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In this paper, we perform a joint design of goal legibility and recognition in a cooperative, 
multi-agent pathfinding setting with partial observability. More specifically, we consider a set of 
identical agents (the actors) that move in an environment only partially observable to an observer 
in the loop. The actors are tasked with reaching a set of locations that need to be serviced in a 
timely fashion. The observer monitors the actors’ behavior from a distance and needs to identify 
each actor’s destination based on the actor’s observable movements. Our approach generates 
legible paths for the actors; namely, it constructs one path from the origin to each destination 
so that these paths overlap as little as possible while satisfying budget constraints. It also equips 
the observer with a goal-recognition mapping between unique sequences of observations and 
destinations, ensuring that the observer can infer an actor’s destination by making the minimum 
number of observations (legibility delay). Our method substantially extends previous work, which 
is limited to an observer with full observability, showing that optimizing pathfinding for goal 
legibility and recognition can be performed via a reformulation into a classical minimum cost 
flow problem in the partially observable case when the algorithms for the fully observable case 
are appropriately modified. Our empirical evaluation shows that our techniques are as effective 
in partially observable settings as in fully observable ones.

1. Introduction

In the AI and robotics literature, the concept of goal legibility emerges in settings where there are two types of agents at play: the 
artificial agents that act in the environment to achieve specific goals, called the actors, and the agents (either human or artificial) 
that monitor the actors’ actions to identify their goals, called the observers. Often, there are multiple actors and one observer. The 
observer runs a goal recognition system, i.e. an algorithm that aims to recognize the objective that an actor is trying to achieve based 
on a sequence of observations of the actor’s actions. An actor is said to display a legible behavior when it is able to signal the goal 
it is pursuing to the observer through its actions, with no direct communication, which might not always be available. The notion of 
legibility arises in cooperative or collaborative domains where the actor is aware of the observer’s presence and wants to make it easy 
for it to understand its objective.
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Legibility has initially emerged in human-robot interaction settings [15], where a robot and a human collaborate on a physical 
task. Ideally, the robot wants to exhibit a behavior that conveys a clear intent to the human in the loop, so the human does not need 
to constantly ask the robot questions about its intentions. In this case, direct communication between the robots and the human is 
available, but studies on legibility impose the constraint that it is not used, preferring that the robot uses an implicit way to reveal 
its goals. Legible behavior results in a smoother and more natural human-robot interaction than purely functional behavior [15].

Following its introduction, the notion of legibility has been explored in several contexts, including task and motion planning, 
both in single-agent and multi-agent scenarios [16,30,26,27,39,38]. The main idea in this body of work is that, when the actor 
plans its behavior, it needs to optimize not only for achieving its goals but also for legibility, which involves choosing actions that 
disambiguate between the different goals that it might want to fulfill.

Legibility is only one of the concepts that arise in the context of interpretable agent behavior. As explained at length by Chakraborti 
et al. [12], if legibility “reduces ambiguity over possible goals that might be achieved”, there are other dimensions that are equally 
important, namely predictability, which “reduces ambiguity over possible plans, given a goal/planning problem”, and explicability, 
which “measures how close a plan is to the expectation of the observer, given a goal/planning problem”. It is worth noting that all 
these three notions take the point of view of the actor, i.e. they become meaningful in the context of formulating plans that allow 
the actor to be legible, predictable, and explicable to the observer.

Goal recognition, on the other hand, supports the observer, which knows the set of goals that an actor might want to achieve but 
does not know which specific goal the actor has picked during a particular run. The observer aims to disambiguate among possible 
goals, identifying the one that the actor has selected based on observing the actor’s actions. A goal recognition system can be thought 
of as an inference function that maps sequences of observed actions to goals. Goal recognition can be performed by the observer 
regardless of whether the actor tries to enact a legible behavior or not. Indeed, in adversarial domains, the actor might actively try 
to mislead the observer [29,3,7]. On the other hand, in any context in which an actor generates and implements legible plans, it is 
assumed that the observer runs a goal recognition system.

1.1. Pathfinding for goal legibility and goal recognition

In this paper, we focus on goal legibility and recognition in a cooperative, multi-agent pathfinding setting [31,33,8]. Following 
Bernardini et al. [8], we consider an environment with one origin and multiple destinations. A set of identical actors are available 
to serve requests at the destinations. An actor, after being tasked with reaching a specific destination needing attention, enters the 
environment at the origin and moves to that destination. An observer monitors the environment from a distance: it can see the actors’ 
actions with accuracy (i.e. an observation corresponds to an actor’s move) and wants to determine their destinations as quickly as 
possible after starting to observe their motion. Since, typically, the observer is tasked with monitoring several actors simultaneously, 
it can start watching the movement of a specific actor at any point in time, not necessarily the origin. No direct communication is 
available between the actors and the observer; hence, the latter can rely on its observations only to infer the actors’ destinations. In 
this context, the goal legibility problem involves synthesizing paths for the actors that make it easy and quick for the observer to 
infer their destinations, and the goal recognition problem consists in formulating a function that maps sequences of observations to 
destinations.

In our work, we perform a joint design of goal legibility and goal recognition and solve both problems at the same time; namely, 
we build a planning system that provides the actors with legible paths and the observer with a goal recognition function associating 
sequences of observations with destinations. The goal of this joint design is to minimize the number of observations the observer 
needs to make in order to tell an actor’s destination, i.e. to minimize what we call legibility delay.

Ideally, we would like to build a distinct path 𝛾 to each destination 𝑑. In this case, we could associate each transition in 𝛾 with 
𝑑, and, consequently, as soon as the observer sees an actor making a move, it would be able to tell where the actor is going (each 
edge of the path corresponds to one and only one destination). Since this might not always be possible due to the topology of the 
environment (e.g. any two paths to two different destinations share a common edge) or budget constraints, the next best option is to 
reduce the overlap between paths as much as possible. Until the observer sees moves that are in common between two or more paths, 
it cannot disambiguate among the destinations at the end of those paths; however, it will be able to identify a specific destination 
after observing the first move that belongs to one path only. In consequence, the problem of producing legible behavior for the actors 
in a pathfinding setting with a deterministic goal recognition system boils down to building paths from the origin to the destinations 
that overlap as little as possible. Once this set of paths has been created, goal recognition becomes simple, reducing to a function 
that deterministically associates observation sequences to destinations.

Our method works in two separate phases. In an offline phase, a pathfinding system builds paths with minimum overlap between 
the origin and all the destinations and makes them available to the actors. Based on such paths, it also formulates a goal recognition 
function, which maps sequences of observations to destinations, and gives the observer access to it. The way the paths are built 
ensures that the number of observations the observer needs to make when applying the goal recognition function to identify an 
actor’s destination is minimized regardless of when it starts monitoring the actor. At the end of this offline phase, the planner has 
done and ceases to communicate with the actors or the observer.

In a subsequent online phase, each actor entering the environment picks a destination and follows the pre-calculated path to it. 
The observer does not know what destination has been selected by an actor but can observe its moves and consult the observation 
- destination mapping. Given how the paths have been constructed, the observer is guaranteed to be able to tell the actor’s desti-

nations with certainty by making the minimum possible number of observations regardless of when it starts following the actor’s 
2

movements. We assume that there is no communication between the planner, the observer and the actors during the online phase of 
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the operations. The actors act autonomously based on the paths previously built by the planner, and the observer decides based on 
the goal recognition function. The planner is not part of this phase.

1.2. Motivations

Our joint design is motivated by two types of operations. As in previous work [8], we consider cooperative robotic missions where 
the actors and the observer (a human supervisor or an automated system) do not share the same physical space and do not interact 
directly. The robots autonomously perform some tasks, and the observer is in charge of remotely monitoring the unfolding of the 
mission. The supervisor is not supposed to follow each robot’s actions at all times, but, when necessary, it needs to be able to quickly 
assess the goal of each robot by simply looking at its behavior. For example, consider an autonomous fire-fighting system operating 
in a factory where some rooms are at risk of fire and need to be periodically inspected.

Our technique is useful not only in cooperative environments but also in collaborative ones. In this second case, the observer and 
the actors operate within the same space; for example, imagine an automated warehouse where a human supervisor is in charge 
of monitoring several robots at the same time, trying to make sense of their behavior. In these scenarios where the observer might 
be busy with several tasks and might have only a partial view of the environment, our system can assist it to quickly assess where 
each robot aims to go regardless of then it starts observing the robot and despite obstacles and other features that might impede full 
observability.

There might be multiple reasons why direct communication between the planner, the actors and the observer might not be 
possible or desirable in real-world applications. Robust, synchronous communication may not be available due to the nature of the 
environment; communication may not be advisable due to cybersecurity risks; or simply communication may not be practical.

In both the cooperative and collaborative scenarios outlined above, our goal is to simplify the observer’s decision-making process 
and reduce its cognitive load. To this end, we provide the robots with a set of legible paths they can follow and the observer with 
a goal recognition system that maps observations with destinations. If the observer is not directly given the mapping, it could learn 
it by monitoring a sufficient number of runs of the systems (i.e. paths to destinations). However, this learning aspect is outside the 
scope of our paper, and we assume the observer is aware of the mapping either by receiving it or learning it. We give a concrete use 
case of our technique at the end of this section.

Example 1 (Automated warehouse - Fig. 1). Consider an automated warehouse where robots enter from an origin point and must 
reach different destinations to service them. The robots are equivalent to one another so it does not matter which robot reaches 
which destination. The warehouse floor is organized into cells that the robot can traverse. Sensors can be attached to a single cell 
(movement sensors), or they can capture multiple cells (e.g., cameras). When a service is needed in one of the destination cells, an 
available robot is selected and tasked with reaching that cell and delivering the service. A pathfinding algorithm, which sits at the 
core of the automated warehouse, provides the robots with paths (sequences of cells to traverse) to go from the origin to the assigned 
destinations.

Although the warehouse is fully automated, human supervisors take turns monitoring the warehouse floor. They can be co-located 
with the robots (Fig. 1(a)) or they can observer them from a distance (Fig. 1(b)). They are required to verify that the operations on 
the warehouse floor progress smoothly and that the different locations requiring attention are adequately serviced. If not, they can 
bring additional robots or human operators to the floor. The supervisors are tasked with several activities, so they are not required 
to monitor each robot continuously, which would also be difficult when many robots are on the floor.

The supervisor can start observing a robot at any time (not necessarily at the time of its ingress to the floor) and can see a robot 
moving in the environment whenever it traverses a cell that is equipped with a sensor, but (s)he does not know the destination a 
robot has been assigned to. The supervisor cannot communicate directly either with the robots or with the pathfinder. In some cases, 
however, the supervisor needs to quickly assess the final destinations of the robots. For example, when a robot fails en route to a 
destination, the supervisor needs to know which destination remains uncovered to intervene. In addition, during bursts of activity at 
the destinations, the supervisor must decide whether to bring additional robots to the floor and at which destinations to send them.

The algorithms we propose in this paper simplify the supervisors’ job as they provide the robots with legible paths and the super-

visors with a simple, deterministic goal recognition system. From a practical point of view, this system can vary in its sophistication; 
it could be a simple look-up table or a visual interface, but - in its essence - it is a function that maps observations of snippets of 
paths to destinations. Hence, the supervisor will not need to perform any inference, only to consult the provided goal recognition 
mapping to find out with certainty where a robot’s final destination.1

1.3. Paper outline

For synthesizing legible paths, Bernardini et al. [8] propose a reformulation approach that allows them to solve the problem by 
exploiting classical optimal flow techniques. In particular, the legibility problem is cast as finding the maximum flow in a suitably 
constructed network representing the environment. Although this approach is powerful, it is limited to fully observable environments. 
This assumption makes it unsuitable for the real-world applications we are interested in, where the observer and the actors are 

1 The study of how to visualize the goal recognition mapping is outside the scope of our work. We focus on how to solve the optimization problem of building 
3

legible paths and the corresponding function between observations and destinations, not the practical problem of presenting this function to the user.
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Fig. 1. Automated Warehouse Example: (a) Example of a collaborative scenario where the actors and the observer are co-located in the same environment. (b) 
Example of a cooperative scenario where the observer monitors the actors from a distance, either directly or via a simulated interface.

physically separated. In these cases, various factors can hinder the observer’s capacity to monitor the actors, e.g., structural obstacles 
or lack/failures of sensors. Hence, it is more natural to assume that the environment is only partially observable to the observer. In 
this paper, we close this gap by tackling goal legibility and recognition in a multi-agent pathfinding setting where the observer can 
observe the environment only partially. This extension to partial observability is challenging as missing observations can mislead the 
observer in identifying the actors’ goals. The resulting theory, which has to handle partial observability, budget restrictions, and 
the requirement to minimize observations starting at any point (instead of the origin only) of an actor’s trajectory, is much more 
sophisticated than the one presented by Bernardini et al. [8].

In what follows, after giving an account of related work in Section 2, we describe our setting (Section 3) and formalize the 
problem of pathfinding for goal legibility and recognition under partial observability (Section 4). Section 5 summarizes the approach 
for solving the legibility problem under full observability proposed by Bernardini et al. [8]. Subsequently (Section 6), by working 
through several examples, we show how a simple extension of their work to partial observability produces incorrect results, which 
can be avoided using a more sophisticated method. Hence, in Section 7, we lay down our full theoretical approach and, in Section 8, 
the related algorithms. We then present an experimental analysis showing our technique’s feasibility and effectiveness (Section 9). 
We conclude with final considerations in Section 10. Appendix A presents an example of our construction in detail and Appendix B

additional experimental results. Lists of Symbols and Abbreviations end the paper.

2. Related work

As our framework spans two well-established problems in the existing literature, this section presents a summary of prior research 
about the concepts of goal legibility and recognition. Additionally, we cover the intersection of our work with goal recognition design
4

and flow network formalizations applied to pathfinding.
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The main differences between our method and those present in the literature are: (a) we focus on goal legibility and recognition 
in a pathfinding setting, while most of the existing work is situated either in motion or task planning; (b) we consider a multi-agent

scenario, while literature treats single-agent domains; (c) as we aim to endow the observer with maximal flexibility regarding when 
it needs to start monitoring an actor in order to identify its goal, we assume it can start at any point, not necessarily at the beginning 
of its motion, which is a common assumption in related work; and (d) we undertake a joint design of a goal recognition system for 
the observer and legible paths for the actors, while state-of-the-art methods focus on one or the other. Regarding the last point, 
we build legible paths for the actors and construct them in such a way as to minimize the number of observations that are needed 
for the observer to disambiguate between destinations. We also provide the observer with a mapping between unique sequences of 
observations of those paths and the corresponding destinations. Therefore, in our framework, the observer does not need to engage 
in probabilistic reasoning to discover an actor’s destination; it is sufficient that it waits until it observes a sequence appearing in 
the mapping and then can tell without uncertainty the actor’s destination. Although our method is deterministic (no probabilistic 
reasoning involved), as mentioned in the Introduction, the optimization problem we tackle is complex since partial observability, 
budget restrictions, and the observer’s flexibility about when to start observing create a sophisticated set of constraints.

2.1. Goal legibility

In the AI and robotics communities, there has been growing interest in interpretable agent behavior in the past few years [17,28,

22,12,48,47], stemming from the consideration that rarely, if ever, agents act in isolation from humans. Synthesizing interpretable 
behavior facilitates smoother Human-AI interaction and also supports trust in autonomy [9]. As mentioned in the Introduction, 
interpretability has been studied along three main dimensions, legibility, explicability and predictability [12], but, lately, some effort 
has been made to connect and integrate these concepts in unified frameworks [48,39]. We will limit our discussion to legibility and 
the most relevant related work.

Noting that humans are usually proficient at inferring the mental states underlying other agents’ actions, including their goals, 
beliefs, desires, emotions, and thoughts, Baker et al. [6] proposed a computational framework based on Bayesian inverse planning 
for modeling human action understanding. The framework is based on the principle of rationality: the expectation that agents will 
plan approximately rationally to achieve their goals, given their beliefs about the world.

Based on Baker et al.’s study and related ones, e.g. [14], Dragan et al. [17] proposed the notion of legibility in the context of 
motion planning. They are interested in scenarios in which the robot and the human physically interact (e.g., they undertake a task 
together). The observer, which starts observing from the beginning of the interaction, is modeled as a probabilistic goal recognition 
system and the planning agent searches for a plan towards its true goal by favoring actions that maximize the goal’s posterior 
probability as calculated by the observer. Fisac et al. [18], Nakahashi [41] and Bobu et al. [11] have continued research on this type 
of human-robot cooperation based on legibility.

Together with motion planning settings, legibility has been studied in task planning. Kulkarni et al. [26] present a deterministic 
methodology to address this challenge. They also introduce a second problem, plan legibility, wherein the actor’s objective is to 
implicitly communicate its planned actions to an observer who is aware of its true goal. Similarly to our premise, the authors 
consider a partially observable setting, in which they show that partial observability can be strategically utilized to optimize either 
legibility or obfuscation. Further, Kulkarni et al. [27] address both legibility and obfuscation as a unified problem framed as a 
mixed-observer controlled observability planning problem (MO-COPP). The authors propose two different approaches to solving MO-

COPP: one formulating it as a constraint optimization problem and the other as a heuristic search problem. In their approach, the 
actor exploits partial observability to simultaneously reveal and conceal its plan towards a cooperative observer and an adversarial 
one, respectively. The actor leverages its knowledge of both the observers’ perception capabilities and their prior observations 
and generates different effects in the mental models of the cooperative and adversarial observer by choosing a single observation 
sequence. Kulkarni et al.’s research diverges from ours in several ways; it concentrates on a single-actor offline task-planning setting, 
where the observer exclusively receives observations after the agent has completed its execution of a plan. In contrast, our approach 
accounts for multiple actors in a pathfinding setting and the observer monitors them while they are actively moving towards their 
targets.

Another approach to legibility for task planning is proposed by Miura et al. [38], who provide an extension to Dragan et al.’s 
formulations for legible planning to stochastic environments modeled as Markov Decision Processes (MDPs). They define the concept 
of legible MDP, whose optimal policy conveys the agent’s intention as much as possible. This is obtained by extending the definition 
of MDPs by making the reward depend on the beliefs of the observer. The observer is, in turn, assumed to update its beliefs based 
on Bayesian reasoning. The authors illustrate through examples that their approach is capable of maximizing legibility in stochastic 
environments and that using legibility as an objective improves the interpretability of agent behavior in several scenarios.

The notion of goal legibility is also relevant in other domains related to planning. Chandra et al. [13], for example, investigate 
this concept for effective storytelling. They suggest that, just as Baker et al. [6] cast “action understanding as inverse planning”, 
acting can be seen as “inverse inverse planning”, i.e. the task of choosing actions to manipulate an inverse planner’s inferences. Their 
goal is to optimize animations in computer graphics with respect to simulated audience members’ experiences.

2.2. Goal recognition

Beyond addressing the legibility problem inherent in the actor’s viewpoint within a human-in-the-loop scenario, our framework 
5

also tackles the interpretability challenge arising from the observer’s perspective, denoted as goal recognition. Goal recognition is the 
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task of inferring an agent’s goal, from a set of hypotheses, given a model of the environment dynamic, and a sequence of observations 
of such agent’s behavior [35].

Across the scientific literature, the scope of applications of goal recognition, more broadly referred to as plan recognition, extends 
across various fields. Note that goal recognition is essentially a sub-problem of plan recognition. Notable instances include its use 
in interactive conversational systems for identifying a user’s broader domain goals [10,40], video games to determine a player’s 
objectives [36,37], machine translation to generate a user’s intentional structure and dialogue history [1]. It also finds application in 
cyber and physical security to prevent an adversarial agent from reaching its target [3,33], military operations to support decision-

making processes [23], and healthcare, where it is focused on activity recognition [5,46].

Given this extensive range of applications, each with its own specificities, an array of various methods have been employed to 
tackle plan recognition under both full and partial observability. These methods include but are not limited to machine learning and 
Bayesian networks [23,10,53,40,21,36,37,55], heuristic classical search and graph theory[43,42,24,3], and, in earlier research, rule-

based methodologies [52]. Plan recognition problems vary based on the observed agent’s awareness of being monitored, leading to 
different problem formalizations such as decision-theoretic, game-theoretic, and probabilistic, among others. These include intended 
plan recognition with a cooperative agent [10], keyhole plan recognition, where an agent is unaware of being monitored [21,33], and 
adversarial plan recognition, where the agent actively aims to deceive the observer [29,3]. Work on deception has received considerable 
attention lately, with techniques for deceptive path planning [32], UAV maneuvering [45] and social communication [2], among 
others.

Early research on goal recognition relies on expert knowledge of the domain in which the agent is acting and consists in generating 
a plan library enclosing all its possible plans. However, this is not a practical approach in real-world scenarios [21]. Subsequently, 
Ramirez and Geffner [43,44] pioneered a shift in perspective, bridging the gap between plan recognition and automated planning. By 
exploiting the generality of classical AI planning, the authors propose a novel paradigm that regards plan recognition as “planning in 
reverse”. Their planning formalization relies on abductive reasoning, which involves making assumptions to explain observed data. 
The main insight they build upon is that the probability of a plan can be linked directly to its cost. An agent is assumed to take 
an optimal [43] or least sub-optimal [44] path to the goal. In the latter work, the authors generate a probability distribution over 
the possible actor’s goals based on the cost difference between the cheapest available plan that conforms to observations and the 
cheapest plan that does not. Expanding upon this concept, there is a growing body of research applying it to diverse settings and 
addressing various challenges (see Meneguzzi and Pereira’s survey [35]).

Building on Ramirez and Geffner’s work, Masters and Sardina’s research [31,33] focuses on goal recognition in navigational 
domains. We share this focus with them and also the underlying motivations. Navigational domains underpin many significant ap-

plications of goal recognition and legibility and understanding algorithms in path planning often works as a precursor for developing 
similar algorithms in task planning. However, differently from them, we tackle both perspectives of the recognition problem, the 
observer’s and the actors’ ones, while they address the observer’s perspective only. Masters and Sardina import Ramirez and Geffner’s 
account into the realm of path planning and show that a probability distribution that ranks candidate goals in the same order as 
Ramirez and Geffner can be obtained purely based on the actor’s starting and current locations without considering any observations 
between these points. They also demonstrate that a Radius of Maximum Probability (the distance from a goal within which that goal is 
guaranteed to be the most probable) can be calculated from relative cost-distances between the candidate goals and a start location, 
without needing to calculate any actual probabilities [33]. Finally, they generalize their framework to continuous domains.

In subsequent work [34], Masters and Sardina question the assumption of rationality that is implicit in contemporary work on 
cost-based goal-recognition, i.e. that observed agent behavior is more or less optimal. Motivated by real-world applications in which 
agent rationality cannot be taken for granted, they provide a definition of rationality appropriate to situations where the ground truth 
is unknown, define a rationality measure that quantifies an agent’s expected degree of sub-optimality, and define a self-modulating 
probability distribution formula for goal recognition. They demonstrate the viability of their approach in path-planning domains.

Kulkarni et al. [27] present the development of a goal recognition system based on a Mixed-Observer Controlled Observability 
Planning Problem (MO-COPP) approach. Specifically, they consider the problem where an autonomous agent needs to act in a manner 
that clarifies its objectives to cooperative agents while simultaneously preventing adversarial agents from inferring those objectives. 
They provide two solution approaches: one provides an optimal solution to the problem given a fixed time horizon by using an 
integer programming solver, the other provides a satisficing solution using heuristic-guided forward search to achieve prespecified 
amount of obfuscation and legibility for adversarial and cooperative agents respectively.

The topic of learning to cooperate with friends and compete with foes has been tackled also in the context of multi-agent 
reinforcement learning, with work by Strouse at al. [50]. They take an alternative view with respect to related work as their 
technique does not require an explicit model of the other agent. The approach they propose is based on an information theoretic 
formulation of the problem of sharing and hiding intentions and can be combined with scalable policy-gradient methods commonly 
used in deep reinforcement learning.

2.3. Goal recognition design

Our technique bears some similarities with the work of Keren et al. [25] on Goal Recognition Design (GRD). In particular, the 
notion of worst-case distinctiveness (wcd), which is used in GRD, is connected with our concept of legibility delay (see Definition 5). 
A wcd equal to 𝑘 indicates that 𝑘 is the maximal prefix length of any path an agent may take to reach its goal before it becomes clear 
to the observer. This means that there are at least two paths that share a prefix of length 𝑘 and go to two different destinations. On 
6

the other hand, a legibility delay equal to 𝑗 indicates that, given any two paths from the origin to two different destinations, they 
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do not share any subpath of length 𝑗. It follows from the definitions of wcd and legibility delay that the legibility delay is always 
greater or equal to the wcd plus one (because the legibility delay counts up to the transition at which the goal becomes clear to the 
observer, while the wcd counts up to the transition before the goal becomes clear to the observer). Since the wcd is calculated over 
prefixes of plans only, if two paths have an overlapping fragment that is not a prefix, the wcd is zero, while the legibility delay is 
the length of the fragment plus one. Despite the connection between wcd and legibility delay, the two concepts are used in different 
ways in GRD and in our framework. GRD aims at modifying the environment to facilitate (or hinder) legibility, while we do not alter 
the environment; we construct legible paths in it.

The concepts of GRD and wcd have been extended to probabilistic settings (Stochastic-GRD), i.e. settings in which the agent’s 
actions are non-deterministic [51]. Another proposed extension is an online setting (Active-GRD), where both the observer’s and the 
agent’s actions are interleaved [20]. Recently, Au [4] proposed a novel framework termed Extended GRD, providing solutions for 
scenarios where an agent pursues multiple goals instead of just one goal. These three extensions would be interesting areas of further 
research when considering our concept of legibility delay.

2.4. Pathfinding

We define legibility in the context of pathfinding, which, given its importance in several practical applications, has been studied 
for many years. We refer the readers to recent survey papers on this topic for an overview of the main methods [49]. Here, we focus 
on the connection between our work and Yu and La Valle’s algorithm for solving anonymous multi-agent pathfinding problems [54]. 
Although we take inspiration from their work in expressing our problem of finding legible paths in terms of calculating the maximum 
flow of a suitably constructed network, our settings are different. Time is central to Yu and La Valle’s formulation. They work on a 
time-expanded network, assume global synchronization between the agents, which start at the same time and move in a coordinated 
fashion, and their goal is to minimize makespan or flowtime. On the other hand, we do not represent time explicitly. We do not 
impose synchronization constraints among the agents (as well as the observer) and our optimization functions involve the legibility 
delay and path costs. It is conceivable to use time as cost, and we will explore that in future work.

3. Setting

3.1. Model of the environment

We model the environment as a directed multigraph  = ( , ), where  is the set of nodes, representing different locations in 
the environment, and  is the set of edges, representing connections between the locations. We work with multigraphs because the 
constructions in the technical sections below become simpler when using this concept, which is more flexible than the notion of 
graph. However, in the examples, when there are no parallel edges, we depict graphs with edges represented as ordered pairs of 
vertices.

We assume the existence of two functions 𝜃 ∶  →  and 𝜅 ∶  →  with the interpretation that 𝜃(𝑒) and 𝜅(𝑒) represent the tail 
and, respectively, the head of an edge 𝑒 ∈  . Given a vertex 𝑣 ∈  , we define 𝑖𝑛(𝑣) and 𝑜𝑢𝑡(𝑣) as follows:

𝑖𝑛(𝑣) = {𝑒 ∈  |𝜅(𝑒) = 𝑣}, 𝑜𝑢𝑡(𝑣) = {𝑒 ∈  |𝜃(𝑒) = 𝑣}

A walk2 from a node 𝑣 and a node 𝑤 is a sequence of edges 𝛾 = (𝑒1, … , 𝑒𝑙) such that 𝜃(𝑒1) = 𝑣, 𝜅(𝑒𝑙) =𝑤, and 𝜃(𝑒ℎ) = 𝜅(𝑒ℎ−1) for 
all ℎ = 2, … , 𝑙. We indicate the length of a walk 𝛾 as 𝑙𝛾 = 𝑙. In the examples, when we represent a walk explicitly by indicating its 
edges, we omit the commas between them for brevity.

A node 𝑜 ∈  is designated as the origin and a set  ⊆  as the possible destinations, with || > 1. We assume that 𝑜 has only 
outgoing edges (𝑖𝑛(𝑜) = ∅) and the nodes 𝑑 ∈ have only incoming edges (∀𝑑 ∈, 𝑜𝑢𝑡(𝑑) = ∅).

3.2. Model of the actors

The environment is populated by multiple, identical actors that move in it. We model their movement as they traverse the graph 
edges.

The actors enter the environment and start to move from the origin 𝑜. When getting into the environment, each actor is tasked 
with reaching a destination in . Since the actors are equivalent to one another, it does not matter which actor reaches which 
destination.

At the core of our approach is the construction of a set of walks  that the actors can use to reach the destinations  from the 
origin 𝑜.

3.3. Model of the observer

An observer monitors the environment from a distance. The observer can detect the actors traversing the graph edges but not all 
of them. More specifically, the set of edges  is partitioned into two subsets,  = 𝑜𝑏𝑠 ∪ 𝑛𝑜𝑏𝑠, where 𝑜𝑏𝑠 and 𝑛𝑜𝑏𝑠 are respectively 
7

2 The introduction talks about paths following pathfinding literature, but the precise term in graph theory is walks, which we will use throughout the paper.
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observable and unobservable edges. The observer can detect an actor traversing an observable edge but not an unobservable one. 
We assume that the actors’ edge traversal (not their permanence on nodes) generates observations for the observer and that these 
observations, when possible on the edges 𝑜𝑏𝑠, are accurate. Hence, we do not consider noisy sensors in this work.

More formally, considering a set of observation tokens  = 𝑜𝑏𝑠 ∪ {null}, we define an observation model for the observer as a 
function 𝜄 ∶  → that associates tokens 𝑜 ∈ with edges 𝑒 ∈  , as follows:

𝜄(𝑒) =

{
𝑒 if 𝑒 ∈ 𝑜𝑏𝑠

null if 𝑒 ∈ 𝑛𝑜𝑏𝑠
(1)

A walk 𝛾 = (𝑒1, … , 𝑒𝑙) generates a sequence of observations (𝜄(𝑒1), … , 𝜄(𝑒𝑙)), which we indicate as 𝜄(𝛾) with a slight abuse of 
notation.

The observer is aware of the possible destinations the actors might want to achieve, hence it knows the set , but it does not 
know which destination an actor needs to reach when it enters the environment. The goal of the observer is to infer that based on 
the observations generated by the actor’s traversal of the edges in 𝑜𝑏𝑠. More formally, the observer runs a goal recognition system that 
can be formalized as follows.

Consider all walks in  of a given length 𝑠 ∈ ℕ+:

(𝑠) = {(𝑒1,… , 𝑒𝑠) ∈ 𝑠 | 𝜃(𝑒ℎ) = 𝜅(𝑒ℎ−1) ℎ = 2, .., 𝑠}

and the corresponding set of all observation sequences generated by (𝑠):

(𝑠) = {(𝜄(𝑒1),… , 𝜄(𝑒𝑠)) | (𝑒1,… , 𝑒𝑠) ∈(𝑠)}

The observer’s goal recognition system consists of choosing a value 𝑠 and constructing a function Ω(𝑠) as follows:

Ω(𝑠) ∶ (𝑠) →

The function Ω(𝑠) associates sequences of observations of a given length 𝑠 with destinations. The idea is that the observer, by applying 
Ω(𝑠) to the observations generated by a walk 𝛾 of length 𝑠, is able to tell the destination of an actor that is following a walk 𝛾 ′, which 
contains the subwalk 𝛾 , to reach such a destination.

Note that, given a walk from 𝑜 to a destination 𝑑, 𝛾 = (𝑜, 𝑒1, … , 𝑑), the observer can start observing an actor following 𝛾 at any 
edge 𝑒𝑖 ∈ 𝛾 , not necessarily the origin 𝑜. In addition, the observer’s goal is to tell the actor’s final destination as early as possible 
after starting observing its movement. Hence, given a sequence of observations (𝜄(𝑒1), … , 𝜄(𝑒𝑠)), generated by the walk fragment 
(𝑒1, … , 𝑒𝑠), we want to make 𝑠 as small as possible for the observer, while enabling it to infer the correct destination of the actor.

3.4. Legibility problem under partial observability and solution

We call the tuple (, 𝑛𝑜𝑏𝑠, 𝑜, ) an instance of the legibility problem under partial observability (PO-LP). When 𝑛𝑜𝑏𝑠 = ∅, the tuple 
(, 𝑜, ) is an instance of the legibility problem under full observability (LP) as defined by Bernardini et al. [8].

A solution of a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) is a pair ( , Ω(𝑠)) such that, for each walk 𝛾 ∈  leading to a destination 𝑑 ∈, and 
for every subwalk 𝛾 ′ of 𝛾 of length 𝑠, we have that:

Ω(𝑠)(𝜄(𝛾 ′)) = 𝑑

As we will see in the next section, in this paper, we focus on finding solutions that minimize the length 𝑠 or that trade 𝑠 against 
the complexity of the set of walks  .

4. Problem statement

Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), our goal is twofold. We want to provide the actors that enter the environment with walks 
to the destinations that they have been assigned to serve. At the same time, we want to enable the observer to recognize the actors’ 
destinations as soon as possible after it starts observing the actors’ movements in the environment. As mentioned in the Introduction, 
we satisfy those goals by proposing a pathfinding algorithm that finds a set of walks, one to each destination, that present minimal 
overlap between each other. The more distinct the walks are, the easier is for the observer to associate them to their respective 
destinations. In what follows, we formalize these ideas by linking the concept of legibility with that of walk overlap and present the 
optimization problems that we will tackle.

4.1. Formalization of legibility

We now introduce some preliminary notation to be able to define the concept of legibility formally. We start with the idea that 
we want to find a set of walks going from the origin to each destination.

Given a set of walks  from 𝑜 to , we call (𝑑) the subset of walks in  that connect 𝑜 to destination 𝑑.

Definition 1. We say that a set of walks  is (𝑜, )-connecting if, for every 𝑑 ∈, there exists a unique walk 𝛾 ∈  from 𝑜 to 𝑑 (i.e. 
8

∀𝑑 ∈, |(𝑑)| = 1).



Artificial Intelligence 333 (2024) 104148S. Bernardini, F. Fagnani, A. Neacsu et al.

We introduce an equivalence relation on the set of walks (𝑠) based on the following observation. The edges in 𝑛𝑜𝑏𝑠 cannot 
be distinguished by the observer and, consequently, two walks that differ only for their unobservable edges give rise to the same 
sequence of observations for the observer. Hence, they are considered equivalent from a legibility point of view.

Definition 2. Given 𝛾 ′ = (𝑒′1, … , 𝑒′
𝑠
) and 𝛾 ′′ = (𝑒′′1 , … , 𝑒′′

𝑠
) in (𝑠), we say that the two subwalks are observably equivalent if 𝜄(𝛾 ′) = 𝜄(𝛾 ′′)

and write

(𝑒′1,… , 𝑒′
𝑠
) =𝑜𝑏𝑠 (𝑒′′1 ,… , 𝑒′′

𝑠
)

The definition implies that, for every 𝑖 = 1, … , 𝑠, either 𝑒′
𝑖
= 𝑒′′

𝑖
∈ 𝑜𝑏𝑠, or 𝑒′

𝑖
, 𝑒′′

𝑖
∈ 𝑛𝑜𝑏𝑠 (and are possibly different).

We are now ready to formalize the concept of legibility under partial observability. We intend the legibility of a set of walks not 
as a binary concept (legible, not legible), but as a spectrum. More specifically, we attach a number to the legibility of the set that 
indicates how many observations the observer needs to make in order to find out the destination of an observed actor, which follows 
one of the walks in the set.

Definition 3. Given 𝑠 ∈ ℕ+, a walk 𝛾 in  is said to be 𝑠-observable if, in every subwalk of length 𝑠 of 𝛾 , there is always at least one 
observable edge.

Definition 4. Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), an (𝑜, )-connecting set of walks  is called 𝑠-legible, with 𝑠 ∈ℕ+, if

(i) every 𝛾 ∈  is 𝑠-observable;

(ii) ∀ 𝑑, 𝑑′ ∈  with 𝑑 ≠ 𝑑′, ∀ 𝛾 ∈ (𝑑) and ∀ 𝛾 ′ ∈ (𝑑′), we have that (𝛾𝑥+1, … , 𝛾𝑥+𝑠) ≠𝑜𝑏𝑠 (𝛾 ′𝑥′+1, … , 𝛾 ′
𝑥′+𝑠), ∀𝑥, 𝑥

′ ∈ ℕ such that 
𝑥 + 𝑠 ≤ 𝑙𝛾 and 𝑥′ + 𝑠 ≤ 𝑙𝛾′ .

Definition 4 tells us that a set of (𝑜, )-connecting walks  is 𝑠-legible if (i) no walk in  has 𝑠 unobservable consecutive edges, 
and (ii) given any two walks from the origin to two different destinations, they do not share any observably equivalent subwalk of 
length 𝑠 (hence, they give rise to two different sequences of observations). If condition (i) is not satisfied, the observer would not see 
anything in 𝑠 steps, so it would not be able to decide where the actor is going; if condition (ii) is not satisfied, the observer would 
see a walk fragment of 𝑠 steps compatible with multiple destinations, so again it would not be able to make a decision. Note that 
condition (ii) does not subsume condition (i). We would get a different definition of 𝑠-legibility by removing condition (i) as we 
would accept the presence in  of subwalks of length 𝑠 composed of unobservable edges only. We want to avoid this possibility for 
two reasons. From a philosophical point of view, it seems counter-intuitive to talk about 𝑠-legibility for a set of walks when they 
present segments of 𝑠 unobservable nodes as the observer would not receive any useful information when the actor traverses them. 
From a technical point of view, as we will see in Section 7, we rely on this assumption in the construction of the auxiliary graphs 
that we use to solve the problems that involve 𝑠-legibility. Condition (i) allows us to obtain a bijection between walks in the original 
graph  and walks in these auxiliary graphs.

We can formally tie the concept of legibility to that of the solution of a PO-LP instance, as the following result shows.

Proposition 1. Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), suppose that  is an (𝑜, )-connecting set of walks that is 𝑠-legible. Then, there 
exists Ω(𝑠) ∶ (𝑠) → such that ( , Ω(𝑠)) is a solution of the PO-LP instance.

Proof. We define (𝑠)


⊆ (𝑠) as the set of observations generated by subwalks of walks in  of length 𝑠. For every (𝜄1, … , 𝜄𝑠) ∈ 
(𝑠)


, 
we consider a walk 𝛾 in  and an index 𝑗 such that 𝜄(𝛾𝑗+1, … , 𝛾𝑗+𝑠) = (𝜄1, … , 𝜄𝑠) and we define Ω(𝑠)(𝜄1, … , 𝜄𝑠) = 𝑑, where 𝑑 is the 
destination of 𝛾 . Thanks to Definition 4, this definition of Ω(𝑠) on 𝜄(𝑠)


is well posed. Finally, we define arbitrarily Ω(𝑠) on the remaining 

subset 𝜄(𝑠) ⧵ 𝜄
(𝑠)


. By construction ( , Ω(𝑠)) is a solution of the PO-LP instance. □

From now on, we will focus on the analysis of 𝑠-legible sets, which are, on the basis of the result above, the core element of our 
approach.

Notice that the concept of 𝑠-legibility under partial observability coincides with the concept of 𝑠-legibility as introduced in 
Bernardini et al. [8] if there are no unobservable edges. In addition, given point (i) in Definition 4, the concept of 1-legibility for 
a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) is equivalent to the concept of 1-legibility for the corresponding LP instance (, 𝑜, ). This paper 
focuses on 𝑠-legibility for PO-LP instances with 𝑠 > 1, which is a new problem that cannot be solved via a straightforward reduction 
to the full observability case.

It is intuitive to see that if a set of walks is 𝑠-legible, it will also be (𝑠 + 𝑗)-legible for any 𝑗 ∈ ℕ+. Since we want to allow the 
observer to infer the actors’ destinations as soon as possible after it starts observing them, we are interested in making 𝑠 as small as 
possible. Hence, we have the following definition.

Definition 5. Given an (𝑜, )-connecting set of walks  , the minimum 𝑠 such that  is 𝑠-legible is called the legibility delay of  and 
9

denoted as 𝐿𝐷().
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Fig. 2. (a) Graph  and 2-legible (𝑜, )-connecting walks  = {𝛾1, 𝛾2}, with 𝛾1 depicted in violet and 𝛾2 depicted in green. (b) Goal recognition function Ω(2) that 
associates each sequence of observations of length 2 with its corresponding destination. The observer, by consulting this mapping, can tell where the actor is going 
after making two observations. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), we can construct many different (𝑜, )-connecting set of walks  . Our goal is to find the 
set  that is characterized by the minimum legibility delay, as indicated by the following definition.

Definition 6. A PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) is called 𝑠-legible if there exists an (𝑜, )-connecting set of walks  that is 𝑠-legible. The 
legibility delay of (, 𝑛𝑜𝑏𝑠, 𝑜, ), denoted it as 𝐿𝐷(, 𝑛𝑜𝑏𝑠, 𝑜, ), is the minimum legibility delay among all possible (𝑜, )-connecting 
set of walks  . In formula,

𝐿𝐷(,𝑛𝑜𝑏𝑠, 𝑜,) = min
 (𝑜,)−𝑐𝑜𝑛𝑛.

𝐿𝐷()

Based on the definitions above, we study 𝑠-legibility by stating three optimization problems, as indicated in the following section.

Example 2 (2-legibility). Consider the graph  in Fig. 2(a), where 𝑜 is the origin and 𝑑1 and 𝑑2 are the destinations that the actors 
need to service. The observer can see the actors traversing all edges except for 𝑧1 and 𝑧2, which are unobservable. In this figure and 
the following ones, unobservable edges are represented by using dotted lines.

Recall that our goal is twofold. On the one hand, we want to provide the actors with walks to reach 𝑑1 and 𝑑2 from 𝑜 and, on the 
other hand, we want to facilitate the observer in finding out where an actor that traverses these walks aims to go. Looking at , we 
can see that observing 𝛼5 creates ambiguity for the observer as any walk to 𝑑1 and 𝑑2 must go through it. The unobservable edges 
𝑧1 and 𝑧2 also create ambiguity because the observer does not obtain any information when the actors traverse them.

Assume that we choose the set of (𝑜, )-connecting walks  = {𝛾1, 𝛾2} to reach destinations 𝑑1 and 𝑑2 (𝛾1 is depicted in violet and 
𝛾2 in green). First note that both 𝛾1 and 𝛾2 are 2-observable because, in every subwalk of length 2 of 𝛾1 and 𝛾2, there is always at least 
one observable edge. However, they are not 1-observable due to the presence of the unobservable edges 𝑧1 and 𝑧2. Consequently, the 
two walks are not 1-legible as they do not satisfy condition (i) of Definition 4. They are instead 2-legible, meeting both conditions (i) 
and (ii) of Definition 4. Given any walk fragment of length 2, there is always at least one observable edge, and, 𝛾1 and 𝛾2 do not share 
any observably equivalent subwalk of length 2. This means that any walk fragment of length 2 gives rise to a different observation 
sequence, which allows the observer to disambiguate between 𝑑1 and 𝑑2.

Based on 𝛾1 and 𝛾2, we can construct a function Ω(2) for the observer that associates observation sequences of length 2 with 
destinations as indicated in Fig. 2(b). The observer, by making two observations, can find out the actors’ destinations with certainty. 
For example, if the observer starts monitoring an actor that follows the violet path when it is traversing 𝑧1, it will have to make 
another observation, namely 𝛼3, before being able to tell that the actor is going to 𝑑1 because 𝑧1 produces the 𝑛𝑢𝑙𝑙 observation. 
Similarly, if the observer starts monitoring an actor that follows the green path from 𝛼5 , it will have to make another observation, 
namely 𝛼7, before being able to tell that the actor is going to 𝑑2 because 𝛼5 is an edge in both 𝛾1 and 𝛾2 that does not allow the 
observer to disambiguate between the two. Note that the mapping in Fig. 2(b) gives the observer the freedom to start observing the 
actors at any time during their movement, not necessarily at the origin.

Can we do better than having a legibility delay of 2 for this problem? Can we disambiguate between 𝑑1 and 𝑑2 by making one 
instead of two observations? In some cases, this is possible, e.g. if the observer sees 𝛼6 or 𝛼7. However, our definitions focus on the 
worst-case scenario for the observer and want to provide a number for the legibility delay that works in every situation. As noted 
above, if one observation is sufficient when the observer sees 𝛼6 or 𝛼7, this is not the case when the observer sees a 𝑛𝑢𝑙𝑙 token 
(when the actor traverses 𝑧1 and 𝑧2) or 𝛼5, which belongs to both 𝛾1 and 𝛾2. Those observations would not help the observer. Two 
observations are the maximum number of observations required to disambiguate between 𝑑1 and 𝑑2 in every situation.

Example 3 (Violation of 2-legibility). Let us consider the different graphs represented in Fig. 3 and a set of (𝑜, )-connecting walks 
 = {𝛾1, 𝛾2} (we follow the same visual conventions as in the previous example). Let us study whether the two walks 𝛾1 and 𝛾2 are 
2-legible in the various cases. Recall that two walks are not 2-legible if they have two consecutive unobservable edges (see case 1) in 
Fig. 3), or if they share observably equivalent subwalks of length two. The second condition includes several cases, and, in particular, 
the two walks are not 2-legible if they share: a) two consecutive observable edges (see case 2)); b) one observable edge followed by 
one unobservable edge (case 3)) or c) vice versa (case 4)); d) one observable edge that bifurcates into two different unobservable 
edges (case 5)); and e) two different unobservable edges that merge into one observable edge (case 6)). In all those cases, we can 
10

find an ambiguous subwalk of length 2 that does not allow the observer to establish where an actor that traverses that subwalk aims 
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Fig. 3. Examples of two walks, 𝛾1 depicted in violet and 𝛾2 depicted in green, that are not 2-legible.

to go. Let us take the last case, case ii-e, as an example. Regardless of whether the actor is traversing the violet or green walks, if the 
observer starts observing at time step 2, it will receive a null token for the traversal of one of the unobservable edges and then an 
observation relating to the shared visible edge. Hence, the two sequences of observations would be the same, which would not allow 
the observer to tell if the actor is going to 𝑑1 or 𝑑2.

4.2. Optimization problems

Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), the first optimization problem that we tackle revolves around finding the legibility delay 
of an instance, i.e. the minimum legibility delay among all possible (𝑜, )-connecting set of walks that can be constructed in . We 
also want to produce a set of walks that exhibits that delay.

Problem 1. Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), determine its legibility delay 𝐿𝐷(, 𝑛𝑜𝑏𝑠, 𝑜, ) and find an (𝑜, )-connecting set 
of walks  such that 𝐿𝐷() =𝐿𝐷(, 𝑛𝑜𝑏𝑠, 𝑜, ).

The following remark explains how we treat those destinations 𝑑 ∈ reachable from 𝑜 in a number of steps smaller than 𝑠 when 
checking the 𝑠-legibility.

Remark 1. In checking the 𝑠-legibility of a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), those destinations 𝑑 ∈ reachable from 𝑜 in a number of 
steps smaller than 𝑠 do not play any role. Precisely, define

<𝑠 = {𝑑𝑖 | ∃ 𝛾 walk in  from 𝑜 to 𝑑𝑖, 𝑙𝛾 ≤ 𝑠− 1} (2)

and let <𝑠 be any (𝑜, <𝑠)-connecting set of walks in  of length at most 𝑠 − 1. Then, if  is (𝑜,  ⧵<𝑠)-connecting and 𝑠-legible, 
then,  ∪<𝑠 is (𝑜, )-connecting and 𝑠-legible. This is because the walks in  (𝑠) do not contain any subwalk of length 𝑠. In particular,

𝐿𝐷(,𝑛𝑜𝑏𝑠, 𝑜,) =𝐿𝐷(,𝑛𝑜𝑏𝑠, 𝑜, ⧵<𝑠)

We now introduce a cost on walks in the following way (similar to Bernardini et al. [8]’s work). Given a directed multigraph 
 = ( , ), we introduce a weight vector 𝑊 ∈ (ℝ+) . The weight of a walk 𝛾 = (𝑒1, … , 𝑒𝑙) is defined as

𝑊 (𝛾) =
𝑙∑

ℎ=1
𝑊𝑒ℎ

(3)

Finally, the cost of a set of walks  is defined as follows:

𝐶() =
∑
𝛾∈

𝑊 (𝛾) (4)

We can now enunciate two optimization problems that investigate the trade-off between cost and legibility under partial observ-

ability.

Problem 2. Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) and an admissible legibility delay 𝑠, find an (𝑜, )-connecting set of walks  that 
11

is at the most 𝑠-legible and minimizes the cost 𝐶(). Formally,
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Fig. 4. Graph  and three (𝑜,)-connecting walks depicted in violet, green and orange.

𝐶𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝑠) = min

(𝑜,)−𝑐𝑜𝑛𝑛.
𝐿𝐷()≤𝑠

𝐶()

We put 𝐶𝑚𝑖𝑛(𝑠) =∞ if 𝐿𝐷(, 𝑛𝑜𝑏𝑠, 𝑜, ) > 𝑠.

Problem 3. Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) and an available budget 𝐵, find an (𝑜, )-connecting set of walks  that has cost 
𝐶() ≤𝐵 and minimizes the legibility delay. Formally,

𝐿𝐷𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝐵) = min

(𝑜,)−𝑐𝑜𝑛𝑛.
𝐶()≤𝐵

𝐿𝐷()

We now propose an example to consider the problems stated above within a practical case.

Example 4. Consider graph  represented in Fig. 4, where  = {𝑑1, 𝑑2, 𝑑3} and 𝑛𝑜𝑏𝑠 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5}.

First, notice that the corresponding LP instance (, 𝑜, ) where all edges are observable is 2-legible and a possible (𝑜, )-connecting 
2-legible set of walks  is as follows:

 = {(𝛼1𝑥1𝛾𝑥3𝛿1), (𝛼2𝑥2𝛾𝑥4𝛿2), (𝛼3𝛽3𝑥5𝛿3)}

In the full observability case, the goal recognition function run by the observer is as follows:

Subwalks Dest

(𝛼1𝑥1)

𝑑1
(𝑥1 𝛾)
(𝛾 𝑥3)
(𝑥3𝛿1)

Subwalks Dest

(𝛼2𝑥2)

𝑑2
(𝑥2 𝛾)
(𝛾 𝑥4)
(𝑥4𝛿2)

Subwalks Dest

(𝛼3𝛽3)
𝑑3(𝛽3𝑥5)

(𝑥5𝛿3)

However, the set is not 2-legible with respect to the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ), as the two first walks present subwalks of 
length 2 that are observably equivalent, respectively (𝑥1𝛾) and (𝑥2𝛾), because 𝑥1 and 𝑥2 are unobservable. Both subwalks result in 
the same observation sequence (𝑛𝑢𝑙𝑙, 𝛾). An observer seeing an actor traversing the subwalk (𝑥1𝛾) or (𝑥2𝛾) would not be able to 
determine where the actor aims to go. More generally, note that an (𝑜, )-connecting 2-legible set of walks for the PO-LP instance 
(, 𝑛𝑜𝑏𝑠, 𝑜, ) cannot exist as any pair of walks to 𝑑1 and 𝑑2 have to contain the subwalks, respectively, (𝑥1𝛾) and (𝑥2𝛾).

Similarly, the set  does not have legibility 3. Note that the two subwalks (𝑥1𝛾𝑥3) and (𝑥2𝛾𝑥4) are observably equivalent and any 
pair of walks to 𝑑1 and 𝑑2 have to contain those subwalks. Hence, an (𝑜, )-connecting 3-legible set of walks for the PO-LP instance 
(, 𝑛𝑜𝑏𝑠, 𝑜, ) cannot exist.

The correct legibility of the PO-LP instance is  4, and  is a possible (𝑜, )-connecting 4-legible set of walks, with goal recogni-

tion function run by the observer is as follows:

Obs Dest

(𝛼1 null 𝛾 null)
𝑑1(null 𝛾 null 𝛿1)

Obs Dest

(𝛼2 null 𝛾 null)
𝑑2(null 𝛾 null 𝛿2)

Obs Dest

(𝛼3𝛽3 null 𝛿3) 𝑑3

5. Background: full observability

In this section, we give a brief account of the theoretical approach for solving the legibility problem under full observability 
proposed by Bernardini et al. [8]. They show that the three problems stated in Section 4 for an instance of the legibility problem 
under full observability can be reformulated in terms of finding suitable flows in a network that can be constructed based on 
the instance. After summarizing their reformulation approach, we will show in the following sections how their method can be 
12

generalized to tackle partial observability.
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5.1. 1-Legibility as a network flow problem

Below, we recall the basic results for the case of 1-legibility as first presented in Bernardini et al. [8], which will play a pivotal 
role also in the new context of partial observability. The key idea is to transform the legibility problem into a flow network problem 
and then apply efficient classical tools such as Ford-Fulkerson [19]’s algorithm.

Let us start with considering Problem 1 for the case of 1-legibility.

Consider an LP instance (, 𝑜, ) and make a simple modification to the graph  = ( , ) by creating a new fictitious destination 
𝑑, which we add to  , and generating an edge from each destination 𝑑 ∈ to 𝑑, which we add to  . This new graph ̄ = (̄ , ̄) is 
called the modified graph. We equip this graph with a capacity function 𝑢 ∶ ̄ →ℝ+ such that 𝑢(𝑒) = 1 for every 𝑒 ∈ ̄ . A feasible 𝑜-𝑑

flow on ̄ of value 𝜈(𝑓 ) is any function 𝑓 ∶ ̄ →ℝ+ such that 𝑓 (𝑒) ≤ 𝑢(𝑒) = 1 for every 𝑒 ∈ ̄ and the following conservation laws are 
satisfied:∑

𝑒∶𝜃(𝑒)=𝑣
𝑓𝑒 =

∑
𝑒∶𝜅(𝑒)=𝑣

𝑓𝑒 ∀𝑣 ∈ ̄ ⧵ {𝑜, 𝑑},
∑

𝑒∶𝜃(𝑒)=𝑜
𝑓𝑒 =

∑
𝑒∶𝜅(𝑒)=𝑑

𝑓𝑒 = 𝜈(𝑓 )

Proposition 2. Consider a legibility problem instance (, 𝑜, ). The following conditions are equivalent:

1. 𝐿𝐷(, 𝑜, ) = 1
2. There exist || edge-independent paths in ̄ from 𝑜 to 𝑑
3. There exists a feasible 𝑜-𝑑 flow 𝑓 on ̄ of value 𝜈(𝑓 ) = || and such that 𝑓𝑒 ∈ {0, 1} for every 𝑒 ∈ ̄ .

Moreover, given any flow 𝑓 satisfying condition (3), the family of edges for which 𝑓𝑒 = 1 are the support of || edge-independent paths in ̄
from 𝑜 to 𝑑 and, deleting the last edge in such paths from destinations 𝑑𝑖 to 𝑑, we obtain a 1-legible (𝑜, )-connecting set  .

This result leads to an efficient way to establish whether 𝐿𝐷(, 𝑜, ) = 1 and construct a 1-legible (𝑜, )-connecting set  . 
Using the well-known Ford-Fulkerson [19]’s algorithm, we can calculate a feasible 𝑜-𝑑 flow 𝑓 ∗ of maximum value 𝜈∗ = 𝜈(𝑓 ∗). By 
construction, we always have that 𝜈∗ ≤ ||. It thus follows from Proposition 2 that 𝐿𝐷(, 𝑜, ) = 1 if and only if 𝜈∗ = ||. When this 
is the case, the set  can then be easily constructed from the support of max flow 𝑓∗, i.e. by collecting the edges where the flow 𝑓∗

runs.

Bernardini et al. [8] show that Problem 2 can also be approached by using network flow techniques, and in particular by solving 
a minimum-cost flow problem. Given the weight cost vector 𝑊 on graph , let us extend it to a weight cost vector 𝑊̄ on ̄ by giving 
zero cost to the edges connecting the destinations  to the fictitious destination 𝑑 and maintaining the same cost to all the other 
edges. The cost of an 𝑜-𝑑 flow 𝑓 on ̄ is defined as follows:

𝑐(𝑓 ) =
∑
𝑒∈

𝑓 (𝑒)𝑊̄𝑒

The following result holds [8].

Proposition 3. Given a legibility problem instance (, 𝑜, ) with weight cost vector 𝑊 , the minimum cost of a 1-legible (𝑜, )-connecting set 
of paths  in  is given by

𝐶𝑚𝑖𝑛
(,𝑜,)(1) = min

𝑓 | 𝜈(𝑓 )=|| 𝑐(𝑓 )
where the minimum on the right-hand side of the formula above is calculated over all feasible 𝑜-𝑑 flows with 𝜈(𝑓 ) = ||, with the convention 
of being +∞ if feasible flows do not exist.

Thanks to this result, the fast algorithms that have been developed to solve the minimum-cost flow problem can be applied to 
find solutions for Problem 2 when 𝑘 = 1.

5.2. Reformulating 𝑠-legibility as 1-legibility

Bernardini et al. [8] show that checking 𝑠-legibility can be reduced to checking 1-legibility when we operate a suitable transfor-

mation of the original graph .

The key idea is the introduction of the so-called 𝑠-legibility graph (𝑠), whose vertices consist of all walks of length 𝑠 − 1 in 
and two vertices are connected if the corresponding walks overlap completely except for the first element of the first walk and last 
element of the second walk. While this will not suffice to solve the partial observability case, we briefly review this construction as 
some of the concepts and notation will constitute the building blocks of the more complex construction laid out in Section 7.

Given 𝛾 = (𝑒1, … , 𝑒𝑠) ∈ (𝑠), we put 𝛾< for (𝑒1, … , 𝑒𝑠−1) and 𝛾> for (𝑒2, … , 𝑒𝑠). We then consider the following subsets of (𝑠), 
respectively, (i) walks that start in 𝑜 but do not end in a destination; (ii) walks that end in a specific destination 𝑑𝑖 but do not start 
13

in 𝑜; (iii) walks that start in 𝑜 and end in a specific destination 𝑑𝑖; and (iv) walks that neither start in 𝑜 nor end in :
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(i) 
(𝑠)
(𝑜 = {(𝑒1,… , 𝑒𝑠) ∈𝑠 |𝜃(𝑒1) = 𝑜, 𝜅(𝑒𝑠) ∉},

(ii) 
(𝑠)
𝑑𝑖)

= {(𝑒1,… , 𝑒𝑠) ∈(𝑠) |𝜃(𝑒1) ≠ 𝑜, 𝜅(𝑒𝑠) = 𝑑𝑖},

(iii) 
(𝑠)
(𝑜,𝑑𝑖)

= {(𝑒1,… , 𝑒𝑠) ∈𝑠 |𝜃(𝑒1) = 𝑜, 𝜅(𝑒𝑠) = 𝑑𝑖},

(iv) (𝑠)
∙ =(𝑠) ⧵

(

(𝑠)
(𝑜

⋃
𝑑𝑖∈


(𝑠)
𝑑𝑖)

⋃
𝑑𝑖∈


(𝑠)
𝑜,𝑑𝑖)

)
We introduce a virtual origin 𝑜̄ and a set of virtual destinations that is in one-to-one correspondence with the original set of destina-

tions , i.e. ̄= {𝑑1, … , 𝑑𝑞}.

We are now ready to construct the 𝑠-Legibility directed (multi)graph (𝑠) = ( (𝑠),  (𝑠)) where the sets  (𝑠) and  (𝑠) are as follows:

 (𝑠) =(𝑠−1)
∙ ∪ {𝑜̄} ∪ ̄

 (𝑠) =(𝑠)
(5)

Tail and head functions are respectively 𝜃 ∶  (𝑠) →  (𝑠) and 𝜅 ∶  (𝑠) →  (𝑠) and are defined based on whether 𝑒 ∈  (𝑠) is in (𝑠)
∙ , (𝑠)

(𝑜 , 

(𝑠)
) or (𝑠)

(𝑜,), as follows:

𝛾 ∈(𝑠)
∙ 𝜃(𝛾) = 𝛾<, 𝜅(𝛾) = 𝛾>

𝛾 ∈
(𝑠)
(𝑜 𝜃(𝛾) = 𝑜̄, 𝜅(𝛾) = 𝛾>

𝛾 ∈
(𝑠)
𝑑𝑖)

𝜃(𝛾) = 𝛾<, 𝜅(𝛾) = 𝑑𝑖

𝛾 ∈
(𝑠)
(𝑜,𝑑𝑖)

𝜃(𝛾) = 𝑜̄, 𝜅(𝛾) = 𝑑𝑖

The node set  (𝑠) consists of (i) the set of subwalks of length 𝑠 − 1 in the original graph that do not start in 𝑜 and do not end in 
any destination; (ii) the fictitious origin 𝑜̄; and (iii) the fictitious set of destinations ̄. In the edge set  (𝑠), there are all walks 𝛾 of 
length 𝑠 connecting pairs of subwalks of length 𝑠 − 1, i.e. 𝛾< and 𝛾>, obtained from 𝛾 eliminating, respectively, the last and the first 
edge in 𝛾 . Notice that 𝛾< and 𝛾> overlap completely except for the first element in 𝛾< and the last element in 𝛾>. There are a few 
exceptions: any walk 𝛾 that starts in 𝑜 is considered as an edge starting from the virtual origin 𝑜̄ and ending in 𝛾>; a walk that ends in 
a destination 𝑑𝑖 is considered as an edge ending in the corresponding virtual destination 𝑑𝑖 while starting in 𝛾<; and any walk 𝛾 that 
starts in 𝑜 and ends in a destination 𝑑𝑖 is considered as an edge starting from the virtual origin 𝑜̄ and ending in the virtual destination 
𝑑𝑖.

There is a one-to-one mapping associating every walk 𝛾 in  from 𝑜 to  with a walk 𝜔 = Γ(𝛾) in (𝑠) from 𝑜̄ to ̄:

𝛾 = (𝑒1,… , 𝑒𝑙)↦ 𝜔 = ((𝑒1,… , 𝑒𝑠), (𝑒2,… , 𝑒𝑠+1),… , )

The following theorem can be proven based on this mapping [8].

Theorem 1. Given an LP instance (, 𝑜, ) and a positive integer 𝑠, the following conditions are equivalent:

1. (, 𝑜, ) is 𝑠-legible;

2. ((𝑠), ̄𝑜, ̄ ⧵ ̄<𝑠) is 1-legible.

Based on Theorem 1, Problem 1 can be reformulated as checking 1-legibility of a sequence of legibility problems on ((𝑠), ̄𝑜, ̄ ⧵
̄<𝑠)) for 𝑠 = 1, 2, … until 1-legibility is found to hold. 1-legibility of each of these problems can be tackled as explained in Section 5.1. 
Bernardini et al. [8] also show how Problems 2 and 3 can be fruitfully addressed by leveraging these ideas.

Example 4 (Continued). Let us consider again graph  in Fig. 4 (repeated in Fig. 5 (a) for convenience) where all edges are observable 
and consider the LP instance (, 𝑜, ). In Fig. 5 (b), we report the construction of (2). As the figure shows, the vertices of (2)
correspond to the edges of , and the edges of (2) correspond to subwalks of length 2 in . We can find three walks to the three 
different destinations that do not overlap, for example,

 ′ = {((𝛼1𝑥1)(𝑥1𝛾)(𝛾𝑥3)(𝑥3𝛿1)), ((𝛼2𝑥2)(𝑥2𝛾)(𝛾𝑥4)(𝑥4𝛿2)), ((𝛼3𝛽3)(𝛽3𝑥5)(𝑥5𝛿3))}

They are respectively depicted in violet, green, and orange in Fig. 5 (b). This tells us that the instance ((2), 𝑜, ) is 1-legible and, 
consequently, the instance (, 𝑜, ) is 2-legible. The following set of walks  , obtained from  ′, exhibits 2-legibility:

 = {(𝛼1𝑥1𝛾𝑥3𝛿1), (𝛼2𝑥2𝛾𝑥4𝛿2), (𝛼3𝛽3𝑥5𝛿3)}
14

They are correspondingly depicted in violet, green, and orange in Fig. 5 (a).
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Fig. 5. (a) Graph ; (b) Corresponding 2-Legibility graph (2) . (Note that subwalks are indicated without parenthesis in the figures for brevity.)

Fig. 6. Collapsed graph ̃(2) relative to graph  in Fig. 5 (a). Note that we represent equivalence classes by using curly brackets.

6. Towards legibility under partial observability

Our goal in this section is to show that a simple generalization of the theory laid out in Section 5 does not work for tackling 
legibility under partial observability. We do that by offering several examples. A more sophisticated theory is needed for handling 
partial observability, which we present in Section 7.

Recall that our goal is to construct an auxiliary graph, the s-Legibility graph, so that, if this graph is 1-legible, the original graph 
is 𝑠-legible. In addition, we want that the || edge-disjoint walks that we find in the auxiliary graph can always be lifted to walks in 
the original graph that have a maximum overlap of 𝑠 − 1 edges. We need to avoid creating walks in the auxiliary graph that have no 
appropriate correspondent walks in the original graph.

As a first attempt to study legibility under partial observability, we propose a simple, intuitive modification of the 𝑠-Legibility 
graph approach used in the full observability case. It seems reasonable to represent two or more observably equivalent subwalks by 
using one vertex only since they are not distinguishable by the observer. We can think of them as being part of the same equivalence 
class. Hence, we build the 𝑠-Legibility directed (multi)graph (𝑠) = ( (𝑠),  (𝑠)) as defined by Expression (5), and then we simply merge 
the vertices that correspond to observably equivalent subwalks by creating a vertex that represents their equivalence class.

Example (Example 4 revisited). Consider again the graph  represented in Fig. 4, where  = {𝑑1, 𝑑2, 𝑑3} and 𝑛𝑜𝑏𝑠 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5}. 
Fig. 6 displays the graph ̃(2) constructed by starting from the graph (2) (see Fig. 5 (b)) and then merging vertices and edges corre-

sponding to observably equivalent subwalks of . Note that the LP instance (̃(2), ̄𝑜, ̄) is 1-legible as the set of walks

̄ = {((𝛼1𝑥1)(𝑥3𝛿1)), ((𝛼2𝑥2)(𝑥4𝛿2)), ((𝛼3𝛽3)(𝛽3𝑥5)(𝑥5𝛿3))}

is (𝑜̄, ̄)-connecting and 1-legible. If a theorem analogous to Theorem 1 was to hold in this case, we should obtain a set  of walks 
in  that is (𝑜, )-connecting and 2-legible by tracing back the walks in ̄ to walks in the original graph . Notice, however, that 
15

it is impossible to find a walk in  that corresponds to either the first or the second walk in ̄ . Indeed, a walk in  corresponding 
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Fig. 7. Revised graph ̃(2) relative to graph  in Fig. 5 (a).

Fig. 8. Graph ̃(3) relative to graph  in Fig. 5 (a).

to ((𝛼1𝑥1)(𝑥3𝛿1)) would be (𝛼1𝑥1𝑥3𝛿1), but 𝑥1 is not directly connected to 𝑥3 in . The same also holds for the second walk, 
((𝛼2𝑥2)(𝑥4𝛿2)): a walk in  corresponding to it would be (𝛼2𝑥2𝑥4𝛿2), but 𝑥2 is not directly connected to 𝑥4 in . The problem here is 
that the compression of vertices in ̃(2) has created additional, spurious walks, which do not correspond to any of the walks in . In 
particular, we have merged five unobservable edges, which lead to different vertices in the original graph, into a unique node.

To avoid the phenomenon seen in the example above, we need to reinforce our notion of equivalence. In particular, we consider 
an equivalence relation on subwalks that is stronger than the one in Definition 2 as, together with the condition of Definition 2, it 
also requires that the walks terminate in the same node.

Definition 7. Given (𝑒′1, … , 𝑒′
𝑠
), (𝑒′′1 , … , 𝑒′′

𝑠
) ∈(𝑠), we say that the two subwalks are (strongly) 0-obs equivalent and write

(𝑒′1,… , 𝑒′
𝑠
) ≡0−𝑜𝑏𝑠 (𝑒′′1 ,… , 𝑒′′

𝑠
)

if they are observably equivalent and 𝜅(𝑒′
𝑠
) = 𝜅(𝑒′′

𝑠
).

The corresponding 0-obs (equivalence) class is denoted [𝛾 ′]0 = [𝛾 ′′]0.

For example, in Fig. 5 (a), the two subwalks (𝑥1𝛾) and (𝑥2𝛾) are strongly 0-obs equivalent because they satisfy Definition 2 (they 
generate the same sequence of observations (𝛾)) and terminate in the same node. On the other end, the two subwalks (𝛾𝑥3) and (𝛾𝑥4)
are not strongly 0-obs equivalent because, although they satisfy Definition 2 (again, they generate the same sequence of observations 
(𝛾)), they end in two different nodes.

We now apply this stronger notion of equivalence to the construction of the 𝑠-legibility graph for PO-LP instances by merging 
vertices that correspond to strongly observably equivalent subwalks into the same equivalence class. Let us see how this construction 
changes the 𝑠-legibility graph of our running example.

Example (Example 4 revisited). From graph (2) in Fig. 5 (b), we now obtain the graph ̃(2) represented in Fig. 7. We only collapse 
vertices 𝑥1 and 𝑥2 this time because they are the only two observably equivalent subwalks that end in the same node. Thanks to 
our stronger notion of equivalence, walks in this new graph can always be lifted to walks in the original graph. The LP instance 
(̃(2), ̄𝑜, ̄) is not 1-legible, which is in agreement with the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) not being 2-legible.

However, this construction is problematic due to another issue. If we construct ̃(3) by applying the same equivalence relation, 
we obtain the graph reported in Fig. 8. The LP instance (̃(3), ̄𝑜, ̄) is 1-legible; see, for example, the following walks:

̄ = {((𝛼1𝑥1𝛾)(𝑥1𝛾𝑥3)(𝛾𝑥3𝛿1)), ((𝛼2𝑥2𝛾)(𝑥2𝛾𝑥4)(𝛾𝑥4𝛿2)), ((𝛼3𝛽3𝑥5)(𝛽3𝑥5𝛿3))}

Following our theoretical framework, this would imply that the PO-LP instance has legibility 3, which is incorrect since the subwalks 
(𝑥1𝛾𝑥3) and (𝑥2𝛾𝑥4) are observably equivalent. The correct legibility of the PO-LP instance is 4, which is not revealed by the graph 
in Fig. 8.

The problem with the previous example is that the node {(𝑥1𝛾), (𝑥2𝛾)} has two outgoing edges, (𝑥1𝛾𝑥3) and (𝑥1𝛾𝑥4), that are 
observably equivalent but end with two different unobservable edges, 𝑥3 and 𝑥4. The two edges (𝑥1𝛾𝑥3) and (𝑥1𝛾𝑥4) create two 
16

different walks to destinations 𝑑1 and 𝑑2, when in effect an observer following the actor would see the same 𝛾 both when the actor 
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Fig. 9. Insertion of an auxiliary edge and node in correspondence with node {(𝑥1𝛾), (𝑥2𝛾)} of the graph in Fig. 8, which has outgoing edges labeled with subwalks 
((𝑥1𝛾𝑥3) and (𝑥2𝛾𝑥4)) that end with unobservable edges (𝑥3 and 𝑥4).

Fig. 10. Graph .

Fig. 11. Graph ̃(3) relative to graph  in Fig. 10.

traverses (𝑥1𝛾𝑥3) and when it traverses (𝑥1𝛾𝑥4), and consequently it will not be able to tell where the actor aims to go. This type of 
problems can be overcome by inserting an auxiliary edge (and a corresponding auxiliary node) in the s-Legibility graph whenever a 
node such as {(𝑥1𝛾), (𝑥2𝛾)} has outgoing edges labeled with subwalks that end with unobservable edges such as (𝑥1𝛾𝑥3) and (𝑥1𝛾𝑥4). 
The auxiliary edge creates a bottleneck in terms of legibility for the walks that end in 𝑑1 and 𝑑2 as it needs to be traversed to reach 
both destinations. The auxiliary edge increases the legibility delay by one by creating ambiguity in deciding whether an actor that 
passes through it aims to go to 𝑑1 or 𝑑2, reflecting the fact that observing 𝛾 only is not sufficient to decide the goal of the actor.

Example (Example 4 revisited). In Fig. 9, we show the insertion of an auxiliary edge and corresponding auxiliary node (represented in 
red) into the graph of Fig. 8. With this new edge, the instance is no longer 1-legible because the auxiliary edge needs to be traversed 
to reach both destinations 𝑑1 and 𝑑2. This solves the problem discussed in the graph in Fig. 8.

In the next section, we will prove that the insertion of auxiliary edges and corresponding nodes solves all issues arising when 
there are isolated unobservable edges in the original graph (in our case, 𝑥1 and 𝑥2). However, when there are adjacent unobservable 
edges, this artifice is no longer sufficient, as shown in the next example.

Example 5. Consider the graph  in Fig. 10 with  = {𝑑1, 𝑑2} and 𝑛𝑜𝑏𝑠 = {𝑥1, 𝑥2, 𝑦1, 𝑦2}. Suppose that it has been already established 
that  is not 1 or 2-legible, and we now want to determine 3-legibility. We construct ̃(3). Following our previous observations, the 
graph is equipped with auxiliary nodes and edges as shown in Fig. 11. Note that the construction has created two completely 
independent walks towards the destinations 𝑑1 and 𝑑2. In other terms, the LP instance (̃(3), ̄𝑜, ̄) results to be 1-legible. However, 
the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) is not 3-legible: the two subwalks (𝛾𝑥1𝑦1) and (𝛾𝑥2𝑦2) are observably equivalent and are the only 
subwalks of length 3 leading to the two destinations, respectively, 𝑑1 and 𝑑2.

The problem in the previous example emerges from the fact that the two subwalks (𝛽1𝛾) and (𝛽2𝛾), although not observably 
equivalent as 𝛽1 and 𝛽2 are distinct and observable, will eventually lead to observably equivalent subwalks if two unobservable 
edges are added to each of them sequentially ((𝛾𝑥1𝑦1) and (𝛾𝑥2𝑦2)). To talk about these cases and avoid the related problem, we give 
the following definition that introduces a family of equivalence relations increasingly coarser than ≡0−𝑜𝑏𝑠. We use them to deal with 
17

sequences of adjacent unobservable edges.
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Fig. 12. Revised graph ̃(3) relative to graph  in Fig. 10 obtained by introducing a node corresponding to the 2-obs class [(𝛽1𝛾)]2 = [(𝛽2𝛾)]2 .

Fig. 13. Graph .

Fig. 14. Graph ̃(3) relative to graph  in Fig. 13.

Definition 8. Given 𝑘 ≥ 1, we say that 𝛾 ′ = (𝑒′1, … , 𝑒′
𝑠
) and 𝛾 ′′ = (𝑒′′1 , … , 𝑒′′

𝑠
) in (𝑠) are 𝑘-obs equivalent and write 𝛾 ′ ≡𝑘−𝑜𝑏𝑠 𝛾

′′ if

(𝑒′
𝑘
,… , 𝑒′

𝑠
) ≡0−𝑜𝑏𝑠 (𝑒′′𝑘 ,… , 𝑒′′

𝑠
)

The corresponding 𝑘-obs (equivalence) class is denoted [𝛾 ′]𝑘 = [𝛾 ′′]𝑘.

Two walks are 𝑘-obs equivalent if they are 0-obs equivalent starting from the index 𝑘. For example, in Fig. 10, the two subwalks 
(𝛽1𝛾) and (𝛽2𝛾) are 2-obs equivalent as they are 0-obs equivalent from index 2. Note that 0-obs and the 1-obs equivalence relations 
coincide. We keep both to simplify our theoretical construction in the next section.

Example (Example 5 revisited). We now consider not only 1-obs equivalent subwalks but also 2-obs equivalent subwalks (again, 
1-obs equivalent subwalks are the same as 0-obs ones). In particular, we create a new node that corresponds to the 2-obs class 
[(𝛽1𝛾)]2 = [(𝛽2𝛾)]2 = {(𝛽1𝛾), (𝛽2𝛾)}, and we add it to ̃(3) with incoming edges from both nodes (𝛽1𝛾) and (𝛽2𝛾). Now, we need to deal 
with the isolated unobservable edges 𝑥1 and 𝑥2. As explained above, we create an auxiliary edge and corresponding auxiliary node 
{(𝛽1𝛾), (𝛽2𝛾)}, similarly to what we did in Figs. 8 and 9. The construction leads to a new graph ̃(3) illustrated in Fig. 12. Notice that 
now ̃(3) is not 1-legible because the auxiliary edge creates a bottleneck.

Before illustrating the general construction in the next section, there is one more difficulty that concerns the origin, which we 
discuss in the next example.

Example 6. Consider graph  in Fig. 13 with  = {𝑑1, 𝑑2} and 𝑛𝑜𝑏𝑠 = {𝑥1, 𝑥2, 𝑦1, 𝑦2}. Suppose that it has been already established 
that  is not one or two legible, and we now want to determine 3-legibility. We construct ̃(3) shown in Fig. 14. The LP instance 
(̃(3), ̄𝑜, ̄) is 1-legible, but it is easy to see that the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) has legibility delay equal to 4 as the subwalks 
(𝛼𝑥1𝛽1) and (𝛼𝑥2𝛽2) do not allow us to disambiguate between 𝑑1 and 𝑑2. This indicates that the construction described so far leads 
to an incorrect result in this case.

We deal with this problem by treating subwalks starting in 𝑜 and ending with an unobservable edge in a way different from our 
general construction. More specifically, we create an auxiliary node that corresponds to the subwalk of maximal length up to 𝑠 − 1
that starts in 𝑜 and ends with an observable edge (𝛼 in Example 6) and a corresponding auxiliary edge from 𝑜̄ to such an auxiliary 
node. We follow the regular construction explained above from that point on. Once again, the insertion of an auxiliary edge creates 
18

a bottleneck that impedes the multiplication of walks from the origin.
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Fig. 15. Revised graph ̃(3) relative to graph  in Fig. 13 after the insertion of an auxiliary edge.

Example (Example 6 revisited). The insertion of an auxiliary node and edge as explained above leads to the new graph ̃(3) illustrated 
in Fig. 15. Notice that the LP instance (̃(3), 𝑜, ) is no longer 1-legible.

In the next section, we systematize the artifices used in the examples above into a coherent theory to solve the problems enun-

ciated in Section 4. Note that the main innovations to deal with partial observability are the introduction of equivalence classes at 
different levels of granularity to represent observably equivalent walks and the introduction of auxiliary edges and corresponding 
nodes to avoid the proliferation of walks in the s-Legibility graph that cannot be lifted to walks in the original graph.

7. Legibility under partial observability: theoretical construction

We are now ready to present formally the general construction of an 𝑠-Legibility graph under partial observability. This graph 
will allow us to check the 𝑠-legibility under partial observability of an instance by checking the 1-legibility under full observability 
of a related instance.

We denote by (𝑠)
≡𝑘−𝑜𝑏𝑠

, for 𝑘 ≥ 0, the set of 𝑘-obs classes of subwalks in (𝑠). Despite the fact that the 0-obs and the 1-obs 
equivalence relations coincide, we consider (𝑠)

≡0−𝑜𝑏𝑠
and (𝑠)

≡1−𝑜𝑏𝑠
as distinct sets. We have a sequence of projections, with the first one 

being a bijection:

(𝑠)
≡0−𝑜𝑏𝑠

→(𝑠)
≡1−𝑜𝑏𝑠

→(𝑠)
≡2−𝑜𝑏𝑠

→⋯ (6)

given by

[𝛾]0 ↦ [𝛾]1 ↦ [𝛾]2 ↦⋯

If 𝛾 = (𝑒1, … , 𝑒𝑠) and 𝑘 ≥ 1, based on Definitions 7 and 8, the 𝑘-obs class [𝛾]𝑘 is in one-to-one correspondence with the 1-obs class of 
the suffixes [(𝑒𝑘, … , 𝑒𝑠)]1. Following this, in our future derivations, we will identify a 𝑘-obs class [𝛾]𝑘 ∈ 

(𝑠)
≡𝑘−𝑜𝑏𝑠

with a 𝑘′-obs class 
[𝛾]𝑘′ ∈

(𝑠′)
≡𝑘′−𝑜𝑏𝑠

whenever 𝑠′ − 𝑘′ = 𝑠 − 𝑘, and, given 𝛾 = (𝑒1, … , 𝑒𝑠) and 𝛾 ′ = (𝑒′1, … , 𝑒′
𝑠′
), it holds that [(𝑒𝑘, … , 𝑒𝑠)]1 = [(𝑒′

𝑘′
, … , 𝑒′

𝑠′
)]1.

Coherently with our notation, the following sets


(𝑠)
(𝑜≡𝑘−𝑜𝑏𝑠

, 
(𝑠)
𝑑)≡𝑘−𝑜𝑏𝑠

, 
(𝑠)
(𝑜,𝑑)≡𝑘−𝑜𝑏𝑠

, (𝑠)
∙≡𝑘−𝑜𝑏𝑠

indicate the subwalks in (𝑠)
≡𝑘−𝑜𝑏𝑠

that, respectively, start in 𝑜 but do not end in a destination, do not start in 𝑜 and end in a destination 
𝑑, start in 𝑜 and end in 𝑑, and all the others (i.e. those that do not start in 𝑜 and do not end in a destination). Finally, we let 

(𝑠)⊣
≡𝑘−𝑜𝑏𝑠

and (𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

be the sets of those 𝑘-obs classes whose representative subwalks end with, respectively, an observable edge or 
an unobservable edge. We have (𝑠)

≡𝑘−𝑜𝑏𝑠
=

(𝑠)⊣
≡𝑘−𝑜𝑏𝑠

∪
(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

. Given [𝛾]𝑘 ∈
(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

, we indicate with [𝛾]⊣
𝑘

the class of maximal prefixes 
of [𝛾]𝑘 that end with an observable edge.

We are now ready to define the directed graph that allows us to transform 𝑠-legibility under partial observability into standard 
1-legibility. We call this graph 𝑠-Legibility graph under partial observability and put

(𝑠)
𝑝𝑜

= ( (𝑠), (𝑠)
𝑏𝑎𝑠

∪  (𝑠)
𝑎𝑢𝑥

)

where  (𝑠)
𝑏𝑎𝑠

are basic edges derived from subwalks in  (hence, encoding walks in the original graph ), while  (𝑠)
𝑎𝑢𝑥 are extra auxiliary

edges, which are needed to cope with partial observability. We first describe the node set  (𝑠) .

 (𝑠) = 
(𝑠−1)
(𝑜≡0−𝑜𝑏𝑠

∪
(𝑠−1)
∙≡0−𝑜𝑏𝑠

∪ {𝑜̄} ∪ ̄

∪
⋃

𝑟≤𝑠−1

𝑟⋃
𝑘=1

[

(𝑟)⊣
(𝑜≡𝑘−𝑜𝑏𝑠

⋃
𝑑∈


(𝑟)⊣
(𝑜,𝑑)≡1−𝑜𝑏𝑠

]
∪

𝑠−1⋃
𝑘=1


(𝑠−1)
∙≡𝑘−𝑜𝑏𝑠

∪

∪
⋃

𝑟≤𝑠−1

𝑟⋃
𝑘=1

[
((𝑟)⊣

(𝑜≡𝑘−𝑜𝑏𝑠
)′

⋃
𝑑∈

((𝑟)⊣
(𝑜,𝑑)≡1−𝑜𝑏𝑠

)′
]
∪

𝑠−1⋃
𝑘=1

((𝑠−1)
∙≡𝑘−𝑜𝑏𝑠

)′

(7)
19

where, given a set 𝐴, we indicate with 𝐴′ a distinct copy of 𝐴 equipped with a canonical bijection 𝑎 ∈𝐴 ↦ 𝑎′ ∈𝐴′.



Artificial Intelligence 333 (2024) 104148S. Bernardini, F. Fagnani, A. Neacsu et al.

We now describe the set of basic edges:


(𝑠)
𝑏𝑎𝑠

=
(𝑠)⊣
≡0−𝑜𝑏𝑠

∪
𝑠−1⋃
𝑘=1


(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

(8)

The edges insist on nodes as described below (with 𝑑 ∈ ̄).

[𝛾]0 ∈
(𝑠)⊣
∙≡0−𝑜𝑏𝑠

𝜃([𝛾]0) = [𝛾<]0 𝜅([𝛾]0) = [𝛾>]0
[𝛾]0 ∈

(𝑠)⊣
(𝑜≡0−𝑜𝑏𝑠

𝜃([𝛾]0) = 𝑜̄ 𝜅([𝛾]0) = [𝛾>]0
[𝛾]0 ∈

(𝑠)⊣
𝑑)≡0−𝑜𝑏𝑠

𝜃([𝛾]0) = [𝛾<]0 𝜅([𝛾]0) = 𝑑

[𝛾]0 ∈
(𝑠)⊣
(𝑜,𝑑)≡0−𝑜𝑏𝑠

𝜃([𝛾]0) = 𝑜̄ 𝜅([𝛾]0) = 𝑑

[𝛾]𝑘 ∈
(𝑠)̸⊣
∙≡𝑘−𝑜𝑏𝑠

𝜃([𝛾]𝑘) = [𝛾<]𝑘 𝜅([𝛾]𝑘) = [𝛾>]𝑘−1
[𝛾]𝑘 ∈

(𝑠)̸⊣
(𝑜≡𝑘−𝑜𝑏𝑠

𝜃([𝛾]𝑘) = [𝛾⊣
<
]𝑘 𝜅([𝛾]𝑘) = [𝛾>]𝑘−1

[𝛾]1 ∈
(𝑠)̸⊣
𝑑)≡1−𝑜𝑏𝑠

𝜃([𝛾]1) = [𝛾<]1 𝜅([𝛾]1) = 𝑑

[𝛾]1 ∈
(𝑠)̸⊣
(𝑜,𝑑)≡1−𝑜𝑏𝑠

𝜃([𝛾]1) = [𝛾⊣
<
]1 𝜅([𝛾]1) = 𝑑

(9)

Auxiliary edges are compactly described below as subgraphs of (𝑠)𝑝𝑜 . Edges are represented by arrows.

• For every [𝛾]1 ∈
(𝑟)⊣
(𝑜≡1−𝑜𝑏𝑠

⋃
𝑑∈


(𝑟)⊣
(𝑜,𝑑)≡1−𝑜𝑏𝑠

with 𝑟 ≤ 𝑠 − 1, we have:

𝑜̄→ [𝛾]′1 → [𝛾]1⋯→ [𝛾]′
𝑟
→ [𝛾]𝑟 (10)

The unique walks from 𝑜̄ to [𝛾]𝑘, for 𝑘 ≥ 1, described by Expression (10) are denoted by 𝜆𝑘[𝛾].
• For every [𝛾]0 ∈

(𝑠−1)⊣
∙≡0−𝑜𝑏𝑠

, we have:

[𝛾]0 → [𝛾]′1 → [𝛾]1 →⋯→ [𝛾]′
𝑠−1 → [𝛾]𝑠−1 (11)

The unique walks from [𝛾]0 to [𝛾]𝑘 described by Expression (11) are similarly denoted by 𝜆𝑘[𝛾].

If the original graph  is equipped with a weight vector 𝑊 ∈ℝ
+, this is extended to a weight vector 𝑊 (𝑠) in the 𝑠-legibility graph 


(𝑠)
𝑝𝑜 in the following way. We put a weight equal to 0 on every auxiliary edge, while weights on basic edges are attributed as shown 

below:

[𝛾]𝑘 ∈
(𝑠)
∙≡𝑘−𝑜𝑏𝑠

∪
(𝑠)
𝑑)≡𝑘−𝑜𝑏𝑠

𝑊
(𝑠)
[𝛾]𝑘

= min
(𝑒1 ,… , 𝑒𝑠) ∈(𝑠)

[(𝑒1 ,… , 𝑒𝑠)]𝑘 = [𝛾]𝑘

𝑊𝑒𝑠

[𝛾]𝑘 ∈
(𝑠)
(𝑜≡𝑘−𝑜𝑏𝑠

∪
(𝑠)
(𝑜,𝑑)≡𝑘−𝑜𝑏𝑠

𝑊
(𝑠)
[𝛾]𝑘

= min
(𝑒1 ,… , 𝑒𝑠) ∈(𝑠)

[(𝑒1 ,… , 𝑒𝑠)]𝑘 = [𝛾]𝑘

(𝑊𝑒1
+⋯𝑊𝑒𝑠

)
(12)

From now on, we assume that the weights in (𝑠)𝑝𝑜 are defined as explained above. The corresponding weights for walks and costs 
for sets of walks are defined as in (3) and (4) and will be denoted, respectively, by the symbols 𝑊 (𝑠) and 𝐶 (𝑠).

Checking the 𝑠-legibility of the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) is equivalent to checking the 1-legibility of the LP instance 
((𝑠)𝑝𝑜 , ̄𝑜, ̄). This result is now proven by following several technical steps. We start with constructing walks in (𝑠)𝑝𝑜 from 𝑜̄ to ̄. 
We consider walks of the form

𝜔 = 𝜆0𝜔1𝜆
1𝜔2⋯𝜆𝑙−1𝜔𝑙 (13)

where each 𝜔𝑡 in 𝜔 is a walk in (𝑠)𝑝𝑜 composed of basic edges and each 𝜆𝑡 in 𝜔 is a walk in (𝑠)𝑝𝑜 composed of auxiliary edges only. 
It is convenient to be able to enumerate the basic edges composing the various 𝜔𝑡 in 𝜔 with a unique labeling 𝛾𝑖, which we use in 
point (a) below.

(a) Each 𝜔𝑡 in 𝜔 presents the following structure:

𝜔𝑡 = [𝛾ℎ𝑡−1+1]𝑘𝑡−1[𝛾
ℎ𝑡−1+2]𝑘𝑡−2⋯ [𝛾ℎ𝑡 ]𝛼𝑡 (14)

where 1 ≤ 𝑘𝑡 ≤ 𝑠, 𝛼𝑡 = 0 if 𝑡 < 𝑙, 𝛼𝑙 ∈ {0, 1}. The indices ℎ𝑡 are recursively defined as follows:

ℎ0 = 0, ℎ𝑡 =
{

ℎ𝑡−1 + 𝑘𝑡 if𝛼𝑡 = 0
ℎ𝑡−1 + 𝑘𝑡 − 1 if𝛼𝑡 = 1 𝑡 ≥ 1 (15)
20

All edges that appear in 𝜔𝑡 are in  (𝑠)
𝑏𝑎𝑠

. Specifically, for all 𝑡 = 1, … , 𝑙, and for all 𝑗 = 1, … , 𝑘𝑡, we have that:
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[𝛾ℎ𝑡−1+𝑗 ]𝑘𝑡−𝑗 ∈

{

(𝑠)̸⊣
≡(𝑘𝑡−𝑗)−𝑜𝑏𝑠

if 𝑗 < 𝑘𝑡


(𝑠)⊣
≡0−𝑜𝑏𝑠

if 𝑗 = 𝑘𝑡

Moreover, the first edge departs from the origin while the last one ends at a destination, namely,

[𝛾1]𝑘1−1 ∈
(𝑠)
(𝑜≡(𝑘1−1)−𝑜𝑏𝑠

[𝛾ℎ𝑙 ]𝛼𝑙 ∈
(𝑠)
𝑑)≡𝛼𝑙−𝑜𝑏𝑠

𝑑 ∈

if ℎ𝑙 > 1. If, instead, ℎ𝑙 = 1 (there is just one basic edge), we have that

[𝛾1]𝑘1−1 ∈
(𝑠)
(𝑜,𝑑)≡(𝑘1−1)−𝑜𝑏𝑠

𝑑 ∈

and 𝑘1 ∈ {1, 2}.

We further impose the following connecting rules among adjacent edges:

[𝛾ℎ𝑡−1+𝑗> ]𝑘𝑡−𝑗−1 = [𝛾ℎ𝑡−1+𝑗+1< ]𝑘𝑡−𝑗−1 1 ≤ 𝑗 ≤ 𝑘𝑡 − 1

[𝛾ℎ𝑡−1> ]𝑘𝑡−1 = [𝛾ℎ𝑡−1+1< ]𝑘𝑡−1
(16)

(b) The subwalks 𝜆𝑡 in 𝜔 are composed of auxiliary edges only as follows:

𝜆0 =
{

𝜆𝑘1−1[𝛾
0] if 𝑘1 > 1

∅ if 𝑘1 = 1 (17)

where [𝛾0]1 ∈
(𝑟)⊣
(𝑜≡1−𝑜𝑏𝑠

is such that

[𝛾1⊣
<

]𝑘1−1 = [𝛾0]𝑘1−1
Moreover,

𝜆𝑡 =

{
𝜆𝑘𝑡+1−1[𝛾

ℎ𝑡
> ] if 𝑘𝑡+1 > 1

∅ if 𝑘𝑡+1 = 1
(18)

Any instance of Expression (13) with all the objects and indices satisfying the above properties is a walk in (𝑠)𝑝𝑜 , which can be proven 
by inspection and using the relations (9) and the definitions of the auxiliary walks in Expressions (10) and (11). The following 
proposition establishes that instances of Expression (13) are the only possible walks in (𝑠)𝑝𝑜 from 𝑜̄ to the destinations in ̄.

Proposition 4. Every walk in (𝑠)𝑝𝑜 from the origin 𝑜̄ to a destination 𝑑 ∈ ̄ has the structure given in Expression (13). Its elements satisfy 
the properties in items (a) and (b) given above.

Proof. Suppose we are given a walk 𝜔 in (𝑠)𝑝𝑜 from 𝑜̄ to a 𝑑 ∈ ̄. We want to prove that 𝜔 presents the structure given in Expression 
(13). It follows from relations (9) and (10) that 𝜔 starts either with an edge [𝛾1]0 ∈ 

(𝑠)⊣
(𝑜≡0−𝑜𝑏𝑠

or with a walk 𝜆𝑘[𝛾0] for some 

[𝛾0]1 ∈ 
(𝑟)⊣
(𝑜≡1−𝑜𝑏𝑠

and some 𝑟 ≤ 𝑠 − 1. In the first case, we have 𝜆0 = ∅ and 𝜔1 = [𝛾1]0. In the second case, we put 𝑘1 = 𝑘 + 1 and 

𝜆0 = 𝜆𝑘[𝛾0]. It follows from Expression (9) that, in this case, the next edge is a basic edge [𝛾1]𝑘1−1 ∈
(𝑠)̸⊣
(𝑜≡(𝑘1−1)−𝑜𝑏𝑠

such that [𝛾1⊣
<

]𝑘1−1 =

[𝛾0]𝑘1−1. The terminating node [𝛾1
>
]𝑘1−1 ∈ 

(𝑠−1)̸⊣
∙≡(𝑘1−2)−𝑜𝑏𝑠

will be necessarily followed by a sequence of edges [𝛾2]𝑘1−2, … , [𝛾𝑘1 ]0 such 
that [𝛾𝑟

>
]𝑘1−𝑟−1 = [𝛾𝑟+1< ]𝑘1−𝑟−1 for all 𝑟 = 2, … , 𝑘1 − 1. Notice that, in both cases, we end with an edge [𝛾𝑘1 ]0. If this edge corresponds 

to a subwalk terminating in a destination 𝑑, we have done; if not, we can follow a similar argument and deduce that the walk will 
necessarily continue with a 𝜆1, which is either an empty set or a sequence of auxiliary edges as in Expression (11) that starts in the 
node [𝛾𝑘1> ]0. □

7.1. Solving problems 1, 2 and 3 using the 𝑠-legibility graph

Our goal is now to establish a one-to-one correspondence between (𝑜, )-connecting set of walks in  and (𝑜̄, ̄)-connecting set 
of walks in (𝑠)𝑝𝑜 . The first step is to define a natural transformation between walks in  and (𝑠)𝑝𝑜 .

Given an 𝑠-observable walk 𝛾 = (𝑒1, … , 𝑒𝑙) in  from 𝑜 to a destination 𝑑 of length 𝑙 ≥ 𝑠, we construct a corresponding walk Γ(𝛾)
in (𝑠)𝑝𝑜 , according to the structure in Expression (13) as follows. We let 𝑠 ≤ 𝜁1 < 𝜁2 <⋯ < 𝜁𝑛 be the positions greater than or equal to 
𝑠 corresponding to the observable edges, namely 𝑒𝜁𝑘 ∈ 𝑜𝑏𝑠 and 𝑒𝑖 ∈ 𝑛𝑜𝑏𝑠 for every 𝑖 > 𝑠 with 𝑖 ≠ 𝜁𝑘 for every 𝑘. We now define the 
21

following objects:
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𝑘1 = 𝜁1 − 𝑠+ 1, 𝑘𝑡 = 𝜁𝑡 − 𝜁𝑡−1, for 𝑡 = 2,… , 𝑛

𝛾𝑟 = (𝑒𝑟,… , 𝑒𝑠+𝑟−1), for 𝑟 = 1,… , 𝑛− 𝑠+ 1
𝛾0 = (𝑒1,… , 𝑒𝑟0

), where 𝑟0 = max{𝑟 ≤ 𝑠 ∶ 𝑒𝑟 ∈ 𝑜𝑏𝑠}

The fact that 𝛾 is 𝑠-observable implies that 1 ≤ 𝑘𝑡 ≤ 𝑠 and that 𝛾0 is well defined. If we define the indices ℎ𝑡 according to 
Expression (15) and the subwalks 𝜆𝑡 and 𝜔𝑡 according to Expressions (14), (17), and (18), we obtain that the compatible relations 
(16) are satisfied by construction and, consequently, the corresponding walk 𝜔 in Expression (13) is a walk in (𝑠)𝑝𝑜 connecting 𝑜̄ to 𝑑. 
We put Γ(𝛾) = 𝜔.

Proposition 5. The map Γ has the following properties:

1. Given two 𝑠-observable walks 𝛾 = (𝑒1, … , 𝑒𝑙), 𝛾 ′ = (𝑒′1, … , 𝑒′
𝑙′
) in , with 𝑙, 𝑙′ ≥ 𝑠, connecting 𝑜 to destinations, respectively, 𝑑 and 𝑑′, 

we have that

Γ(𝛾) = Γ(𝛾 ′) ⇒
{

𝑙 = 𝑙′, 𝑑 = 𝑑′

𝑒𝑘 ≡0−𝑜𝑏𝑠 𝑒
′
𝑘
∀𝑘 ≥ 𝑠

2. For any walk 𝜔 in (𝑠)𝑝𝑜 from 𝑜̄ to some destination 𝑑, there exists an 𝑠-observable walk 𝛾 in  from 𝑜 to the corresponding destination 𝑑
such that Γ(𝛾) = 𝜔.

3. For every 𝑠-observable walk 𝛾 , it holds that 𝑊 (𝑠)(Γ(𝛾)) ≤𝑊 (𝛾). Moreover, the walk 𝛾 in item 2. can always be chosen in such a way 
that 𝑊 (𝛾) =𝑊 (𝑠)(𝜔).

Proof. 1. It follows from the definition of the map Γ that, if 𝛾 has length 𝑙 ≥ 𝑠, Γ(𝛾) is composed of 𝑙 − 𝑠 + 1 basic edges. This 
implies that 𝑙 − 𝑠 + 1 = 𝑙′ − 𝑠 + 1, which yields 𝑙 = 𝑙′. Moreover, if 𝛾 leads to 𝑑, then Γ𝑓 (𝛾) leads to 𝑑. Hence, we have that 𝑑 = 𝑑′, 
which entails that 𝑑 = 𝑑′. Finally, the construction implies that (𝑒𝑟, … , 𝑒𝑠+𝑟−1) ≡𝑘−𝑜𝑏𝑠 (𝑒′𝑟, … , 𝑒′

𝑠+𝑟−1) for some 𝑘 ≤ 𝑠 − 1 for every 
𝑟 = 1, … , 𝑙 − 𝑠 + 1. This, in particular, implies that 𝑒𝑘 ≡0−𝑜𝑏𝑠 𝑒

′
𝑘

for every 𝑘 ≥ 𝑠.

2. By virtue of Proposition 4, 𝜔 is structured as in Expression (13). Let 𝛾𝑟 for 𝑟 = 1, … , ℎ𝑙 be subwalks in (𝑠) inducing the 
corresponding classes [𝛾𝑟]𝑞 used in the construction of 𝜔. Represent 𝛾𝑟 = (𝑒𝑟1, … , 𝑒𝑟

𝑠
) and finally consider the sequence of edges 

𝛾 = (𝑒11, … , 𝑒1
𝑠
, 𝑒2

𝑠
, … , 𝑒ℎ𝑙𝑠 ). We claim that 𝛾 is a walk in the original graph . Notice that (𝑒11, … , 𝑒1

𝑠
) is a walk in  by construction. 

Thanks to the concatenation constraints in Expression (16), we have that for every 𝑟 = 1, … , ℎ𝑙 − 1, there exists 𝑘 ≤ 𝑠 − 1 such that 
[𝛾𝑟

>
]𝑘 = [𝛾𝑟+1< ]𝑘. By the definition of the 𝑘-obs equivalence relation, we have that 𝑘(𝛾𝑟

>
) = 𝑘(𝛾𝑟+1< ) and, consequently, 𝑘(𝑒𝑟

𝑠
) = 𝑘(𝑒𝑟+1

𝑠−1). 
Since 𝑘(𝑒𝑟+1

𝑠−1) = 𝜃(𝑒𝑟+1
𝑠

) as 𝛾𝑟+1 is a feasible walk in , we also have that 𝑘(𝑒𝑟
𝑠
) = 𝜃(𝑒𝑟+1

𝑠
) for every 𝑟 = 1, … , ℎ𝑙 − 1. This says that 𝛾

is a walk in . It is 𝑠-observable because of the properties of 𝜔: by construction, 𝛾1 possesses at least one observable edge and, in 
the structure of 𝜔, there are at most 𝑠 −1 basic consecutive subwalks [𝛾𝑟]𝑞 ∈ 

(𝑠)
𝑏𝑎𝑠

ending with unobservable edges. Finally, given Γ’s 
definition, it follows that Γ(𝛾) = 𝜔.

3. The inequality 𝑊 (𝑠)(Γ(𝛾)) ≤𝑤(𝛾) is a direct consequence of the definition of weights in Expression (12) and the definition of 
Γ. Regarding the second point, this follows when, in the proof of item 2., we choose subwalks 𝛾𝑟 = (𝑒𝑟1, … , 𝑒𝑟

𝑠
) that minimize the 

corresponding weights as expressed in relations (12). □

We are now ready to state the following conclusive results, which establish that checking 𝑠-legibility under partial observability 
of the graph  and checking 1-legibility under full observability of the s-Legibility graph (𝑠)𝑝𝑜 are equivalent.

Theorem 2. The following facts hold true:

1. Consider a set  of walks in  from 𝑜 to  (all of length not smaller than 𝑠) that are (𝑜, )-connecting and 𝑠-legible. Then, Γ() is 
(𝑜̄, ̄)-connecting and 1-legible. Moreover, 𝐶 (𝑠)(Γ()) ≤ 𝐶().

2. Consider a set  of walks in (𝑠)𝑝𝑜 from 𝑜̄ to ̄ that are (𝑜̄, ̄)-connecting and 1-legible. Then, any set  of 𝑠-observable walks in  from 
𝑜 to  such that Γ() = is (𝑜, )-connecting and 𝑠-legible. Moreover, there exists a set  such that 𝐶 (𝑠)(Γ()) = 𝐶().

Proof. 1. The fact that  = Γ() is (𝑜̄, ̄)-connecting follows from the definition of Γ. Suppose, by contradiction, that  is not 
1-legible. This implies that there exist two walks 𝛾1, 𝛾2 ∈  leading to two distinct destinations 𝑑1 ≠ 𝑑2 such that the corresponding 
walks in (𝑠)𝑝𝑜 𝜔1 = Γ(𝛾1) and 𝜔2 = Γ(𝛾2) share (at least) one edge. There are two possibilities: either the shared edge is auxiliary or 
basic. In the first case, given the structure of the preamble graphs (10) and (11), necessarily, there exist (𝑒11, … , 𝑒1

𝑟1
) and (𝑒21, … , 𝑒2

𝑟2
)

that are subwalks of, respectively, 𝛾1 and 𝛾2 such that

[(𝑒11,… , 𝑒1
𝑟1
)]𝑘1 = [(𝑒21,… , 𝑒2

𝑟2
)]𝑘2

where 𝑘1 and 𝑘2 are such that 𝑟1 − 𝑘1 = 𝑟2 − 𝑘2. In this way, we account for the possibility that one or both the subwalks are prefixes 
of length possibly smaller than 𝑠 − 1. By construction, this means that these two subwalks are followed in both 𝛾1 and 𝛾2 by at least
22

𝑟 = 𝑘1 + 𝑠− 𝑟1 − 1 = 𝑘2 + 𝑠− 𝑟2 − 1
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unobservable edges 𝑓 1
1 , … , 𝑓 1

𝑟
and 𝑓 2

1 , … , 𝑓 2
𝑟

. The two subwalks of 𝛾1 and 𝛾2, respectively,

(𝑒1
𝑘1
,… , 𝑒1

𝑟1
, 𝑓 1

1 ,… , 𝑓 1
𝑟
), (𝑒2

𝑘2
,… , 𝑒2

𝑟2
, 𝑓 2

1 ,… , 𝑓 2
𝑟
)

have length equal to 𝑠 and, by construction, are observably equivalent. This contradicts the assumption on  . If, instead, the shared 
edge is basic, there exist (𝑒11, … , 𝑒1

𝑠
) and (𝑒21, … , 𝑒2

𝑠
) that are subwalks of, respectively, 𝛾 ′ and 𝛾 ′′ such that

[(𝑒11,… , 𝑒1
𝑠
)]𝑘 = [(𝑒21,… , 𝑒2

𝑠
)]𝑘

for some 𝑘 ≤ 𝑠 − 1. By construction, this means that these two subwalks are followed, in 𝛾 ′ and 𝛾 ′′ respectively, by exactly 𝑘 − 1
unobservable edges. This leads, as in the previous case, to two subwalks of length 𝑠 that are observably equivalent. This again 
contradicts the assumption on  .

Finally, the cost inequality follows from the corresponding weight inequality in item 2. of Proposition 5.

2. Fix  as a set of 𝑠-observable walks in  from 𝑜 to  such that Γ() =. Based on Γ’s definition, it follows that  is (𝑜, )-
connecting. Suppose, by contradiction, that  is not observably 𝑠-legible and let 𝛾1 = (𝑒11, … , 𝑒1

𝑙1
) and 𝛾2 = (𝑒21, … , 𝑒2

𝑙2
) ∈  be two 

walks leading to two different destinations 𝑑1 ≠ 𝑑2 such that, for some indices 𝑟1, 𝑟2, we have:

(𝑒1
𝑟1
,… , 𝑒1

𝑟1+𝑠−1
) =𝑜𝑏𝑠 (𝑒2𝑟2 ,… , 𝑒2

𝑟2+𝑠−1
) (19)

Let 𝑘 ≤ 𝑠 − 1 be such that 𝑒1
𝑟1+𝑘

= 𝑒2
𝑟2+𝑘

∈ 𝑜𝑏𝑠 is the last observable edge in the two subwalks. If 𝑘 = 𝑠 − 1, i.e. this edge coincides 
with the last edge of the two subwalks, then

(𝑒1
𝑟1
,… , 𝑒1

𝑟1+𝑠−1
) ≡0−𝑜𝑏𝑠 (𝑒2𝑟2 ,… , 𝑒2

𝑟2+𝑠−1
)

is a common edge in Γ(𝛾1) and Γ(𝛾2), contradicting the assumption of 1-legibility. If, instead, 𝑘 < 𝑠 − 1, the two subwalks end with 
𝑠 − 1 − 𝑘 unobservable edges. Let us first assume 𝑟1 + 𝑘 ≥ 𝑠 and 𝑟2 + 𝑘 ≥ 𝑠. This implies the existence of basic edges in 𝜔𝑖 = Γ(𝛾𝑖) for 
𝑖 = 1, 2, respectively,

[(𝑒1
𝑟1
,… , 𝑒1

𝑟1+𝑘
)]0, [(𝑒2

𝑟2
,… , 𝑒2

𝑟2+𝑘
)]0

with 𝑟1 + 𝑘 − 𝑟1 = 𝑟2 + 𝑘 − 𝑟2 = 𝑠 − 1. According to the structure of walks in (𝑠)𝑝𝑜 , these two basic edges are followed by auxiliary 
edges, respectively,

[(𝑒1
𝑟1+1

,… , 𝑒1
𝑟1+𝑘

)]0 [(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)]0
↓ ↓

[(𝑒1
𝑟1+1

,… , 𝑒1
𝑟1+𝑘

)]′
1

[(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)]′1
↓ ↓
⋮ ⋮
↓ ↓

[(𝑒1
𝑟1+1

,… , 𝑒1
𝑟1+𝑘

)]′
ℎ1

[(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)′]ℎ2
↓ ↓

[(𝑒1
𝑟1+1

,… , 𝑒1
𝑟1+𝑘

)]
ℎ1

[(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)]ℎ2

with ℎ1, ℎ2 ≥ 𝑠 − 1 − 𝑘. From Expression (19) and the fact that 𝑒1
𝑟1+𝑘

= 𝑒2
𝑟2+𝑘

∈ 𝑜𝑏𝑠 is the last observable edge in the two subwalks, it 
follows that

[(𝑒1
𝑟1+1

,… , 𝑒1
𝑟1+𝑘

)]
𝑠−1−𝑘

= [(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)]𝑠−1−𝑘

which implies that there must be a common auxiliary edge in the two preamble structures.

This contradicts the assumption that  is 1-legible.

We finally need to consider the case when 𝑟𝑖 + 𝑘 < 𝑠 for one or both 𝑖 ∈ {1, 2}. Assume this happens for 𝑖 = 1 only. Then, the first 
basic edge in 𝜔1 is

[(𝑒11,… , 𝑒1
𝑠
)]𝑘1

where 𝑘1 ≥ 𝑟1 is the number of consecutive unobservable edges in 𝜔1 starting with 𝑒1
𝑠
. This basic edge is preceded, according to 

Expression (13), by a sequence of auxiliary edges as follows:

𝑜̄→ [(𝑒11,… , 𝑒1
𝑟1+𝑘

)]′1 →⋯→ [(𝑒11,… , 𝑒1
𝑟1+𝑘

)]′
𝑘1

→ [(𝑒11,… , 𝑒1
𝑟1+𝑘

)]𝑘1
Notice that

[(𝑒11,… , 𝑒1
𝑟1+𝑘

)]𝑟1 = [(𝑒1
𝑟1
,… , 𝑒1

𝑟1+𝑘
)]1

(20)
23

[(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)]
𝑠−1−𝑘

= [(𝑒2
𝑟2
,… , 𝑒2

𝑟2+𝑘
)]1
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Relations (20) and (19) yield

[(𝑒11,… , 𝑒1
𝑟1+𝑘

)]𝑟1 = [(𝑒2
𝑟2+1

,… , 𝑒2
𝑟2+𝑘

)]
𝑠−1−𝑘

and thus again 𝜔1 and 𝜔2 would possess a common auxiliary edge. A similar argument holds for the other cases.

Finally, we can arrive at the cost equality between  and  if we make sure that  is constructed accordingly to item 2. in 
Proposition 5. Precisely, for every 𝜔 ∈, we choose a 𝛾 walk in  such that Γ(𝛾) = 𝜔 and 𝑊 (𝛾) =𝑊 (𝑠)(𝛾), and we set  to be the 
family of such walks 𝛾 . □

We are now ready to tackle Problems 1 to 3 in the general case. We show below how the graph constructions above allow us to 
solve these problems by essentially reducing them to the basic case of 1-legibility. We start with a direct consequence of Theorem 2, 
which tells us that checking 𝑠-legibility on the graph  can be transformed in checking 1-legibility on the new graph (𝑠)𝑝𝑜 .

Corollary 1. Given a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) and a positive integer 𝑠, the following two conditions are equivalent:

1. (, 𝑛𝑜𝑏𝑠, 𝑜, ) is 𝑠-legible;

2. ((𝑠)𝑝𝑜 , ̄𝑜, ̄ ⧵ ̄<𝑠) is 1-legible.

Moreover, assume that the above conditions are satisfied, <𝑠 is any set of walks in  (all of length less than 𝑠) that is (𝑜, <𝑠)-connecting, 
and  is any 1-legible (𝑜̄, ̄ ⧵ ̄<𝑠)-connecting set of walks in (𝑠)𝑝𝑜 . Then, for every subset of walks  in  such that Γ() =, we have that 
 ∪<𝑠 is 𝑠-legible and (𝑜, )-connecting.

Proof. The statement is a direct consequence of Theorem 2 and of Remark 1. □

Problem 1 can be solved iteratively by checking 𝑠-legibility for increasing values of 𝑠 = 1, 2, … until we find that the property 
holds. For each 𝑠, thanks to Corollary 1 and Proposition 2, we reduce the legibility check to the computation of a max flow problem.

Problem 2 can also be addressed by making use of the auxiliary graphs (𝑠)𝑝𝑜 . However, the presence of destinations that have a 
distance from the origin smaller than 𝑠 has to be handled in a slightly different way. This is because it is not known a priori if the set 
that minimizes cost will contain walks of length smaller than 𝑠 or longer walks (which might have a smaller cost). As walks shorter 
than 𝑠 are not represented within (𝑠)𝑝𝑜 , we need to incorporate them in it. Hence, we augment (𝑠)𝑝𝑜 by adding a family of extra edges. 
Precisely, for every destination 𝑑 in <𝑠, we add one extra edge 𝑒𝑑 that connects 𝑜̄ to 𝑑 such that 𝜃(𝑒𝑑 ) = 𝑜̄ and 𝑘(𝑒𝑑 ) = 𝑑, and we 
equip it with a weight 𝑊 (𝑠)

𝑒𝑑
defined as follows:

𝑊 (𝑠)
𝑒𝑑

=min{𝑊 (𝛾) | 𝛾 walk in  from 𝑜 to 𝑑, 𝑙𝛾 < 𝑠} (21)

We also choose, for every 𝑑 ∈<𝑠, a walk

𝛾𝑑 ∈ argmin{𝑊 (𝛾) | 𝛾 walk in  from 𝑜 to 𝑑, 𝑙𝛾 < 𝑠}

We indicate with the symbol ̄(𝑠)𝑝𝑜 this augmented version of (𝑠)𝑝𝑜 .

Given a (𝑜̄, ̄)-connecting set of walks  in ̄(𝑠)𝑝𝑜 , we associate an (𝑜, )-connecting set of walks  as follows. We define ′ =
{𝑑 ∈<𝑠 | 𝑒𝑑 ∈} and put

′ = {𝑒𝑑 | 𝑑 ∈′} ′′ = ⧵′

We now take  ′ = {𝛾𝑑 | 𝑑 ∈′} and  ′′ as any set of 𝑠-observable walks in  from 𝑜 to  such that Γ( ′′) =′′. Finally, we define

 =  ′ ∪ ′′

and notice that  is (𝑜, )-connecting and 𝑠-legible by construction and by item 2. of Theorem 2. The following result holds.

Corollary 2. Consider a PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, ) and, given 𝑘 > 1, the auxiliary legibility problem instance (̄(𝑘), ̄𝑜, ̄). Then,

𝐶𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝑘) = 𝐶𝑚𝑖𝑛

(̄(𝑘)𝑝𝑜 ,𝑜̄,̄)
(1) (22)

Moreover, if  is any 1-legible (𝑜̄, ̄)-connecting set of walks that minimizes the cost 𝐶 (𝑠), then  is a 𝑠-legible (𝑜̄, ̄)-connecting set of 
walks that minimizes the cost 𝐶 .

Problem 3 can be solved by exploiting its duality with Problem 2 as explained in Bernardini et al. [8]. Given a budget 𝐵, the goal 
is to compute 𝐿𝐷𝑚𝑖𝑛

(,𝑛𝑜𝑏𝑠,𝑜,)(𝐵). We can proceed as follows. We start from the legibility delay 𝑠1 = 𝐿𝐷(, 𝑛𝑜𝑏𝑠, 𝑜, ) and compute, 
24

using the approach above, 𝐵1 = 𝐶𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝑠1). We put
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𝐿𝐷𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝐵) = 𝑠1 ∀𝐵 ≥𝐵1

We then take the next 𝑠2 > 𝑠1 such that 𝐵2 = 𝐶𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝑠2) < 𝐵1 and put

𝐿𝐷𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝐵) = 𝑠2 ∀𝐵2 ≤ 𝐵 <𝐵1

We iterate in this way until the budget reaches the minimum value that is necessary to obtain an (𝑜, )-connecting set of walks. We 
obtain a step function for 𝐿𝐷𝑚𝑖𝑛

(,𝑛𝑜𝑏𝑠,𝑜,)(𝐵), where each cost interval corresponds to the smallest legibility delay 𝑠 that can be found 
by incurring that cost.

8. Algorithms

Given a PO-LP instance, we use an iterative approach for solving Problems 1, 2, and 3. At each step 𝑠 = 1, … , 𝑘, we construct 
the graph (𝑠)𝑝𝑜 and consider the instance of the legibility problem under partial observability ((𝑠)𝑝𝑜 , ̄𝑜, ̄ ⧵ ̄<𝑠). We convert the 
graph (𝑠)𝑝𝑜 into a flow network  (𝑠) and solve a maximum flow problem (for solving Problem 1) or a minimum cost problem (for 
solving Problems 2 and 3). With respect to the original technique presented by Bernardini et al. [8], the changes revolve around the 
challenges of correctly encoding a partially observable environment into a 𝑠-legibility graph (𝑠)𝑝𝑜 . Hence, in this section, we focus on 
describing the construction of the graph (𝑠)𝑝𝑜 for PO-LP instances (, 𝑛𝑜𝑏𝑠, 𝑜, ). We also analyze the complexity of this construction.

The case of 𝑠 = 1 is simpler than the others. Recall that, as mentioned in Section 4, the concept of 1-legibility for a PO-LP instance 
(, 𝑛𝑜𝑏𝑠, 𝑜, ) is equivalent to the concept of 1-legibility for the corresponding LP instance (, 𝑜, ). We construct the graph (1)𝑝𝑜 by 
simply removing all unobservable edges from  and adding edges from each destination in  to 𝑑. We then use the resulting graph 
to construct the flow network and run the appropriate algorithms to solve Problems 1, 2 and 3 in this case.

To construct the graph (𝑠)𝑝𝑜 for 𝑠 > 1, we follow Expressions (7), (9), (10) and (11) as presented in Section 7. To do so, we need 
to obtain the set of equivalence classes that define the set of nodes  (𝑠) and the set of edges  (𝑠) = 

(𝑠)
𝑏𝑎𝑠

∪ 
(𝑠)
𝑎𝑢𝑥. Constructing the 

graph (𝑠)𝑝𝑜 becomes trivial once we obtain all the sets of 𝑘-observable classes of subwalks of length 𝑠 with 𝑘 ranging from 0 to 𝑠 − 1, 
𝑠−1⋃
𝑘=0


(𝑠)
≡𝑘−𝑜𝑏𝑠

.

The generation of a set (𝑠)
≡𝑘−𝑜𝑏𝑠

entails comparing each subwalk 𝛾 ∈ (𝑠) with other subwalks in (𝑠), determining whether 
they are (strongly) 𝑘-observably equivalent, and then storing 𝛾 in the appropriate equivalence class. Note that, to build the graph 

(𝑠)
𝑝𝑜 , we might need to use most of the equivalent classes for 𝑘 ranging from 0 to 𝑠 − 1, depending on the number of consecutive 

unobservable edges following a given subwalk (see Expressions (9), (10) and (11)). Since checking all these equivalences can become 
computationally taxing, we present Algorithms 1 and 2, which deal with this operation efficiently by avoiding redundant checks 
between subwalks whose equivalence can be directly inferred from previous checks.

For two subwalks to be strongly observably equivalent, they must terminate at the same vertex (see Definition 7). Thus, optimizing 
the search for equivalence classes can be achieved by comparing subwalks only if this condition holds. Another optimization method 
is based on exploiting the equivalence property of the subwalks from the same 𝑘-observable class. Suppose we want to check if a 
subwalk 𝛾 is part of an equivalence class along with other subwalks. We check if there exists any 𝑘-observable class [𝛾 ′]𝑘 ending in 
the same node as 𝛾 . If there is, we only need to check 𝛾 against one of the members 𝛾 ′ ∈ [𝛾 ′]𝑘. If we cannot find any existing class 
that is 𝑘-obs equivalent with 𝛾 , we create the single-element 𝑘-observable class [𝛾]𝑘.

When generating (𝑠)𝑝𝑜 , we can encounter nodes representing subwalks with length smaller than 𝑠 − 1 (see Expression (7)). This 
requires us to verify the equivalence between subwalks of different lengths. Since the subwalks with length smaller than 𝑠 − 1 occur 
only in the immediate vicinity of 𝑜̄, we check their equivalence against the subwalks of length 𝑠 − 1 after generating the children of 
𝑜̄ and their associated auxiliary nodes, following the same principles described above.

Before starting the iterative process, we define the base set (1)
≡1−𝑜𝑏𝑠

from which 
2⋃

𝑘=0

(2)
≡𝑘−𝑜𝑏𝑠

is derived:


(1)⊣
≡0−𝑜𝑏𝑠

=
(1)⊣
≡1−𝑜𝑏𝑠

= {𝑒 | 𝑒 ∈ 𝑜𝑏𝑠}

(1)̸⊣
≡0−𝑜𝑏𝑠

=
(1)̸⊣
≡1−𝑜𝑏𝑠

= {𝑒 | 𝑒 ∈ 𝑛𝑜𝑏𝑠}

(1)
≡0−𝑜𝑏𝑠

=
(1)
≡1−𝑜𝑏𝑠

=
(1)⊣
≡1−𝑜𝑏𝑠

∪
(1)̸⊣
≡1−𝑜𝑏𝑠

Function 𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡
(𝑠)
≡𝑘−𝑜𝑏𝑠

in Algorithm 1 generates 
𝑠⋃

𝑘=0

(𝑠)
≡𝑘−𝑜𝑏𝑠

based on the set (𝑠−1) obtained at step 𝑠 − 1. Note that (𝑠−1) is 

formed by all individual subwalks from a set (𝑠−1)
≡𝑘−𝑜𝑏𝑠

. We also calculate the 𝑠-observable classes of subwalks of length 𝑠, since this 
information is necessary to construct the (𝑠+1)𝑝𝑜 (see as an example Expression (7)). The function takes as input the set of observable 
edges, the legibility delay 𝑠, and the set (𝑠−1).

Algorithm 1 is composed of four nested loops. At line 1, it traverses the vertices 𝑣 ∈  , and at line 2, it iterates through all 
subwalks 𝛾 ∈ (𝑠−1) that terminate in a given vertex 𝑣. Then, at line 3, it searches for each outgoing edge of 𝑣 to create (at line 4) 
a new subwalk 𝛾 ′ of length 𝑠. In the innermost loop, at line 5, function 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣 (Algorithm 2) verifies the 𝑘-observable class 
25

membership of each 𝛾 ′. At lines 6-9, the set (𝑠)
≡𝑘−𝑜𝑏𝑠

is initialized if it has not yet been created, together with its component sets of 
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Algorithm 1: 𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡
(𝑠)
≡𝑘−𝑜𝑏𝑠

( , 𝑜𝑏𝑠, 𝑠, (𝑠−1)).

1 foreach 𝑣 ∈  do

2 foreach 𝛾 ∈𝑄(𝑠−1) | 𝜅(𝛾) = 𝑣 do

3 foreach 𝑒𝑠 ∈ 𝑜𝑢𝑡(𝑣) do

4 𝛾 ′ ← 𝐶𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒(𝛾, 𝑒𝑠)
5 for 𝑘 ← 1 to 𝑠 do

6 if ∄(𝑠)
≡𝑘−𝑜𝑏𝑠

then

7 
(𝑠)⊣
≡𝑘−𝑜𝑏𝑠

← ∅
8 

(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

← ∅
9 

(𝑠)
≡𝑘−𝑜𝑏𝑠

← ∅
10 if 𝑒𝑠 ∈ 𝑜𝑏𝑠 then

11 
(𝑠)⊣
≡𝑘−𝑜𝑏𝑠

← 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣(𝑘, 𝛾 ′, (𝑠)⊣
≡𝑘−𝑜𝑏𝑠

)
12 else

13 
(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

← 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣(𝑘, 𝛾 ′, (𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

)
14 for 𝑘 ← 1 to 𝑠 do

15 
(𝑠)
≡𝑘−𝑜𝑏𝑠

←
(𝑠)⊣
≡𝑘−𝑜𝑏𝑠

∪
(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

16 
(𝑠)⊣
≡0−𝑜𝑏𝑠

←
(𝑠)⊣
≡1−𝑜𝑏𝑠

17 
(𝑠)̸⊣
≡0−𝑜𝑏𝑠

←
(𝑠)̸⊣
≡1−𝑜𝑏𝑠

18 
(𝑠)
≡0−𝑜𝑏𝑠

←
(𝑠)⊣
≡0−𝑜𝑏𝑠

∪
(𝑠)̸⊣
≡0−𝑜𝑏𝑠

19 return
𝑠⋃

𝑘=0


(𝑠)
≡𝑘−𝑜𝑏𝑠

𝑘-observable classes whose representative subwalks end with an observable edge or an unobservable edge, i.e. (𝑠)⊣
≡𝑘−𝑜𝑏𝑠

and (𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

, 
respectively. The algorithm checks whether 𝛾 ′ ends in an observable edge or not, and it passes to 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣 the appropriate 
set of equivalence classes, at lines 10-13. We distinctly populate the sets (𝑠)⊣

≡𝑘−𝑜𝑏𝑠
and (𝑠)̸⊣

≡𝑘−𝑜𝑏𝑠
since the rules for constructing (𝑠)𝑝𝑜 are 

different depending on the observability of the last edge in a subwalk. After updating all sets (𝑠)⊣
≡𝑘−𝑜𝑏𝑠

and (𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

, we iterate from 1
to 𝑠 and assign to each (𝑠)

≡𝑘−𝑜𝑏𝑠
the union of its component sets, at lines 14-15. Given that (𝑠)

≡0−𝑜𝑏𝑠
and (𝑠)

≡1−𝑜𝑏𝑠
coincide, it is sufficient 

to generate (𝑠)⊣
≡1−𝑜𝑏𝑠

and (𝑠)̸⊣
≡1−𝑜𝑏𝑠

inside the nested loops and, then, at lines 16-17, we assign them to their 0-obs homologous classes. 
Their union is then assigned to the set (𝑠)

≡0−𝑜𝑏𝑠
, at line 18.

Algorithm 2: 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣(𝑘, 𝛾, (𝑠)−
≡𝑘−𝑜𝑏𝑠

).

1 𝑒𝑞𝑢𝑖𝑣_𝑓𝑜𝑢𝑛𝑑 ← ⊥

2 foreach [𝛾 ′]𝑘 ∈
(𝑠)−
≡𝑘−𝑜𝑏𝑠

do

3 𝛾 ′
𝑅
← [𝛾 ′]𝑘 // any 𝛾 ′ in [𝛾 ′]𝑘

4 if 𝜅(𝛾) = 𝜅(𝛾 ′) and 𝛾 ≡𝑘−𝑜𝑏𝑠 𝛾
′ then

5 [𝛾 ′]𝑘 ← [𝛾 ′]𝑘 ∪ {𝛾}
6 𝑒𝑞𝑢𝑖𝑣_𝑓𝑜𝑢𝑛𝑑 ← ⊤

7 break

8 if ¬𝑒𝑞𝑢𝑖𝑣_𝑓𝑜𝑢𝑛𝑑 then

9 [𝛾]𝑘 ← {𝛾}
10 

(𝑠)−
≡𝑘−𝑜𝑏𝑠

←
(𝑠)−
≡𝑘−𝑜𝑏𝑠

∪ [𝛾]𝑘
11 return 

(𝑠)−
≡𝑘−𝑜𝑏𝑠

Algorithm 2 is responsible for populating all sets (𝑠)⊣
≡𝑘−𝑜𝑏𝑠

and (𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

. The function 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣 takes three inputs: a subwalk 
suffix index 𝑘, a subwalk 𝛾 and a set (𝑠)−

≡𝑘−𝑜𝑏𝑠
to be updated. We use the variable (𝑠)−

≡𝑘−𝑜𝑏𝑠
as a holding variable for either set (𝑠)⊣

≡𝑘−𝑜𝑏𝑠

or (𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

. The variable 𝑒𝑞𝑢𝑖𝑣_𝑓𝑜𝑢𝑛𝑑 determines when an equivalence is found, and at line 1, it is initially set to false. The algorithm 
proceeds by iterating through the equivalence classes of type [𝛾 ′]𝑘 from (𝑠)−

≡𝑘−𝑜𝑏𝑠
, as shown in line 2. Then, at line 3, any subwalk that 

is part of a given equivalence class [𝛾 ′]𝑘 is assigned to 𝛾 ′. Note that here [𝛾 ′]𝑘 represents all subwalks 𝛾 ′′ that form a 𝑘-observable 
equivalence relation with a representative subwalk 𝛾 ′. At line 4, the algorithm checks if both 𝛾 and 𝛾 ′ terminate in the same vertex 
and if they are 𝑘-obs equivalent. If these conditions hold, [𝛾 ′]𝑘 stores the new-found 𝑘-observable subwalk 𝛾 and the for loop 
breaks. The variable 𝑒𝑞𝑢𝑖𝑣_𝑓𝑜𝑢𝑛𝑑 is set to true to indicate that an equivalence has been found. If no equivalence is found, then, the 
equivalence class [𝛾]𝑘 is created and added to (𝑠)−

≡𝑘−𝑜𝑏𝑠
, at lines 8-10.

During the construction of (𝑠)𝑝𝑜 , when generating auxiliary nodes, we will only use the 𝑘-observable classes up to the level 

corresponding to the number of unobservable consecutive edges following the given subwalk. Hence, not all subwalks in 
𝑠⋃

𝑘=0

(𝑠)
≡𝑘−𝑜𝑏𝑠
26

will be used in (𝑠)𝑝𝑜 .
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Fig. 16. Example of a graph  where not all destinations are reachable in the associated (2)
𝑝𝑜

: Figure (a) represents the original graph  and Figure (b) is the 
corresponding (2)

𝑝𝑜
.

One final optimization involves avoiding checking for 𝑠-legibility altogether when all possible walks towards a destination 𝑑 ∈

contain one or more subwalks of consecutive unobservable edges of length greater than 𝑠 − 1 (see the walk terminating in 𝑑1 in 
Fig. 16(a)). In this situation, there is no (𝑜, )-connecting set of walks  that would satisfy condition (i) of Definition 4, i.e. any 
walk 𝛾 leading to 𝑑 cannot be 𝑠-observable. An efficient way to verify this is to check that each node 𝑑 ∈ ̄ exists in (𝑠)𝑝𝑜 right after 
constructing (𝑠)𝑝𝑜 and before defining it as a flow network problem.

Example 7. Let us consider the graph  depicted in Fig. 16(a), where  = {𝑑1, 𝑑2} and 𝑛𝑜𝑏𝑠 = {𝑥, 𝑦}. Notice that there is a single 
possible (𝑜, )-connecting set of walks  = {(𝛼𝛽1𝑥𝑦), (𝛼𝛽2𝛾𝛿)}.

It is easy to see that  cannot be 1-legible nor 2-legible, since 𝛼 is a common edge and the walk leading to 𝑑1 is not 2-observable 
due to the subwalk (𝑥𝑦). Nonetheless, let us consider (2)𝑝𝑜 displayed in Fig. 16(b) to understand better how the algorithm avoids 
calculating the optimal flow in this type of case.

The walk (𝛼𝛽2𝛾𝛿) is fully observable, hence it is encoded in subwalks from 0-obs equivalence classes. Since the walk (𝛼𝛽1𝑥𝑦)
contains a subwalk of length 2 of only unobservable edges, we need to introduce the auxiliary constructions as described in Expression 
(11), which are then continued by applying the fifth rule from Expression (9). We see that, by construction, (2)𝑝𝑜 cannot contain 𝑑1. 
We can then infer that an optimal flow equal to 2 cannot be found in the corresponding flow network of (2)𝑝𝑜 .

This example demonstrates as well how the auxiliary constructions correctly capture that the walk to 𝑑1 is not 2-observable, 
therefore,  cannot be 2-legible.

Note that, if a walk towards a destination 𝑑 is shorter than the legibility delay, we still represent that walk in (𝑠)𝑝𝑜 and connect it 
to 𝑑. Hence, this situation does not affect our proposed verification. In the next section, we present the effect of implementing this 
extra pre-analysis of (𝑠)𝑝𝑜 on the time complexity.

8.1. Complexity

Here, we discuss the worst-case complexity of the proposed technique to construct (𝑠)𝑝𝑜 , assuming a uniform graph  of branching 
factor 𝐵 for simplicity. The complexity is dominated by the four nested loops in Algorithm 1 and the number of iterations inside the 
function 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣. For a subwalk 𝛾 of length 𝑠, 𝐶ℎ𝑒𝑐𝑘𝛾𝑘𝐸𝑞𝑢𝑖𝑣 is called to check for 𝑘-obs equivalence against at most all other 
subwalks of length 𝑠 ending in the same node. Thus, the worst-case number of same-length subwalks ending in a common vertex for 
a uniform graph is 𝐵𝑠. As a result, the worst-case complexity of constructing (𝑠)𝑝𝑜 is given by the required five loops in Algorithms 1

and 2, leading to a complexity of 𝑠| (𝑠)|2|| . The complexity as a function of 𝑠 is (𝑠| (𝑠)|2).
In a full observable setting presented by Bernardini et al. [8], the complexity is (| (𝑠−1)|2). Unsurprisingly, the complexity is 

higher when dealing with partial observability.

9. Experimental results

The experiments were conducted using a cluster with Intel Xeon E5-2640 processors running at 2.60 GHz. The memory limit by 
process was set to 8 GBs and the time limit to 172,800 seconds.

We use 30×30 2D orthogonal grid graphs. We generate 900-node bidirectional planar graphs with edges connecting each node to 
its immediate horizontal and vertical neighbors.

To generate harder problems and diversify the graphs, we intervene over two of their configuration features: connectivity and 
observability. We modify the former by converting 10%, 20%, and 30% of the nodes into obstacles, where an obstacle is a non-

passable node in the grid graph (i.e., a node not connected to any other node). This adjustment decreases the graph density and 
creates bottlenecks. In terms of observability, we generate three new classes of problems by controlling the percentages of observable 
edges: 90%, 60%, and 30%. The percentage of unobservable edges is the complement of the observable ones, respectively 10%, 
40%, and 70%. One bidirectional edge counts as two and if a bidirectional edge is unobservable, it means that moving across the 
27

edge in either direction cannot be observed. Both increasing the number of obstacles and decreasing the observability enforce higher 
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Fig. 17. Experiments on the legibility delay for a 30×30 grid with destinations varying from 2 to 8, obstacle ratios of 10%, 20%, and 30%, and observability (PO) 
ratios of 90%, 60%, and 30%.

minimum legibility delays. Further, we split the problems into four more categories based on the number of destinations: from 
two to eight destinations with 2 unit increment. Note that all the operations for selecting obstacles, unobservable edges, origin, 
and destination nodes are random, and all destinations are reachable from the origin node. These interventions over the graphs’ 
structures and the number of destinations diversify the sample of problems, which allows us to study the efficiency of our legibility 
delay calculations under partial observability.

We perform, thus, experiments for thirty-six classes of problems, and we analyze the performance of solving Problems 1, 2, and 
3 in relation to three factors: number of destinations, obstacle, and observability (PO) ratio. We run 300 problems per category and 
report the average values. For each problem instance in a category, we set a different seed.

Fig. 17 displays the results related to Problem 1. Fig. 17(a) shows the average time it takes to calculate the minimum legibility 
delay for each type of problem. Considering that the runtimes corresponding to the class of problems with obstacle and observability 
ratio 30% are approximately two to three orders of magnitude higher than the rest, we use the log scale on the time axis to represent 
the results. The correlation between the average minimum legibility delays and the runtime to calculate them observed in Fig. 17

shows that, as expected, the time complexity of a problem increases proportionally with the minimum legibility delay index.

However, we notice a few apparently unexpected results where this trend does not hold. In particular, we see that for instances 
with 2 destinations and partial observability percentage of 60%, the average runtime for solving problems with an obstacle ratio of 
10% is slightly higher than the one for solving problems with an obstacle ratio of 20%. This phenomenon happens because some 
cases are easier to analyze than others given how the graphs are structured, regardless of the number of obstacles. In particular, 
given a legibility delay 𝑠, before running the relevant flow algorithms, we always check that, for each destination 𝑑 in , there is at 
least one 𝑠-observable walk from the origin to 𝑑 (see Definition 3). As explained in Section 8, this check can be done efficiently by 
analyzing the graph (𝑠)𝑝𝑜 . If we cannot find any 𝑠-observable walk from the origin to 𝑑, we already know that the instance cannot be 
𝑠-legible and avoid running the algorithms altogether. The effect of this optimization can be also observed in the case of problems 
with 2 destinations, obstacle ratio of 10% and PO of 90%, which have a higher average runtime than problems with 2 destinations, 
obstacle ratio of 30% and PO of 60%, and, finally, in the case of problems with obstacle ratio of 30% and PO of 30%, when comparing 
the runtime between problems with 2, 4, and 6 destinations.

Fig. 17(b) represents the average minimum legibility delay calculations. The lines correspond to nine different classes of problems 
determined by obstacle - observability ratios. The results are averaged out as a function of the number of destinations for each class 
of problems. As expected, the minimum legibility delay increases as the observability decreases which happens as a result of the 
increasing number of consecutive unobservable edges. Naturally, the minimum legibility increases with the number of destinations, 
a behavior also consistent with the findings of Bernardini et al. [8].

We observe that the lines corresponding to PO of 90% present a different trend with respect to the other plot lines. This is due 
to the average over the problems with 2 destinations being close to 1. Recall that a mandatory condition to find that the minimum 
legibility delay of an instance is 1 is to have || distinct observable edges that leave the origin node. In a graph where the origin 
node has a maximum connectivity of 4, the probability of finding two observable outgoing edges from 𝑜 is high, especially if the 
PO is 90%. On the other hand, for problems with 4 destinations, the probability of having four observable outgoing edges from the 
origin, thus finding 1-legibility, is reduced (considering also the obstacle percentages). Hence, we have a difference of almost one 
unit between the average minimum legibility of problems with 2 and 4 destinations.

If we analyze the change in the average minimum legibility when observability decreases, we see that the average minimum 
legibility delay for the majority of the instances is 4 at the most, even for harder classes of problems such as problems with obstacle 
28

ratio of 30%, PO of 60% and 8 destinations, or problems with obstacle ratio of 20%, PO of 30% and 8 destinations. Thus, we can infer 



Artificial Intelligence 333 (2024) 104148S. Bernardini, F. Fagnani, A. Neacsu et al.

Fig. 18. Experiments on 30×30 grid graphs with obstacle percentage of 20%. The graphs show the change in the budget to reach different legibility delays. The index 
1 −𝐶∗

(,𝑜,)∕𝐶
𝑚𝑖𝑛
(,𝑜,)(𝑠) represents the distance from optimality when we constrain the legibility delay.

Fig. 19. Experiments on 30×30 grid graphs with obstacle percentage of 20%. The graphs show the change in the legibility delay determined by different budgets. 
The index 1 −𝐶∗

(,𝑜,)∕𝐶
𝑚𝑖𝑛
(,𝑜,)(𝑠) represents the distance from optimality when we constrain the legibility delay.

that our method is able to successfully find low minimum legibility by searching for walks preponderantly composed of observable 
edges and minimal overlapping.

We define 𝐶∗
(,𝑜,) as the minimum cost of an (𝑜, )-connecting set of walks in . The index 1 −𝐶∗

(,𝑜,)∕𝐶
𝑚𝑖𝑛
(,𝑜,)(𝑠) represents the 

distance from optimality when we constrain the legibility delay. We use this index to assess performance for Problems 2 and 3 on 
graphs with obstacle percentages of 20% and PO of 90%, 60%, and 30%.

Fig. 18 relates to Problem 2 in which we evaluate the distance from optimality as a function of the legibility delay index. We 
observe that the slopes become steeper as the observability decreases. This phenomenon is consistent with our previous conclusion: 
in order to obtain lower legibility delays, the algorithm searches for walks with a lower number of consecutive unobservable edges 
which, consequently, become longer as the observability decreases. Thus, 1 − 𝐶∗

(,𝑜,)∕𝐶
𝑚𝑖𝑛
(,𝑜,)(𝑠) is higher for the same legibility 

delay index with respect to the PO ratio of a given graph.

An unexpected behavior is observed in Fig. 18(c) where the lines of problems with more destinations cross under the lines of 
problems with fewer destinations. This situation can be observed in the case of problems with 2 and 4 destinations for legibility delay 
2, and in the case of problems with 4 and 6 destinations for legibility delay 4. This behavior is easily explainable. Let us consider a 
problem with 4 destinations and one with 2 destinations with the same seed. If, for the extra two destinations, the algorithm finds 
the optimal walks for a given 𝑠-legibility, the difference between 𝐶𝑚𝑖𝑛

(,𝑜,)(𝑠) and 𝐶∗
(,𝑜,) is the same for both problems. However, 

proportionally the distance from optimality will be lower in the case where 𝐶∗
(,𝑜,) is higher. Hence, the distance from optimality of 

the problem with 4 destinations is lower than the one of the problem with 2 destinations.

Fig. 19 focuses on Problem 3 in which we assess the change of the legibility delay 𝑠 as a function of the distance from the 
optimality index. As expected, a bigger budget allows us to reach a lower legibility delay. As the observability decreases both 
the budget and the corresponding legibility delay increase. This is a natural consequence of the increased number of consecutive 
unobservable edges, which results in finding longer walks with lower legibility as the PO decreases.

10. Conclusions

We explore the concept of goal legibility and recognition in a path planning scenario where the actors’ movements are only 
partially observable to the observer in the loop. In line with previous work on legibility in fully observable settings [8], we 
29

present and solve three optimization problems by which we study how to achieve minimum legibility delay for the observer and 
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how the legibility delay is influenced by the actors’ available budget, in addition to the degree of observability of the environ-

ment.

We show that those problems can be transformed into classical optimization network flow problems when we make suitable 
transformations on the graph underlying the pathfinding problem. However, because of partial observability, this transformation 
is much more sophisticated than in the case of full observability. We present an in-depth theory for this case and prove that the 
transformation is sound. Our experiments show the viability of our approach.

Based on the foundational study presented here, in future work, we plan to investigate more fine-grained definitions of goal 
legibility, to study how the construction of legible paths is impacted by dynamic obstacles and partial fields of view and to port the 
concepts and algorithms we developed for path planning to task planning.
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Appendix A. Full construction of (𝒔)
𝒑𝒐

for the graph in Fig. A.20

In this section, we present step-by-step the iterative process of finding the minimum legibility delay for the graph  in Fig. A.20, 
with a focus on the construction of (𝑠)𝑝𝑜 for 𝑠 = 2, 3, 4. In , 𝑜 is the origin node and  = {𝑑1, 𝑑2, 𝑑3} is the set of destinations. The 
observable edges are represented with a solid line, and the set of unobservable edges 𝑛𝑜𝑏𝑠 = {𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5, 𝑧6, 𝑧7, 𝑧8} are marked 
with a dashed line. In the figures displaying (𝑠)𝑝𝑜 , the subgraphs that do not lead to any destination are represented in gray.

We can easily see that 1-legibility cannot be achieved as we cannot find three fully observable edge-distinct walks in  towards 
each of the destinations 𝑑 ∈ . By applying the algorithm for 1-legibility, the graph  under partial observability converts into a 
fully observable setting by removing all edges in 𝑛𝑜𝑏𝑠. This operation leaves 𝑑1 and 𝑑2 unreachable from the origin. Therefore, at 
step 𝑠 = 1, we do not proceed with calculating the maximum flow, and we increment 𝑠 to 2.

Fig. A.21 represents the construction of (2)𝑝𝑜 in which only 𝑑3 is reachable from 𝑜̄ by applying the first three rules in Expression 
(9). Given that the walk towards 𝑑3 is fully observable, such a walk contains only subwalks from (1)⊣

≡0−𝑜𝑏𝑠
. From Expression (7) and 

according to the second rule in Expression (9), the nodes given by the subwalks [(𝛼8)]0, [(𝛼3)]0, [(𝛼5)]0 and [(𝛼7)]0 are the successors 
of 𝑜̄. Since 𝛼3, 𝛼5 and 𝛼7 are followed by one or more unobservable edges in , we introduce auxiliary constructions. By applying 
Expression (11), we obtain the auxiliary constructions: [(𝛼3)]0 → [(𝛼3)]′1 → [(𝛼3)]1, [(𝛼5)]0 → [(𝛼5)]′1 → [(𝛼5)]1 and [(𝛼7)]0 → [(𝛼7)]′1 →
[(𝛼7)]1. The fifth rule in Expression (9) is then applied to the outgoing edges of [(𝛼3)]1, [(𝛼5)]1 and [(𝛼7)]1, resulting in the subgraphs: 

[(𝛼3)]1
[(𝛼3𝑧3)]1
←←←→ [(𝑧3)]0, [(𝛼3)]1

[(𝛼3𝑧2)]1
←←←→ [(𝑧2)]0, [(𝛼5)]1

[(𝛼5𝑧5)]1
←←←→ [(𝑧5)]0 and [(𝛼7)]1

[(𝛼7𝑧7)]1
←←←→ [(𝑧7)]0. According to the first rule in Expression 

(9), we extend [(𝑧5)]0 to [(𝛼3)]0 through the edge [(𝑧5𝛼3)]0.

As seen in Example 7, it is impossible to encode two consecutive unobservable edges in a (2)𝑝𝑜 since a walk containing such a 
subwalk would not satisfy condition (i) of Definition 4. Therefore, the nodes [(𝑧2)]0, [(𝑧3)]0, [(𝑧7)]0 cannot be extended further as the 
only rules that would involve outgoing edges ending in unobservable edges in Expression (9) cannot be applied in these situations.

Notice that (2)𝑝𝑜 does not contain 𝑑1 and 𝑑2. According to the optimization introduced in Section 8, the check for 2-legibility is 
30

omitted since the maximum necessary flow cannot be obtained in the associated flow network, and we increment to 𝑠 = 3.
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Fig. A.20. A graph .

Fig. A.21. (2) .

There is at least one walk terminating in each destination in  with a maximum of two consecutive unobservable edges, which 
means that, in this iteration, we can test (3)𝑝𝑜 for 1-legibility.

Note that the walk (𝛼2𝛼7𝑧7𝑧8𝑧4𝛼4) terminating in 𝑑1 is not 3-observable, and it cannot be fully encoded in (3)𝑝𝑜 . Before diving into 
the construction of (3)𝑝𝑜 , visualized in Fig. A.22, let us assess whether  is 3-legible. There are two other walks leading to 𝑑1 that are 
2-observable: (𝑧1𝛼3𝑧2𝑧4𝛼4) and (𝛼1𝛼5𝑧5𝛼3𝑧2𝑧4𝛼4). Note that both contain a subwalk of length 4 of form (𝑛𝑢𝑙𝑙 𝛼3 𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙). Similarly, 
the two walks leading to destination 𝑑2 contain a subwalk of type (𝑛𝑢𝑙𝑙 𝛼3 𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙). Any two walks leading to 𝑑1 and 𝑑2 containing 
31

the aforementioned subwalk of length 4, whose observable equivalent subwalk is (𝛼3), cannot be 3-legible nor 4-legible.
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Fig. A.22. (3) .

Our method encapsulates this structure using collapsed nodes to represent 𝑘-obs equivalences. By applying Expression (10) for 
the subwalk (𝑧1𝛼3), we obtain the node-succession 𝑜̄→ [(𝑧1𝛼3)]′1 → [(𝑧1𝛼3)]1 → [(𝑧1𝛼3)]′2 → [(𝑧1𝛼3)]2, and, by applying Expression 
(11) for [(𝑧5𝛼3)]0, we obtain [(𝑧5𝛼3)]0 → [(𝑧5𝛼3)]′1 → [(𝑧5𝛼3)]1 → [(𝑧5𝛼3)]′2 → [(𝑧5𝛼3)]2. Since 𝛼3 is followed by two consecutive 
unobservable edges, the auxiliary constructions need to expand up to 2-obs classes of equivalence. Now, we apply the equivalence 
relation of strong observability described in Definition 7, resulting in the merging of the two walks in (3)𝑝𝑜 : [(𝑧1𝛼3)]′1 = [(𝑧5𝛼3)]′1 →
[(𝑧1𝛼3)]1 = [(𝑧5𝛼3)]1 → [(𝑧1𝛼3)′2 = [(𝑧5𝛼3)]′2 → [(𝑧1𝛼3)]2 = [(𝑧5𝛼3)]2. Collapsing the nodes (thus, creating a bottleneck) guarantees 
the correct representation of the legibility delay of the corresponding subwalks from . Therefore, the maximum flow that can be 
obtained in the flow network corresponding to (3)𝑝𝑜 is two, which means that (3)𝑝𝑜 is not 1-legible.

We further increment 𝑠 to 4 and obtain (4)𝑝𝑜 displayed in Fig. A.23. Note that, at this stage, the entire partially observable graph 
can be encoded in (4)𝑝𝑜 since the longest sequence of unobservable edges has length 3. It is easy to observe now that  is 4-legible 
since we can reach destination 𝑑1 through a separate walk (𝛼2𝛼7𝑧7𝑧8𝑧4𝛼4), leaving the subwalk of form (𝑛𝑢𝑙𝑙 𝛼3 𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙) to be used 
to reach 𝑑2.

It is interesting to note how the strongly observable equivalence enunciated in Definition 7 correctly encodes the subgraph created 
by the subwalks (𝑧1) and (𝛼1𝛼5𝑧5) originating in 𝑜 and terminating in a common node. Starting in 𝑜̄, the following sequences of nodes 
are obtained: 𝑜̄→ [(𝑧1𝛼3)]′1 → [(𝑧1𝛼3)]1 → [(𝑧1𝛼3)]′2 → [(𝑧1𝛼3)]2 (by applying Expression (10)), and 𝑜̄→ [(𝛼5𝑧5𝛼3)]0 → [(𝛼5𝑧5𝛼3)]′1 →
32

[(𝛼5𝑧5𝛼3)]1 → [(𝛼5𝑧5𝛼3)]′2 → [(𝛼5𝑧5𝛼3)]2 (by applying the second rule in Expression (9) and then Expression (11)). Note that the 
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Fig. A.23. (4) .

walk (𝑧1𝛼3) is strongly 0-obs (and 1-obs) equivalent with the suffix of length 2 of walk (𝛼5𝑧5𝛼3). We then can merge the nodes 
corresponding to these suffixes to correctly encode their legibility in (4), which leads to the following sequence of collapsed nodes: 
[(𝑧1𝛼3)]′1 = [(𝛼5𝑧5𝛼3)]′2 → [(𝑧1𝛼3)]1 = [(𝛼5𝑧5𝛼3)]2.

In Fig. A.23, it is visible that the maximum flow in the flow network corresponding to (4)𝑝𝑜 is three and, thus, the minimum 
legibility delay of  is 4.

Appendix B. Additional experimental results

Figs. B.24 and B.25 contain all results related to Problem 2 and Problem 3, respectively. Fig. B.24 displays the change in budget 
to reach different legibility delays, whereas, Fig. B.25 shows the change in the legibility delay determined by different budgets for 
all twenty-eight classes of problems.

By analyzing the two figures, we can observe one more trend related to the impact of the obstacle ratio on the results. Namely, 
the plot lines become more dispersed with the increase in the obstacle percentage. This phenomenon shows that, for Problem 2, for 
the same legibility delay, generally the distance from optimality increases with the number of destinations more significantly in less 
connected graphs, unless we can find the optimal walks to the newly added destinations for lower legibility delays, in which case, the 
distance from optimality improves for problems with more destinations. In the case of Problem 3, the aforementioned effect indicates 
that, for less connected graphs, the budget allocation needs to increase more significantly when minimizing the legibility delay for 
problems with more destinations.

However, we notice that a factor that counters the effect of the obstacle ratio is the decrease in observability. Thus, the difference 
in performance between problems with different numbers of destinations is less significant by making the problems with lower 
33

destinations more expensive cost-wise.
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Fig. B.24. Experiments related to Problem 2 on 30×30 grid graphs with destinations varying from 2 to 8, obstacle ratios of 10%, 20%, 30%, and PO ratios of 90%, 
60%, and 30%.

List of abbreviations

PO Partially Observable/Partial Observability

PO-LP Legibility Problem under Partially Observable

List of symbols

(,𝑛𝑜𝑏𝑠, 𝑜,) PO-LP instance

𝐿𝐷() Legibility delay of a set of walks 
𝐿𝐷(,𝑛𝑜𝑏𝑠, 𝑜,) Legibility delay of the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, )
𝐶() Cost of the set of walks 
𝐶𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝑘) Minimum cost to achieve 𝑘-legibility in the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, )

𝑘𝑚𝑖𝑛
(,𝑛𝑜𝑏𝑠,𝑜,)(𝐵) Minimum legibility delay achievable under budget 𝐵 for the PO-LP instance (, 𝑛𝑜𝑏𝑠, 𝑜, )

(𝑠) Set of walks of length 𝑠
(𝑠) Set of observation sequences of length 𝑠
34

Ω(𝑠) The function associating sequences of observations of a given length 𝑠 with destinations
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Fig. B.25. Experiments related to Problem 3 on 30×30 grid graphs with destinations varying from 2 to 8, obstacle ratios of 10%, 20%, 30%, and PO ratios of 90%, 
60%, and 30%.

≡0−𝑜𝑏𝑠 Equivalence relation between two walks, detailed in Definition 7

≡𝑘−𝑜𝑏𝑠 Equivalence relation between the 𝑘 suffixes of two walks, detailed in Definition 8


(𝑠)
≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠) such that every two walks are ≡𝑘−𝑜𝑏𝑠


(𝑠)
(𝑜≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠)
≡𝑘−𝑜𝑏𝑠

that start in the origin 𝑜 but do not end in any destination


(𝑠)
𝑑)≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠)
≡𝑘−𝑜𝑏𝑠

that end in the destination 𝑑


(𝑠)
(𝑜,𝑑)≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠)
≡𝑘−𝑜𝑏𝑠

that start in the origin 𝑜 and end in the destination 𝑑


(𝑠)
∙≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠)
≡𝑘−𝑜𝑏𝑠

that do not start in the origin and do not end in any destination


(𝑠)⊣
≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠)
≡𝑘−𝑜𝑏𝑠

that end with an observable edge


(𝑠)̸⊣
≡𝑘−𝑜𝑏𝑠

Equivalence classes of walks from (𝑠)
≡𝑘−𝑜𝑏𝑠

that end with an unobservable edge


(𝑠)
𝑝𝑜 = ( (𝑠), (𝑠)

𝑏𝑎𝑠
∪ 

(𝑠)
𝑎𝑢𝑥) 𝑠-Legibility graph under partial observability


(𝑠)
𝑏𝑎𝑠

Basic edges derived from walks of length 𝑠 in (𝑠)𝑝𝑜


(𝑠)
𝑎𝑢𝑥 Set of auxiliary edges in (𝑠)𝑝𝑜

𝑊 (𝑠)(𝜔) Weight of a walk 𝜔 in (𝑠)𝑝𝑜
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𝐶 (𝑠)() Cost of a set of walks  in (𝑠)𝑝𝑜
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