface stress model are reported. The mathematical for-
mulation is given as:

[ul] =0
n-lol-n=—-1k @an
P-[o]'n=-V,-1

where P=I® —n®n, I® is the second order identity tensor, n represents the
normal of the surface, k is the curvature tensor, t is the interface stress tensor, and
V, - T represents the divergence of the tensor field [9]. The interface stress follows
a linear elastic approach and can be expressed in terms of Lame constants:

T = 2A,E + ugtr(E)I (18)

where A, and u, are the interface moduli and E represents the strain tensor. Build-
ing on this, [25] extends the Eshelby model to incorporate these interface moduli,
and [5] performs the necessary averaging, demonstrating the dependence of the final
elastic modulus on nanoparticle radius, volume fraction, and interface moduli.

This model is one of the most complex currently used, as it incorporates every pa-
rameter of the composite—nanoparticle radius, volume, bulk properties, and inter-
face moduli. For instance, it accurately predicts that a decrease in nanoparticle ra-
dius leads to an increase in the composite’s Young’s modulus.

The interface moduli are a key measure of how well-bonded the matrix and nano-
filler are. Bulk properties can be measured in separate experiments, however, in-
terface moduli require to have already the final composite. As a consequence, the
method is not well-suited for full “a priori” estimation. At the same time, [11] per-
forms a fitting of the Birch-Murnaghan energy equation to MD results in order to
determine the interface moduli of specific nanocomposites, instead of conducting
practical experiments.

6 Comparison with experimental results

Table 2 gathers experimental data from literature.

Matrix Filler E, Vg E, vy fi E Sources
(GPa) (GPa) (GPa)

Nylon-6 Si0, 130 041 73 017 1% 165 [27][28]

Nylon-6 Sio, 130 041 73 017 2% 1.8 [27]

PEEK Si0, 39 0356 887 0082 25% 41 [30]

PEEK Si0, 39 0356 887 0082 5% 4.1 [30]

PEEK Sio, 3.9 0.356 88.7 0.082 7.5% 4.3 [30]
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Epoxy
Epoxy
Epoxy

Epoxy Epon
862

Epoxy Epon
862

Epoxy Epon
862

Epoxy Epon
862

Epoxy Epon
862

Epoxy Epon
862

Al

Al

AAB063
AAB063
AAB063
AZ31
AZ91

Sio,
Sio,
Sio,

Sio,
R=80nm
Sio,
R=80nm
Sio,
R=80nm
Si0,
R=20nm
Si0,
R=20nm
Si0,
R=20nm
TiC
TiC
Tio,
Tio,
Tio,
Al,04
Al,04

3.30
3.30
3.30
2.830
2.830
2.830
2.830
2.830
2.830
68

68

70

70

70

45
55.3

0.41
0.41
0.41
0.3
0.3
0.3
0.3
0.3
0.3
0.33
0.33
0.3
0.3
0.3

0.33
0.35

73.1
73.1
73.1
70
70
70
70
70
70
460
460
259
259
259

417
314

0.17
0.17
0.17
0.28
0.28
0.28
0.28
0.28
0.28
0.18
0.18
0.28
0.28
0.28

0.27
0.27

0.3%

1.6%

3%

0.55%

0.82%

1.63%

0.55%

0.82%

1.63%

17%

35%

3%

5%

7%

1.5%
1.5%

3.4

3.43

3.67

2.83

2.97

3.12

3.09

3.10

3.14

108

200

70.3

70.8

71

49
58.6

[31]
[29]
[31]
[27]
[31]
[27]
(8]

(8]
(8]
(8]
(8]
(8]
[32]
[32]
(33][36]
(33][36]
(33][36]

[341[37]
[35][37]

Table 2. Collection of experimental data of stiffness of nanocomposites.

Under the hypothesis of linear elastic materials (for matrix, nanoinclusions and in-
terface), Young modulus is computed using different methods shown in the present
work: Figure 4 shows the percentage error (absolute value) for each type of nano-
composites. On Y axis, the average percentage error is reported, by assuming the
experimental data as the true value.
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Average Percentage Error Comparison Across Models

[0
o
o

—O— Finite RVE Eshelby tensor

—6— Infinite RVE Mori-Tanaka
Finite RVE Mori-Tanaka

—6— Halpin-Tsai

—6— \oigt

~
o
T

D
o
T

[62]
o
o

Average Percentage Error (%)
w B
o o

O 1 1
& ¢ N
& S $
& ) N
Data Category

Fig. 4. Comparison of homogenization methods with class of nano-composite materials;
PMNCs stands for “Polymer Matrix Nano-Composites”, “MMNCs” stands for “Metal Ma-
trix Nano-Composites”. The results are expressed in absolute values.

7 Discussion

The purpose of this work is to provide a holistic overview of analytical methods for
the homogenization of nanocomposite materials.

Regarding traditional methods, the Voigt rule (Equation (5)) is generally not suit-
able in most cases, except for Metal Matrix Nanocomposites (MMNCSs), where it
performs well with an average relative error of 8.80%. The Halpin-Tsai rule (Equa-
tion (3)) performs better for Polymeric Matrix Nanocomposites (PMNCs), with an
error of 9.86%. Both methods are easy to apply and can serve as valid approaches
for homogenization.

Concerning methods derived from the Eshelby tensor, The Mori-Tanaka method,
in its traditional form (equation (10)), proves inadequate for nanocomposites due to
the large errors computed. In contrast, the refined Mori-Tanaka method (employing
the Finite Representative Volume Element (RVE) Eshelby tensor, equation (16))
provides better estimations. The errors are comparable to those of the Finite RVE
Eshelby tensor method under Dirichlet boundary conditions (equation (14)), as the
mathematical foundations are the same. The Finite RVE Eshelby tensor with Di-
richlet boundary conditions represents the best approach to estimate the stiffness of
PMNCs, achieving an absolute percentage error of 9.61%.
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The effectiveness of the Interface Stress Model depends on the calculation of
interface moduli, which require the use of Molecular Dynamics simulations [40] or
inference from experimental results. Consequently, the method is not viable when
computational time is a critical concern. Furthermore, only two experimental data
points are available; thus, its application was not considered in this analysis.

In conclusion, traditional methods can provide good estimations of the final stiff-
ness of materials, but more refined methods, such as those based on the Eshelby
tensor and interface stress, are better capable of simulating the variation of design
parameters in nanocomposites.
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