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Abstract
We compare the Serret-Frenet frame with a relatively parallel adapted frame (RPAF) introduced by Bishop [6] to
parametrize W2,2-curves. Next, we derive the geometric invariants, curvature and torsion, with the RPAF asso-
ciated to the curve. Finally, we discuss applications of the two approaches in variational problems.

Mathematics Subject Classification (2020): 53A04, 74B20.
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1 Introduction

The study of curvature and torsion of spatial curves is a classical topic in differential geometry where high regu-
larity on the curve is customary. In such a setting, the curvature κ and torsion τ generate the Serret-Frenet frame,
which is an orthonormal basis along the curve, where τ is defined only in points with κ ̸= 0. The Serret-Frenet
system takes the form 

t′ = κ n,

n′ = −κ t − τb,

b′ = τn,

where t is tangent to the curve parametrized by the arc-length, n is the principal normal and b is the binormal.
Variational analysis of elastic curves has been widely developed by Langer and Singer [13, 14, 15]. We also

mention a recent interesting research on elastic networks by Mantegazza et al. [16], where the authors consider
essentially the Euler elasticae. Nevertheless, to extend the study to more general energy functionals, one may
need to introduce a suitable weak notion of curvature and torsion defined everywhere.

More than 40 years ago, Bishop [6] introduced another way to frame a curve. Precisely, he defined the relatively
parallel adapted frame (RPAF) as an orthonormal basis along the curve such that normal vectors to the curve have
tangential derivatives. This requires less regularity than in the classical case, for instance it can be set for a
W2,2-curve. Precisely, a RPAF is given by 

t′ = u2 d1 − u1d2,

d′
1 = −u2 t,

d′
2 = u1 t,
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where t is tangent to the curve and (d1, d2) are orthogonal to t. We notice that the coefficients u1, u2 are not
geometric invariants of the curve.

Another way to set the problem is the framed curve approach, which has been reconsidered by Schuricht et al.
[11, 17] to study elastic rods. We also mention [9], where the RPAF has been obtained within the theory of Cosserat
rods. Framed curves have been recently used to study variational problems related to elastic curves. We refer to
[7, 8], where they derived a corrected version of the Sadowsky functional within the theory of elastic ribbons and
to [10, 2, 3, 4], where the authors investigated equilibrium shapes of a system in which a closed flexible filament
is spanned by a liquid film. Other results can be found in [5, 1], where the framed curve approach has been
employed to derive first-order necessary conditions for minimizers.

In this paper, in Section 2, we recall the Bishop framework introducing the relatively parallel adapted frames
(RPAF) and we compare them with the Serret-Frenet frames in the smooth case. Next, in Section 3, we derive the
geometric invariants κ and τ as functions of the coefficients u1, u2 of the RPAF. Finally, in Section 4, we conclude
that the framed curve approach seems to be useful to study variational problems involving energy functionals,
while the RPAF approach is less suitable for that. However, the framed curve approach requires more than a
W2,2-curve, whereas in the RPAF one, curvature and torsion are well-defined for any W2,2-curve.

2 Relatively adapted frames along a curve

Let us consider a curve x ∈ C2((0, L); R3), where L > 0, parametrized by the arc-length s. Following Bishop [6],
we start by recalling the notion of relatively parallel fields along x. Let t = x′ be the unit tangent vector to x and
let d in the plane perpendicular to t. We say that d is a relatively parallel field along x if d′ = ct for some constant c
(see Figure 1).

Figure 1: The field d is relatively parallel along the curve x: d′ = ct where c is a constant.

Remark 2.1. By means of a standard parallel transport argument, see [6, Thm. 1] for details, we can ensure that there exists
at least one relatively parallel field along x.

Definition 2.2. A relatively parallel adapted frame along x, briefly RPAF along x, is an orthonormal frame {t, d1, d2}
along the curve such that both d1, d2 are relatively parallel fields along x.
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As a consequence of Remark 2.1 and Definition 2.2, there are smooth coefficients ui, i = 1, 2, such that
t′ = u2 d1 − u1d2,

d′
1 = −u2 t,

d′
2 = u1 t.

(2.1)

Clearly, any orthonormal frame satisfying (2.1) is a RPAF along any curve with t as tangent vector.
We notice that the system (2.1) is similar to the classical Serret-Frenet system which can be defined for a

C3-curve. Precisely, we can define

Definition 2.3. Let x ∈ C3((0, L); R3) be a curve parametrized by the arc-length, then t = x′. Assume |t′| ̸= 0
everywhere and let κ = |t′| the (positive) curvature of x. We set

n =
t′

|t′| , b = t × n,

usually referred as the principal normal and the binormal respectively. Immediately, we have

b′ = τn,

for some coefficient τ which is called the torsion of the curve x. Hence, we can introduce the Serret-Frenet orthonormal
frame {t, n, b} as the following system 

t′ = κ n,

n′ = −κ t − τb,

b′ = τn.

(2.2)

We notice that system (2.2) is well-defined since |t′| ̸= 0. The moving orthonormal frame {t, n, b} is not
an RPAF along x since both n and b are not relatively parallel along x. Nevertheless, the Serret-Frenet system
contains important information about x. Indeed, in (2.2) the coefficients κ and τ are geometric invariants of x: the
curvature and the torsion of x do not depend on the parametrization of x.

Remark 2.4. For planar curves, the system (2.1) essentially reduces to{
t′ = u d
d′ = −u t

while the Serret-Frenet frame takes the form {
t′ = κ n,
n′ = −κ t.

This means that |u| = κ so that u plays the role of the weak signed curvature.

Both RPAF and Serret-Frenet frames are special cases of the general frame along the curve, which looks like
t′ = u2 d1 − u1d2,

d′
1 = −u2 t + u3d2,

d′
2 = u1 t − u3d1,

(2.3)

where u1, u2 and u3 are smooth coefficients.
To deal with non-smooth curves, the idea is to prescribe the coefficients ui ∈ L2(0, L), (u1, u2 are called flexural

densities, while u3 is the twist density), and look for a solution of (2.3). More precisely, let us fix the following initial
conditions

t(0) = t0, d1(0) = d0
1, d2(0) = d0

2, (2.4)
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such that {t0, d1
0, d2

0} is an orthonormal basis in R3. By classical results [12], there exists a unique orthonormal
frame {t, d1, d2} ∈ (W1,2((0, L); R3))3 satisfying (2.3) and (2.4). By integration we can therefore reconstruct the
curve x as

x(s) = t0 +
∫ s

0
t(r) dr.

In particular, we get x ∈ W2,2((0, L); R3). This approach has been introduced and developed by Gonzalez et
al. (see [11] and [17]) and it has been defined the framed curve approach. In the case where u3 = 0, we call again
{t, d1, d2} a RPAF along the curve x.

From now on, we will focus only on systems (2.1) and (2.2) and we compare them. A natural question arises:
are κ and τ related with the coefficients u1, u2 of an RPAF along x? In the next Lemma we show the relation
between ui’s and κ, τ.

Lemma 2.5. Let ui : [0, L] → R, i = 1, 2, be such that the unique solution x of (2.1) and (2.4) is of class C3((0, L); R3).
Assume that |t′| = |x′′| ̸= 0 everywhere. Let κ, τ be the curvature and the torsion of x. There exists ϑ ∈ C1([0, L]) such
that 

ϑ′ = τ

u1 = κ sin ϑ

u2 = κ cos ϑ.
(2.5)

In particular, √
u2

1 + u2
2 = κ.

Proof. Since the curve is regular, both systems
t′ = u2 d1 − u1d2

d′
1 = −u2 t

d′
2 = u1 t

(2.6)

and 
t′ = κ n

n′ = −κ t − τb

b′ = τn.

(2.7)

hold.
Comparing (2.7)1 and (2.6)1, it follows

κn = t′ = u2 d1 − u1d2, (2.8)

whence, remembering that d1 and d2 are orthonormal,

κ2 = u2
1 + u2

2. (2.9)

This suggests to set
u1 = κ sin ϑ, u2 = κ cos ϑ, (2.10)

for a suitable function ϑ ∈ C1((0, L)).
To relate ϑ to the torsion τ, we notice that since κ ̸= 0 and x ∈ C3((0, L); R3), we get κ ∈ C1((0, L)). Hence,

differentiating (2.10) we obtain

u′
1 = κ′ sin ϑ + κϑ′ cos ϑ =

κ′

κ
u1 + u2ϑ′ (2.11)

u′
2 = κ′ cos ϑ − κϑ′ sin ϑ =

κ′

κ
u2 − u1ϑ′. (2.12)
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On the other hand, differentiating (2.8), it follows

κ′n + κn′ = u′
2d1 + u2d1

′ − u′
1d2 − u1d2

′.

Substituting the expressions of n′, d1
′, d2

′ from (2.6) and (2.7) respectively, and using (2.8), (2.9), (2.11) and (2.12),
one easily gets

κ′n − κτb = −ϑ′(u1d1 + u2d2) +
κ′

κ
(u2d1 − u1d2) = −ϑ′(u1d1 + u2d2) +

κ′

κ
κn.

This simplifies into
κτb = ϑ′(u1d1 + u2d2).

Squaring this relation and using (2.9), it follows immediately τ = ±ϑ′, which is the thesis.

Remark 2.6. Equation (2.8), together with (2.10), implies for κ ̸= 0

n = cos ϑd1 − sin ϑd2

and since b is perpendicular to n, it is immediate to check that

b = sin ϑd1 + cos ϑd2.

Therefore, ϑ(s) is, for every s, the angle of a rotation R(s) in the plane perpendicular to t(s) at x(s), which can be thought
as a space rotation around t(s). i.e. leaving the tangent vector fixed: R(s)t(s) = t(s).

Remark 2.7. Lemma 2.5 shows that, assuming smoothness of the curve, the curvature and the torsion are related to the
flexural densities u1 and u2 through the twist ϑ of the moving frame. Nevertheless, from the system (2.5), it is clear that u1
and u2 are not geometric invariants of the curve.

In order to extract geometric invariants of a curve of class W2,2 from a RPAF along it the we need to understand
better the “degrees of freedom” of the RPAF. The next proposition is only stated in [6].

Proposition 2.8. If {t, d1, d2} is a RPAF, then the totality of RPAFs consists of frames of the form

R(t, d1, d2)

where R is the rotation introduced in Remark 2.6 and it is independent of s, see Figure 2.

Proof. Obviously, if (t, d1, d2) is an RPAF and R does not depend on s, then R(t, d1, d2) is an RPAF.
Let {t, d1, d2} and {t, d̃1, d̃2} be two RPAFs defined on the curve x. Then, necessarily in the plane perpen-

dicular to t, we have (d1, d2) are related to (d̃1, d̃2) through a rotation which depends on the applied point s,
namely (

d̃1
d̃2

)
= R

(
d1
d2

)
=

(
cos ϑ − sin ϑ
sin ϑ cos ϑ

) (
d1
d2

)
, (2.13)

where R is an rotation matrix which in general depends on s. We want to prove that actually R does not depend
on s. Using the expression of (d̃1, d̃2) in Eq. (2.13), we get

d̃′
1 = − sin ϑϑ′(s)d1 + cos ϑd′

1 − ϑ′ cos ϑd2(s)− sin ϑd′
2,

d̃′
2 = cos ϑϑ′d1 + sin ϑd′

1 − ϑ′ sin ϑd2(s) + cos ϑd′
2.

Since the couple (d1, d2) satisfies Eq. (2.1), the above expressions simplify into

d̃′
1 = ϑ′ [− sin ϑd1 − cos ϑd2]︸ ︷︷ ︸

A1

− cos ϑu2t − sin ϑu1t,

d̃′
2 = ϑ′ [cos ϑd1 − sin ϑd2]︸ ︷︷ ︸

A2

− sin ϑu2t + cos ϑu1t.

Since both {t, d1, d2} and {t, d̃1, d̃2} were chosen to be RPAFs, i.e. the components of the derivatives of d̃′
1 and d̃′

2
are allowed only along the tangential direction t, this implies that both A1 and A2 have to be zero. Hence, ϑ′ = 0
which gives the thesis.
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Figure 2: Two RPAFs along x: they differe by a constant angle of rotation ϑ.

Figure 3: Along a straight-line segment the twist of a RPAF is not arbitrary.

Remark 2.9. The definition of a RPAF and the Proposition 2.8 can be easily adapted to a curve in Rn for any n > 3.

An immediate consequence of Proposition 2.8 is the following remark.

Remark 2.10. If x has a straight-line piece then a RPAF along such a piece of the curve must be constant (see Figure 3).
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3 From the unit tangent field to geometric invariants

In this section we prescribe t ∈ W1,2((0, L); R3) with |t| = 1 everywhere, so that, by integration, we obtain a
curve x, parametrized by the arc-length. We want to define directly geometric invariants of x.

We begin with the following proposition.

Proposition 3.1. Let d0
1, d0

2 ∈ R3 be such that {t(0), d0
1, d0

2} is an orthonormal basis in R3. Then the integral equations

u1(s) = −d0
2 · t′(s)−

∫ s

0
u1(r)t(r) · t′(s) dr, (3.1)

u2(s) = d0
1 · t′(s)−

∫ s

0
u2(r)t(r) · t′(s) dr. (3.2)

have a unique solution u1, u2 ∈ L2(0, L). Moreover, if we set

d1(s) = d0
1 −

∫ s

0
u2(r)t(r) dr, d2(s) = d0

2 +
∫ s

0
u1(r)t(r) dr (3.3)

then {t, d1, d2} is an orthonormal basis in R3 and it is the unique solution of (2.1)-(2.4).

Proof. The integral equations (3.1) and (3.2) are Volterra integral equations of the second kind with kernel in L2.
Applying [18, Sec. 1.5] we get existence and uniqueness of solutions u1, u2 ∈ L2(0, L). Then, if we define d1, d2
by means of (3.3) we get d′

1 = −u2t and d′
2 = u1t. At this point, from (3.1) - (3.2), we obtain

u1 = −d2 · t′, u2 = d1 · t′.

As a consequence

(t · d1)
′ = t′ · d1 + t · d′

1 = u2 − u2 = 0, (t · d2)
′ = t′ · d2 + t · d′

2 = −u1 + u1 = 0.

This means that t · di = t(0) · d0
i = 0 for i = 1, 2. Furthermore, we also easily obtain

(d1 · d1)
′ = (d2 · d2)

′ = (d1 · d2)
′ = 0.

Hence, {t, d1, d2} is an orthonormal basis in R3. Finally, t′ = u2d1 − u1d2 and this yields the conclusion.

To define geometric invariants of x, following Giusteri et al. [9], we introduce

u := u2 + iu1 (3.4)

where u1 and u2 are the solutions of (3.1) and (3.2) respectively, having fixed the initial data d0
1 and d0

2. In order
to simplify the arguments, we denote by ϑ(u) the unique argument of u in [−π, π). In particular, we notice that

u = |u|eiϑ(u).

Theorem 3.2. Let {d0
1, d0

2} and {d̃0
1, d̃0

2} be such that {t(0), d0
1, d0

2} and {t(0), d̃0
1, d̃0

2} are two orthonormal basis in R3.
Let (u1, u2) and (ũ1, ũ2) be the respective solutions of (3.1) and (3.2). Then, the following hold true

|u| = |ũ| (3.5)

and
ϑ(u)− ϑ(ũ) = α, (3.6)

where α is a constant independent of s.
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Proof. First of all, to show the first relation (3.5), we notice, by (2.1)1, that

|u|2 = u2
1 + u2

2 = |t′|2 = ũ2
1 + ũ2

2 = |ũ|2 .

Next, to verify (3.6), we observe directly by Proposition 3.1 that

u1 = −t′ · d2, u2 = t′ · d1,

from which we get
u = t′ · (d1 − i d2) .

Moreover, from Proposition 2.8, we can write the rotated frame (d̃1, d̃2) in the plane perpendicular to t as{
d̃1 = Ad1 + Bd2

d̃2 = Γd1 + ∆d2

where A, B, Γ, ∆ are constants. Then, it can be easily seen that

ũ = ũ2 + iũ1 = t′ · (Ad1 + Bd2 − iΓd1 − i∆d2) = (Au2 − Bu1) + i (∆u1 − Γu2) .

Since the matrix (
A B
Γ ∆

)
is a constant rotation, it follows that ũ = ueiα where the angle α depends only on A, B, Γ, ∆, and this yields the
conclusion.

4 Conclusions and remarks

In this work, we compared the Serret-Frenet approach with the RPAF one.
Starting from a moving frame {t, n, b} ∈ (W1,2((0, L); R3))3 such that t′ · b = 0, we can define the curvature

and the torsion of x as follows
κ = t′ · n, τ = n′ · b.

We stress the fact that κ and τ are always defined in a weak sense and they are L2 functions. However, in
general, it is not true that starting from t ∈ W1,2((0, L); R3) with |t| = 1, there exists a moving frame {t, n, b} ∈
(W1,2((0, L); R3))3 satisfying 

x′ = t,

t′ = κn,

n′ = −κt + τb,

b′ = −τn.

(4.1)

Indeed, to have n ∈ W1,2((0, L); R3), we must require, whenever |t′| ̸= 0

t′

|t′| ∈ W1,2((0, L); R3). (4.2)

The condition (4.2) could not be true without further assumptions on t: observe that in general we cannot say
more than t′ ∈ L2([0, L]; R3). For a RPAF system, we immediately notice that the moving frame {t, n, b} is
not a RPAF since n′ and b′ are not parallel to t. By means of Remark 2.1, on a curve a RPAF generated by
t ∈ W1,2((0, L); R3) always exists. In this sense, the RPAF approach is more general since we can deal with any
curve x ∈ W2,2((0, L); R3). Nevertheless, by Theorem 3.2, the curvature and the torsion are defined as (see (3.5)
and (3.6))

κ =
√

u2
1 + u2

2 and τ = ϑ′,
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where u2 + iu1 = κeiϑ and u1, u2 are the solutions of (3.1) and (3.2). The main drawback of this approach stems
in τ which is defined only in the sense of distributions: choosing discontinuous coefficients u1 and u2, we indeed
get the angle ϑ to be a discontinuous function. We remark that this fact cannot happen for a frame of type (4.1),
where τ ∈ L2((0, L)).

To study variational problems for elastic curves related to functionals of type

F [x] =
∫

x
f (κ, τ) dℓ,

one needs to introduce a weak notion of curvature and torsion. For instance, in [5, 1], we used the framed curve
approach. Precisely, we considered functionals of the following type

F [t|n|b] =
∫ L

0
f (t′ · n, n′ · b) ds,

where the independent variable is the moving frame {t, n, b}. On the other hand, the formulation of the func-
tional F in terms of RPAF is harder since the torsion is defined only in the sense of distributions.

As a conclusion, it seems that the RPAF’s approach is not suitable for performing a variational analysis of a
functional depending on curvature and torsion. Nevertheless, it could be a useful approach to study geometric
properties of curves since curvature and torsion turn out to be well-defined in a weaker framework.
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